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In view of the enormous difficulties we seem to face in quantizing general - approximation
relativity, we should perhaps consider the possibility that gravity is a - consequences
fundamentally classical interaction. Theoretical arguments against such mixed
classical-quantum models are strong, but not conclusive, and the question Summary
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Schrédinger 1927

Der Energ der Mater ;

von E. Schrédinger

Fragt man sich nun, ob diese in sich geschlossene Feld-
theorie — von der vorliutigen “hchtberﬂckswhtlgung des Elek-

ben — der entspricht in der
Art, wie man dus fethor von dergleichen Theorien erhofit hatte
5o ist die Frage zu verneinen. Die durchgerechneten Beispicle,
vor allem das H-Atom, zeigen nimlich, daB man in die Wellen-
gloichung (1) aicht dicjenigen Potentiale cinzusetzen hat, welche
sich aus den Potenti (15) mit dem Vi ©)
ergoben. Vielmehr hat man bekanntlich beim H-Atom in (1)
fir die g, die vorgegebenen Potentiale des Kerns und even-
tueller ,jiuBorer ek ischer Felder und
die Gleichung nach v aufzulésen. Aus (9) berechuet sich dann
die von diesem v ,erzeugte® Stromverteilung, aus ihr nach
(15) die von ihr erzeugten Potentiale. Dieso ergoben dan,
zu den Potentialen bi jenigen Poten-
tiale, mit denen das Atom als ganzes nach a\xBen wirkt, Man

Gerade die Geschlossenheit der Feldgleichungen erscheint
somit in eigenartiger Weise durchbrochen. Man kann das
heute wohl noch nicht ganz verstehen, hat es aber mit folgenden
zwei Dingen in Zusammenhang zu bringen.

Ob die Lisung der Schwiorigkeit wirklich nur in der von
einigen Seiten?) bloB
der Feldtheorie zu suchen ist, miissen wir wohl voxléuﬁg dahin-
gestellt sein lassen. Mir personlich erscheint diese Auffassung
heute nicht mehr?) endgtltig befriedigend, selbst wenn sie sich
praktisch brauchbar erweist. Sie scheint mir einen allzu
prinzipiellen Verzicht auf das Verstindnis des Einzelvorgangs
zu bedeuten.

> Schrédinger “closes” the set of
Schrédinger-Maxwell equations by
letting ¢ source the electromag-
netic potentials to which v couples,
thereby introducing non-linearities,
similar to radiation-reaction in the
classical theory.

> He asserts that “computations” for
the H-atom lead to discrepancies
which refute such a self-coupling.

> He wonders why in Quantum Me-
chanics the closedness of the sys-
tem of field equations is violated in
such a peculiar fashion (“in eige-
nartiger Weise durchbrochen”) and
comments of possible impact of
probability interpretation on classi-
cal concepts of local exchange of en-
ergy and momentum.
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R. Penrose (Found. Phys. Jan. 2014)

“So why give quantum theory pride of place
in this proposed union?”
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QM & Gravity: Tested so far
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Figure 1 ‘neutrons in the potential

the Earth's gravitational ield and the horizontal mirror. The probabilty of finding neutrons:
at height 2, corresponding to the rth quantum state, i proportonal to e square of the
neutron wavefunction w(2). The vertical axis Z provides the length scale for this
phenomenon. £, is the energy of the nth quantum state.

Nesvizhevsky et al., Nature 2002

ihl =

Vgrav =

h2

- TA\I’+Vgrav v

m;

mggz

How do you derive this from first principles?
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Einstein's Equivalence Principle (EEP)

> Universality of Free Fall (UFF): “Test bodies” determine path structure
on spacetime (not necessarily of Riemannian type). UFF-violations are
parametrised by the E&tvos factor

la(A) — a(B)|

1A B) =2 ) T aB)]

1)

> Local Lorentz Invariance (LLI): Local non-gravitational experiments ex-
hibit no preferred directions in spacetime, neither timelike nor spacelike.
Possible violations of LLI concern, e.g., variations in Ac/c.

> Universality of Gravitational Redshift (UGR): “Standard clocks” are uni-
versally affected by the gravitational field. UGR-violations are parametrised

by the a-factor
A AU
=+ &)
v c
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Consequences and difficulties of the equivalence principle

> Gravity can be geometrised and hence ceases to be a force (in the New-

tonian sense). This only works if all dynamical aspects of gravity can be
encoded in space-time geometry and if all matter components see the same
geometry to which they universally couple.

This universal coupling scheme translates to special-relativistic (Poincaré
invariant) field theories, but not in an obvious fashion to “non-relativistic”
(Galilei invariant) Quantum Mechanics.

Three approaches are followed in the literature:

1. Redo “Schrédinger Quantisation” for relativistic particles in curved spacetime
in a post-newtonian expansion (thus also taking account of vector- and tensor
parts of Einsteinian g-field).

2. Derive post-newtonian expansions of relativistic field equations (Klein-Gordan,
Dirac, etc.).

3. Start from QFT in curved spacetime.

Unless all this is understood much better, there is no obvious meaning
to “Quantum tests of the equivalence principle. The many confusions in
recent years on various claims concerning such “quantum-tests” reflect the
variation of such meanings and the absence of hard criteria to compare
them.
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Homogeneous static gravitational field: Bound states

> Time independent Schrédinger equation in linear potential V(z) = mggz
is equivalent to:

(dQ—c)w=o, Cimrz—e 3)

dc?
where
L 3
o M‘?” c—E. _2mi (4)
h2 mg g2 h2

» Complement by hard (horizontal) wall V(z) = oo for z < 0 get energy
eigenstates from boundary condition 1(z = 0) = 0, hence € = —zy:

1

m2 2h2 3

E(n) = —zn |:g N (5)

m; 2
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UFF in QM

The following proposition states precisely the extent to which UFF is valid
within QM.

> We consider a particle of mass m in spatially homogeneous force field ﬁ(t)

The classical trajectories solve

£(t) = F(t)/m.

Let £(t) denote a solution with £(0) = 0 and some initial velocity.
Its flow-map ® : R* — R?* defines a freely-falling frame:

P(t, &) = (¢, &+ £(1)) .

> Proposition: 1) solves the forced Schrddinger equation
h?

2m¢

ihOpp = (- A — F(t)- f) "
iff
b = (exp(ia) ') o @71,
where 1)’ solves the free Schrédinger equation and
m;

I t .
ad) =" féw @+ é0) - 5 [ aiéee)

(6)

™

(®)

9

(10)
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Schrédinger-Newton equation oNE

D. Giulini

Motivation

» Consider, e.g., Einstein — Klein-Gordon system _ Carlip 2006
- Schrédinger

- Penrose
Rap — %gabR = SZTG T£G(¢) ) (':'9 + m2)¢ =0. (11) What's ki

- COW & Co.

- EEP

» Make WKB-like ansatz - uff a theorem
SNE

. o [SS) A n - as non-rel. limit
¢(f7 t) = exp 25(57 t) £ an (57 t)7 (12) - dimensio_nless
K nzio c = syrlvllmetrles
= - collapse

- stationary states

and perform 1/c expansion (D.G. & A. GroBardt 2012). - generalisation

- multi particle
» Obtain - separation
- approximation

52
Zhatw = (7%A + mV) ’LZ} (13) - consequences

Summary

where Supplementary
AV:47rG(p+mWJ\2) . (14) - UFF and UGR
- KG inertial
- KG accelerating
- collapses
> Ignoring self-coupling, this just generalises previous results and conforms

with expectations.
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Schrédinger-Newton equation oNE

D. Giulini

Motivation
- Carlip 2006
> Without external sources get “Schrédinger-Newton equation” - Schrédinger
(Didsi 1984, Penrose 1998): - Penrose
What's known
- COW & Co.

2 -
ihowb(t, &) = ( Y A—Gm /'w & 9| )w(t,i) (15)  uira theorem

)
IE— gl

- as non-rel. limit
- dimensionless

> It can be derived from the action - symmetries

- collapse

. ih [ e 3 pemniion
Shb’ w ] = dt 5 d ( ( )’l/)(t .’E) (t7 $)w (t’ $)) - imlti particle
RO . - e
—— | &z(Vy(tL, 2)) - (V*(t, D)) - consequences

2m

Summary

2 )2 7)|2
N Gm f Bz ddy w ) (16) Supplementary
2 wayH - UFF and UGR
- KG inertial
- KG accelerating
- collapses

> Alternative local form through introduction of gravitational potential ®(¢, Z).
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SNE: Dimensionless form

> Introducing a length-scale ¢ we can use dimensionless coordinates

- R h

=g/, =t Y= /2y (17)
and rewrite the SNE as
[ (', )2

2 =l

P9 () = (,A, K di‘y’) W@, (18)

with dimensionless coupling constant

3¢ ¢ 3 1 3
Kim2 Oy (L) () s6 (L) (-2 ) )
h? lp mp 100 nm 1010

> Here we used Planck-length and Planck-mass

hG : /
lp:=4/— =1.6x10"%nm, mp:= =1.3x10"%u. (20)
c3 G
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Symmetries and scaling properties of SNE o

D. Giulini

Motivation
- Carlip 2006
> Proper orthochronous Galilei transformations - Schradinger

- Penrose

The SNE has all the symmetries as ordinary Schrédinger equation:

4 b7 = - = a 21 What's known

(t, %) = 79(t,7) == (t+b, R-Z+ 0t + ), (1) e
- EEP

acting via proper ray-representations - uff a theorem

SNE
U — Ty = exp(zﬁg)(‘l/ o 7'971) (22) ~ as non-rel. limit
- dimensionless
- symmetries
- collapse
m - stationary states
— = (= — 12 - isati
Bolt?) =[5 @ =) — §he - )] (23) o
- separation
- approximation
- consequences

with multiplier-phases

extended by parity and anti-linear time-reversal transformations.
> Global U(1) phase transformations. Summary
» Scaling covariance: Let Supplementary
- UFF and UGR
=\ . \9/2 5 3= - KG inertial
S)\ [w} (t7 x) = A / w()‘ t ’ A ‘T) ) (24) - KG accelerating
- collapses

then S)\[v] satisfies the SNE for mass parameter Am iff 1) satisfies SNE
for mass parameter m.
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Collapse: Naive estimate

> Free Gaussian

_ i bt \ ~3/2 2
e I (R I *ﬁ
2a° (1+ %

> Radial probability density, p(r,t) = 47 r? [Usee(r,1)|2, has a global maxi-
mum at
h2t2 R?
rp =a 1+724 = Tp=
m2a

(26)

2p3 7
mery

> At time ¢ = 0 (say) this outward acceleration due to dispersion, 7, =

2 o . . . .
#, equals gravitational inward acceleration Ci;" at time t = 0 if (com-
P 2
pare (19))
m3a =m0y, (27)

> For a = 500nm this yields a naive estimate for the threshold mass for
collapse of about 4 x 10%u.
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Stationary states: Analytical existence and numerical values

> Note that outward acceleration due to dispersion is o< »—3 and inward
acceleration due to gravity o< r—2. Hence there will be no collapse to a
o-singularity.

> An analytic proof for the existence of a stable ground state has been
given by E. Lieb in 1977 in the context of the Choquard equation for one-
component plasmas, which is, however, formally identical.

> Tod et al. investigated bound states numerically and found the (unique)
stable ground state at Energy Ep and width ag, given by

G2m5 4
Eo = —0.163 —2 = —0.163 - mc? - (£>
h2 mp
~ —mc? - 10730 m*[10%0 «] (28a)
212 6 -3
ap = Gm3:6-10 ly - m™°[u]
~ 107 %cm - m3[10'0 ). (28b)
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Stationary states: Rough estimates

> A rough energy-estimate for the ground state is obtained, as usual, by

setting
h? Gm?
Ex — . 29
2ma? 2a (29)
» Minimising in a then gives rough estimates for ground state
2h? mp\3 1 G%?mb
=2 gy (—P) . By=-—-—2T 30
0T Cms P\ m 0 8 h2 (30)

> Sanity check for applicability of Newtonian gravity (weak field approx-
imation) is that diameter of mass distribution is much larger than its
Schwarzschild radius

. 2K2 2Gm m
@ = Gms3 > c2 <

)4 <1 (31)

myp
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General SNE SNE

D. Giulini

» SNE is of form Motivation
- Carlip 2006
) h2 o, . - Schrédinger

ihOpp = <—%A + (¢ %[ (t,m))) W(t, T) (32) - Penrose
What's known

Where - COW & Co.
- EEP
. P(t, &)|?
6% [W2(1,7) = —Gm? %cﬁy (33)

17 —9

- uff a theorem

SNE
) - as non-rel. limit
I.e. - dimensionless
Gm2 - symmetries
(34) - collapse
r - stationary states
- generalisation
- multi particle
» Equation (32) is still valid with modified ¢ for separated centre-of-mass - separation

wave-function. For example, for homogeneous spherically-symmetric mat- 253222'";322’5"
s u
ter distribution get

Summary

Gm> (3 r?

(5 — 2R2> forr < R 35 - UFF and UGR
Cm?2 (35) - KG inertial
_Zm forr > R - KG accelerating

- collapses

Supplementary

» This equation can be derived for the centre-of-mass wavefunction of an
N-particle system obeying the original n-particle SNE of Diési (1984).



The N-particle SNE

Principle: Each particle is under the influence of the Newtonian gravitational
potential that is sourced by an active gravitational mass-density to which each
particle contributes proportional to its probability density in position space as
given by the marginal distribution of the total wave function.

» Hence

N N
p(t; @) = Y m Pyt @) = Zma‘/l‘lfN(t;ylm LN 8@ (g —7) d*Ny
=0 =0

(36)
giving rise to the gravitational potential
_ ~ m;p(t; &)
U951, iN) = GZ/ iP5 o
g — ||
(37)
- (t;
—oy 3 [t o,
i=0—=0 17 — C’3”

> Note that the mutual gravitational interaction is not local and includes self
interaction, in contrast to what we usually assume in electrodynamics. It
is this difference that implies modifications of the dynamics for the centre-
of-mass wavefunction. These modifiations are like for the 1-particle SNE
if the width of the wave function is large compared to the support of the
matter distribution (D.G. & A. GroBardt 2014).
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Separation

> Using instead of {&; | = 0,1, -+ N} centre-of-mass ¢ and relative co-
ordinates {7n | @ = N} ( hereby distinguishing the O-th particle),

1 & al mg
c = M (LZ:Oma To = ﬁ z:: ﬁ ) (383)
o N
Fo 1= Fo — = 7ﬁ56 z:: ( aﬁf—ﬁ) i (38b)
> Get in large N limit with U(Zo, - Zn) = (@) x(71, - TN)

where

N N
pe(t;T) = Zm;; / H dPy b X (6T Fao 1, T g, TN
B=1 v=1

Py
(40)
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Approximation

> For a separation into centre-of-mass and relative motion we wish to get rid
of 7n-dependence in (39).

> This can, e.g., be achieved by assuming the width of the c.o.m wave
function to be much larger than diameter of mass distribution. Then,

(41)
2 =
_GM/dB—J/dB—»/ |1/)(t, )‘ PC(T) =Ug(;9)

> Alternatively one may apply a Born-Oppenheimer approximation that con-
sists of replacing Ug with its expectation-value in the state x for the
relative motion:

N
: : ;)% pe()
yel o d34/dd4 |w(
;m / ¢ IR ——

_G/fg/fﬂ/fﬁA%;?PWWWJW) (42)

T+

Ua

Q

=Uc(t;0)

= Both cases result in SNE for c.o.m in the form (32) with ¢ = Ug(¢;C).
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Consequences

> For wide c.o.m - wave functions SNE leads to inhibitions of gm-dispersion,

as discussed before. Typical collapse times for widths of 500 nm and masses
about 10'0amu are of the order of hours. However, by scaling law (24),
this reduces by factor 10° for tenfold mass and 10~3 fold width.

For narrow c.o.m. - wave functions in Born-Oppenheimer scheme one
obtains an effective self-interaction in c.o.m. SNE of

Ua(t:d) ~ 1, (0) + 11, (0) - (c0e—280 (@ + @0) . (43)

where I, (b) is the gravitational interaction energy between p. and Tpe.

In one dimension and with external harmonic potential this gives rise to
modified Schrodinger evolution:

h2 62
ihop(t;c) = (—m 5e2 + %]\ﬂuch + %M’ng (c— <c>)2 P(t;e),
(44)
As a consequence covariance ellipse of the Gaussian state rotates at fre-
quency wq = (w2 + ng)(l/Q) whereas the centre of the ellipse orbits

the origin in phase with frequency w.. This asynchrony is a genuine ef-
fect of self-gravity. It has been suggested that it may be observable on
optomechanical systems (Yang.etal. 2013).
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Schrodinger Schrédinger-Newton
p p

FIG. 1 (color online). Left: according to standard quantum
mechanics, both the vector ({x), {p)) and the uncertainty ellipse
of a Gaussian state for the c.m. of a macroscopic object rotate
clockwise in phase space, at the same frequency w = @y, .
Right: according to the c.m. Schrodinger-Newton equation (2),
({x), {(p)) still rotates at ., , but the uncertainty ellipse rotates
at wg = (w%vm, + wéN)l/Z > W -

Yang-Miao-Lee-Helou-Chen, PRL 110 (2013)
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The time-dependent SNE

1

p/ mm>

150 - t=0s
t=20000s
t =40000s
100 -

0 D.G. & A. GroBardt 2011

r/ pm

» Time evolution of rotationally symmetric GauB packet of initial width
500 nm. Collapse sets in for masses m > 4 x 10° u, but collapse times are
of many hours (recall scaling laws, though).

» This is a 108 correction to earlier simulations by Carlip and Salzman (2006).
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Summary

There is no obvious way to translate EP = UFF + LLI + UGR to non-
classical systems.

Statements concerning Quantum Tests of the Equivalence Principle need
qualification.

How does the Schrodinger function couple to all components of the gravi-
tational field; e.g., a gravitational wave? Give first-principles derivation!

What if gravity stays classical?

How, then, do systems in non-classical states source gravity?
Schrodinger-Newton equation as limit of semi-classical Einstein equation.
Inhibitions of dispersion at, e.g., 500 nm scale for masses above 1010 u.

Potentially interesting consequences from gravity-induced non-linearities
in the Schrédinger equation of many particle systems can be derived, e.g.,
concerning the centre-of-mass motion.

There is an army of arguments against fundamental semi-classical gravity;
but how conclusive are they really?
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Summary

There is no obvious way to translate EP = UFF + LLI + UGR to non-
classical systems.

Statements concerning Quantum Tests of the Equivalence Principle need
qualification.

How does the Schrodinger function couple to all components of the gravi-
tational field; e.g., a gravitational wave? Give first-principles derivation!

What if gravity stays classical?

How, then, do systems in non-classical states source gravity?
Schrodinger-Newton equation as limit of semi-classical Einstein equation.
Inhibitions of dispersion at, e.g., 500 nm scale for masses above 1010 u.

Potentially interesting consequences from gravity-induced non-linearities
in the Schrédinger equation of many particle systems can be derived, e.g.,
concerning the centre-of-mass motion.

There is an army of arguments against fundamental semi-classical gravity;
but how conclusive are they really?

THANKS!
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UFF — UGR dependence: Energy conservation

height

. -
Ty

Figure: Gedankenexperiment by NORDTVEDT to show that energy conservation connects violations of
UFF and UGR. Considered are two copies of a system that is capable of 3 energy states A, B, and
B’ (blue, pink, and red), with E4 < Ep < Ep/. Initially system2 is in state B and placed a
height h above system1 which is in state A. At time T system2 makes a transition B — A and
sends out a photon of energy hv = Ep — E 4. At time T2 system1 absorbs this photon, which is
now blue-shifted, and makes a transition A — B’. At T3 system?2 has been dropped from height h
with acceleration g 4, has hit system 1 inelastically, leaving one system in state A and at rest, and the
other system in state B with an upward motion with kinetic energy Eyi, = Magah + (Eg/ — Ep).
The latter motion is decelerated by gp, which may differ from g 4. At T4 the system in state B has
climbed to the same height h by energy conservation. Hence have Ey;, = M pgph and therefore
Magah+ Mpgsc? = Mpc? + Mpgph, from which we get

T5

v (Mpr = Ma) - (Mp = Ma) _ gsh |, Ma 9B —9a (452)
v Mp — My c2 Mp —Ms gp
M - 5
0 A 98 —9A _ 9/9 (asb)
Mg —Ma gg 5M /M
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S & KG: Inertial motion

> Galilei symmetry is a suitable 1/¢ — 0 limit (contraction) of Poincaré
symmetry. Likewise, the Schrédinger equation for v is a suitable 1/c — 0
limit of the Klein-Gordon equation for ¢ if we set

o(t, T) = exp{—im02 t/h} (L, T) . (46)

» The Klein-Gordon field transforms as scalar

o't T') = o(t, 7). (47)
Hence (46) implies
W' (¢, &) = exp{—imc? (t — ') /h} (L, T). (48)
> Using
IR 22
t= g4 g/ =t +c 2@ T+ t0%/2) + O(1/c?), (49)

V1—v2/c?
The 1/¢ — 0 limit of Poincaré symmetry by proper representations turns
into Galilei symmetry by non-trivial ray representations

W' (', &) = exp{—im(F - T+ t'v?/2)/R} (¢, T). (50)
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SNE

S & KG: Rigid accelerations

D. Giulini
> In Minkowski space, rigid motions in z-direction and of arbitrary accel- Motivation
eration of a body parametrised by £ are given by family of timelike lines - Carlip 2006
- Schrédinger
T = (Ct(T’ 5) I II?(T, 6))’ Where - Penrose
What's known
- - COW & Co.
ct(7,8) = c/ dr’ cosh x (') + € sinh x(7) (51a) :Ef?: theorem
T SNE
z(7,€) = c/ d7’ sinh x(7') + & cosh x(7) (51b) - as non-rel. limit
- dimensionless

- symmetries
- collapse

Here 7 is eigentime of body element ¢ = 0 and x(7) = tanh~!(v/c) is e L
rapidity of all body elements at 7. - generalisation

- multi particle

> The Minkowski metric in co-moving coordinates (7,§) reads (g := ¢x) -
- approximation
2 2 142 =2 9(7—) 5 2 2 ) - consequences
ds” =codt” —di® = (1+=5= ) dr” —de™. (52)  summany
Supplementary
- UFF and UGR
- KG inertial

- KG accelerating
- collapses

> Write down Klein-Gordon equation in co-moving coordinates

{Dg +m2}¢>: {(7detg)_1/2 é?a[(fdetg)l/2 gabab} +m2}d): 0.
(53)
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SNE

S & KG: Rigid accelerations

D. Giulini

. Motivation
> In analogy to (46) write - Carlip 2006

. . 5 . - Schrédinger
B(t, &) = exp{—imc® 7/h} ¥(t, T) (54) - Penrose
9 .. What's known
and take 1/¢* — 0 limit; get _ COW & Co.
- EEP
h2 82 - uff a theorem
ihdr = T om a2 +mg(T)§ | Y. (55) SNE
m 86 - as non-rel. limit
- dimensionless
This corresponds to particle in homogeneous but time-dependent gravita- - symmetries
tional field pointing in negative ¢-direction. - @llepE:
. - statlonavy states
> Note that again ¢ transformed as scalar (compare (47)) - generalisation
- multi particle
inert — ac. a - ti
G 7) = 677, ) (6) e
- consequences

but that again this is not true for 1), where (compare (46)) Summany
inert = . 2 inert =
t, %) = expy —imc“t/h t, T Supplementary
¢ ( _‘) p{ / } v ( _‘) (57) - UFF and UGR
¢ (r, &) = exp{_imCQ T/ﬁ} (1, &), - KG inertial

- KG accelerating
- collapses

> Hence (compare (48))

=

PC(T,8) = exp{fimc2 (t— T)/FL} qpinert (t, @). (58)
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Bound states and collapse: Naive estimates
> Using the total energy E =T + V, with

Y12
/d%ﬂw )12 — /d3 /d3 ”)33' Ni‘(‘ )l . (59)

we can express to second time-derivative of the second moment of |¥|:

= [ arde= Lo v (o)

showing that Q < 0 implies E < 0 (note V < 0).

> A spherically symmetric Gaussian of width a:

2
U(r,t =0) = (ra?)~3/* exp (—%) (61)
has 2 2 2 2
I 2Gm R Gm
E=—— """ _sinh (1)~ -—, 62
2ma?  y/mad sinh ™ (1) 2ma* a3 (62)
so that £ < 0 is equivalent to
B2 1 (he\%/? (G2
ma>ie=3(g) (5) =tme. @

For a = 500 nm this gives m > 3.3 x 109 u
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