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History: From Galilei's Discorsi (1638), �rst day - 1

Salviati:
�Finally I took two balls, one made from lead one from cork, that one a 100
times heavier than this one, and suspended them on two equal and �ne
threads of about 2-3 yards length; if I elongated them from the vertical
position and released them simultaneously ... it became clearly apparent
that the heavier body coincided so much with the lighter one that neither
in a 100 nor in a 1000 periods the smallest discrepancy could be noted;
they moved in perfect step. To be sure, there was an e�ect of the medium
that presents a resistance to the motion, diminishing the oscillations of the
cork much more than that of the lead, but that does not make them more
or less frequent, even if the arcs covered by the cork are just 5-6 degrees
and that of the lead cover 50-60 degrees; the arcs will be covered in one
and the same time span.�

I However: The period T of mathematical pendulum with maximal amplitude α is
given by an elliptic integral, whose expansion is

T (α) = 2π
s

l
g


1 +

1
4 sin2(α/2) +

9
64 sin4(α/2) + · · ·

ff
(1)

=⇒ N T (25o)− T (2.5o)

T ≈
N
4 sin2(12, 5o) =

N
85 (2)
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History: From Galilei's Discorsi (1638), �rst day - 2

Salviati:
�In fact, without much experiments, we can prove convincingly how
impossible it it that a heavier mass would move swifter than a
smaller one...
If we have two bodies whose natural speeds [accelerations] were
di�erent, than it is clear that if we combine the slower and the
swifter one, the latter would be decelerated by the former, and the
former, the swifter one, would be accelerated by the latter.
Hence you see: from the assumption that a heavier body would have
a greater speed [acceleration] than a smaller one, I could urge you to
conclude further that a greater body moves slower than a smaller
one.�

I Never trust an experiment unless it has been veri�ed by theory!
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Three types of masses

In Newtonian physics we have to distinguish between three types of masses:
1. The inertial mass determines the force, that acts against an imposed ac-

celeration:
~Finertial = −mi~a . (3)

2. The passive gravitational mass determines the force, by which a body is
acted upon in an external gravitational �eld ~g :

~Fgravitational = mpg~g . (4)

3. The active gravitational mass determines the gravitational �eld produced
by a body; e.g. outside a spherical mass distribution centred at ~x ′

~g(~x) = −G mag
~x − ~x ′
‖~x − ~x ′‖3 . (5)

7/41



EquivalencePrinciple andself-gravitatingquantum systems
Domenico Giulini
Magic cube
EP
-Galilei-Newton-Hertz & Einstein-Modern-Nordvedt
QT & Gravity
-Recent-Bohr & Einstein-G. as regulator-G. and EP
S & KG
-Inertial-Accelerating
SNE
-As NR limit-Dimensionless-Symmetries-Stationary states-Time dependence-Modi�cations
Summary

The impact of actio = reactio

Body 1 at ~x1 Body 2 at ~x2

~F12 ~F21

~F12 = m(1)pg ~g2(~x1) =
`
m(1)pgm(2)ag

´
G ~x2 − ~x1
‖~x2 − ~x1‖3

(6)

~F21 = m(2)pg ~g1(~x2) =
`
m(2)pgm(1)ag

´
G ~x1 − ~x2
‖~x1 − ~x2‖3

(7)

~F12 = − ~F21 ⇔
m(1)pg
m(1)ag

=
m(2)pg
m(2)ag

= universal constant = 1 (8)

I What remains unexplained is the equality of inertial and gravitational mass;
that is, why should

mi
mg

= universal constant? (9)

The �rst person to clearly state that this presented a big challenge to
fundamental physics was Heinrich Hertz in 1884.
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Weak equivalence principle for pointlike test masses

I The motion of a pointlike test masses is determined through
~Fi + ~Fg = 0 ⇐⇒ −mi ~̈x(t) + mg ~g

`
~x(t)

´
= 0 (10)

I If mi = mg this is equivalent to

~̈x(t) = ~g
`
~x(t)

´
= −~∇φ

`
~x(t)

´ (11)

I Weak equivalence principle: The motion of a pointlike test mass in an
external gravitational �eld depends only on the initial position and velocity.

Q1 How small is �pointlike�?
A1 Much smaller than typical length over which ~g varies appreciably.

Q2 What is a test mass?
A2 No higher multipoles in mass distribution (has nothing to do with size), no

charge, no spin, no signi�cant gravitational self-energy (not too small).
I Being a �test mass� is a contextual property.
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Einstein's Equivalence Principle (EEP)

I Universality of Free Fall (UFF) Requires existence of su�ciently general
�test bodies� to determine a path structure on spacetime (not necessarily
of pseudo Riemannian type). Possible violations of UFF are parametrised
by the Eötvös factor

η(A,B) := 2 |a(A)− a(B)|
|a(A) + a(B)|

≈
X
α

ηα

„ Eα(A)

mi (A)c2 −
Eα(B)

mi (B)c2
«

(12)

I Local Lorentz Invariance (LLI) Local non-gravitational experiments ex-
hibit no preferred directions in spacetime, neither timelike nor spacelike.
Possible violations of LLI concern, e.g., variations in ∆c/c.

I Universality of Gravitational Redshift (UGR) Requires existence of suf-
�ciently general �standard clocks� whose rates are universally a�ected by
the gravitational �eld. Possible violations of UFF are parametrised by the
α-factor

∆ν

ν
= (1 + α)

∆U
c2 (13)

⇒ Geometrisation of gravity and uni�cation with inertial structure.
Far reaching consequences. One of them is: Gravity is not a force!
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Levels of veri�cation of EEP

I UFF: Typical results from torsion-balance experiments by the �Eöt-Wash�
group between 1994-2008 are
η(Al ,Pt) = (−0.3±0.9)×10−12 , η(Be,Ti) = (0.3±1.8)×10−13 (14)
Planned improved levels are 5·10−16 (MICROSCOPE) and 10−18 (STEP).

I LLI: Currently best Michelson-Morley type experiments give (Herrmann
et al. 2005)

∆c
c < 3 · 10−16 (15)

I UGR: Absolute redshift with H-maser clocks in space (1976, h = 10 000Km)
and relative redshifts using precision atomic spectroscopy (2007) give

αabs < 2× 10−4 αrel < 4× 10−6 (16)

I In Feb. 2010 Müeller et. al. claimed improvements by 104. This is not
widely accepted (see below). Long-term expectation in future space mis-
sions is to get to 10−10 level.

I In Sept. 2010 Chou et al. report measurability of gravitational redshift on
Earth for h = 33 cm using Al+-based optical clocks (∆t/t < 10−17).
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UFF, UGR, and energy conservation

T1 T2 T3 T4

hν gA gB

height

A

B

B′

Figure: Gedankenexperiment by Nordtvedt to show that energy conservation connects violations
of UFF and UGR. Considered are two copies of a system that is capable of 3 energy states A,B,
and B′ (blue, pink, and red), with EA < EB < EB′ . Initially system 2 is in state B and placed
a height h above system 1 which is in state A. At time T1 system 2 makes a transition B → A
and sends out a photon of energy hν = EB − EA. At time T2 system 1 absorbs this photon,
which is now blue-shifted, and makes a transition A → B′. At T3 system 2 has been dropped
from height h with acceleration gA, has hit system 1 inelastically, leaving one system in state
A and at rest, and the other system in state B with an upward motion with kinetic energy
Ekin = MAgAh + (EB′ − EB ). The latter motion is decelerated by gB , which may di�er from
gA. At T4 the system in state B has climbed to the same height h by energy conservation.
Hence have Ekin = MBgBh and therefore MAgAh + MB′ c2 = MBc2 + MBgBh, from which
we get

δν

ν
=

(MB′ −MA)− (MB −MA)

MB −MA
=

gBh
c2

"
1 +

MA
MB −MA

gB − gA
gB

#
(17a)

⇒ α =
MA

MB −MA
gB − gA

gB
=:

δg/g
δM/M (17b)
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A brief comment on Müller et al. (Nature 2010)

Have

∆φ = κT 2g (Cs) = κT 2m
(Cs)g

m(Cs)
i

g (Earth) = κT 2m
(Cs)g

m(Cs)
i

m(Ref )

i
m(Ref )g

g (Ref)

= η(Cs,Ref )κT 2g (Ref)
(18)

I Proportional to (1+Eötvös-factor) in UFF -violating theories.
Q How does it depend on α in UGR-violating theories? Müller et al. argue

for ∝ (1+ α) by representation dependent interpretation of ∆φ as a mere
redshift.

I Refutation of this interpretation does not answer Q.
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Bohr & Einstein

I Einstein argues to be able to vio-
late ∆E∆T > ~.

I Bohr argues that inequality holds
due to UGR:

QM: ∆q >
~

∆p >
~

Tg∆m

ART: ∆T =
gT
c2 ∆q

=⇒ ∆T >
~

∆mc2 =
~

∆E

I Bohr's argument can be (and has
been) criticised on various ac-
counts, but its underlying logic
(QT needs GR for consistency)
seems truly remarkable.
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QFT needs GR: Gravity as regulator?

I Consider thin mass shell of Radius R, inertial rest-mass M0, gravitational
mass Mg , and electric charge Q. Its total energy is

E = M0c2 +
Q2
2R − G

M2g
2R (19)

I Now use the following two principles:

E = Mi c2

Mg = Mi
(20)

I Get quadratic equation for mass M := Mi = Mg :

⇒ M :=
E
c2 = M0 +

Q2
2c2R − G M2

2c2R (21)
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Gravity as regulator (contd.)

I The solution is

M(R) =
Rc2
G

(
−1 +

s
1 +

2G
Rc2

„
M0 +

Q2
2c2R

« )
(22)

I Its R → 0 limit exits

limR→OM(R) =

s
2Q2
G =

√2α · |Q|e ·MPlanck (23)

but its small-G approximation is not uniform in R at R = 0:

M =

„
m0 +

Q2
2c2R

«

+
∞X
n=1

(2n − 1)!!
(n + 1)! ·

„
−

G
Rc2

«n
·
„
m0 +

Q2
2c2R

«n+1 (24)

16/41



EquivalencePrinciple andself-gravitatingquantum systems
Domenico Giulini
Magic cube
EP
-Galilei-Newton-Hertz & Einstein-Modern-Nordvedt
QT & Gravity
-Recent-Bohr & Einstein-G. as regulator-G. and EP
S & KG
-Inertial-Accelerating
SNE
-As NR limit-Dimensionless-Symmetries-Stationary states-Time dependence-Modi�cations
Summary

17/41



EquivalencePrinciple andself-gravitatingquantum systems
Domenico Giulini
Magic cube
EP
-Galilei-Newton-Hertz & Einstein-Modern-Nordvedt
QT & Gravity
-Recent-Bohr & Einstein-G. as regulator-G. and EP
S & KG
-Inertial-Accelerating
SNE
-As NR limit-Dimensionless-Symmetries-Stationary states-Time dependence-Modi�cations
Summary

18/41



EquivalencePrinciple andself-gravitatingquantum systems
Domenico Giulini
Magic cube
EP
-Galilei-Newton-Hertz & Einstein-Modern-Nordvedt
QT & Gravity
-Recent-Bohr & Einstein-G. as regulator-G. and EP
S & KG
-Inertial-Accelerating
SNE
-As NR limit-Dimensionless-Symmetries-Stationary states-Time dependence-Modi�cations
Summary

The gravitational �H-atom�

I Centrifugal force equals gravitational attraction

miω2r = G mgMg
r2 . (25)

I Angular momentum (∝ mi ) is quantised
miωr2 = n~ (26)

I Bohr radii and frequencies

r(n) =

„ 1
mimg

«
·
n2~2
GMg

, ω(n) =
`
mim2g

´
·
G2M2g
n3~3 , (27)

and energies

E(n) = 1
2miω2(n)r2(n)−

G mgMg
r(n) = −

`
mim2g

´
·
G2M2g
2 n2~2 . (28)
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Homogeneous static gravitational �eld
I Time independent Schrödinger equation in linear potential V (z) = mggz

is equivalent to: „ d2
dζ2 − ζ

«
ψ = 0 , ζ := κz − ε (29)

where

κ :=

»2mi mg g
~2

– 13
, ε := E ·

"
2mi

m2g g2 ~2

# 13
. (30)

ζ

Ai(ζ)

I Complement by hard (horizontal) wall V (z) = ∞ for z ≤ 0 get energy
eigenstates from boundary condition ψ(z = 0) = 0, hence ε = −zn
(Abele et al. 2002 → today's 11 o'clock lecture, Kajari et al. 2010, ...):

E(n) = −zn
"
m2g
mi

·
g2~2
2

# 13
. (31)
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Homogeneous static gravitational �eld
I Classical turning point zturn

mgg zturn = E ⇔ zturn =
E

mgg
=
ε

κ
⇔ ζ = 0 . (32)

ζ

Ai(ζ)

I Large (−ζ) - expansion of Airy function gives decomposition of ingoing
and outgoing waves with phase delay of

∆θ(z) =
4
3
h
κ
`
E/mgg − z

´i3/2
− π/2 (33)

corresponding to a �Peres time of �ight� (Davies 2004)

T (z) := ~
∂∆θ

∂E = 2 ~κ
32

mgg
√
zturn − z = 2

r mi
mg

·

s
2 · zturn − z

g (34)

I For other than linear potential we will not get classical return time.
21/41
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S & KG: Inertial motion

I Galilei symmetry is a suitable 1/c → 0 limit (contraction) of Poincaré
symmetry. Likewise, the Schrödinger equation for ψ is a suitable 1/c → 0
limit of the Klein-Gordon equation for φ if we set

φ(t, ~x) = exp˘−imc2 t/~
¯
ψ(t, ~x) . (35)

I The Klein-Gordon �eld transforms as scalar
φ′(t′, ~x ′) = φ(t, ~x) . (36)

Hence (35) implies
ψ′(t′, ~x ′) = exp˘−imc2 (t − t′)/~

¯
ψ(t, ~x) . (37)

I Using

t =
t′ + ~x ′ · ~v/c2p1− v2/c2

= t′ + c−2`~x ′ · ~v + t′v2/2´+O(1/c4) , (38)

The 1/c → 0 limit of Poincare symmetry by proper representations turns
into Galilei symmetry by non-trivial ray representations

ψ′(t′, ~x ′) = exp˘−im(~x ′ · ~v + t′v2/2)/~¯ ψ(t, ~x) . (39)
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S & KG: Rigid accelerations

I In Minkowski space, rigid motions in x-direction and of arbitrary accel-
eration of a body parametrised by ξ are given by family of timelike lines
τ 7→

`
ct(τ, ξ) , x(τ, ξ)

´, where
ct(τ, ξ) = c

Z τ

dτ ′ coshχ(τ ′) + ξ sinhχ(τ)

x(τ, ξ) = c
Z τ

dτ ′ sinhχ(τ ′) + ξ coshχ(τ) ,

Here τ is eigentime of body element ξ = 0 and χ(τ) = tanh−1(v/c) is
rapidity of all body elements at τ .

I The Minkowski metric in co-moving coordinates (τ, ξ) reads (g := cχ̇)

ds2 = c2 dt2 − d~x2 =

„
1 +

g(τ) ξ

c2
«

c2 dτ2 − d~ξ2 . (40)

I Write down Klein-Gordon equation in co-moving coordinatesn
�g + m2oφ =

n
(− det g)−1/2 ∂a

ˆ
(− det g)1/2 gab∂b

˜
+ m2oφ = 0 .

(41)
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S & KG: Rigid accelerations

I In analogy to (35) write
φ(t, ~x) = exp˘−imc2 τ/~

¯
ψ(t, ~x) (42)

and take 1/c2 → 0 limit

i~∂τψ =

 
−

~2
2m

∂2

∂~ξ2
+ mg(τ)ξ

!
ψ . (43)

This corresponds to particle in homogeneous but time-dependent gravita-
tional �eld pointing in negative ξ-direction.

I Note that again φ transformed as scalar (compare (36))
φinert(t, ~x) = φacc(τ, ~ξ) (44)

but that again this is not true for ψ, where (compare (35))
φinert(t, ~x) = exp˘−imc2 t/~

¯
ψinert(t, ~x)

φacc(τ, ~ξ) = exp˘−imc2 τ/~
¯
ψacc(τ, ~ξ) ,

(45)

I Hence (compare (37))
ψacc(τ, ~ξ) = exp˘−imc2 (t − τ)/~

¯
ψinert(t, ~x) . (46)
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Schrödinger-Newton equation

I Consider Einstein � Klein-Gordon system
Rab − 1

2gabR = 8πG
c4 TKGab (φ) ,

`
�g + m2´φ = 0 (47)

I Make WKB-like ansatz

φ(~x , t) = exp
„ ic2

~
S(~x , t)

« ∞X
n=0

 √
~
c

!n
an(~x , t), (48)

and perform 1/c expansion (D.G. & A.Groÿardt 2012).
I Obtain

i~∂tψ =

„
−

~2
2m∆ + mV

«
ψ (49)

where
∆V = 4πG`ρ+ m|ψ|2

´
. (50)

I Ignoring self-coupling, this just generalises previous results and conforms
with expectations.
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Schrödinger-Newton equation

I Without external sources get �Schrödinger-Newton equation�
(Diosi 1984, Penrose 1998):

i~ ∂tψ(t, ~x) =

„
−

~2
2m∆− Gm2

Z |ψ(t, ~y)|2
‖~x − ~y‖ d3y

«
ψ(t, ~x) (51)

I It can be derived from the action

S[ψ,ψ∗] =

Z
dt
 i~

2
Z

d3x
“
ψ∗(t, ~x)ψ̇(t, ~x)− ψ(t, ~x)ψ̇∗(t, ~x)

”
−

~2
2m

Z
d3x

`
~∇ψ(t, ~x)

´
·
`
~∇ψ∗(t, ~x)

´
+

Gm2
2
ZZ

d3x d3y |ψ(t, ~x)|2 |ψ(t, ~y)|2
‖~x − ~y‖

ff
. (52)
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SNE: Dimensionless form

I Introducing a length-scale ` we can use dimensionless coordinates

~x ′ := ~x/` , t′ := t · ~
2m` , ψ′ = `3/2ψ (53)

and rewrite the SNE as

i ∂t′ψ′(t′, ~x ′) =

„
−∆′ − K

Z |ψ′(t′, ~y ′)|2
‖~x ′ − ~y ′‖ d3y ′

«
ψ′(t′, ~x ′) , (54)

with dimensionless coupling constant

K := 2 · Gm
3`

~2 = 2 ·
„
`

`P

«„ m
mP

«3
≈ 6 ·

„
`

100nm
«“ m

1010 u
”3 (55)

I Here we used Planck-length and Planck-mass

`P :=

r
~G
c3 = 1.6× 10−26 nm , mP :=

r
~c
G = 1.3× 1019 u . (56)
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Symmetries and scaling properties of SNE

I The SNE has the same symmetries as ordinary Schrödinger equation: Full
inhomogeneous Galilei group, including parity and time reversal, and global
U(1) phase transformations.

I Also it has the following scaling covariance: Let
Sλ[ψ](t, ~x) := λ9/2ψ(λ5t , λ3~x) , (57)

then Sλ[ψ] satis�es the SNE for mass parameter λm i� ψ satis�es SNE for
mass parameter m
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Collapse: Naive estimate

I Free Gaussian

Ψfree(r , t) =
`
πa2
´−3/4

„
1 +

i ~ t
m a2

«−3/2
exp

0@− r2

2a2
“
1 + i ~ t

m a2
”
1A .

(58)

I Radial probability density, ρ(r , t) = 4π r2 |Ψfree(r , t)|2, has a global maxi-
mum at

rp = a
s
1 +

~2t2
m2a4 ⇒ r̈p =

~2
m2 r3p

. (59)

I At time t = 0 (say) this outward acceleration due to dispersion, r̈p = ~2
m2 a3 ,

equals gravitational inward acceleration G m
r2 at time t = 0 if (compare

(55))
m3a = m3P`p . (60)

I For a = 500nm this yields a naive estimate for the threshold mass for
collapse of about 4× 109u.
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Stationary states: Analytical existence and numerical values

I Note that outward acceleration due to dispersion is ∝ r−3 and inward
acceleration due to gravity ∝ r−2. Hence there will be no collapse to a
δ-singularity.

I An analytic proof for the existence of a stable ground state has been
given by E. Lieb in 1977 in the context of the Choquard equation for one-
component plasmas, which is, however, formally identical.

I Tod et al. investigated bound states numerically and found the (unique)
stable ground state at

E0 = −0.163 G2m5
~2 = −0.163 ·mc2 ·

„ m
mP

«4
(61)
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Stationary states: Rough estimates

I A rough energy-estimate for the ground state is obtained, as usual, by
setting

E ≈ ~2
2ma2 −

Gm2
2a . (62)

I Minimising in a then gives rough estimates for ground state

a0 =
2~2
Gm3 = 2`P ·

“mp
m
”3

, E0 = −
1
8
G2m5

~2 (63)

I Sanity check for applicability of Newtonian gravity (weak �eld approx-
imation) is that diameter of mass distribution is much larger than its
Schwarzschild radius

a0 =
2~2
Gm3 �

2Gm
c2 ⇔

„ m
mp

«4
� 1 (64)
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The time-dependent SN-Equation-1

0.5 1.0 1.5
r � Μm

50

100

150

Ρ � mm - 1

t = 40000 s

t = 20000 s

t = 0 s

D.G. & A.Groÿardt 2011

I Time evolution of rotationally symmetric Gauÿ packet of initial width
500nm. Collapse sets in for masses m > 4 × 109 u, but collapse times
are of many hours (recall scaling laws, though).

I This is a 106 correction to earlier simulations by Carlip and Salzman (2006).
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The time-dependent SN-Equation-2
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0.6

rp � Μm

Figure: Time evolution of peak of radial probability density for increasing masses. First
bounces back from minimal contraction are seen within shown interval of time above
masses of 9× 109 u. (D.G. and A. Groÿardt 2011)
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The time-dependent SN-Equation-3

10 000 20 000 30 000 40 000 50 000
Time � s

0.5

0.6

0.7

0.8

0.9

1.0

r90 � Μm

Figure: Radius r90 within which 90% of the probability is located as function of time
for m = 1010 u. Note that the minimum is not zero but around r90 ≈ 0.4µm.(D.G.
and A. Groÿardt 2011)
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The time-dependent SN-Equation-4
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Figure: Time it takes until the gravitationally interacting solution di�ers from the
solution of the free Schrödinger equation in its full width at half maximum (FWHM)
by a percentage of 1%, 10%, and 50% respectively.
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Modi�cations of SNE

I SNE is of form

i~∂tψ =

„
−

~2
2m∆ +

`
φ ? |ψ|2(t, ~x)

´«
ψ(t, ~x) (65)

where
φ ? |ψ|2(t, ~x) = −Gm2

Z |ψ(t, ~x)|2
‖~x − ~y‖ d3y (66)

i.e.
φ(~x) = −

Gm2
r . (67)

I Modi�cations of SNE have been suggested where φ is the potential of ex-
tended charge, like for homogeneous solid sphere of radius R (Jääskeläinen
2012)

φ(r) =

8<:−Gm2
R
“ 3
2 −

r2
2R2

”
for r < R

−Gm2
r for r ≥ R

(68)

I This equation can be derived for the centre-of-mass wavefunction of an
N-particle system obeying the original n-particle SNE of Diosi (1984).
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The N-particle SNE
I Principle: Each particle is under the in�uence of the Newtonian gravi-

tational potential that is sourced by an active gravitational mass-density
to which each particle contributes proportional to its probability density
in position space as given by the marginal distribution of the total wave
function.

I Hence

ρ(~x) =
NX
j=1

mjPj (~x) =
NX
j=1

mj
Z
|ΨN(~y1, · · · , ~yN)|2 δ(3)(~yj − ~x) d3Ny

(69)
giving rise to the gravitational potential

UG
ˆ
Ψ(~y1, · · · , ~yN)

˜
= −G

NX
i=1

Z miρ(~x)

‖~yi − ~x‖
d3x

= −G
NX
i=1

NX
j=1

Z mimjPj (~x)

‖~yi − ~x‖
d3x

(70)

I Note that the mutual gravitational self interaction includes self interaction.
Also, the interaction is not local. This di�ers from what we are used to
in electrodynamics and gives rise to contribution to centre-of-mass motion
(D.G. & A.Groÿardt 2013).
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Collapse for modi�ed SNE

I Modi�cations of collapse behaviour as compared to ordinary SNE occur
once the width of the wave packet exceeds the size of the matter distribu-
tion.

I Even for lithium (ρ = 534 kg ·m−3) the radius of a spherical homogeneous
mass of 1010 u is of about 200 nm. Hence no signi�cant changes occur for
the alterations of the SNE suggested by Jääskeläinen (2012).

I The same holds for hollow spheres. In fact, somewhat unexpectedly, the
modi�ed SNE can lead to faster collapse (smaller collapse masses for given
width).

I This can be understood in terms of the energy functional

E =
~2
2m

Z
d3x |~∇ψ(t, ~x)|2 +

1
2
Z

d3x |ψ(t, ~x)|2
`
φ ? |ψ|2

´
(t, ~x) (71)

Collapse occurs if negative potential energy exceeds positive kinetic energy.
This can be related to sign of second time-derivative of second momentum
of distribution |ψ(t, ~x)|2.
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Collapse in ball- and sphere-potential
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Figure: The critical mass beyond which the wave packet collapses is plotted against the
radius of the hollow (red dots) and solid (blue squares) sphere in the potential term.
(D.G. and A. Groÿardt 2013)
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Schrödinger 1927

· · · · · ·

· · · · · ·

· · · · · ·

I Schrödinger �closes� the set of
Schrödinger-Maxwell equations by
letting ψ source the electromag-
netic potentials to which ψ cou-
ples, thereby introducing non-
linearities, similar to radiation-
reaction in the classical theory.

I He asserts that �computations� for
the H-atom lead to discrepancies
which refute such a self-coupling.

I He wonders why in Quantum Me-
chanics the closedness of the sys-
tem of �eld equations is violated
in such a peculiar fashion (�in eige-
nartiger Weise durchbrochen�) and
comments of possible impact of
probability interpretation on clas-
sical concepts of local exchange of
energy and momentum.
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Summary

I On the level of di�erential equations, SNE can be derived from Einstein-
Klein-Gordon or Einstein-Dirac system.

I Describes inhibitions of dispersion for certain mass ranges and widths, like
above 6.5 × 109 u and 500nm, followed by oscillatory behaviour with ra-
diation and settlement to ground state.

I Scaling law
Sλ[ψ](t, ~x) := λ9/2ψ(λ5t , λ3~x) , (72)

shows: Tenfold mass and 10−3 width results in 10−5 collapse time.
I Centre-of-mass SNE with modi�ed kernel can be obtained from Diosi's

many-particle SNE. Modi�ed kernel leads to same or even more favourable
results as long as support diameter of mass distribution does not exceed
the width of the centre-of-mass wave function.

I All this ignores the possible quantum nature of the gravitational �eld.

THANK YOU!
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diation and settlement to ground state.

I Scaling law
Sλ[ψ](t, ~x) := λ9/2ψ(λ5t , λ3~x) , (72)

shows: Tenfold mass and 10−3 width results in 10−5 collapse time.
I Centre-of-mass SNE with modi�ed kernel can be obtained from Diosi's

many-particle SNE. Modi�ed kernel leads to same or even more favourable
results as long as support diameter of mass distribution does not exceed
the width of the centre-of-mass wave function.

I All this ignores the possible quantum nature of the gravitational �eld.

THANK YOU!
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