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CHAPTER 1

INTRODUCTION

One major motivation to search for “more fundamental” theories than the standard
model is that it incorporates only three of the four known fundamental forces, leaving
out gravity. At the level of small distances, the predictions of the standard model were
precisely verified. On the other hand there is a theory which is equally well verified on
large scales and which describes gravity: The Theory of General Relativity. However,
every attempt to unify these two theories proved yet unsuccessful.

Currently there are a few approaches to unify these two, which are to be investi-
gated. Among them are the so-called String Theories, and as a limiting case of these
the supergravity theories.

String Theory. The basic idea in String Theory is to replace the point-like particles
(as they are e.g. described by the standard model) by 1-dimensional oscillating strings.
The different modes of a string then correspond to the different particles one observes.
The theory itself fixes all but one parameter, which is a desirable feature. However,
consistency requires a formulation in d = 26 dimensions [36}37].

This 26-dimensional theory is not able to describe the observed particles correctly, as
it only features one type of them, the bosons. Therefore it is also called the Bosonic
String Theory. Apart from only having a single particle type, it also has the major flaw
of postulating a particle with imaginary mass, the tachyon.

One gets rid of these drawbacks by incorporating supersymmetry. This also reduces
the critical dimension from 26 to 10. The resulting theories now feature both, bosonic
and fermionic, degrees of freedom, and at the same time they do not include tachyons.
In the low-energy limit, two of them (heterotic and type I) include the supersymmetric
Yang-Mills theory.

One problem with Superstring Theory is that it requires 10 dimensions, though space-
time appears to be 4-dimensional. A way out of this is to compactify the additional 6
dimensions, effectively generating a space-time M?* x X6, where X% is a 6-dimensional
compact space and M? the observable space-time.

Demanding at least one space-time supersymmetry on M?* and the absence of higher-
form fields led to the compact X® to be a Calabi-Yau manifold [24], which is a 6-
dimensional manifold with holonomy group SU(3). These demands were quite strong
and produced theories with particle spectra not matching the standard model. The
Calabi-Yau condition is generalized by so-called flux compactifications, by allowing fluxes
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from higher-form fields [25,26]. A particular such geometry for X is the nearly Kihler
one. The only known examples of compact nearly Kahler 6-manifolds are three non-
symmetric coset spaces and a product space,

G SU(3) Sp(2)
SUB)Y UM x U1 Spl)x UQ)’

53 % S8,
which were classified in [23].

Supergravity. Instead of trying to quantize pure gravity, one may also try to incorpo-
rate supersymmetry into general relativity. The aim of such efforts is to improve the
quantization behaviour for the resulting theory [29]. This so-called supergravity theory
is a field theory, which possesses supersymmetry as a local symmetry [28]. Although
initially developed in d = 4 dimensions, the theory also exists in other dimensions, for
example in d = 10 and d = 11. The supergravity theory in d = 11 dimensions was the
first candidate of a “theory of everything”.

Considering supergravity theories with d > 4, one again arrives at studying dimen-
sional reductions and compactifications. Furthermore, all 10-dimensional supergravity
theories are limiting cases of 10-dimensional String Theories at low energies [31].

Outline. In this thesis we concentrate on heterotic supergravity, compactified on M* x
X0 with X6 from the list given above [30,32]. A part of heterotic supergravity is Yang-
Mills theory. We investigate the Yang-Mills equations for the gauge group G on the
coset spaces G/H, with G/H being SU(3)/U(1) x U(1) or Sp(2)/Sp(1) x U(1). In
addition, we study their analytical and numerical solutions on the space R x G/H. By
identification of the fields occuring in the Yang-Mills equations, we also get a reduction
to the case Ga/SU(3), which was discussed in [9].

The thesis is organized as follows. Since we are dealing with coset spaces G/H, they
are introduced in chapter These spaces are nearly Kéahler manifolds, which are
almost complex manifolds, as introduced in chapter

As mentioned above, we want to get from the coset space G/H to the product space
R x G/H. This space has a geometry induced from G/H, which will be described in
chapter

In chapter |5 Yang-Mills theories on principal bundles are introduced. Finally, in the
chapters [6] and [7] this theory is considered on the spaces G/H and R x G/H. Some
of the results presented here have appeared in [10].

Mathematical background material is collected in the appendix.

10



CHAPTER 2

HOMOGENEOUS SPACES

In this chapter we introduce the so-called homogeneous spaces. They turn out to be
coset spaces which admit a set of invariant objects, making them “look the same” at
every point. This chapter is based on [411/4850,51].

2.1 Coset Spaces

Definition 2.1.1. Let M be a manifold and G a Lie group. G acts on M from the left,
if there is a smooth map

¢:GxM— M, (g,x) —g-x (2.1)
which has the following properties:
(i) lg:x € M+ g-x € M is a diffeomorphism for every g € G.
(ii) = =e-x for every x € M, where e is the identity element in G.
(iii) g- (h-x)=(g-h)-xforallz € M, g,h € G.
Given such an action of G on M, the pair (M, G) is called a Lie transformation group.

Definition 2.1.2 (Homogeneous Space). Let M be a manifold and G a Lie group. If G
acts transitively on M, then M is called a homogeneous space.

Example 2.1.1. (i) We consider the Lie group GL(n,R). GL(n,R) acts transitively
on R™\ {0} via ¢p(A,x) := A - x.

(i) The group O(n,R) acts transitively on the sphere S"~1(r) := {z € R" : ||z|| = r},
but not on R™ \ {0}.

Let G be a Lie group and H be a closed subgroup. Then the quotient space G/H is
a homogeneous space:

Theorem 2.1.1. Let H be a closed subgroup of a Lie group G. Then there exists a
manifold structure on the quotient space G/H, such that:

(i) The projection m: G — G/H is smooth.

(ii) Given the left action (g,a) € G x G/H — ga € G/H, G/H is a homogeneous
space.

11
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(iii) For every equivalence class a € G/H there exists a neighborhood W(a) C G/H
and a smooth map s, : W(a) — G, such that 7o s, = idyy(q).-

In fact every homogeneous space (M, G) is a quotient space M = G/H for a suitable
closed subgroup H. This means, that theorem and remark also hold for
homogeneous spaces.

Theorem 2.1.2. Let G be a Lie group, which acts on M from the left and x € M. Then
V:G/Gy— M, aw— ax (2.2)
is a G-equivariant diffeomorphism, i.e. V(ga) = g¥(a) for all g € G, a € G/G,.

Example 2.1.2. We consider the sphere S™ := S™(1) from the previous example. The
special orthogonal group SO(n + 1) acts transitively on S™. The stabilizer group of
ent1:=(0,...,0,1)T is the subgroup SO(n) < SO(n + 1), embedded via

A0
A (0 1) .
So we can represent S™ as a homogeneous space, S™ = SO(n +1)/S0(n).

Definition 2.1.3. Let H C G be a closed subgroup of a Lie group, h and g the corre-
sponding Lie algebras. Then the homogeneous space G/H is called reductive, if there
exists a decomposition g = h & m, such that

Ad(H)m C m. (2.3)
Remark 2.1.1. Equation implies

[b,m] C m. (2.4)
If H is connected, then also the converse is true.

Example 2.1.3. (i) " = SO(n + 1)/S0O(n) is a reductive representation of the
sphere as a homogeneous space.

(ii) SU(3)/U(1) x U(1): We choose generators {Ij}r=1,.g of su(3), which together
with the structure constants are given in appendix Then the u(1) & u(1)-
subalgebra is embedded via the generators I7 and Ig. The corresponding decom-
position

su(3) = (u(l) ®u(l)) & m, (2.5)

where m is generated by (I)g=1,. 6, fulfills [u(1) x u(1), m] C m.

12
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(iii) Sp(2)/Sp(1) x U(1): We choose generators {Ij}r=1,. 10 of sp(2), which together
with the structure constants are given in appendix Then we embed sp(1) via
I7, I3, 19 and u(1) via I;9. This choice corresponds to a non-maximal embedding
of the subgroup [16]. We arrive at the decomposition

5p(2) = (sp(1) D u(1)) @ m, (2.6)

where m is generated by (I;)g=1..6. Then with h := sp(1) @ u(1) the condition
[h, m] C m holds, meaning Sp(2)/Sp(1) x U(1) is reductive.

Remark 2.1.2 (Coordinate representation). If we introduce coordinates {14} a=1,.., on
g=bhdm, n:=dimg, m := dimm, we can write for a general Lie algebra decomposition,
where b is a subalgebra,

(1, 1] Z fii" I,

k= m+l
1, I] wabfb + Z Fia" Ik, (2.7)
k= m+1
Lo, 1] = Zfabcl + Z Fop T
k=m+1
If g is reductive, then we have fiab =0foralli=m+1,...,nand a,b=1,...,m, so

that we can write (2.4) as

I’L;I Z fljkllm I’LaI Zfzabjbv

k=m+1

ImIb Zfab I+ Z fab I

k=m+1

(2.8)

The index ranges for the above equations are given by

A B,C,...€{1,...,dim(G)},
a,bye,...€{1,...,dim(G/H)}, (2.9)
i,j,k,... € {dim(G/H)+1,...,dim(G)}.

2.2 Invariant Forms on Homogeneous Spaces

Remark 2.2.1. Let G be a Lie group, H be a closed subgroup and G/H be the corre-
sponding homogeneous space. Let further H be the linear isotropy group at the origin
e € G/H, which is the point represented by the coset H = e. Then Hisa group of linear
transformations of the tangent space T.(G/H ), each induced induced by an element of
H which leaves the point e fixed.

13
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Since H is compact, so is H. Further there is a positive definite inner product ge on
T.(G/H), which is invariant by H. Now for each z € G/H, we take an element a € G
such that a(e) = = and define an inner product g, on T,(G/H) by

9(X,Y) = g.(a"'X,a7Y), VX,Y € T.(G/H). (2.10)

Then g, is independent of the choice of a € G and the Riemannian metric thus obtained
is invariant by G.

Definition 2.2.1. A homogeneous space G/H provided with an invariant Riemannian
metric is called a Riemannian homogeneous space.

Proposition 2.2.1. Let M = G/H be a homogeneous space and g = b + m its Lie
algebra decomposition, and e € M the identity. Then there is a natural one-to-one cor-
respondence between G-invariant indefinite Riemannian metrics g on M and the Ad (H)-
invariant non-degenerate symmetric bilinear forms B on m. The correspondence is given

by
B(X,Y) = g(X,Y)., VXY € g, (2.11)

where )~(, Y are the elements of m represented by X and Y respectively. A form B is
positive definite if and only if the corresponding metric g is positive definite.

Corollary 2.2.1. If M = G/H is reductive with an Ad (H)-invariant decomposition
g = b+ m, then there is a natural one-to-one correspondence between the G-invariant
indefinite Riemannian metrics g on M and the Ad (H)-invariant non-degenerate sym-
metric bilinear forms B on m. The correspondence is given by

B(X,Y)=g(X.Y), VX,Y €m. (2.12)

Now for a manifold M of dimension n, let G be a Lie subgroup of GL(n,R). A G-
structure on M is a principal subbundle P of the bundle F' of linear frames (cf. |C.1.3)
with structure group G.

Theorem 2.2.1. Let P be an K-invariant G-structure on a reductive homogeneous space
M = K/H with decomposition ¢ = h + m. Then there is a one-to-one correspondence
between the set of K-invariant connections on P and the set of linear mappings A :
m — g such that

Am(Ad (h)(X)) = Ad(A(R))(Am(X)), X €m, he H, (2.13)
where X denotes the linear isotropy representatiorﬂ H — G. The correspondence is given

by

AX) = {A(X)’ X eh, (2.14)

Am(X), ifX €m.

! The linear isotropy representation is the homomorphism of H into the group of linear transformations
of T.(G/H) which assigns to each h € H the differential of h at e.

14



CHAPTER 3

CoMPLEX (GEOMETRY

A natural extension to the concept of real manifolds are (almost) complex manifolds,
which locally look like the space C™. These manifolds carry an additional so-called almost
complex structure, which acts on the tangent spaces. In a chart it roughly corresponds
to a multiplication with the imaginary unit. The literature for this chapter is mainly
[41], but also [48-50].

3.1 Almost Complex Structures, Tensor Decomposition and
Exterior Forms

Definition 3.1.1 (Almost Complex Structure). Let M be a real manifold of dimension
2m. We define an almost complex structure J on M to be a smooth tensor field J on
M, which is an endomorphism of T,,M and satisfies Jg = —id,, at every point p € M. A
manifold with almost complex structure is called almost complex manifold.

Remark 3.1.1. Choosing coordinates {01, ..., 0,2m } on T, M, we may write the above
condition as

2m
PP AT A (3.1)
b=1

Let v = 23721 v aga be a smooth vector field on M. Then we define a new vector field
Ju by (Ju)? := 322" J by® Thus J acts linearly on vector fields. From the definition
we get J(Jv) = —v. J gives each tangent space T),M the structure of a complex vector

space.

Definition 3.1.2. For all smooth vector fields v,w on M, we define a vector field
NJ(Ua w) by

Nj(v,w) = [v,w] + J ([Jv,w] + [v, Jw]) — [Jv, Jw], (3.2)

where [, -] is the Lie bracket of vector fields. One can show that N is a tensor, meaning
that Nj(v,w) is pointwise bilinear in v and w. Ny is called the Nijenhuis tensor of J.

Definition 3.1.3 (Complex Manifold). Let M be a real manifold of dimension 2m, and
J an almost complex structure on M. We call J a complex structure, if Ny =0 on M.
A complex manifold is a manifold M equipped with a complex structure J. We use the
notation (M, J) to refer to a manifold and its complex structure.

15
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In order to construct an example, we give another (equivalent) definition.

Definition 3.1.4 (Complex Manifold). Let M be a real manifold of dimension 2m. A
complex chart on M is a pair (U,1), where U is open in M and ¢ : U — C™ is a
diffeomorphism between U and some open subset of C™. If (Uy,%;) and (Us,1)2) are
two complex charts, then the transition function is Y12 : 1(Up NUs) — o(Uy N Us),
given by 119 1= g0 ¢1_1. We say M is a complex manifold, if it has an atlas of complex
charts (U, ), such that all transition functions are holomorphic, as maps from C™ to
itself.

Example 3.1.1 (Complex Projective Space). The complex projective space can be de-
fined as
Um+1)

P = T < T

(3.3)

Since S*m*! = U(m + 1)/ U(m), CP™ may be thought of as the set of one-dimensional
subspaces of C"™*1. We further consider charts U, ¢ C™*!\ {0} where 2% # 0. In U,
we define the inhomogeneous coordinates

a

z
f{la) = k # a. (3.4)

Then in U, N Uy, a coordinate transformation is given by

.m m . 2
b €T T gl gl = el (3.5)
which is holomorphic.

The analogue of a smooth vector bundle over real manifold is a holomorphic vector
bundle, which we define in the following

Definition 3.1.5 (Holomorphic Vector Bundle). Let M be a complex manifold. Let
{E, : p € M} be a family of complex vector spaces of dimension k, parameterized by
M. Let E be the total space of this family, and w : E — M be the natural projection.
Suppose also that E has the structure of a complex manifold. Then FE is called a
holomorphic vector bundle with fibre C¥, if the following conditions hold.

(i) The map 7 : E — M is a holomorphic map of complex manifolds.

(ii) For each p € M there exists an open neighborhood U C M, and a biholomorphic
map ¢y : 7 H(U) — U x CF.

(iii) In part (ii), for each u € U the map ¢y takes E, to {u} x C¥, and this is an
isomorphism between E, and C* as complex vector spaces.

The vector space E), is called the fibre of E over pE|

!One may also refer to E as the holomorphic vector bundle, implicitly assuming the rest of the structure
is given.

16
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EXTERIOR FORMS

Definition 3.1.6 (Holomorphic Section). Let E be a holomorphic vector bundle over
M, with projection 7 : E — M. A holomorphic section s of E is a holomorphic map
s: M — FE, such that 7 o s is the identity map on M.

Remark 3.1.2 (Vector Field Decomposition). Let (M, J) be a complex manifold.
(i) A vector field on M is a section in the (complex) tangent bundle T'M.

(ii) Let p € M and

0 o 0 0
e e e, —— 3.6
{81:1’ T oxm’ Oyl’ ’ﬁym} (36)
be a basis for T, M. Then we define a basis with 2m vectors,
1 1
o _1(0 o\ 0 _1(d 0 .
ozH 2 \ Ozt OyH ozH 2 \ Jxt Oyt
with p =1,..., m. We now choose a basis in such a way that the complex structure
J acts on it as follows:
0 0 0 0
|l =— ) ==— |l — | =—5— Yu=1,...,m. 3.8
p<axu) ayuv p<ayu> Gwl" L ) , M ( )

Jp may be extended on the complexified tangent space T,M ® C,

Jp(X +1Y) == J, X +1iJ,Y, (3.9)
i.e. in the basis
0 .0 0 .0
Ty (w) “igw md (m) = g (3.10)

thus the action of .J, roughly corresponds to the multiplication with +i in a chart.
This means we may write J, as

J, :Z<idz“®a—idf“®a>, (3.11)

Ozt oz
p=1

where dz#, dz* are dual to 0/9z* respectively 0/0z*. Now with respect to (3.6))
and (3.8) one may regard J as a real-valued matrix with dimension 2m,

(0, -1,
Jp = <1m 0,, ) , (3.12)
or in the basis (3.7)) as a complex-valued matrix with dimension 2m, given by
(i1, Oy
Jp = <0m —ilm> . (3.13)

17
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We define the subspaces
T,M*:={Z c T,M®C: J,(Z) =+iZ}. (3.14)

Then we have T,M ®C = T,M*®T,M~, and call Z* € T M a holomorphic resp.
antiholomorphic vector, and the corresponding bases are called holomorphic
resp. antiholomorphic basis. This definition is extended pointwise to vector fields
and we have T,M~ = T,M+ as well as the decomposition X(M) ® C = X(M)" &
X(M)~ with the same notion as above.

(iii) Let (M,J) be an almost complex manifold. Then Jg = —id, on T, M, and we
may extend J, to T,M ® C. Now we can adapt the above classification scheme
for vector fields. Note that there does not necessarily exist a basis in the form

{0/02"} =1, m.

Definition 3.1.7. Let M be a differentiable manifold with dimr M = m. Let w,n €
QF (M) be two g-forms at p € M. Then we define a complex q-form & := w+in. We denote
the vector space of complex g-forms at p with Q} (M) ® C. Then Q}(M) C QA(M) @ C
and we define the conjugate of £ as € := w — in. Further we call ¢ real, if £ = €.

Definition 3.1.8. Let M be an (almost) complex manifold with complex dimension m.
Let w € Q}(M) ® C, ¢ < 2m, and 7, s be positive integers such that r + s = ¢q. Let
V; € T,M @ C (1 <i < q) be vectors in either T,M* or T,M~. If w(V1,...,V,) =0
unless r of the V; are in T,M ™ and s of the V; are in T,M ~, w is said to be of bidegree
(r,s) or simply an (r, s)-form. The set of (r, s)-forms at p is denoted by ,°(M). If an
(r, s)-form is assigned smoothly at each point of M, we have an (r, s)-form defined over
M. The set of (r,s)-forms over M is denoted by Q™*(M).

Remark 3.1.3 (Interior Product). We consider w € Q™*(M) on an (almost) complex
manifold M with complex structure J, and v, v1,...,vr45-1 € T,M®C at p € M. Then
v is decomposed into v = vt +v~, with v* € TpMi. We define the interior product as

(Vw) (V1 -+« Vpgs—1) = W(V, V1, -« oy Upgps—1)- (3.15)

Choosing a basis {9, 0zx} on T,M* @ T,,M~, we write

0
W'V, e ey Upgs—1) 1= (82“ _w) (U1, Upgs—1), (3.16)
a 0
WH(V1, ey Upgg—1) = (82:“ _uu) (U1, Upgs—1), (3.17)

and analogously for interior products of higher order, tensors S € TP°M and T € TP9M.

Remark 3.1.4 (Complex Tensor Decomposition). With the same setup as in the above

remark, consider a tensor T € Q"*(M), with components 7;''"}"". The indices range

18
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over barred and non-barred components. Then we define tensors, labelled by greek
indices «, 3, ... and their conjugates &, 3, ..., by

1 m
(TN =5 (Tzil,fﬁﬁ;és YT ) : (3.18)
k=1
(Ta)ou,... ar 1 (T(ll ..... ar +i iJmTk: az,.. ) (3 19>
biysbs T 9 b1,...,bs b yibs ) )
k=1

1

(Ta)o e =5 (Téﬁ{f:: - IZJIH Tebn ) (3.20)
1

T = (Tattf.. SRS 52;,"‘,25) o2

We refer to the components of these tensors by using greek letters which correspond
to the latin indices, e.g. we will write T to refer to the component (T%)% of a tensor
T € QMO(M). Further these operations are projections and satisfy

T =T+ T%, Ty, =Ty + Ty (3.22)

We compute the exterior derivative of an (7, s)-form w on a complex manifold. Choos-
ing complex coordinates {z#} on U C M, w can be written as

m

1
W= Y Wanean e A2 A AT AdET A AdER (3.23)
rlst o~
B1,.-,Bs=1
Then we have
1 n 0 o
do = rls! Z (827('%‘17 ar BrB:427 + 977 Doy Yoo, B ,ﬁad'zW) X
T ar,ear=1
B a1 (3.24)
y=1

X dz® A AdzO AP A A dEPs

i.e. dw is a mixture of an (r + 1, s)-form and an (r, s + 1)-form.
To generalize this calculation, let M now be an almost complex manifold. We define
the projection

7" EF(M) — Q" (M), (3.25)
where E¥(M) denotes the direct sum decomposition

EYM) = @ (M) (3.26)
r+s=k
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CHAPTER 3. COMPLEX GEOMETRY

Then we can decompose the exterior derivative as
d|Qr,s(M) =0+ 5, (3.27)
with
§:=n"Thso djors(ar) Qs — Qrths,

_ 3.28
8 — ﬂ_r,s—l-l o d‘Qrs(M) . Qr,s N Qr,s—s—l‘ ( )

Definition 3.1.9. The operators 9 and 0 in (3.28) are called the Dolbeault operators.
We define an operator d¢: Q¥(M) — QFFY(M) by d¢ :=i(d — 9).

Remark 3.1.5. The identity d?> = 0 implies that 0?> = 9> = 0 and 90+ 00 = 0. Further
the following identities hold:
dd°+d°d=0, (d?=0, dd°=2idd. (3.29)

Remark 3.1.6 (Holomorphic Forms). Let s € €°°(AP°M), so that s is a smooth section
of APOM . Tt can be shown that s is a holomorphic section of APYM if and only if ds = 0
in (AP M). A holomorphic section of APPM is called a holomorphic p-form.

Definition 3.1.10 (Dolbeault Cohomology Group). We define the Dolbeault cohomology
groups HE(M) of a complex manifold M by

HPI(M) = (0: €< (APIM) — G (APITIM))

o " Im (5 G (AP-19M) — cgoo(Ap,qM)) : (3.30)

Then the Dolbeault cohomology group Hg’O(M ) is the vector space of holomorphic
p-forms on M.

3.2 Hermitian Metrics, Kahler Metrics and Kahler Potentials

We begin by defining a metric on an almost complex manifold, which is compatible with
the complex structure.

Definition 3.2.1 (Hermitian Metric). Let M be a manifold with almost complex struc-
ture J, and let g be a Riemannian metric on M. We call g a Hermitian metric if

g(v,w) = g(Jv, Jw) Yv,w e X(M). (3.31)

An almost complex manifold (resp. a complex manifold) with a Hermitian metric is
called an almost Hermitian manifold (resp. a Hermitian manifold).

Definition 3.2.2. Let (M, J) be an almost complex manifold and ¢g a Hermitian metric.
Let w € Q?(M) be a 2-form that satisfies

w(v,w) = g(Jv,w), Yo, w e X(M). (3.32)

Then w is called the Hermitian form or fundamental 2-form on M.
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Remark 3.2.1. The first definition is equivalent to demanding

m
gab =Y Jo Ty Ged (3.33)
c,d=1

for the components of the metric g. The compatibility condition from the second defi-
nition is equivalent to

m
Wae = Z Jabgbc. (3.34)
b=1

Further w is a (1,1)-form, and one may reconstruct g from w using g(v,w) = w(v, Jw).
Therefore we call a (1,1)-form w on a complex manifold positive, if w(v, Jv) > 0 for

v # 0.

Definition 3.2.3 (Ké&hler Metric). Let M be a almost complex manifold, and g a
Hermitian metric on M, with Hermitian form w. We say g is a Kdahler metric, if dw = 0.
An almost complex manifold (resp. a complex manifold) with a Ké&hler metric is called
an almost Kdhler manifold (resp. a Kdhler manifold). In this case we call w the almost
Kabhler form (resp. Kdhler form).

We give a few important facts about Kéahler metrics, which especially contain a con-
nection to G-structures on the corresponding manifolds.

Proposition 3.2.1. Let M be a manifold of dimension 2m, J an almost complex struc-
ture on M, and g a Hermitian metric, with Hermitian form w. Let V be the Levi-Clivita
connection of g. Then the following conditions are equivalent:

(i) J is a complex structure and g is Kdhler,
(i) VJ =0,
(iii) Vo =0,

(iv) The holonomy group of g is contained in U(m), and J is associated to the corre-
sponding U (m)-structure.

On a compact Kahler manifold M we may find a real function ¢, such that w = dd®¢p.
If M is a complex manifold, but not necessarily Kéahler, the following result holds:

Lemma 3.2.1. Let n be a smooth, closed, real (1,1)-form on the unit disc in C™. Then
there exists a smooth real function ¢ on the unit disc such that n = dd¢.

Definition 3.2.4 (Kihler Potential). Let M be a complex manifold with K&hler metric
g and Kahler form w. Then locally we may write w = dd®¢ for some real function ¢.
Such a function ¢ is called a Kdhler potential.
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CHAPTER 3. COMPLEX GEOMETRY

Example 3.2.1 (Complex Euclidean Space). Let us consider the space M := C™ = R?™
with coordinates z* = a* + iy* for p = 1,...,m and the euclidean metric d on R?™,

0 0 0 0
a (axwaxv) =d (aywayv) = o

3.35
(20, .
oz’ oyr ) 7
for u,v =1,...,m. We choose the complex structure
0 0 0 0
Jl— ) =— J|l— | =— =1,....,m. 3.36
Then d is a Hermitian metric and we have
d(2 O a( 2 2,
0zF" 0z¥ ozh’ 0zv
(3.37)
a2 9\ _1;
ozn’9zv ) 27
The Kéhler form is given by
W= % St adet = det A dy. (3.38)
p=1 p=1

Then dw = 0 and the Euclidean metric d of R2™ is a Kiahler metric of C™. The Kéhler
potential is
d(z2,2) = li 2HzH. (3.39)
) 2 =

The Kéahler manifold C™ is called the complex Euclidean space.

Example 3.2.2 (Complex Projective Space and Fubini-Study metric). CP™ carries
a natural Kéhler metric, which may be defined as follows. First we have a natural
projection

m:C™ I\ {0} — CP™, (205« y2m) ¥ [205 -y Zm), (3.40)
where [z, ..., zm] denote the homogeneous coordinates of a point z,
(20, ..y 2m] = {2 € C™: (zg,. .. 2m) = (205 .-, 2m), A€ C\ {0}}. (3.41)

We then define a real function u : C™*1\ {0} — (0, 00) by

w(20, - -, 2m) = |20|* + - + |zm|?, (3.42)
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and a (1,1)-form a on C™*!\ {0} by a := dd“(logu). Note that « is not the Kéhler
form of any Kéhler metric on C™*1\ {0}, because it is not positive. But there does exist
a unique (1, 1)-form w on CP™, such that & = 7*(w). The Kéhler metric g on CP™ with
Kahler form w is the Fubini-Study metric.

To make this more explicit, we use the inhomogeneous coordinates introduced in
example With these coordinates we define a positive-definite function in a chart
U, by
2 ~u(z0,- .- Zm)

i 1 3.43
271 ’ZQ‘Q - ( : )

m
Ug : Uy — R, Ua (205 -y 2m) = E
u=0

Given two charts U, and Uy, the functions u, and wug are related on z € U, N U, by
2
up(2). (3.44)

b

le

ug(z) =

Then it follows that
b b

Inug = 1nub+1n; +ln%. (3.45)
Since 2°/2% is a holomorphic function, it follows that

dln(z"/2%) =0 and dln(zb/2%) = 0. (3.46)
This means

00 Inu, = 00 Inuy, (3.47)
and we can (locally) define a closed 2-form w by (cf. (3.29))

w = 2100 Inu, = dd¢In u,. (3.48)

Now there exists a hermitian metric whose Kahler form is w. We define
g € D(T*CP™ @ T*CP™), 9(X,Y) = w(X,JY), (3.49)

where J is the complex structure, which acts on (anti-)holomorphic vector fields in a
chart by multiplication with =i, cf. remark Then g is indeed hermitian,

g(JX,JY) = —w(JX,Y) =w(Y,JX) = g(X,Y), (3.50)

and one can show that g is positive definite, so that it is a metric. This metric is called
the Fubini-Study metric, with a Kéhler potential locally given by the functions wu,.

Definition 3.2.5 (Nearly Kahler Manifold). An almost Hermitian manifold (M, J) is
said to be nearly Kdhler, if the following identity holds:

Vx(J)Y = -Vy(J)X, VXY € X(M). (3.51)
Remark 3.2.2. An almost Hermitian manifold (M, J) is K&hler, if and only if
Vx(J)Y =0, VX,Y € X(M), (3.52)

see also proposition |3.2.1
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3.3 Curvature of Manifolds with Kahler Metrics

Let M be a 2m-manifold with Kéhler metric g. Using the notation introduced in remark
[3.1.4] one can show that the components of the Riemannian curvature tensor of g satisfy

Ryq =R 5+ Ry + R 5+ R (3.53)

Now a general tensor T has 16 components in its complex decomposition (cf. remark
3.1.4)). But equation says that 12 out of the 16 components vanish, leaving 4
components. Using symmetries of the Riemannian curvature together with complex
conjugation, we may identify R, with R, 5, and identify both Re 3,5 and Rdmé
with the complex conjugate of R 55" Thus the Kahler curvature is determined by the
single component R“ 55"

For the Ricci curvature Ric € I'(T*M ® T*M) with components Ricyg := Y o ; R4
we then get

Richs = »  R%.5+ > R%as (3.54)
a=1 a=1

Definition 3.3.1 (Ricci Form). We define the Ricci form by
p(X,Y) :=Ric(JX,Y), VXY € X(M). (3.55)
Remark 3.3.1. (i) The Ricci form p is a closed 2-form.
(ii) It can be shown that the components of the Ricci curvature are given by
Ric, 3 = —0a0; [log det(g)] (3.56)

Theorem 3.3.1. For a Kdhler manifold M of complex dimension m, the restricted linear
holonomy group Hol® is contained in SU(m) if and only if the Ricci tensor vanishes
identically.
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CHAPTER 4

MANIFOLDS WITH SPECIAL HOLONOMY

We now take a closer look at manifolds which have a holonomy group G, with G one of
Spin(7), G2 and SU(m). The case of a manifold M with holonomy SU (3) is especially
interesting, as one can construct manifolds R x M with holonomy group Gs from them.
The references for this chapter are [2,|41/51], and for especially [14}/15].

4.1 The Groups Spin(7) and G,

Definition 4.1.1. The n-dimensional spin group Spin(n) is defined as the double cover
of the special orthogonal group in n dimensions, such that there exists a short exact

sequenc{]

1 — Zy — Spin(n) — SO(n) — 1, ie. szZﬁ(n) = S0(n). (4.1)
2
If we restrict ourselves to 7 dimensions, we also may take the following theorem as a
definition of Spin(7).

Theorem 4.1.1. Consider R® with coordinates (x1,...,x8). As a shorthand notation,
we write dxYk .= dz? A da? A dak A dat. We define the 4-form

0 = dx 234 4 dx!2%6 4 4x1278 4 dx 1357 _ 41368
— dx 1458 _ 151467 _ 12358 _ 152367 _ §5 2457 (4.2)

+ dX2468 + dX3456 + dX3478 + dX5678.

Then the group Spin(7) C GL(8,R) is given by the elements g € GL(8,R) which leave
Qo invariant,

Spin(7) = {g € GL(8,R) : g"Qy = Qo }. (4.3)

Remark 4.1.1. (i) From the first definition one may see that the dimension of Spin(n)
and SO(n) are the same,

n(n —1
dim Spin(n) = dim SO(n) = (2), (4.4)
and that their Lie algebras are isomorphic, especially spin(7) = so0(7).
1A sequence Go Eil G4 LR G, is called an ezact sequence, if Im(f;) = Ker(fit+1). A short ezxact

sequence is an exact sequence of the form 1 — A — B — C — 1. A is some subobject of B, so that
C =~ B/A.
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CHAPTER 4. MANIFOLDS WITH SPECIAL HOLONOMY

(ii) The group Spin(7) is a compact, connected, simply connected, semisimple, 21-
dimensional Lie group.

(iii) The 4-form Qg in (4.2) is self-dual, i.e. Qg = *Qp, where * denotes the Hodge star
operator.

(iv) Further the group Spin(7) preserves the Euclidean metric go := (dz!)%+- - -+(da®)?
and the orientation of R®.

Our aim now is to construct the exceptional Lie group G2 as a subgroup of Spin(7).
Definition 4.1.2. Let e be a unit vector in R®, i.e. e € S7. We define the group
Go :={g € Spin(7) : ge = e}, (4.5)
i.e. Gy is the stabilizer subgroup of e in Spin(7).

Remark 4.1.2. (i) The above definition especially means that we may regard Gy as
a subgroup of GL(7,R).

(ii) One can showﬂ that Spin(7) acts transivitely on S7, especially S” = Spin(7)/Ga
(cf. chapter . We then calculate

dim Gy = dim Spin(7) — dim S” = 21 — 7 = 14. (4.6)
This may be compared with the more heuristic argumentation in remark
Another way to define G is given in the following theorem.

Theorem 4.1.2. Consider R” with coordinates (z',...,x7) and let dx"* := dz® Adad A
dz®. We define the 3-form

QSO = dx123 + dX145 + dX167 + dx246 o dX257 o dx347 o dX356. (47)
Then Go is isomorphic to the subgroup of GL(7,R) that leaves ¢g invariant,
Gy ={g € GL(T,R) : g"¢o = o} (4.8)

Remark 4.1.3. (i) The group G» is a compact, connected, simply-connected, semi-
simple and 14-dimensional Lie group, which also fixes the 4-form

s = dxP7 4 dx2T | x5 4 qx 1357 _ qx 1346 _ qx1256 _ qx 1247 (4.9)
the metric gg := (dz')? + --- + (d2")? and the orientation of R”.

(ii) The group of automorphisms of the imaginary octonions introduced in appendix
is isomorphic to Ga. As the notation in remark suggests, the Lie algebra
of Gz is isomorphic to the derivation algebra of the octonions, go = det(Q).

2As a reference, see e.g. A. Gray, P. Green, Sphere transitive structures and the triality automorphism,
Pacific journal of mathematics, 34 (1970), 83-96.
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To give a quick overview of the relations between some of the groups introduced in
appendix [B| and the groups Spin(7) and Go, we state the following result.

Theorem 4.1.3. The only connected Lie subgroups of Spin(7) which can be the holon-
omy group of a Riemannian metric on an 8-manifold are:

i) {1},
(ii) SU(2), acting on R® = R* @& C? trivially on R* and as usual on C2,
(i) SU(2) x SU(2), acting on R® = C? @ C? in the obvious way,

(iv) SU(3), acting on R® = R2 @ C3 trivially on R? and as usual on C3,

(v) Ga, acting on R® 2 R &R trivially on R and as usual on R7,

(vi) Sp(2), (vit) SU(4), and (viii) Spin(7),
each of the last three acting on R® as usual.
The inclusion “—” between the groups is shown below.

SUQ)  —— SU@R) —— SUB) —— Gy
! ! ! !
SU(2)xSU(2) —— Sp(2) —— SUM4) —— Spin(7)

4.2 7-Dimensional Manifolds with G5-Structure

Before we define what we mean by a Gs-manifold, we need to introduce the notion of
positivity of forms.

Definition 4.2.1. Let M be an oriented 7-manifold. For each p € M, define PIE’M
to be the subset of 3-forms ¢ € Qg(M ) for which there exists an oriented isomorphism
between 7T, M and R7, identifying ¢ and the 3-form ¢q from theorem Then PSM
is isomorphic toE] GL1(7,R)/ Gy, since ¢y has symmetry group Go.

Now dim GL4(7,R) = 49 and dim Gy = 14, so GL,(7,R)/ Gy has dimension 49 — 14 =
35. But Q3(M) has also dimension (g) = 35, so P3(M) is an open subset of Q3(M).

Definition 4.2.2. Let P3M be the bundle over M with fibre Pg’M at each p € M.
Then P3M is an open subbundld’| of Q3(M) with fibre GL.(7,R)/Gs. We say that a
3-form ¢ on M is positive, if ¢, € PI‘?’M for all p € M.

3GLy(n,R) denotes the identity component of the group GL(n,R).
4Because of the dimensions of the spaces, this is not a vector subbundle.
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Definition 4.2.3 (Gy-Manifold). Let M be an oriented 7-manifold, ¢ a positive 3-form
on M, and g the associated metric. Let V be the Levi-Civita connection of g. Since the
pair (¢, g) defines a unique Go-structure on M, we refer to (¢, g) as a Ga-structure. We
call V¢ the torsion of (¢,g). If V¢ = 0, then (¢, g) is called torsion-free. We define a
Ga-manifold to be a triple (M, ¢, g), where M is a 7-manifold and (¢, g) a torsion-free
Ga-structure on M.

Theorem 4.2.1. A 7-dimensional, oriented Riemannian manifold (M, g) is a Ga-manifold
if and only if its holonomy group is contained in Go.

Proposition 4.2.1. Let M be a T-manifold and (¢, g) a Ga-structure on M. Then the
following are equivalent:

(i) (¢,9) is torsion-free,

(ii) Hol(g) C Ga, and ¢ is the induced 3-form,
(iii) Vo =0 on M, where V is the Levi-Civita connection of g, and
(iv) dp =d*¢ =0 on M.

Proposition 4.2.2. Let (M, ¢,g) be a compact Ga-manifold. Then Hol(g) = Ga if and
only if T (M) is finite.

To close the chapter on Gs-manifolds, we now give a construction method for these
spaces.

Theorem 4.2.2. Suppose (M, gnr) is a Riemannian 6-manifold with holonomy SU (3).
Then M admits a complex structure J, a Kdhler form w and a holomorphic volume form
0 with dw = df = 0.

Let R have coordinate x. Define a metric g and a 3-form ¢ on R x M by

g:=daz®+ gy and ¢:=dz Aw+ Reb. (4.10)

Then (¢, g) is a torsion-free Ga-structure on R x M, and

1
*p = §w/\w—dx/\1m9. (4.11)

4.3 Nearly Kahler Manifolds and 3-Symmetric Spaces

Consider a Riemannian manifold (M, g) of dimension n = 2m. Then a SU(m)-structure
is a reduction of the structure group to SU(m). A special case is given in the following
definition.

Definition 4.3.1. A Calabi- Yau manifold is a compact Ké&hler manifold (M, J, g) of
dimension m > 2, with Hol(g) = SU(m).

We now investigate the case of nearly Kéahler manifolds, as introduced before.
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Definition 4.3.2. Given a Riemannian manifold (M, g), its Riemannian cone is a prod-
uct M x R>Y of M with the half-line R>?, which is equipped with the cone metric
ds? = t2g + dt?, where t denotes the parameter in R>?.

Proposition 4.3.1. A Riemannian manifold (M, g) with dim M = 6 carries a nearly
Kdihler structure if and only if its cone (M x R>? t2g + dt?) has a holonomy contained
in Go.

Nearly Kéhler manifolds of compact type may be classified in terms of 3-symmetric
spaces, which are defined in the following.

Definition 4.3.3. A Riemannian manifold (M, g) is called a 3-symmetric space, if it
admits a family of isometries {60, },car of (M, g) satisfying

(i) 0 =id,

(ii) p is an isolated fixed point of 6,,

(iii) the tensor field g defined by © := (0,)., is of class €,
(iv) OpsoJ = J 00,

where J is the canonical almost complex structure of the family {6, },cnr given by J =
\/(@ +id).

Remark 4.3.1. Riemannian 3-symmetric spaces are characterised by a triple (G/K, o, (-, -

satisfying the following conditions:
(i) G is a connected Lie group and ¢ is an automorphism of G of order 3.

(ii) K is a closed subgroup of G, such that G§ C K C G, where G is the stabilizer
subgroup of o and G§ the identity component.

(iii) (-,-) is an Ad (K)- and o-invariant inner product on the vector space m = (m* &
m~)Ng, where m* and m™ are the eigenspaces of o on the complexification g¢ of
g corresponding to the eigenvalues ¢ = ¢*™/3 and &2 = e~ 27/3,

Theorem 4.3.1. A simply connected, compact Riemannian 3-symmetric space with
strictly positive sectional curvature is isometric to one of the following spaces, equipped
with a suitable invariant metric:

(i) CP" = SU(n+1)/S(U(1) x U(n)),

(ii) F6 = SU(3)/U(1) x U(1),
(iii) CP" = Sp(m)/Sp(m —1) x U(1), n=2m — 1,
(i) S°= G2/SU(3).
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Lemma 4.3.1. Any simply connected, irreducible non-Kdhler homogeneous nearly Kdahler
manifold (M, J,g) is a compact 3-symmetric space.

Proposition 4.3.2. Any non-Kdhler homogeneous nearly Kdahler manifold with strictly
positive sectional curvature is holomorphically isometric to one of the following 3-symmetric
spaces with respect to the canonical complex structure:

(i) CP™ = Sp(m)/Sp(m —1) x U(1), n =2m — 1,
(ii) S® = Go/SU(3).
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CHAPTER 5

YANG-MILLS THEORY

We give a brief introduction to Yang-Mills theory on principal bundles, as it can be
found in [35,138]. To simplify the notation, we are going to use the Einstein summation
convention from now on, i.e. repeated indices are meant to be summed over from 1 to
the dimension n of the space. To express the local curvature form F in its components
we will for example write

1 a b‘_l . a b
F = ifabdfﬁ A dx =3 ;lfabdx Adz”. (51)

5.1 Yang-Mills Theory on Principal Bundles

Consider a principal bundle P(M,G) over a manifold M with structure group G. In
this context the Lie group G is also often called the gauge group. Let g denote the Lie
algebra of G.

Definition 5.1.1 (Functional). We call a continuous mapping S between two normed
spaces V, W an operator. If W is a field, we call S a functional.

Definition 5.1.2 (Action). Let (M, ¢g) and (N, h) be Riemannian manifolds. M is called
base manifold, N the target manifold. The functional

S:T(M,N)— R, S[o] = /M£(¢,D¢,D2¢,...,Dkqb,x), (5.2)

where T'(M, N) denotes the set of smooth sections from M to N and D*¢ is the k-
th covariant derivative of ¢, is called the action or action functional. The integrand
L:NxTNxXxT?N x ---xTFN x M — R is called the Lagrangian densit

Remark 5.1.1. For our purposes, the Lagrangian density is considered to depend only
on the functions ¢ and their first derivatives D¢.

Definition 5.1.3 (Gauge Field Lagrangian). Let P(M,G) be a principal bundle and
U C M a chart with local curvature form F. Then the (pure) Yang-Mills Lagrangian or
gauge field Lagrangian on U is given by

Ly = Tr(F A F). (5.3)

More generally, a Lagrangian density is defined on a jet bundle [35], but this definition should suffice
for our purposes.
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Remark 5.1.2. In the previous definition we suppressed the dependencies on the func-
tions ¢ to keep the notation a bit more handy. In general we have that the Lagrangian
L = L[¢] and the curvature form F = F[¢p| depend on the functions ¢.

Remark 5.1.3. We consider the gauge field Lagrangian ([5.3)). Using equation (5.1)), the
Lagrangian may be slightly rewritten as

1
Lyv = ZTr(}-W,fMV)Voln, (5.4)

where vol,, := dz! A -+ A dz™ denotes the n-dimensional volume element.

Remark 5.1.4 (Gauge Transformations). Let P(M,G) be a principal bundle and let
7w : P — M denote its projection.

(i)

(i)

(iii)

We call the choice of a local section s € I'(U, 7~ *(U)) on a chart U C M the choice

of a gauge (cf. remark |C.3.3).

Consider two charts U,V C M with UNV s 0 and local sections s1, s9 on U resp.
V. Then on U NV they are related via

s2 = 514, (5.5)

with a transition function g. Given local connection forms A on U, A’ on V, these
two are related on U NV via

Ay=9""Ag+9 ' Oug. (5.6)

We call this relation a gauge transformation (cf. remark|C.3.4)). If g has no depen-
dence on the coordinate x € U NV, we call this transformation global, otherwise
local.

Let P(M,G) be a principal bundle, and U,V C M two charts with U NV # 0.
Then by definition we have

Fu = s, Fv = sy (5.7)
on U resp. V. On the overlap of the charts, iy and Fy have to satisfy
Fv = hyyFuhuy, (5.8)

where hyy is the transition function (cf. equation (C.23)). Note that (5.3 is
invariant under such transformations, so that we can write down the action Syum
of the gauge field Lagrangian on M,

Sya = /M Te(F A ), (5.9)

which then is invariant under the action of the gauge group G.
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The equations of motion for the pure Yang-Mills theory are given by

DxF =0, (5.10)
which is obtained by extremizing the action (5.9). In components, they read
D,F" = 0,F" + [A,, F*]| =0, (5.11)

where D denotes the exterior covariant derivative.

Remark 5.1.5 (Yang-Mills Theory with Interacting Massive Fields). Let P(M,G) be
a principal bundle and F' := P xg X an associated bundle, where X is a Riemannian
manifold on which G acts by isometries. Let further ¢ € I'(F, M) be a section in the
associated bundle (¢ is called a field), U C M a chart, s € I'(U,7~1(U)) a local section,
and ¢ = s*¢. We define Ly, which is called the free Lagrangian (i.e. without the
interaction terms) on U, by

Lo = 5((Dup, D) — %5, 9))

. %(8* (Do, D"'¢) —m?s*(, 9)),

where (-,-) : U x U — R denotes the (induced) inner product on the chart U and D is
defined on U by

(5.12)

D(g) = D(s°9) := "(D3). (5.13)
The full Lagrangian now is given by
L:=Ly+ Ly
(5.14)

1 1
= §(D o, DFyp) — §m2<<,0,<,0) + Tr(F A *F).

It is often convenient to view ¢ as an equivariant map ¢ : P — X. Since ¢ is a section in
the associated bundle F' (cf. definition [C.1.2)), the action of the gauge group G is given
by
god(p) =g '¢(gp), g€G, peP. (5.15)
With remark we may write Dy = dp + Ap. Further, using dg~! = —g~'(dg)g~",
the action of the gauge group on Dy is given by
go(Dp) =go(de)+go(Ap)
= (dg e +g ' (dp) + (97 dg + 97" Ag) (g p)
=g H(dp + Ap) + (dg e + 97 (dg)g '
=g (Dy).
Since G acts by isometries, £ is invariant under G. In particular £ is invariant under
the change of a local section, so that we can write down the action on M,

(5.16)

S = /M B(Dugo,l?“@ — %mQ(gD, o) + Tr(F A*F)| . (5.17)
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5.2 Anti-Self-Duality and Yang-Mills Equations with Torsion

We now want to generalize the equations a bit. Let ¥ be a (d — 4)-form on a
d-dimensional Riemannian manifold M. Consider the complex vector bundle £ over M
endowed with a connection A. The X-anti-self-dual gauge equations are defined (see also
[22]) as the first-order equations

*F=-XNF. (5.18)
Here, % denotes the Hodge star operator on M.
Differentiating , we obtain the Yang-Mills equations with torsion,
d«F+AN+F —xFANA+sHAF =0, (5.19)

where the torsion three-form H is defined by the formula

*H = dX, (5.20)
so that
H = (—1)31"3) s dx. (5.21)

Note that if ¥ is closed, H = 0 and (/5.19) reduces to the standard Yang-Mills equations
(5.10)).

Remark 5.2.1. The Yang-Mills equations with torsion (5.19) are the equations of mo-
tion for the action

5:/ Tr [fA*}“—F(—l)d’BE/\}"/\}"]
M

:/ Tr[f/\*.7:+*H/\<dA/\A+§A/\A/\A>} (5.22)
M
_/ d[zAﬂ<AAdA+§AAAAA>],
M

where the last term is called a topological term.
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CHAPTER 6

YANG-MILLS EQUATIONS ON HOMOGENEOUS
(Go-MANIFOLDS

In this chapter, we take the Yang-Mills equations and analyze them on spaces of the
form R x G/H, which have structure group Go. Results from this chapter can also be
found in [10].

6.1 Yang-Mills Fields on R x G/H

6.1.1 Coset Spaces. We consider the Yang-Mills equations on coset spaces of the form
M =R x G/H, with G/H either SU(3)/U(1) x U(1) or Sp(2)/Sp(1) x U(1). These
manifolds are reductive homogeneous spaces, cf. example Further they are 3-

symmetric nearly Kéahler spaces (cf. theorem lemma and proposition {4.3.2)
and the space M admits a Gs-structure.

On the space G we choose the generators {I4}, A = 1,...,dimG with structure
constants f, BC, such that the commutation relation

[Ia,15] = fap°Ic (6.1)

holds. Further we use the metric induced by the Cartan-Killing form (cf. definition
B.5.2)), which in components is given by

gaB = Bap = fCapfPop. (6.2)

We may choose the Lie algebra generators in a way that gap is normalized, i.e. it is
given by the Kronecker symbol,

gAB = 0AB- (6.3)

The Lie algebra g of G can be decomposed g = h & m, where m is the orthogonal
complement of the Lie algebra h of H in g. The generators of G can be divided into
two sets, {I,} and {I;}, where the {I;} are the generators of H with i,7,... = dimG —
dim H+1,...,dim G, and {I,} span the subspace m of g with a,b=1,...,dim G—dim H.
For reductive homogeneous spaces we then have the following commutation relations, as
noted in remark 2.1.2

L L) = 15" I L) = fu"le oo D) = fu' T+ fu I (6.4)
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The components of the metric on g are given by

Gia = Oa (65)
9i = fi £;™ + finef;* = 0ij, (6.6)
Gab = facdbed + 2facifb0i = 5ab- (67)

6.1.2 Torsionful Spin Connection on G/H. The metric[6.7]lifts to a G-invariant met-
ric on G/H. We now construct a local expression of the metric by introducing an
orthonormal frame.

The basis elements of the Lie algebra g can be represented by left-invariant vector
fields F4 on the Lie group G (cf. definition and remark , and the dual
basis é? then is a set of left-invariant one-forms.

The space G/H consists of left cosets gH and the natural projection g — g¢gH is
denoted 7 : G — G/H. Over a small contractible open subset U of G/H, one can
choose a map L : U — G such that 7w o L is the identity, i.e. L is a local section of the
principal bundle G — G/H. The pull-backs of é4 by L are denoted e#. Among these,
the e form an orthonormal frame for 7%(G/H) over U, and for the remaining forms we
can write ¢’ = e’ e® with real functions e’,. The dual frame for T(G/H) will be denoted
FE,. By the group action we can transport e¢* and E, from inside U to everywhere in
G/H. The forms e” obey the Maurer-Cartan equations (cf. theorem resp. remark

E5d),

. 1
de® = —f%et Aeb — §fab e’ A el (6.8)

C
i Ly vnoe Lo i,k
de:—ifbce /\6_§fjke Ne. (6.9)
The local expression for the G-invariant metric then is

9G/H = Sape’e’. (6.10)

A linear connection w = (w%) = (w%€°) is a matrix of one-forms (see e.g. remark
C.3.6). The connection is metric compatible, if g,pwy is anti-symmetric, and its torsion
is a vector of two-forms T* determined by the structure equations

1
de® + Wiy Al =T = §Tabceb A e’ (6.11)

We use a non-vanishing torsion tensor on G/H, where we choose the components to be
proportional to the structure constants,

T% = Kf % (6.12)

and k£ € R is an arbitrary parameter. The torsionful spin connection on G/H then
becomes
- 1
W = whee® = (€'ef% + 5 (8 +1)f%e)e”, (6.13)

with e' = e’ e”.
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6.1.3 Yang-Mills Equations on R x G/H. Consider the space R x G/H with a coor-

dinate 7 on R, a one-form €? := dr and the Euclidean metric
g = (2)% + Sapee?, (6.14)

which means we can pull down all indices. For the torsion-full spin connection ((6.13)) on
M we have additional (vanishing) components,

w0y = Wiy = W' = 0. (6.15)

We introduce a three-form H on M with

1 1
H = gTabCe“ AeP Ae = anabce“ Aeb A el (6.16)
so that
Have = Tope = ’ifabo (617)

Now consider the trivial principal bundle P(M,G) = (R x G/H) x G over R x G/H
with the structure group G, the associated trivial complex vector bundle £ over Rx G/H
and a g-valued connection one-form A on £ with curvature form 7 = dA+ AA A. In
the basis of one-forms {e”, e?} on R x G/H, we have

1
A= Ape + Age?, F = Foae® N e + 5.7:(1176“ A e (6.18)
In the following we choose a “temporal” gauge Ay = A, := 0.

For our choice of H and w, the Yang-Mills equations with torsion (5.19)) are now given
by

0, (6.19)
0, (6.20)

Ea}—ao + waabfb() + [Aa,foa]
EO}—Ob + Eafab + wddafab + wadf-cd + [Aaa an]

where Ey = d/d7. These equations also follow from the action functional (5.22)) for our
choice of H and with the gauge Ag = 0.

6.1.4 G-invariant Gauge Fields. Let us take our complex vector bundle £ — Rx G/H
to be of rank dim G and carry the adjoint representation Ad G of the structure group
G. Then the generators of G are realized as dim G x dim G unitary matrices

Ii = (IiAB) = (fi A) =(f; Ne(fp®) and I, = (IaAB) = (faAB)- (6.21)

According to (2.13)) (resp. [49]), G-invariant connections on £ are determined by linear
maps A : m — g which commute with the adjoint action of H:

AAd(R)Y) = Ad(WA(Y), VheH and Y €m. (6.22)
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Such a linear map is represented by a matrix (X, aB ), appearing in
X, :=AI,) =X, P15 = X,'I, + X,°I. (6.23)

For the cases we consider one can always choose X, = 0. In local coordinates the
connection is written

A= +e'X, & A,s=¢el+ X, (6.24)
and its G-invariance imposes the condition

1 Xo] = [i"X & Xf,, = fi" X" (6.25)

The curvature F of the connection reads
F=dA+ANA
= X,e" Ae® — % ( Foe i+ foo I + fo."Xa — [Xo, XC]> e’ A et (6.26)

which means for the components

Foa=Xa,  Foe=—(fr'Ii + . Xa — [Xp, Xe]), (6.27)

where the dot denotes a derivative with respect to 7.

6.1.5 Explicit Calculation of the Equations of Motion. Inserting (6.24) and (6.27)
into (6.19), using E, 7 = 0 and w?, F0 = el f, X°, we get

0= E,F 4wy FO el I; + Xa, X
= el f X0+ el £,5X7 + [Xq, X (6.28)
= [X,, X9

This is the Gauss-law constraintﬂ following from the gauge fixing Ay = 0.
For the equation (6.20f), we begin by calculating the different terms in the sum.

(1) We get EgF® = X° and E,F% = 0, since we do not have any coordinate-
dependence in F.

(ii) We now consider w?, F.

wddafab = 62 <_ Ciafabjlj - CiafabdXd + fcia{Xa’ Xb]) . (629)

!This constraint corresponds to the Gauf law in electrodynamics, hence the name. It is obtained from
a Lagrangian £ by varying with respect to Ao, mo = DoL. It comes from the fact that Ay enters the
Lagrangian without time derivatives and that its associated canonical momentum vanishes, 7o = 0.
See e.g. [39| chapter 15.4].
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(iif) From the fourth term w® ,F°? we get

Wbcdde = —ei (fbiddejIj - fbiddeaXa + fbid{XC, Xd])
) _ (6.30)
- 5(’% + 1) (fbcddeJIj + fbcddeaXa + fbcd[Xca Xd]) .

Now using the equations for the components of the metric —, we can
simplify this further to

o F = e (Fraf I~ faf Xt fhalxe, X))

1 ) (6.31)
- 5(’% + 1) (Xb + fbcd[X 7Xd]) .
(iv) The commutator [A,, F%] is calculated to be
Ao 7] = =i, (S0 1) + 10, Xa] = 1, 1X°, X)) 632
= [ [Xa, 1) = X, Xa + [Xa, [X, X)),
Using the G-invariance condition (6.25) and the Jacobi identities,
L,[X% XY =[x [, X°)] — [X°, [;, X®
5 [, 300 = [ 5 X°) = X% [ X7 6
= fz C[XaaXC] - fiaC[X ’XCL
we can rewrite equation (6.32)) into
a i abj ¢ k a c clyva ac
[Aas P2 = =, (£ 1 Tt £ e = J2PX00 X = X0 X))

+ Y 1 X = Xy Xa) + [Xa, [X9, X]).

Before now adding up the different parts of the equation , we make the following
observations. First fABC fPBC = §4D together with faij = 0 implies fbcd fe4 = 0. Using
@, we further get fbcdde“ = %51’“. So from and the addition of , ,
@ and we obtain the lengthy expression

)'('-a _ ei ( cibfbajIj + fcibfbadXd _ Cib[Xb7Xa])

+ 62 ( aiddejIj . az‘ddebXb + faid[XchdD

+ ei (fcajfijklk + fcadfideb . fiab[XC)Xb] o fiCb[Xa,Xb])

(6.35)
# 5o 1) (3 g xY)
+ %(ﬁ +1) (Ko + f2alx, X))

— Y f5 X+ P X, Xa] — [Xo, [X°, X ).
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Using the Jacobi identity, the terms proportional to (e’ x Lie-algebra generator) add up
to zero. With the same argument, the terms proportional to (e’ x X 4) also vanish. Now
pulling down all the indices, we arrive at the equation

Ko = (05 1) uct ot oy s ) X 0+ 3) el X0 Xe] = X [0 Kol (630

The equations ((6.36)) can also be obtained from the action (5.22)) after substituting (6.24)
and (6.27)) into (5.22]).

6.2 Invariant Gauge Fields on Homogeneous Gs-manifolds

6.2.1 Yang-Mills Equations and Explicit Calculation of the Action Functional. Con-
sidering the manifold M =R x G/H, the Yang-Mills equations are given by

X, = %(n ~1X, — %(m + 3) fave| Xp, Xe] — [Xb, [ X, Xl (6.37)
0= [Xa, Xa). (6.38)

These equations are the equations of motion and the Gaufl ConstraintE] for the action

3:_/ Tr[]-'/\*]:—l—ﬁeo/\w/\]:/\]:}. (6.39)
4 JrxG/H 3

To get the explicit form, we consider the two terms
S = / Tr(F A «F), Sy = / Tr(dr Aw A F A *F), (6.40)
RxG/H RxG/H

so that S = —5(81 + §82). For &1 we have

1
Tr(F A +F) = §Tr(}“ab.7-““b + 2F0a FO%)volz, (6.41)

where
vol; ;= dr Ael Ae? Aed Aet Aed A el (6.42)

denotes the volume form on R x G/H. Now we plug in the components (6.27)) for F to
obtain

Te(FapF™) = T | fop S LI + [ F L Xa + [ f X
— Lap Ti[X % XY = [ [ X, XolIj + fu, T X Xy (6.43)
— Fap X[ X X — X, X Xy + [Xa, Xp][X 9 X

2See also the footnote on page
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Since the trace is cyclic, Tr(AB) = Tr(BA), we get (after pulling down all the indices)
Tr(FapFap) = Tr [fabifabjlilj + 2 favi favaLiXa — 2 fapili| Xa, Xb)

+ fabcfabchXd - 2facha[Xba Xc] + [Xa7 Xb] [Xm Xb] .

(6.44)

Now using (6.5)-(6.7) we get fapifapa = 0 and fapefard = %(5“1. We further note that
L[ Xa, Xp] = LiXo Xy — [XyXa = XoIi Xy — I X0 Xa — [Xa, 1] Xs, (6.45)

so that using the trace on this equation we get

Tr(fi[Xa, Xb]) = —Tr([Xa, Ii]Xb) (6.46)
and further
Javi Tr(L;[ X o, X)) = — favi faic Tr(X e Xp) = éTr(XbXb)- (6.47)

Inserting (6.47)) into (6.44)), the equation simplifies to
1
Tr(FapFap) = Tr [fabifabjfz‘[j - gXbXb — 2 fapeXa[Xp, Xe] + [ Xa, Xb)[Xa, Xb]} , (6.48)
and with this we can write down

1 . .
S| = 2V01(G/H)/ dr Tr |:2XaXa + favifavjLil;
Rl (6.49)
— gXbXb - 2facha[Xb7 Xc] + [Xm Xb] [Xa’ Xb}:| '

Next we consider the term Sy of the action (6.39). With w = wgpe® A e® and using
Wap = %Jab, where J is the almost complex structure, we write

1
WAF NF = 2 Jaras Fasas Fasaoe " 24> O vols, (6.50)

where volg := e! Ae? Ae3 Aet Aed A eS denotes the volume element on G/H. Inserting
the components (6.27)) of F, we calculate

1
dr AwAFAF = 2 Jayas Fagas Fasaoe 24414 voly

1

= gJalag |:fa3a4ifa5a6inIj + fa3a4iIch + fasagjfa3a4bXbIj

+ fa3a4bfa5aechXc - fa3a4bXb[Xa57Xa6]
(6.51)
- fa5a6c[Xa37 Xa4]XC - fa3a4iIi[Xa57 Xaa]

- fas%‘j [Xa3vXa4]Ij + [X6137Xa4”Xa57X06]] X

X 14203044506 yg],
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Using the trace on this equation, the property that the trace is cyclic and that Tr(X,I;) =
0, we can simplify this a bit to

1
Tr(dT ANw A f A f) = gJa1a2Tr fa3a4ifa5a6inIj =+ fa3a4bfa5achch
— 2 fa3a0bX0[Xass Xag) — 2fazanili[ Xass Xag) (6.52)
+ [Xa37 Xa4] [Xas ) Xaa] 6a1a20‘3a4a5aﬁV017.

Now we make use of the combinatorial formula
Ja1a25a1a2a3a4a5a6 =9 (Ja3a4Ja5a6 _ JagasJa4a6 + JagagJa4a5) . (653)

By making further use of the following identities for nearly Kéahler coset spaces,

Javfave =0, Javfaca = feavrs  facdfoed = %%b, (6.54)

we calculate for the different terms
§ Tanas Fosaui fasags eI = 2 fo i 5 (6:55)
s Fogaub Fasages 250 = 25y, (6.56)
—%Jalmfasawe“l”“w“%“ﬁ = 4% (6.57)
—iJalaQfams“l“?“?’“““m = [, (6.58)

Inserting these into (6.52)) and using (6.47), we can write down the second part of the
action,

1
Sy = SVol(G/H) / ar Tr[ — Fapifarg I + Xp Xy — 2 facha[Xb,XC]], (6.59)
R

from which we obtain

s

1 oo (6.60)
= —4V01(G/H)/ dr Tr [XaXa—l—V(X)]
R
with a potential
1 1
V(X)= 6(3 — &) fabi fabiLil; — 6(1 — 1) XX,
(6.61)

1

1
3(3 + ﬁ)facha[Xba Xc] + i[Xav Xb] [Xm Xb]‘

The Euler-Lagrange equations for this matrix-model action are (6.37)).
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6.2.2 Solution of the G-invariance Condition. The solution to the G-invariance con-
dition ([6.25)) says that the X, must transform in the six-dimensional representation R

of H which arises in the decompositon (6.21)),
Ad(G)|y =Ad(H) @R, (6.62)

of the adjoint of G restricted to H, i.e. (R(L;)),> = f;,°- It is real but reducibleﬂ and
decomposes into complex irreducible parts as

a q
R=Y Ry®> Ry (6.63)
p=1 p=1

with Zgzl dim R, = 3. This is the same H-representation as furnished by the I,. Hence,

for each irreducible representation R, one can find complex linear combinations Ig;) of
the I,, with o, = 1,...,dim R, such that

B
5, 10 = £, 710 (6.64)
close among themselves for each p. In the absence of a condition on [X,, X3|, the X,
appear linearly and thus may always be multiplied by a common factor ¢, inside each
irreducible representation R,. By Schur’s lemmaﬁ this is the only freedom, i.e.

Xé};) - ¢p[él;) with ¢, €C, ap,=1,...,dimR,, (6.65)

is the unique solution to the G-invariance condition inside R,. The six antihermitian
matrices X, are then constructed via

(Xo} = {; (x» -x2) % (x® +X§f;))} (6.66)

and will depend on ¢ complex functions ¢4(7). The same holds for any G-representation
D of ad (G).

For computations, we choose a basis in g such that the first dim(R;) generators I,,
span Ri, the next dim(R2) generators I,, span R etc., and the last dim(H ) generators
span h. Such a basis decomposes into the said blocks. Fusing all irreducible blocks and
ad (H) together again, we obtain a realization of I;, I, and X, as matrices in ad (G).

3Let G be a group with a representation V. A subrepresentation of a representation V is a vector
subspace W of V which is invariant under G. A representation V' is called irreducible, if there is no
proper nonzero invariant subspace W of V.

* Lemma (Schur, [46]). If V and W are irreducible representations of G and and ¢ : V — W is a
G-module homomorphism, then

(i) Either ¢ is a G-module homomorphism, or ¢ = 0.
(ii) If V=W, then ¢ = X - I for some A € C, I the identity.
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Since G is the gauge group, these matrices enter in the action (6.39). However, for
calculations it is more convenient to take a smaller G-representation D. This affects
only the normalization of the trace,

Trp(lalp) = —XxDAB, (6.67)

where the Dynkin index xp depends on the representation used. We normalize our
generators such that x,q(g) = 1, and choose D in all cases such that xp = % (see also
appendix @ With this, the constant term in the action evaluates to

1 1 1
6(3 — &) fiab fjap Trp(Li1;) = %(KJ — 3) fiab fiab = E(’i —3). (6.68)
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CHAPTER 7

YANG-MILLS EQUATIONS AND SOLUTIONS ON
SPECIAL (G5-MANIFOLDS

We specialize the results of the previous chapter to the manifolds Rx SU(3)/U(1)x U(1)
and R x Sp(2)/Sp(1) x U(1), which both possess a Ga-structure. Further we present
some solutions to the Yang-Mills equation on these manifolds. This material can also be
found in [10].

7.1 Yang-Mills Fields on R x SU(3)/U(1) x U(1)

7.1.1 Coset Space Generators. Expressing the X, in terms of the Lie algebra gener-
ators I, and complex functions ¢1, ¢, ¢3, we get the following relations:

X1 =Re(¢1)1 —Im(¢1)I>, Xo =Im(¢1)N1 + Re(¢1)la,
X3 =Re(¢2)I3 + Im(¢2)1s, X4 = —Im(¢2)I5 + Re(d2)l4, (7.1)
X5 = Re(¢3)I5 — Im(¢3)ls, Xe =Im(¢s)l5 + Re(¢s)le.

Because of (6.67)), we may choose the generators 14 to be normalized as

1
TI'(IAIB) = —6(5,43. (72)

Explicit form of the matrices ([7.1) can be computed by using the generators given in
appendix These generators also satisfy (7.2)).

7.1.2 Explicit Calculation of the Lagrangian. We now substitute the equations ([7.1)
into the action . The kinetic term evaluates to

Tr(X,X,) = Tr[\q'sly?hh 1P ly + o2 I s

+ | Gol* Luds + |ds* Is 5 + |cf>3|21616} (7.3)
= 2 (I8P 1o+ 10P).
such that
§ (5= DTH(GX,) = 2 (=) (191 + |6l + [65P) (74)
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Next we calculate the cubic terms fopTr(Xo[Xp, X¢]). Since most of the structure con-
stants are zero, and because of the permutation symmetries of the equation, we only
need to compute the combinations (abc) equal to (154), (136), (246) and (235). Since
for every term we calculate we may permute the indices in 3! ways, we get an additional
factor 3!. Then we have

31 f154Tr( X1 [X5, X4]) = V3Tr [Xl [Re(¢s)]5 — Im(¢3)Ig, —Im(do) I3 + Re(¢2)14]}
= ST [(Re(é) 1 — (1) 1) %
x {(Re(¢3)Im(¢p2) + Tm(¢3)Re(¢2)) 12
+ (Re(@)Re(2) — Im(¢s)Im(62)) 1}
= S Tx[ (Re(én)Re(62)Re(65) — Re(61)Im(62)Tm(65)) Iy
— (Im(¢1)Im(p2)Re(¢3) + Im(¢1)Re(¢2)Im(e3)) szz} ,

(7.5)
where we made use of the Lie algebra identities and used Tr(I4/p) = 0 for A # B in
the last step. In the same manner we evaluate the other cubic terms,

3!f136TI“(X1 [Xg, XGD = %TI" |:(Re(¢1)Re(d)2)Re(¢3) — Re(¢1)1m(¢2)1m(¢3))11[1

— (Im(¢1)Re(¢2)Im(@s) + Im(@1)Im(¢2)Re(6s)) Io |
(7.6)

3!f246TI“(X2[X4, Xd) = *%TI‘ |:(Im(¢1)1m(¢2)Re(¢)3) =+ Im(¢1)Re(¢2)Im(¢3)>Illl

+ (Re(1)Im(¢2)m(6s) — Re(61)Re(2)Re(é3) Lo 2|
(7.7)

3! fa35Tr(X2[ X3, X5]) = %Tr[(—lm(qﬁl)Re(cbz)Im(%) — Im(¢1)Im(¢2)Re(¢3)) 1111

+ (Re(61)Re(92)Re(¢3) — Re(g1)Im(62)lm(63)) ToTa .
(7.8)

Adding up ([7.5)-(7.8)), using the trace normalization (7.2)) and collecting terms, we get
for the cubic term in the action

e B) e T (X[ X, X)) = S (5 + 3)Re(16003)
3 9 (7.9)

= %8(/1 +3)(¢10203 + P19293).

For the quartic terms [X,, Xp][ X, Xp] we have to calculate 15 terms, which are given
by [Xa, Xp][Xa, Xp] for 1 < a < b < 6. Considering the symmetries in the definition of
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the X,’s, (7.1]), this number can be further reduced, so that we only have to evaluate 3
double commutators, which are for example [ X1, X2]%, [X1, X3]? and [X7, X5)%:

TI'([Xl, X2]2) = [[Re ¢1)II — Im(qbl)IQ, Im(¢1)I1 =+ Re(¢1)I2]

1

3

1 4
—— 1

Tr([X1, Xa]?) = Tr [ [Re(é1) Iy — Im(g1) o, Re(62)T; + Im(6) 112
= ST (Re(61)Re(02) — (o)l (2))
~ (Re(gn)Tm(92) + (61 )Re(¢2) 5|

- %Tr [Re2(¢1¢2)1616 + Im2(q§1q§2)l5[5}

(Re(¢1)? + Im(¢) ) 1717

= —%|¢1¢2\2, (7.11)
Tr([X1, X5)%) = Tr[[Re(¢1)Il —Im(¢1)I2, Re(¢3)15 — Im(¢3)16]2}
= éTf [R62(¢1¢3)I4I4 + Im2(¢1¢3)f313}

1
= —%\¢1¢3\2. (7.12)

Now because of the symmetries mentioned above, we also know the traces of the other
commutators:

To((Xa, X?) = To((X, X51?) = — el (7.13)
T3, X?) = TH([Xa, Xa?) = — 6160/ (7.14)
To((Xa, Xs) = Tr([Xa, Xo?) = —gclordsl (7.15)
To(( X, X4f?) = —céal’ (716)
To([ X, XoJ?) = Tr([Xs, X?) = — ]2 (717
To((Xa, Xs) = To(Xa, Xel?) = — g loas (7.18)
To((X5, Xof?) = — 5[l (7.19)

Adding up the equations (6.68]), (7.4), (7.9) and (7.10)-(7.19)), we obtain the Lagrangian
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182 = (3 — k) +6(|¢1|” + |P2f” + [¢3]°)
+(k=1) (I61]* + |2l + |93]%)
— (k +3) (010203 + 010203) (7.20)
+ |p102® + |9103]% + |23
+ 1|t + 2]t + |3t

7.1.3 Equations of Motion. The equations of motions for the gauge fields on R x
SU(3)/U(1) x U(1) can be obtained by plugging into (6.37) and (6.38]). Since the
calculation is very similar to the calculation for the Lagrangian, we only state the results.
We consider the equations of motion for X;, which yield the same result as the equations
for Xo. The equations for X3, X4, X5, X then are obtained by cyclic permutation of the
¢;’s. Now for the commutator we calculate

J1ve[ Xp, Xe| = L([X3,X6} + [ X5, X4])

V3
= %(Re(¢2¢3)—71 + Im(¢2¢3)12). (7.21)

For the double commutators we get
(X0, (X, X4]) =~ X, X, [(Xo, X =~ |0aPXs, (122)
(X, (X0, X3]) = — 51620, X5, X5, X0 = 5P Xs, (123)
[Xe, [Xo, Xal] = —o |65 X, (7.24)

Plugging this back into the general equations of motion (6.37)), we get
6X1 = (k1) X1~ (5+3)(Re(¢203) [y +Im(9263)I2) + (261 * +[ 2] +|¢3[*) X1 (7.25)

Now using X; = Re(¢1)I1 — Im(¢1)l2 from (7.1) and comparing the coefficients for I
and I, we arrive at the following equations of motion (the second and third equation
are obtained by cyclic permutations):

61 = (k5 — 1)p1 — (K + 3)ads + (2l61] + |a2]* + |¢3]%) 61,
6y = (1 — 1)po — (K + 3) 31 + (161> + 2¢a|* + |¢3]%) 62, (7.26)
663 = (K — 1)¢3 — (K + 3)d1ba + (61]* + |¢al* + 2/d3]*) 3.
In the same manner we calculate the constraints . These are given by
G101 — G101 = dadhs — bad = P33 — P3bs. (7.27)

The equations ([7.26]) are the Euler-Lagrange equations for the Lagrangian ([7.20]) ob-
tained from (6.39) after fixing the gauge Ay = 0.
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7.1.4 Zero-Energy Critical Points of the Potential. We may write the equations of

motion ([7.26) as

6 = (7.28)

¢y’

so that they may be interpreted to describe the motion of a single particle in C3 under
the influence of the inverted quartic potential —V with

V=—(k=3)+ (= 1) (|| + [d2]* + |¢3]")
+ (|p1|* + |gal* + |3
— (K + 3) (10203 + P10203)
+ [p102* + |p20b3|* + |ps b |*.

(7.29)

An alternative interpretation of the equations of motion is that they describe the dynam-
ics of three (identical) particles in the complex plane, with an external potential given
by the negative of the first two lines in and two- and three-body interactions in
the third and fourth line.

The potential (7.29) is invariant under permutations of the ¢; as well as under U (1) x
U(1) transformations

(1, b2, d3) — (€1, €1 ¥2pg, e 71 (1T 02) ), (7.30)

which include the 3-symmetry ¢; — e2™/3¢;. Such a transformation may be used to
align the phases of the ¢;, i.e arg(¢1) = arg(¢s) = arg(¢s). These phases only enter in
the cubic term of the potential, which is proportional to cos (}, arg ¢;). Therefore, the
extrema of V' are attained at ), arg¢; = 0 or m, and so, employing , we may take
¢; € R in our search for them. Furthermore, the Noether charges of the U(1) x U(1)
symmetry are the differences [; — [; of the “angular momenta”

Li = dichi — pichi. (7.31)

Hence, the constraints (7.27) may be interpreted as putting these charges to zero. Note,
however, that the individual angular momenta are not conserved, since

li = ¢idhi — ng@

= %(KZ + 3)(P102603 — p10h2P3).

(7.32)
Finite-action solutions ¢;(7) must interpolate between critical points with zero poten-
tial,

lim ¢i(7) =:¢Ff and (¢7,0%,05) € {¢} with V(¢)=0=dV(g). (7.33)
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We now construct a complete list {(ZASZQ}Z‘:17273, of the critical points, where o = A, A’, B, C
labels the different types. First we assume (without loss of generality, since we can
employ the permutation symmetry) that ¢; = 0. From the equations of motion
it now follows that without loss of generality ¢o = 0. The remaining equation has the
solutions

(08,08, 6%) = (0,0,0), (61,02, ¢3) = (0,0,/(1 — x)/2). (7.34)

The first solution already has V(qgl) = 0. For the second solution this condition implies
k = —1 4 24/3. Since we may choose ¢3 to be real, we get K = —1 — 21/3 and hence

(6,65, %) = <0, 0,1/1+ \/§> . (7.35)

We have seen that a single vanishing ¢; implies a second ¢;, 7 # j to be zero. So now
we may consider the case of not exactly two ¢; being zero, and then the equation
_ov v oy
0P Opa O3
= (k= 1)(¢1 + @2 + d3) — (K + 3)($102 + 1653 + P2¢03)
+ (|01 + |62 + [63*) (61 + P2 + ¢3) (7.36)
+ o111 + |2l B + 03] b3

0

If we had exactly two vanishing ¢;’s, this equation would reduce to the case discussed
above. For now, consider the case k # —3. Then the coefficient of the (x + 3)-term and
the coefficient of the (|¢1]? + |p2|> + |¢3]?)-term have to vanish independently, which
generates the two conditions

P14+ P2+ ¢33 =0 and ¢1¢2 + P23 + P193 =0, (7.37)

with the solution

¢1 = exp(2mi/3) 3, P2 = exp(4mi/3)ps. (7.38)

Using these values, the equation (7.36]) is satisfied and we can insert ¢; and ¢2 into

WV _ (o get the equation

0¢3
(k= 1)¢3 — (K + 3)¢3 + 4|33 = 0, (7.39)

which was treated in [9]. Using the results from there, we get the points

(67,67, 6%) = (0,0,0), (7.40)
(01, 95, 65) = (™3, e'™/3, 1), (7.41)
(81,2, 4s) = p(@/3, 45 1) with p= (s —1) (742)
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type | ¢1 @2 ®3 K
A 1 1 1 any
A’ eicx eia eia -3
B 0 0 +3
cC | o o0 1+v3 | —1-2v/3

Table 7.1: List of critical points

type eigenvalues of V"
A 0 0 3(k+3) 2(k+4) 2(k+4) 5—kK
A 0 0 0 2 2 8
B 2 2 2 2 2 2
C 0 V- V- Y+ e 4(1+V3)

Table 7.2: Eigenvalues of V" with v+ = —(1 4 v/3) £24/2(v/3 — 1).

The last point has V' = 0 only if k = —3 (which is a contradiction to the assumption
above) or k = 5. But choosing K = 5 we get p = 1 and we are back at the critical point
(&f,q%‘,é?) = (/3 471/3 1) Note that by employing the U(1) x U(1)-symmetry
(7.30)), this point is equivalent to the point (1,1,1).

Last, we have to consider the special case K = —3. Then the potential V is given by

V =6—4(¢1[% + |po] + |63

16100l + a6l + lor6af? + al* + 6ol + gl T
which is rotationally symmetric. Considering the equations for the critical points,
0= - = —dd1+ 01 (246n + 6l + lenP) (749
and cyclic permutations of the ¢;, we get for ¢; # 0 the condition
20¢1[% + [¢a|* + 03> = 4 (7.45)
and its cyclic permutations. The solution to these equations is |¢;] = 1. Since in the

special case of kK = —3 all phase dependence disappears and the U(1) x U(1)-symmetry
(7.30)) is extended to U(1)3, we get the critical point

« ) A . . .
(¢i4 ) gl 7¢3 ) = (ela’ela)ela)v

’

a e R, for k= -3. (7.46)
Since any possibilities for values of the ¢;’s can be reduced to the cases we discussed,

we get a complete list of the critical points (see the tables and .
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The zero modes of V" are enforced by the symmetries; their number indicates the
dimension of the critical manifold in C3. A critical point is marginally stable only when
V" has no positive eigenvalues. At the critical points i =0is guaranteed, hence the
product ¢§1¢§2¢§3 has to be real unless kK = —3. As noted above, the latter value is special
because all phase dependence disappears, and the symmetry is enhanced to U(1)3.
We will not consider this special situation (type A’) further.

7.1.5 Some Solutions. Finite-action trajectories ¢;(7) require the conserved Newto-
nian energy to vanish,

E =6 (11> + |l + |d3]%) — V (b1, 62, 63) = 0. (7.47)

They can be of two types: Either ¢ # ¢; (kink), or ¢ = ¢; (bounce). Since this
choice occurs for each value of ¢ = 1,2, 3, mixed solutions are possible. We now present
some special cases.

Transverse kinks at —3 < k < 3. The two-dimensional type A critical manifold exists
for any value of k, so one may try to find trajectories connecting two critical points of
type A. As a particularly symmetric choice we wish to interpolate

((bz_) _ (1’ e27ri/37e—27ri/3) - ((Z);&-) _ (627ri/3’e—27ri/3’ 1)‘ (7.48)

The three independent conserved quantities (F,l; — I;) do not suffice to integrate the
equations of motion , so generically one has to resort to numerical methods. Zero-
enery ‘transverse’ kinks can be found in the range x € (—3,3), as shown in figure
for k = —3,—2,—1,0,1,2 and in figure for k = 2.5,3. Since ¢o(7) = >™/3¢ (1) =
e~ 2™/3¢$3(7), the constraints are resolved. The action of the symmetry transfor-
mations on the solutions generates a two-parameter family of such ‘transverse’
kinks.

At the magical value of k = —1 the trajectories become straight, and the solution
analytic:

$a(T) = L ié tanh <T — TU) ’ (7.49)
o) = (512 + (3455 ) e (75)).

Radial kinks at x = 3. For this value of x the critical point at the origin is degenerate
with (1,1,1) and its symmetry orbits. Therefore, we can connect any type A critical
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point to the unique type B point via ‘radial’ kinks, such as

o (1) = % (1 + tanh (TQ_\/?) ) :
do(T) = < - % + ﬁf) (1 + tanh <T2_\/§0>> : (7.50)
b3(7) = (— % - ﬁf) (1 1 tanh (72_\/?)) ,
which connects
(0,0,0) — (1,e*m/3,e72m/3) (7.51)

in a 3-symmetric fashion and is also marked in the right plot of figure It is the
limiting case of the transverse kinks for k — 3. In the other limit, Kk — —3, the particles
move infinitely slow on the degenerate unit circle |¢| = 1.

Bounces at k < —3 and 3 < k < 5. In the range k € (—o00, —3) U (3,5) finite-action
bounce solutions must exist, in the form

d(r) = MDA L () with  fo(+oo) =1 and  fu(0) = é (m — 34+ VK2 — 9) ,
(7.52)

where f,.(7) is a real function, so the trajectories are straight. Figure shows the
trajectories for Kk = —4 and k = 4.

Radial bounce/kink at » = —1 — 2v/3. If we put ¢;(7) = ¢2(7) = 0 at this & value,
the remaining function is governed by the rotationally symmetric potential

V(0,0,¢3) =2(24 V3) — (14 V3)|gs|* + |¢s]*, (7.53)

so that for the equations of motion we get a kink-type solution

$3(1) = € \/1 + V3 tanh ! +6\/§7' . (7.54)

This interpolates between antipodal type C' critical points via point B,

(0, 0, —e® m> — <0, 0, e m> . (7.55)
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7.2 Yang-Mills Fields on R x Sp(2)/Sp(1) x U(1)

7.2.1 Coset Space Generators. We express X, in terms of the I, and two complex
functions ¢1 and ¢o,
X; = —Im(¢1)11 + Re(¢1)12, Xy = Re(¢1)11 + Im(¢1)12,
X3 = Re(¢1)l3 +Im(p1)ly, X4 =TIm(¢1)l3 — Re(p1)ly, (7.56)
X5 = —Re(d2)I5 + Im(p2)ls, X¢ = —Im(¢2)l5 — Re(p2)le.

7.2.2 Equations of Motion. Inserting the generators ([7.56|) into the action functional
(6.39)), after a similar calculation as for the R x SU(3)/U(1) x U(1)-case we obtain the
Lagrangian

18 = (3 — k) + 12[1 [ + 6]¢o|® + (5 — 1) (2|1 |* + [$2]?)

o 7.57
— (k4 3)(¢1d2 + d1¢2) + 3|o1|* + 2|d1a|* + |Bo|*. (7.57)

The equations of motion are now given by
61 = (K — 1)¢1 — (K + 3)d1d2 + (3|d1|* + |d2]*) o1, (758)

62 = (k — 1)pa — (K + 3)T + 2(|¢1 > + |p2|*) b2,
and the constraints (6.38]) read

G101 — 161 = a2 — b2, (7.59)
By identifying ¢1 = ¢2 =: ¢, we again return to the Ga/SU(3)-case. Note that if we

identify ¢; and ¢y in (7.26)), we also get (7.58) and (7.59). In the same manner, ((7.57)
is obtained from ((7.20]). The equations ([7.58)) are the Euler-Lagrange equations for the

Lagrangian ((7.57)),

- oV , oV
121 = —, 6y = —, 7.60
¢1 8¢1 ¢2 8¢2 ( )
and the constraint (7.59)) derives from the U(1) symmetry
(61,02) — (1,6 ) (7.61)

of the potential

V=03B=r)+(r—-1)Q2¢1° + |¢2°) — (r + 3)(¢T¢2 + dida) (7.62)

+ 31" + 2(10a]” + o]
7.2.3 Some Solutions. The solutions to ([7.58)) and ((7.59)) form a subset of the solutions
to ([7.26)) and (|7.27]), namely those where two functions coincide. Since in all examples of
the previous section this can be arranged by applying a U (1) x U(1)-transformation, one
gets o(7) = x(7) equal to any of the functions appearing on the right-hand sides of ([7.49)

and ([7.50]) or depicted in the figures and after choosing the corresponding
k-value. In addition, (7.54]) translates to a solution with ¢ = 0 and a kink y.
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7.2.4 Specialization so S° = G5/SU(3) and Flow Equations. By further identification

$1 =2 =3 = ¢ (7.63)
we resolve the constraint equations (7.27) and reduce ((7.26)) to the requation
. - 10V
60 =(k—1)p— (v +3)¢° +4|¢|°p = - == (7.64)
3 0¢
with
V =(3—k)+3(k—1)[6]> — (5 +3)(¢> + &) + 6] [*. (7.65)

The U(1) symmetry (7.61)) is broken to the discrete 3-symmetry and the Lagrangian
(7.57)) becomes

18L = 189|% + V(4), (7.66)

which describes Gs-invariant gauge fields on R x G2/SU(3) (see [9]). Note that any

function on the right-hand side in ([7.49)) and (7.50) or shown in the figures and
is a zero-energy solution [9]. Vice versa, any solution of (7.64) gives a special solution

t0 the equations (7-58), (7:59) and (7:26), (7-27).

We now try to construct some analytical solutions ¢(7) to . For simplification,
we assume ¢(7) to be a straight trajectory, which (because of the 3-symmetry transfor-
mations) can be brought into a form where either Re¢(7) = const or Im¢(7) = const.
Then, the vanishing of the left-hand side of Re yields two conditions on Re¢ and
, whose solutions follow a Hamiltonian flow |9

(5, Red) = (-1,-1/2) = VBmd=" — (mg)* « V3d=i(&* o),

(k,Re) = (—3,0) = V3Imp=1-(Im¢)> < V3p= @(1 — |g]?), (7:67)

(k,Rep) = (=7,1) = V3Imé =3 (Imp)? & V3é=i(p*+20).

On the other hand, for Img?; = 0 one finds for any value of k

Imp=0 = 6Red=(k—1)Re¢ — (k + 3)(Reg)? + 4(Reg)® = ;(%g, (7.68)
with

Vi = (Reg — 1)* (6(Rep)? — (& — 3)(2Reg + 1)) . (7.69)
This includes the gradient flow situations

(k,Im¢) = (3,0) = V3Red = (Rep)> —Rep < V3¢ = ¢* — ¢, 7.70)

(k,Im¢) = (9,0) = V3Re¢ = (Reg)? —2Re¢p < V3¢ = ¢* — 2¢.

The (kink-type) solutions to and were given in [9]. They have zero energy
and thus finite action only for k € {—3,—1,3}, with the two latter also displayed in
(7.49) and , respectively. Additionally, finite action bounce solutions to can
numerically be constructed for k < —3 and 3 < k < 5.
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7.3 Instanton-Anti-Instanton Chains and Dyons

If we replace R x G/H by S' x G/H, the time interval will be of finite length, namely
the circle circumference L, and we are after solutions periodic in 7. In this case, the
action is always finite, and the £ = 0 requirement gets replaced by

¢i(1T + L) = ¢i(7). (7.71)

The physical interpretation of such configurations is one of instanton-anti-instanton
chains.

7.3.1 Periodic Solutions. Consider the case of ¢1 = ¢2 = ¢35 =: ¢ in (7.26]), which
means G/H = G2/SU(3). For the magical values of k we get the following second-order
equations, on which we must impose the periodicity condition ([7.71)):

(k,Red) = (-1,-1/2) = glm¢ = Im¢ (Im¢2 _ 3> 7

4
(5, Red) = (-3,0) = oTmd=Tms (Ims? 1),

(k,Rep) = (—=7,1) = glmq'zé = Im¢ (Im¢® — 3), (7.72)
(k,Reg) = (—3,0) = ;Regﬁ = Reg (Re¢ — ;) (Reg — 1)

(k,Reg) = (—9,0) = ;Req'é = Re¢ (Rep — 1) (Reg — 2).

At finite L, we obtain a different kind of solution (sphalerons), namely

(1) = B £iV3y kb(k)sn[b(k)yT; k], (7.73)
for the values

(k: B,) € {(—1; = 1) 7 (—3;0, \%) (=T 1,2)} (7.74)
and

¢(r) = B+ V3ykb(k) sn[b(k)yT; k], (7.75)
for

re{ (w3 ) (11.5))

Here, b(k) = (2+2k?)~"/2 and 0 < k < 1. Since the Jacobi elliptic function has a period
of 4K (k) (see appendix [E)), the periodicity condition (7.71)) is satisfied if

vb(k) L = 4K (k)n, n €N, (7.77)
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which fixes k = k(L,n), so that ¢(r;k(L,n)) =: ¢ (). Solutions (7.73) and (7.75)
exist if L > 2mv/2n (see e.g. [20]).

By virtue of the periodic boundary conditions , the topological charge of the
sphaleron ¢(™ is zero. Such a configuration is interpreted as a chain of n kinks and n
antikinks, alternating and equally spaced around the circle (see e.g. [20]). The energy
of the sphaleron, interpreted as a static configuration on S! x G/H, is

L
E= [ dri|9P+V(e, :
| ar{ior < vie.a). (7.79)
so e.g. for the case kK = —3 in we obtain
_ 2n 2 (112 2
Bgn) =5 7 [8(1 + k) E(k) — (1— k) (5+ 3k )K(kz)}, (7.79)

where K (k) and E(k) are the complete elliptic integrals of the first and second kind,
respectively.

The solutions can be embedded into the other cosets G/H, where they are
special solutions with ¢; = ¢2 or @1 = P2 = ¢3, respectively. By applying the symmetry
transformation or , respectively, their degeneracy may be lifted. Substi-
tuting the solutions back into the action (6.39)), we obtain finite-action Yang-Mills con-
figurations. These are interpreted as chains of n instanton-anti-instanton pairs sitting
on S' x G/H with a six-dimensional nearly Kihler coset space G/H. Away from the
magical k values, such chains are to be found numerically.

7.3.2 Dyonic Solutions. Let us change the signature of the metric on R x G/H from
Euclidean to Lorentzian by choosing on R a coordinate t = —irt, so that é° = dt = —idr.
Then the metric on R x G/H is given by

ds? = —(&°)% 4 d,pe%". (7.80)

For the cases discussed above, we arrive at the same second-order differential equations
as in Euclidean space, except for the replacement

.. d?
¢; — _@d)z (7'81)

In particular, this implies a sign change of the left-hand side relative to the right-hand

side in ((7.26)), (7.58)) and ([7.64]). Thus, in the Lagrangian we effectively have a sign flip
of the potential V', so that the analog Newtonian dynamics for (¢;(t)) is based on +V.

Again, consider the case Go/SU(3). Then the equations of motion are given by

d? - 10V
Gqp® = —(s = Do+ (s +3)F —49P'o = —3 5= (7.82)

o7



CHAPTER 7. YANG-MILLS EQUATIONS AND SOLUTIONS ON SPECIAL
Go-MANIFOLDS

where V' is given by (7.65). This equation can be integrated for the special values of
k€ {-1,-3,-7,3,9}, which yields

H(t) =+ i\/gfy cosh™! \’g (7.83)
(k:B,7) € {(—1; —%, 1) , (-3;0, \%) (=T 1,2)} (7.84)

o(t)=p=+ \/gy cosh™! \75 (7.85)

for the values

() (o)

Via the 3-symmetry action, these solutions are mapped to rotated ones. Any such con-
figuration is a bounce in our double-well-type potential, which most of the time hovers
around a saddle point. For other values of %, such bounce solutions may be found nu-
merically.

for

and

Inserting (7.83) or (7.85)) into the gauge potential, we arrive at dyon-type configu-
rations with smooth nonvanishing ‘electric’ and ‘magnetic’ field strength Fy, and Fg,

respectively. The total energy
—Tr(2 FoaFoa + fabfab) X VO](G/H) (7.87)

for these configurations is finite, but their action diverges unless ¢(£o00) = e2™*/3, These
are saddle points for kK < —3 and k > 4. Thus, for [k —1| > 4, the potential (7.65)) admits
pairs ¢ (t) of finite-action dyons, with

1
¢i(£oo) =1 and ¢+(0) = 8 <I<L -3+ VK% - 9) fork >5 (7.88)
and a more complex behavior for k < —3. The k = —7 and k = 9 straight line solutions

in ([7.83)) and (7.85]) are among these. Numerical trajectories for some intermediate values
are shown in the plots of figure [7.4] and
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L T e e e T i A R T e ol i S Tl R v M B V2
-1.0 -0.s 05 1.0 -1.0 -05 0o 08 10

Figure 7.1: Numerical solutions for k € {—3; —2; —1;0;1;2}.
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L T A T T A (s G S TV el 2 (2
-1.0 -0.5 0o 08 10

Figure 7.2: Numerical solutions for x € {2.5;3}.

Figure 7.3: Numerical solutions for k € {—4;4}.
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Figure 7.4: Numerical solutions for x € {—3; —1.7989; —1;0;0.5;0.25}.
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G2-MANIFOLDS

PR T S S S S ST
1) 1 2z

-
-1

Figure 7.5: Numerical solutions for x € {1;2; —7;9; —61/3;4}. Note that the plots for
K € {—7;—61/3} also arise from the duality transformation r — 2% + 1.
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CHAPTER 8

CONCLUSION

We considered spaces of the form M =R x G/H, where G/H is a nearly Kahler mani-
fold, so that M has structure group G2. On these spaces, we considered the Yang-Mills
equations with torsion, which for example arise in String Theory. We constructed some
explicit (analytical) solutions to these equations, as well as numerical ones, where the
analytical solutions are of kink or bounce type when choosing a real coordinate on the
space R and of dyon type when choosing an imaginary coordinate.

These gauge-field solutions are instantons (for a real coordinate) and dyons (for an
imaginary coordinate). In particular the instantons play an important réle in the quan-
tized theories, though classically obtained. This is because the classical solution survives
the quantization process relatively unscathed. It provides a contribution to the path in-
tegral and is a good first approximation to the properties of the quantum theoretical
solution. Further the solutions are inherently non-perturbative, i.e. they cannot be ob-
tained by applying a perturbative expansion in some coupling constant. In the case of
instantons, which are related to tunnelling effects between (stable) vacua, they give an
approximation of the structure of the vacuum state of the quantum theory. The dyonic
solutions are related to magnetic monopoles in these theories. [21},40].

Considering the numerical kink-type solutions, it is interesting that with variation of
the parameter x the solutions seem to interpolate between the analytical ones at the
special values k = —1 and k = 3. Since the numerical simulations were quite unstable
(i.e. sensitive with respect to the initial values), we were only able to interpolate in
an intervall of finite length. We therefore could not choose “zero velocity” at t — +o0
and there may be room for more investigation, despite the fact that the results (the
interpolation between analytical solutions) seem quite plausible.

The numerical solutions for the dyonic case seem more stable, but here we had nearly
no dependence on the starting angle of the trajectory. This means that varying the angle
in a wide range produced almost the same trajectories. As one can see from the results,
the solutions do not seem to interpolate between the analytical ones. In particular, for
most values of k we did not find “good” trajectories, but rather chaotic ones.

Outlook. A possible extension is to consider higher-dimensional spaces of the form
M =3 x G/H, with a 2-dimensional space . Some work has already been done in this
direction [11].
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CHAPTER 8. CONCLUSION

As a last remark, consider 10-dimensional heterotic String Theory. Now to compactify
this theory, one is looking for subgroups of the gauge group Eg. Such subgroups may be
constructed using the technique presented in [33|, and the resulting space of the form
M* x X% may be investigated.
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APPENDIX A

ASSOCIATIVE AND NON-ASSOCIATIVE ALGEBRAS

Apart from the widely known number fields R and C, there are some more types of
numbers which are of interest in physics [3}[5L[7]. These are the algebra of the quaternions
H and the (non-associative) algebra of the octonions Q. In this chapter we present a
generic construction method and write down a more explicit definition of these two.
This material may be found for example in [2,|4],/7], and some further treatment of
related algebras in [1].

A.1 Division Algebras and the Cayley-Dickson Construction

Definition A.1.1 (Algebra). An algebra A over a field F is a vector space over F together
with a bilinear product

AXA—)Aa (:Uay)'_)xyv (Al)

which we call A-multiplication or simply multiplication. If the meaning is clear, we may
write zy := x - y. If there is an element 1 € A, such that 1-z = «x for all x € A, we
call A an algebra with 1 or unital algebra. If the multiplication is commutative, that is
x-y=y-x foral z,y € A, we call A commutative, otherwise non-commutative. We
call A associative, if the multiplication is associative, i.e z - (y - 2) = (x - y) - z for all
x,y,z € A.

A # {0} is a division algebra, if for any two elements a,b € A, b # 0, there exist
precisely one element z € A with a = x-b and precisely one element y € A with a = b-y.

A normed division algebra A is a division algebra which is also a normed vector space
over the real or complex numbers, with a norm || - || that satisfies

eyl = llz| - [yl (A.2)
for all z,y € A.

We now present a way to construct all normed division algebras over R, known as the
Cayley-Dickson construction.

A complex number z := a + ib can be thought of a pair of real numbers z = (a,b).
Together with the obvious addition and the multiplication rule

(a,b)(c,d) := (ac — db, ad + cb) (A.3)
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they form the field C. We define the conjugation of such a pair (a,b) as

(a,b)* := (a, —b). (A4)
If we make the usual identification (a,0) = a € R, we may also rewrite equation (A.3)),
(a,b)(c,d) = (ac — db*,a*d + cb), (A.5)

as complex conjugation acts as the identity on R. The same happens if we rewrite (A.4)
as

(a,b)* = (a*, —b). (A.6)

From the equations (A.5) and (A.6) we can construct new algebras from the previous
ones. This way of getting new algebras is known as the Cayley-Dickson construction.

Applying this construction to R, we successively get C, H and @. But this does not lead
to an infinite sequence of division algebras, since each time we apply the construction,
we loose a property of the previous algebra: From R to C we loose the ordering property,
from C to H we loose commutativity and from H to @ we loose associativity. The next
time we apply Cayley-Dickson, we loose the division algebra property.

Theorem A.1.1 (Hurwitz). The only normed division algebras over R are (up to iso-
morphism) the real numbers R, the complex numbers C, the quaternions H and the
octonions Q.

Given a real division algebra I, we may embed the real numbers via the identification
R — T, x+— (z,0,...,0), (A.7)

so that we may consider R C F as a subfield. In this sense we may write z := (z,y) € F
with € R, and call = the real part and y the imaginary part of z, denoted

x = Re(z) and y = Im(2). (A.8)
We define the conjugate of z as
z:= 2" := (Re(z),—Im(z)) € F. (A.9)

Another way of obtaining H and O is presented in the following section.

A.2 Quaternions, Octonions and Derivation Algebras

Definition A.2.1 (Quaternions). The noncommutative algebra H = C @ jC of the
quaternions is a 4-dimensional division algebra over R. The defining equations are
3
ejej = —d;jeq + Zeijkek, €as = €4€q = €q, ei = ey (A.10)
k=1

for i,j = 1,2,3. Here g, is the totally antisymmetric Levi-Civita symbol and equal to
unity for (ijk) equal to (123), (231), (312).
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Remark A.2.1. The algebra H is indeed noncommutative:

elex = €123€3 = €3, (A.11)
whereas
€9€1 = £9213€3 — —e€3. (A.12)

Definition A.2.2 (Octonions). The equations defining the alternative nonassociative
algebra of the octonions O are

7
€qh = —0gp + Z fabc€e,  €q€g = €geq = €q, 6% = €g, (A13)
c=1
where a,b =1,...,7 are the basic octonionic units and eg is the unit element in Q. The

Cayley structure constants fqpe are totally antisymmetric in (abc) and equal to unity for
the seven combinations (123), (145), (167), (246), (275), (365), (374).

Remark A.2.2. (i) Following the same argument as above, O is also noncommuta-
tive. But O is also nonassociative:

e1(e2eq) = e1 fases = e1e6 = figrer = e, (A.14)
whereas
(er€2)eq = fiazeses = fauses = —es. (A.15)

(ii) Every 3 cyclically ordered units e;,e;,e, € O generate isomorphic copies of the
quaternion algebra in Q.

Definition A.2.3 (Derivation). Let F be a field and A be an algebra over F. A derivation
is an F-linear map D : A — A, which satisfies the Leibnitz rule

D(ab) = (Da)b+ a(Db), Va,b e A. (A.16)

Remark A.2.3. (i) From the F-linearity and the Leibnitz rule it follows that D(z) =
0, for all x € F.

(ii) As D is a linear map, it suffices to specify how it acts on some basis of the algebra

A.

Definition A.2.4. Let A be an F-algebra. Then we denote the collection of all deriva-
tions from A to itself by der(A).

Remark A.2.4. (i) We consider the derivation algebra of the octonions, der(Q).
From (A.13)) it follows that for every element D € der(O) and a,b = 1,...,7
we have

7
D(eqep) = Z:fabcD(ec)7 D(eseq) = D(eqes) = Dleg), D(eg) =0. (A.17)
c=1
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(ii) Since a derivation is by definition a linear map, we may represent all possible
derivations on an 8-dimensional space by 8 x 8 matrices, which gives in general
64 parameters which we are free to choose. Since D(eg) = 0, we fix one column
of the matrices, leaving 56 parameters. From the definition of octonions, we see
that we have 42 non-vanishing structure coefficients which define the octonionic
multiplication. Since these relations have to be conserved under a linear map, we
have at least 56—42 = 14 parameters free. Now one can show that dim det(0Q) = 14.
The algebra of derivations of the octonions is denoted by

g2 := 0er(0). (A.18)
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LIE ALGEBRAS

In the process of describing the symmetries of physical systems, the mathematical con-
cept of a group naturally appears. A particular type of groups are the so-called Lie
groups, which additionally have the structure of a differentiable manifold. When de-
scribing these groups, which may be geometrically quite complicated, one arrives at the
Lie algebras of the groups. They are vector spaces (and therefore geometrically simpler),
but reflect some properties of the group they are derived from. The literature for this
chapter is [8,45-47,51,/53,/54]. In particular [51] gives a deeper treatment with a similar
aim as this thesis.

B.1 Groups, Lie Groups and Lie Algebras

Definition B.1.1 (Topological Group). A topological group G is a topological space,
such that the group operation,
GxG—G, (z,y)— zy,
and taking inverses,
G—-G, zw—az!t

are continuous functions.

Definition B.1.2 (Group Action). Let G be a group with identity element e € G and
M be a set. A (left) operation or a (left) action of G onto M is a map

o:Gx M — M, (9,x) — goux, (B.1)
such that
(i) eox =z, for all z € M.
(ii) go(hox)=(goh)ox, for all g,h € G and for all z € M.

Definition B.1.3 (Isotropy Group, Orbit). Let G be a group acting on a set M. We
define the isotropy group (or stabilizer group) G, of x € M in G as

Gy ={9€G: gz =z} (B.2)

G is a subgroup of G.
Let x € M. The subset M, in M consisting of all elements gz, denoted by Gz, is
called the orbit of x under G.
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Definition B.1.4. Let G be a group acting on a set M. Let K :=(,c;; Gz. An action
or operation of G onto M is said to be faithful, ift K = {e}. A fized point of G is an
element x € M such that gx = x for all g € G or in other words G = G.

An action is said to be transitive, if there is only one orbit.

Example B.1.1. (i) Conjugation. For each g € G, let v, : G — G be the map such
that

vg(h) = ghg™". (B.3)

Then g — 74 is @ homomorphism G' — Aut(G), and so this map gives an operation
of G on itself, called conjugation. The kernel of this homomorphism is a normal
subgroup of G, which consists of all g € G such that ghg™ = h, for all h € G, i.e.
all g € G which commute with every element of G. This kernel is called the center
of G.

If A and B are two subsets of G, we say that they are conjugate if there exists
g € G such that B = gAg~".

(ii) Translation. For each g € G we define the translation Ty : G — G by T,(h) := gh.
Then the map

(9. h) = gh =T4(h) (B.4)
defines an operation of G on itself.

Definition B.1.5 (Lie Group). A Lie group is an algebraic group that has the structure
of a differentiable manifold, such that the map

GxG— G, (g,h) — gh™t (B.5)
is smooth.
Example B.1.2. (i) (R",+) is a Lie group.

(i) S!:={z € C: |z| = 1} with the complex multiplication and the manifold structure
induced from R2.

(iii) GL(n,R) and GL(n,C) with matrix multiplication, regarded as open submanifolds
of R™ resp. R2%*,

(iv) Let G, H be Lie groups. Then their direct product G x H, together with the direct
product of their differentiable structures, is a Lie group.

Definition B.1.6 (Lie Subgroup). Let G be a Lie group. A submanifold H of G is
called a Lie subgroup if

(i) H is a subgroup of the (abstract) group G,
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(ii) H is a topological group.

A Lie subgroup is itself a Lie group. To see this, consider the analytic mapping
a: (z,y) — 2y~ ! of G x G into G. Let ay denote the restriction of o to H x H. Then
the mapping oy : H x H — G is analytic and by (ii) the mapping oy : H x H — H is
continuous.

Definition B.1.7 (Lie Algebra). A Lie algebra over a field F is a vector space g over F
endowed with a bilinear map, the Lie bracket, denoted (X,Y) — [X,Y], for X, Y € g,
that satisfies [X,Y] = —[Y, X] and the Jacobi identity

(X, Y, Z]|+ Y, [Z, X]|+ [Z,[ X, Y]] = 0. (B.6)
If F=Ror FF=C, we call g a real resp. complex Lie algebra.
Example B.1.3. (i) R™ with the trivial Lie bracket [-,] = 0.
(ii) R? with the vector product [v,w] := v x w.
(iii) Every associative algebra with [a, b] := ab — ba.

(iv) Let F be a field. We consider an algebra A over F and its derivation algebra
der(A), as defined in chapter If we define the Lie bracket by [D;, Ds] :=
Dy oDy — Dsyo Dy for Dy, Dy € det(A), we note that it is F-linear and satisfies the
Leibnitz rule,

[D1, DoJ(ab) = a([Dy, Da]b) + ([D1, DaJa)b, (B.7)

so every derivation algebra is a Lie algebra. Especially the algebra go, as defined

in (A.18), is a Lie algebra.

Definition B.1.8. A subalgebra of a real or complex Lie algebra g is a subspace h of g,
such that [Hy, Ho| € b for all Hy, Hy € h. If g is a complex Lie algebra and b is a real
subspace of g which is closed under brackets, then § is said to be a real subalgebra of g.

If g and h are Lie algebras, then a linear map ¢ : g — b is called a Lie algebra
homomorphism if ¢([X,Y]) = [¢(X),#(Y)] for all X, Y € g. If, in addition, ¢ is one-to-
one and onto, then ¢ is called a Lie algebra isomorphism. A Lie algebra isomorphism of
a Lie algebra with itself is called a Lie algebra automorphism.

A subalgebra of a Lie algebra is, again, a Lie algebra. A real subalgebra of a complex
Lie algebra is a real Lie algebra. The inverse of a Lie algebra isomorphism is, again, a
Lie algebra isomorphism.

Proposition B.1.1. Let g be a finite-dimensional real or complex Lie algebra and
LIi,..., I, be a basis for g (as a vector space). Then for each i, j, [1;,I;] can be written
uniquely in the form

1, L) = fijel, (B.8)
k=1
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with constants fi;i. These constants satisfy
fijk + fiie =0, (B.9)
n
> FigmFmkt + Fitm Fmit + Frim fingt) = 0. (B.10)
m=1

Proof. Since {1}, form a basis of g and since [I;, I;] € g by definition, the proof follows.
O

Definition B.1.9. The f;;;, from proposition are called structure constants or
structure coefficients of the Lie algebra g (with respect to the chosen basis). The I;’s
are sometimes called the (infinitesimal) generators of the corresponding Lie group.

Our goal is to associate a finite-dimensional, real Lie algebra to every finite dimensional
Lie group. Therefore, we introduce the following notions. For every fixed element g € G
we have the diffeomorphisms

Ly:xeG—g-zeCG (left translation),
Ry:xeG—x-geCG (right translation)

and
ag:=Lgo Rg_l :G— G (inner automorphism).

Let M be a manifold, F': M — M a diffeomorphism and X € X(M) a vector field on
M. Then we define dF'(X) as the vector field given by

dF (X)(z) := dFp-1(n X (F~}(2)), =€ M.
One can show that this definition is compatible with the Lie bracket:
dF([X,Y]) = [dF(X),dF(Y)], VXY € X(M). (B.11)

We call a vector field X € X(G) on a Lie group G left invariant resp. right invariant, if
dLy(X) = X resp. dRy(X) = X holds for all g € G. Because of (B.11]) the vector space

g:={X € X(G) : X is left invariant}
together with the vector field commutator is a Lie algebra.

Definition B.1.10. The Lie algebra of left invariant vector fields (g, [+, -]) is called the
Lie algebra of the Lie group G. If the group is denoted G, we write g or Lie(G) for its
algebra.

Remark B.1.1. Every left-invariant vector field X € g is uniquely determined by the
vector X (e) € T.G, the tangent space of the identity e € G, because

X(g) =dLy(X(e)) forged. (B.12)
We will therefore identify g and T.G.
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Example B.1.4. (i) Let G = GL(n,R) the Lie group of all invertible real (n x n)-
matrices. The corresponding Lie algebra is the vector space g = gl(n,R) of all real
(n x n)-matrices with the commutator

[X,Y]=XoY -YoX, X,Yeg.
This is seen as follows: Since GL(n,R) is an (open) submanifold of R, one can

identify the tangent space T7G at the identity matrix I with R = gl(n,R).

We calculate the commutator. Let X € T;G and ~vx be a smooth curve in
G = GL(n,R) with yx(0) = I and 7% (0) = X. The left-invariant vector field
X generated by X then satisfies by (B.12) and by definition of the directional

derivative
X = dLa(X) = 5 (LG ()
= & (Aomx()yzy = Ao X, (B.13)

Now the commutator on vector fields can be calculated in terms of directional
derivatives:

[X.Y] = [X,Y](I) = X(Y)(]) - Y(X)()

dj (?(VX( )))|t:0 - % (X(VY(t)))ltzo
jt( x(H) oY =y (t) 0o X) g
=XoY —-YoX.

(ii) Let (g,[]g), (b,[,]p) be two Lie algebras. The direct sum g @ b with the com-
mutator

(X1 4+ Y1, Xo + V5] = [X1, Xo]g + [V1,Y2]p, X1, X2,Y1,Y2€h

then again is a Lie algebra.

Let G, H be two Lie groups with corresponding Lie algebras g, . The Lie algebra
of G x H thenis g @ b.

We note
Theorem B.1.1. Let G be a Lie group. If H is a Lie subgroup of G, then the Lie

algebra hy of H is a subalgebra of g, the Lie algebra of G. Fach subalgebra of g is the Lie
algebra of exactly one connected Lie subgroup of G.
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B.2 The Exponential Map

Definition B.2.1. A one-parameter subgroup of a Lie group G is a continuous homo-
morphism 7 : (R, +) — G, i.e.

vt +s)=7(t)v(s), t,seR. (B.14)
Since every element in G is invertible according to its group structure and v(0 +0) =

~v(0)7(0), it follows that v(0) = e.

We consider the one-parameter subgroup ~x(t) generated by the element X € g =
T.G. It satisfies the following equations:

1x(0) =€, Ax(t+s)=rx)rx(s), Ix(0)=X, VsteR.
Definition B.2.2. We define the exponential map by
exp:g— G, Xr—expX =eX :=nx(l). (B.15)

With the help of the exponential map we now may introduce new coordinates on the
Lie group. To do this, we note:

Theorem B.2.1. Let g be the Lie algebra of a Lie group G and exp : g — G the
exponential map. Then exp is smooth and it is a local diffeomorphism around 0 € g.

Proof. The smoothness follows directly from the results on ordinary differential equations
and their smooth depedence on initial values (Picard-Lindeléf theorem). We show that

dexpy: Tog=g —>T.G=g

is an isomorphism, i.e. that exp is a local diffeomorphism around 0 € g. The identifica-
tion Tog with g is valid because g is a finite-dimensional vector space and so its tangent
space at 0 is also finite dimensional with the same dimension. We choose a left-invariant
vector field X € g. Then

d d
dexpy(X) = T (exp(0 + X))o = T (exptX);_o = X(e).
By the identification T.G = g we get dexp, = idg. O
Definition B.2.3. Let M be a manifold, G be a Lie group with a left action defined on
M and X € g. We call the vector field X, defined by

X(p) = %(exp(—tX) *P)jt=0 (B.16)

the fundamental vector field associated to X. If we have a right action defined on M,
then we define the fundamental vector field by

X(p) = 30~ exp(tX))so (B.17)
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B.3 Adjoint Representation

The adjoint representation is a special homomorphism of a Lie group into the group
GL(g) of all invertible linear maps of the Lie algebra g of G.

Definition B.3.1. Let G be a Lie group and (b, |-, -]) a Lie algebra and V' a vector space
over R resp. C. A Lie group homomorphism p : G — GL(V) is called a representation
of the Lie group G over V. A representation of the Lie algebra b over V is a Lie algebra
homomorphism ¢ : h — gl(V) = Lie(GL(V)), i.e. a linear map, which satisfies

The vector space V then is called the representation space.

We recall that a homomorphism between two Lie groups G and H is a ¥°°-map
p: G — H such that

p(gh) = p(g) - p(h) (B.18)

for all g,h € G. If we denote the multiplication by some g € G by my : G — G and the
multiplication by some h € H on H by my, then m, and my, are differentiable maps (cf.
definition [B.1.5) and a ¥*°-map p : G — H will be a homomorphism if it carries my to

M,(g) in the sense that the diagram
H
‘ﬁwg)
H
commutes.

Since the maps mg, have no fixed points, it is hard to associate to them any operation
on the tangent space to G at one point. This suggests looking not at diffeomorphisms
mg, but at the automorphisms of G given by conjugation (cf. example. For g € G,
we define the map

e p

mg

G

p

T, : G — G, h— ghg™'. (B.19)

Now a homomorphism p : G — H respects the action of the group G on itself by

conjugation, i.e. it will carry ¥, into W, in the sense that the diagram
G——H
Yy “T’Mg)
G—p—>H
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commutes. That means we have a natural map
U: G — Aut(G). (B.20)

This map fixes the identity element e € G. We can therefore extract some of its structure
by looking at its differential at e.

Definition B.3.2. We set

Ad (g) == (d¥y)e : T.G — T.G. (B.21)
This is a representation

Ad : G — Aut(T.G) (B.22)
of the group G on its own tangent space, called the adjoint representation of the group.

A homomorphism p respects the adjoint action of a group G on its tangent space T.G
at the identity. This means, for any g € G the actions of Ad (g) on T.G and Ad (p(g))
on T, H must commute with the differential (dp). : T.G — T.H, i.e. the diagram

(dp)e

.G —T.H
Ad (g) ‘Ad (r(9))
T.G o T.H
commutes, or, equivalently
dp(Ad (g)(v)) = Ad (p(9))(dp(v)), Vv eTG. (B.23)

We now want to get a condition that only depends on the differential (dp)., i.e. we
want to get a condition like (B.23)), but without the homomorphism p. To do this, we
take the differential of Ad.

Definition B.3.3. Since Aut(7.G) is an open subset of End(7.G), we identify its tan-
gent space at the identity with End(7.G). We then define the map

ad : T.G — End(T.G), ad (z) = %Ad (€") 1=o- (B.24)

Another way to view this is the following. The map ad generates an endomorphism
for each vector z € T.G, i.e. ad(x) : T.G — T.G, so that ad may be viewed as a map

ad : T.G x T.G — T.G. (B.25)

We use the notation [-, | for this bilinear map (cf. definition [B.1.7)), i.e. for a pair of
tangent vectors X,Y € T.G we write

[X,Y] = ad (X)(Y). (B.26)

We show, that this definition is equivalent to the previous one for the case of matrix
groups.
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Example B.3.1. We consider the Lie group G := GL(n,R). Then the adjoint repre-
sentation is given by

Ad(g)(X) = gXg™", (B.27)

which also extends to the ambient space T.G = End(R") D GL(n,R). For any pair of
vectors X, Y € T,G we consider the arc v : I — G with v(0) = e and 7/(0) = X. We
calculate

X, Y] = ad (X)(¥) = S(AdGENF)mo
=7'(0)-Y - 5(0) +7(0) - Y - (=y(0) " - +'(0) - 7(0) )

=X-Y-Y X.
Definition B.3.4. A Lie algebra g is called nilpotent, if
ad (z1)ad (z2) - - - ad (x) = 0, (B.28)
for any sequence z; of elements of g of sufficiently large length k.

Definition B.3.5. Let g be a Lie algebra. A nilpotent subalgebra hh C g is called Cartan
subalgebra, if it is self-normalising (i.e. if [X,Y] € h for all X € b, then Y € ).

If the underlying field F of the Lie algebra is algebraically closed of characteristic 0
and the Lie algebra is finite-dimensional, then all Cartan subalgebras are conjugate unter
automorphisms of the Lie algebra and in particular are all isomorphic.

Example B.3.2. (i) Any nilpotent Lie algebra is its own Cartan subalgebra.

(ii) A Cartan subalgebra of the Lie algebra of n x n matrices over a field is the algebra
of all diagonal matrices.

B.4 Matrix Lie Groups and their Algebras

As mentioned in example the general linear groups GL(n,R) and GL(n,C) of
invertible matrices with entries in R or C, respectively, are Lie groups.

We now consider closed subgroups G of GL(n,F) with F = R or F = C. This means,
if we have a converging sequence of matrices A, € G, the limit A := lim,,_,, A is either
again in G or A is not invertible. Comparing this with definition we see that
G is a topological group (since it is closed) and as such is a Lie subgroup. If we now
consider topological subgroups G of GL(n,F), we see that the limit of every converging
sequence is either in G or not invertible. So we have found another characterization of
Lie subgroups of the general linear group:

Lemma B.4.1. Let G be a closed subgroup of GL(n,R) resp. GL(n,C). Then G is a
Lie subgroup.
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Example B.4.1. (i) The special linear groups SL(n,R) and SL(n,C). The special

(if)

(iii)

linear group (of R or C) is the group of n x n invertible matrices (with real or
complex entries) having determinant one. If now 4,, is a sequence of matrices with
determinant one and A,, converges to A, then A also has determinant one, because
the determinant is a coninuous function. Thus SL(n,R) and SL(n,C) are matrix
Lie (sub-)groups.

The unitary and special unitary groups U(n) and SU(n). An nxn complex matrix
A is said to be unitary, if the column vectors of A are orthonormal, i.e. AAT =1.
U(n) now is the set of all unitary matrices, whereas SU(n) denotes the set of
all unitary matrices with determinant one. In particular this means |det A| = 1,
which means that every (special) unitary matrix is invertible, so that U(n) and
SU(n) are Lie subgroups of GL(n,C).

The symplectic groups Sp(n,R), Sp(n,C) and Sp(n). We define

Sp(n,F) :={A € Mat(2n,F) : ATJA=J} with J= (_OI é) ,  (B.29)

I the identity in GL(n,F) and F = R or F = C. We further define the compact
symplectic group as

Sp(n) := Sp(n,C) N U(2n). (B.30)

The group Sp(n) may be also be regarded as a subgroup of the invertible quater-
nionic matrices GL(n,H) which preserve the standard hermetian form on H",

(z,y) =2y + ...+ T"Y" (B.31)
Then the group of unit quaternions is given by

Sp(1) ={g e H:|g| = 1}. (B.32)

Definition B.4.1. A matrix Lie group G is said to be connected if given any two
matrices A and B in G, there exists a continuous path A(t), a <t < b, lying in G with
A(a) = A and A(b) = B.

A matrix Lie group G which is not connected can be decomposed (uniquely) as a union
of several pieces, called components, such that two elements of the same component can
be joined by a continuous path, but two elements of different components cannot.

Proposition B.4.1. If G is a matriz Lie group, then the component of G containing
the identity is a subgroup of G.

Proof. Saying A and B are both in the component containing the identity means that
there exists continuous paths A(t) and B(t) with A(0) = B(0) = I, A(1) = A and
B(1) = B. Then A(t)B(t) is a continuous path starting at I and ending at AB. Thus,
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the product of two elements of the identity component is again in the identity component.
Furthermore, A(t)~! is a continuous path starting at I and ending at A~!, and so the
inverse of any element of the identity component is again in the identity component.
Thus, the identity component is a subgroup. O

Definition B.4.2. A non-abelian Lie algebra g is called simple, if its only ideal&ﬂ are 0
and g. A direct sum of simple Lie algebras is called a semisimple Lie algebra.

Proposition B.4.2. The Lie algebra g of a matrix Lie group G is a real Lie algebra.

Proof. g is a real subalgebra of the space Mat(n,C) of all complex matrices and is, thus,
a real Lie algebra. O

We mention the following theorem, which justifies the restriction to matrix Lie alge-
bras.

Theorem B.4.1 (Ado). Every finite-dimensional real Lie algebra is isomorphic to a
subalgebra of gl(n,R). Every finite-dimensional complex Lie algebra is isomorphic to a
complex subalgebra of gl(n,C).

We now want to construct Lie algebras for some matrix Lie groups. Considering
definition [B:1.10] remark and theorem [B:2.1], we see that for a matrix Lie group
G its Lie algebra g is given by

g:={X € Mat(n,F) : exp(tX) € GVt € R}, (B.33)

with the commutator given by On the other hand we may obtain the group
elements which are connected to the identity by differentiating exp(tX) for X € g and
setting ¢ = 0.

Example B.4.2. (i) The general linear groups. If X is any n X n complex matrix,
then exp(tX) is invertible. Thus

gl(n,C) = Mat(n,C). (B.34)
If X is real, then exp(¢X) is also real, so that

gl(n,R) = Mat(n,R). (B.35)

(ii) The unitary groups. A matrix U is unitary if and only if UT =U~'. Thus exp(tX)
is unitary if and only if exp(tX7) = exp(—tX), i.e. differentiating at t = 0 yields
the condition

u(n) = {X €gl(n,C) : X" = -X}. (B.36)

YA subset I of a ring (R,+,-) is called an ideal, if (I,+) is a subgroup of (R,+) and r € R, x € I
impliesr-z€land z-r € I.
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(i) The special unitary groups. Considering SU(n) as a subgroup of U(n) with deter-
minant one and noting that 1 = det(exp(X)) = exp(TrX), we get

su(n) = {X € gl(n,C) : X' = —X and Tt X =0} . (B.37)

(iv) The symplectic groups. Let J be the matrix in the definition of the symplectic
group and either F = R or F = C. The condition for a matrix X € Mat(n,F) to
be an element of sp(n,F) is exp(tX)T Jexp(tX) = J for all t € R. Differentiating
this equation, evaluating it at ¢t = 0 and using J2 = —I € GL(2n,F) yields

sp(n,F) = {X € gl(2n,F) : JXTJ = X} . (B.38)
Further the Lie algebra of the compact symplectic group is given by

sp(n) =sp(n,C) Nu(2n). (B.39)

B.5 Invariant Forms on Lie Groups

Definition B.5.1. Let G be a Lie group with Lie algebra g. Then the g-valued 1-form
w € QYG, g) with

wy(Xg) := (dLy1)(Xy) € T.G = g, Vge G, VX, € T,G (B.40)
is called canonical one-form or Maurer-Cartan form.

Given a left-invariant vector field X on G, w associates the generating vector X, to
X, i.e. i.e. w describes the identification of T.G with g.

Theorem B.5.1. The Maurer-Cartan form w satisfies

Lyw = w, (B.41)
* —1
Ryw=Ad(g"")ow. (B.42)

Proof. The left-invariance follows from the definition. For the second equation we take
v € T,G, g € G and calculate:

(Ryw)a(v) = wag(dRy(v)) = dL(ag)-1(dRy)(v)
= dLy-1(dRy(dLy-1))(v) = Ad (g7 1) (W)a(v).

Theorem B.5.2. The Maurer-Cartan form satisfies
1
dw + §[w,w} =0, (B.43)

which is known as the Maurer-Cartan equations.
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Proof. Let X,Y be left-invariant vector fields on G. Then by the definition of the exterior
derivative we have

dw(X,Y) = X (w(Y)) = Y (w(X)) — [w(X), w(Y)].

Since X and Y are left-invariant, we have X (w(Y)) = Y (w(X)) and the statement
follows. O

Remark B.5.1. Let n := (iim g. We choose a basis {Ij}r=1,. , of g with correszonding
left-invariant vector fields {Ix }x—1,n, and one-forms w’ on G determined by w'(I;) = 52-.

Then (B.43) can be written as

1 & ) .
W=t S p G, k=T, (B.44)

ij=1
Definition B.5.2. Let g be a finite-dimensional Lie algebra over some field F. Then
B:gxg—TF, (X,Y) — Tr(ad (X) oad (Y)) (B.45)

defines a symmetric bilinear form, where Tr is the trace of the endomorphism. B is then
called the Killing form or Cartan-Killing form of g.

Remark B.5.2. Given a Lie group G with Lie algebra g, B is often called the Killing
form of G.

Example B.5.1. (i) Let G be an abelian Lie group. Then the Cartan-Killing form
is given by B = 0.

(ii) For the Lie algebra g := gl(n,R) we find
B(X,Y)=2nTr(X oY) — 2Tr(X) - Tr(Y). (B.46)
(iii) Let g be a Lie algebra and let h C g be a subalgebra with [h,g] C g (i.e. b is an
ideal in g). We then have
Bipxp, = By, (B.47)
where B := By denotes the Cartan-Killing form on g.
The Cartan-Killing form further has the following invariance properties.

Proposition B.5.1. Let G be a Lie group with Lie algebra g, and let B be the Cartan-
Killing form of g. Let further o : g — g be an Lie algebra isomorphism. Then we have

B(o(X),o0(Y)) = B(X,Y), VXY €g. (B.48)

For the adjoint representation we find
B(Ad(9)X,Ad(g9)Y) = B(X,Y), (B.49)
B(ad (X)(Y),Z) = —-B(Y,ad (X)(2)), (B.50)

forallge G and X,Y,Z € g.
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One can proof the following

Theorem B.5.3. A Lie algebra over a field F with charF = 0 is semisimple if and only
if its Killing form is non-degenerate.

82



APPENDIX C

GEOMETRY OF PRINCIPAL FIBRE BUNDLES

One way to construct geometric spaces from known ones is the Cartesian product. For
two spaces M and G, their Cartesian product is denoted by M x G. If the resulting
space should incorporate a geometrically more complicated structure (like a twist in
the Mobius strip), this concept does not suffice. Now one may construct a space which
locally still looks like a Cartesian product, but globally has a more complicated structure.
These spaces are called fibre bundles. This chapter is mainly based on [38,/41], and in
parts on [48,49.[51].

C.1 Principal Bundles and G-Structures

Definition C.1.1 (Principal Fibre Bundle). Let M be a manifold and G a Lie group.
A (differentiable) principal fibre bundle over M with group G consists of a manifold P
and an action of G on P satisfying the following conditions:

(i) G acts freely on P on the right:

(u,a) € P x G+ ua = Ryu € P. (C.1)

(ii) M is the quotient space of P by the equivalence relation induced by G, i.e. M =
P/G, and the canonical projection 7 : P — M is differentiable.

(iii) P is locally trivial, that is, every point x of M has a neighborhood U such that
7~ 1(U) is isomorphic with U x G in the sense that there is a diffeomorphism
Y 7Y U) — U x G such that ¥(u) = (7(u), #(u)) where ¢ is a mapping of
7~ Y(U) into G satisfying ¢(ua) = (¢(u))a for all u € 7= 1(U) and a € G.

A principal fibre bundle will be denoted by P(M,G, ), P(M,G) or simply P. We call
P the total space or bundle space, M the base space, G the structure group and 7 the
projection. For each z € M, 7~1(x) is a closed submanifold of P, called the fibre over
x. If u is a point of 771(z), then 771(x) is the set of points ua, a € G, and is called the
fibre through u. Every fibre is diffeomorphic to G.

Given a Lie group G and a manifold M, G acts freely on P := M x G on the right as
follows. For each b € G, Ry maps (z,a) € M x G into (z,ab) € M x G. The principal
bundle P(M,G) thus obtained is called trivial.
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Definition C.1.2 (Associated Fibre Bundle). Let P(M,G) be a principal fibre bundle
and F' a manifold on which G acts on the left: (a,§) € G x F +— a € F. On the
product manifold P x F, we let G act on the right as follows: An element a € G maps
(u, &) € P x F into (ua,a™'¢) € P x F. The quotient space of P x F by this group
action is denoted by E = P x¢g F. The mapping P x F' — M which maps (u,z) into
m(u) induces a mapping g, called the projection, of E onto M. For each z € M, the
set wgl(ac) is called the fibre of E over xz. Every point  of M has a neighborhood U
such that 7=1(U) is isomorphic to U x G. Identifying 7=1(U) with U x G, we see that
the action of G on 7~ }(U) x F on the right is given by

(z,a,€) — (z,ab,b1¢), (z,0,6) eUxGxF, beg. (C.2)

It follows that the isomophism 7~ '(U) = U x G induces an isomorphism 7' (U) =
U x F. We can therefore introduce a differentiable structure in £ by the requirement
that 75, (U) is an open submanifold of E which is diffeomorphic with U x F under the
isomorphism ng(U ) = U x F. The projection 7 is then a differentiable mapping of
E onto M. We call E (or more precisely E(M, F,G, P)) the fibre bundle over M, with
standard fibre F' and structure group G, which is associated with the principal bundle P.

Definition C.1.3 (Frame Bundle). Let M be a manifold, and £ — M a vector bundle
with fibre R*¥. We define a manifold F¥ by

FE .= {(m,e1,...,ex):m € M and (ey,...,e;) is a basis for E,,}. (C.3)
We further define a projection onto the first component,
m: F¥ — M, (m,eq,...,ex) — m. (C.4)

For each A = (A;;) € GL(k,R) and (m, eq,...,ex) € FE we define A- (m,e1,...,ex) =
(m,€e,... e), where € := Z;?:l Ajje;. This gives an action of GL(k,R) on F¥, which
makes F'¥ into a principal bundle over M, with fibre GL(k,R). We call F'¥ the frame
bundle of E.

When E = TM, the bundle FT™ will be written F, and called the frame bundle of
M.

Definition C.1.4. Let M be a manifold of dimension n, and F' the frame bundle of M.
Then F is a principal bundle over M with fibre GL(n,R). Let G be a Lie subgroup of
GL(n,R). Then a G-structure on M is a principal subbundle P of F', with fibre G.

Example C.1.1. Let (M, g) be a Riemannian n-manifold, and F' the frame bundle of
M. Each point of F' is (z,e1,...,e,), where z € M and (eq,...,e,) is a basis for T, M.
Define P to be a subset of F' for which (ey,...,e,) is orthonormal with respect to g.
Then P is a principal subbundle of F' with fibre O(n), so P is an O(n)-structure on M.

Definition C.1.5 (Adjoint Bundle). Let P be a principal bundle over M with fibre G,
let g be the Lie algebra of G, and let ad : G — GL(g) be the adjoint representation of
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G on g. We may now construct a vector bundle ad (P) over M, with fibre g, called the
adjoint bundle, in the following way.

Let p be a representation of G on a vector space V. Then G acts on the product space
P x V by the principal bundle action on the first factor, and p on the second. Define
p(P) := (P x V)/G, the quotient of P x V by this G-action. Now P/G = M, so the
obvious map from (P x V) /G to P/G yields a projection from p(P) to M. Since G acts
freely on P, this projection has fibre V', and thus p(P) is a vector bundle over M, with
fibre V.

Remark C.1.1. Let p be a representation of G on V', and 7w : P xV — p(P) the natural
projection. We may regard P x V as the trivial bundle over P with fibre V. Then if
e € €°(p(P)) is a smooth section of p(P) over M, the pull-back 7*(e) is a smooth
section of P x V over P. Moreover, 7*(e) is invariant under the action of G on P x V,
and this gives a 1-1 correspondence between sections of p(P) over M and G-invariant
sections P x V over P.

C.2 Holonomy Groups

As a geometrical consequence of the curvature of a connection, parallel-transporting geo-
metrical objects around closed loops on a manifold will in general not map these objects
onto itself. The holonomy of a connection measures the failure of the transported data
to be preserved.

Let M be a manifold, E be a vector bundle over M and V¥ the connection on E. Let
v :[0,1] — M be a smooth curve in M. Then the pull-back v*(E) of E to [0,1] is a
vector bundle over [0, 1] with fibre £, over ¢ € [0, 1], where E; is the fibre over z € M.

Let s be a smooth section of v*(E) over [0, 1], so that s(t) € E) for each t € [0, 1].
The connection V¥ pulls back under ~ to give a connection v*(E) over [0,1]. We say
that s is parallel if its derivative under this pull-back connection is zero, i.e. if

VEys() =0 Vtelo,1], (C.5)

where 5(t) is %'y(t), regarded as a vector in T, M.

Since this is a first-order ordinary differential equation in s(t), for each possible initial
value e € E, ) there exists a unique, smooth solution s with 5(0) = e. We shall use this
to define the idea of parallel transport along ~.

Definition C.2.1. Let M be a manifold, E a vector bundle over M, and V¥ a connection
on E. Suppose v : [0,1] — M is smooth, with v(0) = = and (1) = y, where z,y €
M. Then for each e € E,, there exists a unique smooth section s of v*(E) satisfying
Vf(t)s(t) = 0 for t € [0,1], with s(0) = e. Define P,(e) = s(1). Then P, : E, — E,
is a well-defined linear map, called the parallel transport map. This definition easily
generalizes to the case when + is continuous and piecewise-smooth, by requiring s to be
continuous, and differentiable whenever + is differentiable.
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If we consider two paths «,f with a(0) = z, (1) = y = £(0), 5(1) = z with
x,7y,2 € M, then we define o~ and Sa by

a tt) = a(l —t), (C.6)
~ Ja2e), 0<t<i,
fal(t) = {B(2t —-1), $<t< Zi ’ (G7)

Then o~ ! and Ba are piecewise-smooth paths in M with a=1(0) = y, a=}(0) = =z,
Ba(0) = x and fa(l) = 2.

Suppose e, € E,, and P,(e;) = ey € E,. Then there is a unique parallel section s of
a~1(E) with 5(0) = e, and s(1) = e,. Define s/(t) = s(1—t). Then s’ is a parallel section
of (a™1)*(E). Since s'(0) = e, and §'(1) = e, it follows that P,-1(e,) = e;. Thus, if
P,(ez) = ey, then P,-1(e,) = e, and so P, and P,-1 are inverse maps. In particular,
this implies that if v is any piecewise-smooth path in M, then P, is invertible. By a
similar argument, we can also show that Pz, = Pgo F,.

Definition C.2.2. Let M be a manifold, E a vector bundle over M, and V¥ a connection
on E. Fix a point x € M. We say that « is a loop (based at x) if v : [0,1] — M is a
piecewise-smooth path with v(0) = v(1) = z. If v is a loop based at x, then the parallel
transport map P, : B, — FE, is an invertible linear map, so that P, lies in the group
of invertible linear transformations of E,, denoted by GL(FE,). We define the holonomy
group Hol,(VF) of V¥ based at z to be

Hol, (V¥) = {P, : v is a loop based at z} C GL(E;). (C.8)

If o, 3 are loops based at x, then the same hilds for o~! and Sa. So, by the argument
above, Hol,(VF) is a subgroup of GL(E,).

The holonomy group is independent of the base-point x in the following sense:

Proposition C.2.1. Let M be a (connected) manifold, E be a vector bundle over M with
fibre R*, and V¥ a connection on E. For each x € M, the holonomy group Hol,(VF)
may be regarded as a subgroup of GL(k,R), defined up to conjugation in GL(k,R), and
in this sense it is independent of the base point x.

Proof. Suppose x,y € M. Since M is connected, we can find a piecewise-smooth path
v :[0,1] — M with v(0) = 2 and (1) = y, so that P, : B, — E,. If a is a loop
based at x, then yay~! is a loop based at 7, and P11 = PyoP,o0 P{l. Hence, if
P, € Hol,(V¥), then P, o P, o P;"* € Hol,(V¥). Thus

PyHol,(V*) P! = Hol, (V). (C.9)
This shows that the holonomy group Holgc(VE ) is independent of the base point z in

the following sense. Suppose FE has fibre RF. Then any identification E, = R* induces
an isomorphism GL(E,) = GL(k,R), and so we may regard Hol,(V¥) as a subgroup H

86



C.2. HOLONOMY GROUPS

of GL(k,R). If we choose a different identification E, = R*, we instead get the subgroup
aHa ' of GL(k,R), for some a € GL(k,R). Thus, the holonomy group is a subgroup
of GL(k,R), defined up to conjugation. Moreover, shows that if x,y € M, then
Hol, (V) and Hol, (V) yield the same subgroup of GL(k,R), up to conjugation. [

Because of this we may omit the subscript = and write the holonomy group of V¥ as
Hol(V¥) C GL(k,R), implicitly supposing that two subgroups of GL(k,R) are equivalent
if they are conjugate in GL(k,R). In the same way, if E is a complex vector bundle with
fibre C*, then the holonomy group of V¥ is a subgroup of GL(k,C), up to conjugation.
The proposition shows that the holonomy group is a global invariant of the connection.

Proposition C.2.2. Let M be a simply-connected manifold, E a vector bundle over M
with fibre R¥, and V¥ a connection on E. Then Hol(VF) is a connected Lie subgroup
of GL(k,R).

Definition C.2.3. Let M be a manifold, E a vector bundle over M with fibre R*, and
V¥ a connection over E. Fix x € M. A loop v based at z is called null-homotopic, if

it can be deformed to the constant loop at x. We define the restricted holonomy group
Hol?(VF) of V¥ to be

Holg(VE) = {P, : 7 is a null-homotopic loop based at x}. (C.10)

Then Hol(VF) is a subgroup of GL(E,). As above we may regard Hol(VF) as a
subgroup of GL(k,R) defined up to conjugation, and it is independent of the base point
z, and so is written Hol’(V¥) ¢ GL(k,R).

We give some properties of Hol?(V¥).

Proposition C.2.3. Let M be a manifold, E be a vector bundle over M with fibre R*,
and VF a connection on E. Then Hol’(VF) is a connected Lie subgroup of GL(k,R).
It is the connected component of Hol(VF) containing the identity, and is a normal sub-
group of Hol(VF). There is a natural, surjective group homomorphiswﬂ ¢ m (M) —
Hol(VE) /Hol®(VE). Thus, if M is simply-connected, then Hol(VF) = Hol?(VF).

Definition C.2.4. Let M be a manifold, E a vector bundle over M with fibre R*, and
VE a connection on E. Then Hol’(V¥) is a Lie subgroup of GL(k,R), defined up to
conjugation. We define the holonomy algebra hol(VF) to be the Lie algebra of Hol?(V%).
It is a Lie subalgebra of gl(k,R), defined up to the adjoint action of GL(k,R). Similarly
Hol?(V¥®) is a Lie subgroup of GL(E,) for all z € M. Define hol,(VF) to be the Lie
algebra of Hol(VF). It is a Lie subalgebra of End(E,).

Finally we give a list of possible holonomy groups, which is known as Berger’s list.

L1 (M) is the fundamental group of M, which is the group formed by the sets of equivalence classes
of the set of all loops (i.e. paths with initial and final points at a given basepoint p € M) under the
equivalence relation of homotopy.
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Theorem C.2.1 (Berger). Suppose M is a simply-connected manifold of dimension n,
and that g is a Riemannian metric on M, that is irreducible and nonsymmetric. Then
exactly one of the following seven cases holds.

(1) Hol(g) = SO(n),

(i) n = 2m with m > 2, and Hol(g

U(m) in SO(2m),

(iii) n = 2m with m > 2, and Hol(g

(
(
(
(

SU(m) in SO(2m),

(iv) n = 4m with m > 2, and Hol(g) = Sp(m) in SO(4m),
Sp(m)Sp(1) in SO(4m),

(vi) n =7 and Hol(g) = G in SO(7), or

)
)
)
)

(v) n =4m with m > 2, and Hol(g

(vit) n =8 and Hol(g) = Spin(7) in SO(8).
A description of the groups Spin(7) and Gy is given in chapter

We give a connection of Berger’s list to the four division algebras in chapter [A] First
consider the cases (i)-(v). The group SO(n) is a group of automorphisms of R™. Both
U(m) and SU(m) are groups of automorphisms of C™, and Sp(m) and Sp(m)Sp(1)
are automorphism groups of H”. To make the analogy between R, C and H more
complete, we add the holonomy group O(n). Then O(n), U(m) and Sp(m)Sp(1l) are
automorphism groups of R™, C™ and H™ respectively, preserving a metric. SO(n),
SU(m) and Sp(m) are the subgroups of O(n), U(m) and Sp(m)Sp(1) with “determinant
1”7 in an appropriate sense.

One can also regard Gy and Spin(7) as automorphism groups of Q. The octonions
split as O = R & ImO, where ImO = R7 is the imaginary octionions. The automorphism
group of ImQ is Gs.

C.3 Connections on Principal Bundles

Suppose P is a principal bundle over a manifold M, with fibre G and projection 7 :
P — M. Let p € Pand m = 7(p). Then the derivative of 7w gives a linear map
dm, : T,P — T,M. Define a subspace V), of T,P by V, := Ker(dm,). Then the
subspaces V), form a vector subbundle V' of the tangent bundle T'P, called the vertical
subbundle. Note that V}, is T,(7~1(m)), the tangent space to the fibre of 7 : P — M
over m. But the fibres of 7 are the orbits of the free G-action on P. It follows that there
is a natural isomorphism V), = g between V), and the Lie algebra g of G.

Definition C.3.1. Let M be a manifold, and P a principal bundle over M with fibre
G, a Lie group. A connection on P is a vector subbundle D of T'P called the horizontal
bundle, that is invariant under the G-action on P, and which satisfies T,P = V,,® D,, for
each p € P. If 7(p) = m, then dm, maps T,P = V,,& D, onto T,, M, and as V}, = Kerdm,
we see that dm, induces an isomorphism between D, and T, M.
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Thus the horizontal subbundle D is naturally isomorphic to 7*(7T'M). So if v € X(M)
is a vector field on M, there is a unique section A(v) of the bundle D C TP over P,
such that dmp(A(v)},) = vy for each p € P. We call A(v) the horizontal lift of v. It is
a vector field on P, and is invariant under the action of G on P.

Remark C.3.1. Let M be a manifold of dimension n with frame bundle F', let G C
GL(n,R) be a Lie subgroup, and P a G-structure on M. Suppose D is a connection on
P. Then there is a unique connection D’ on F' that reduces to D on P. Conversely, a

connection D’ on F reduces to a connection D on P if and only if for each p € P, the

subspace Dl’p of T,F lies in T),P.

We now first define the curvature of a connection on a principal bundle and then relate
the connection on a principal bundle to the connection on a vector bundle.

Let M be a manifold and P a principal bundle over M with fibre G, a Lie group with
Lie algebra g, and D be a connection on P. If v,w € €*°(T'M) and «, are smooth
functions on M, then one can show that

[Alaw), A(Bw)] = A([aw, fw]) = af - {[A(v), Mw)] = A([v, w])}, (C.11)

where [+, ] is the Lie bracket of vector fields. Thus the expression [A(v), A(w)] — A([v, w])
is pointwise-linear and antisymmetric in v, w. Also, as dw(A(v)) = v for all vector fields
v on M we see that

dr (M), A(w)]) = dr (A([v, w])) = [v, wl. (C.12)

Therefore, [A(v), A(w)] — A([v, w]) lies in the kernel of dm, which is the vertical subbundle
C of TP. Since there is a natural isomorphism C),, = g for each p € P, we may regard
[A(v), AM(w)] — A(Jv,w]) as a section of the trivial vector bundle P x g over P.

As A\(v), A(w) and A(Jv,w]) are invariant under the action of G on P, this section of
P x g is invariant under the natural action of G on P x g. But from remark [C.1.1] there
is a 1-1 correspondence between G-invariant sections of P x g over P, and sections of the
adjoint bundle ad (P) over M. We use this to deduce the following result, which defines
the curvature R(P, D) of a connection D on P.

Proposition C.3.1. Let M be a manifold, G a Lie group with Lie algebra g, P a
principal bundle over M with fibre G, and D a connection on P. Then there exists a
unique, smooth section R(P, D) of the bundle ad (P) ® Q%(M) called the curvature of D,
that satisfies

™ (R(P,D)-vAw) = [Av), A(w)] = A ([v,w]) (C.13)
for all vyw € €°°(TM). Here the left hand side is a g-valued function on P, the right

hand side is a section of the subbundle C' C TP, and the two sides are identified using
the natural isomorphism C, = g for p € P.
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Next we relate connections on vector and principal bundles. For this, let D be a
connection on a principal bundle P with M and G as in the proposition above. We then
have for each p the isomorphisms

T,P=C,® Dy, Cp=g and D, =7"(T;;M).

D)

These give a natural splitting
VeTP(Veg)e Ve (M),

where e € €°°(FE), so that 7*(e) is a section of P x V over P. 7*(e) is a function
7 (e) : P — V, so its exterior derivative is a linear map dr*(e)|, : T,P — V for each
p € P. Thus dn*(e) is a smooth section of the vector bundle V' @ T*P over P. Write
wp(dr*(e)) for the component of dr(e) in €°(V @7*(T*M)) in this splitting. Now both
7*(e) and the vector bundle splitting are G-invariant, so 7p(d7*(e)) must be G-invariant.
Since there is a 1-1 correspondence between G-invariant sections of V @ 7*(T* M) over
P, and sections of the corresponding vector bundle £ ® T*M over M, mp(dn*(e)) is the
pull-back of a unique element of €>°(E ® T*M). We use this to define V.

Definition C.3.2. Let M be a manifold, P a principal bundle over M with fibre GG, and
D a connection on P. Let p be a representation of G on a vector space V', and define E
to be the vector bundle p(P) over M. If e € €°(E), then mp(dn*(e)) is a G-invariant
section of V @ m*(T*M) over P. Define VFe € €°°(E ® T*M) to be the unique section
of E®T*M with pull-back mp(dn*(e)) under the natural projection V@ #*(T*M) — E.
This defines a connection V¥ on the vector bundle E over M.

To each connection D on a principal bundle P, we have associated a unique connection
V¥ on the vector bundle E = p(P). If G = GL(k,R) and p is the standard representation
of G on R”, so that P is the frame bundle F¥ of E, then this gives a 1-1 correspondence
between connections on P and E.

Finally we relate the ideas of curvature in vector and principal bundles.

Proposition C.3.2. Suppose M 1is a manifold, G a Lie group with Lie algebra g, P a
principal bundle over M with fibre G, and D a connection on P, with curvature R(P, D).
Let p be a representation of G on a vector space V, E the vector bundle p(P) over M,
and VE the connection in the previous definition, with curvature R(VF).

Now g and End(V') are representations of G, and p gives a G-equivariant linear map
dp : g — End(V). This induces a map dp : ad (P) — End(E) of the vector bundles
ad (P) and End(E) over M corresponding to g and End(V'). Let

dp ®id : ad (P) @ Q*(M) — End(E) ® Q*(M)
be the product with the identity on Q*(M). Then (dp ®id)(R(P, D)) = R(VE).

Thus, the definitions of curvature of connections in vector and principal bundles are
essentially equivalent.
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Another (but related) description of the curvature on a principal bundle is given by
the curvature form. In order to write down its definition, we begin by introducing the
so-called connection form, which in the same manner may be thought of as an alternative
to a connection.

Definition C.3.3 (Connection Form). Let P(M,G) be a principal bundle and w €
QY(P,g). We call w a connection form, if the following two conditions are satisfied.

(i) Ryw=Ad (g7 ow, forall g € G.
(i) w(X) = X, for all X € g.
We label the set of all connection forms on P by C(P).

Now one can show that we have a 1-1 correspondence between connections and con-
nection forms on principal bundles, namely:

Proposition C.3.3. Let P(M,G) be a principal bundle. Then there is a 1-1 correspon-
dence between connections and connection forms:

(i) Let D, C T,P be a horizontal subbundle at p € P. We then define a connection
form by

wp(X(p)dY) =X, Vpe P, X €g,Y € D,. (C.14)

(ii) Let w € QY(P,g) be a connection form. Then we define a connection on P by

D:pe P D,P := kerw,. (C.15)

Remark C.3.2. The connection form w is also known as the Ehresmann connection.

Remark C.3.3 (Local Connection Form). Let w be a connection form on a principal
bundle P(M,G). Let {Us}aer be an open covering of M for some index set I C N, and
let U € {Uq}aecr- We choose a local section

s € T(U, 7~ (1)), (C.16)
where 7 : P — M is the projection in P(M,G) (cf. definition [C.1.1]), and define
As = 5w € QY(U, g). (C.17)

On the other hand, if we have given a connection form A € Q' (U, g) on a patch U €
{Uqs}aer together with a local section s € T'(U,7~1(U)), then there exists a unique
connection form w on 7~ '(U) such that A, = s*w. Explicitly, this is given by the
expression

Wiy = g ' Asg + g7 dyg, (C.18)
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where d,, denotes the exterior derivative on P and g is defined via the homeomorphism
p:m N U)=UxG, uw (pg), (C.19)
thus
¢(u) = (p,g), with u=s(p)g. (C.20)

Remark C.3.4 (Transformation Property of the Connection Form). We choose the
same setting as in the previous remark. Let U and V be two overlapping neighborhoods
and let

wy=wy on UNV #0. (C.21)
From ((C.18]) we get the condition
g5 ' Asgs + g dpgs = g 7" Avge + 97 dygr, (C.22)

with s € T(U, 7= Y(U)), t € (U, 7~ Y(V)), and gs, g; defined analogous to g in the previous
remark. We define the transition functions ¢g by

9s = ¢st(D)gr,  Le. tp) =s(P)¢st(p),  peUNV. (C.23)
Inserting this into equation (C.22)), we get
T AL = 63 T Asst + 6 dpst. (C.24)

Therefore, we have the following transformation behavior on the base manifold M:
Ay = ¢ Astst + by At (C.25)

Remark C.3.5. A nontrivial principal bundle does not admit a global section, so the
pullback A; = s*w exists locally but not globally. Therefore we have at least two different
local connection forms, which are related by the transformation condition ((C.25)).

We now introduce the notion of the exterior covariant derivative and the curvature
form.

Definition C.3.4. Let D : Q%(P, V) — QFF1(P V) be the linear map with
(Dw)p(Xo, ..., Xp) := (dpw)(X&, ..., X, Xo,..., X € T,P, (C.26)
where X# € D,P are the horizontal components of X; (cf. definition |C.3.1)) and d,

denotes the exterior derivative on P. The map D is called the exterior covariant deriva-
tive.

Definition C.3.5 (Curvature Form). Let P(M,G) be a principal bundle and w €
QY (P, g) be a connection form. Then we define the curvature form (which is associ-
ated to w) by

Q:= Dw € Q*(P,g). (C.27)
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Definition C.3.6 (Canonical One-Form). Let P be a principal bundle, u € P, and let
F' be the frame bundle. The canonical one-form 6 of F' is the R"-valued 1-form on F

defined by
0(X) =u'(dn(X)), X eT,F, (C.28)

where u is considered as a linear mapping of R" onto T} ()M, and 7 : F' — M denotes
the projection.

Definition C.3.7 (Linear Connection). A connection in the bundle of linear frames F'
over M is called a linear connection of M.

Definition C.3.8 (Torsion Form). We then define the torsion form by
T := Do. (C.29)

Theorem C.3.1 (Structure Equations). Let w, T and § be the connection form, the
torsion form and the curvature form of a linear connection on M. Then w, T and )
satisfy Cartan’s structure equations, which are given by

T(X,Y) = dO(X,Y) + % (@W(X)O(Y) — w(Y)O(X)), (C.30)
QX,Y) = dw(X,Y) + %[w(X),w(Y)]. (C.31)

These equations are also called the first and second structure equations, respectively.
The curvature form § further satisfies

RiQ = Ad ,1Q =g 'Qyg, Vg € G. (C.32)
and the Bianchi identity D) = 0.

Remark C.3.6 (Coordinate Representation). With respect to the natural basis {e1, ..., e}
of R™, we write

0= Z 0%, and T = ZTO‘ea. (C.33)
a=1 a=1

Let E,” be the basis of gl(n,R) where E.” denotes the n x n-matrix such that the entry
at the a-th column and the 5-th row is 1 and all others are zero. Then with respect to
Eaﬁ we write

m
a,f=1
Now the structure equations can be written as
m
To=do"+ ) w3 A0°  a=1,...,m, (C.35)
B=1
m
0% =dw + Y W Awly, o B=1,...,m. (C.36)
v=1
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Remark C.3.7. Let P(M,G) be a principal bundle and let F' := P xg V be the
associated bundle, and let p be a representation of G on V. Consider a section g €
['(M, F). Then the covariant derivative is given by

Dg =dg+ p(A)g. (C.37)
Especially for the adjoint bundle ad (P) = P x g we get
Dg=dg+ad(A)ogy. (C.38)
To close this chapter, we write down a localized version of the curvature form.

Definition C.3.9 (Local Curvature Form). Let © be the curvature form of a principal
bundle P(M,G). Then we define the local curvature form

F =50 € Q*(U,qg), (C.39)
where s* is the pullback of a local section s € I'(U,7~*(U)) on a chart U C M.
Remark C.3.8. With A := s*w we also find

F=dA+ANA (C.40)

In terms of components, we have

n 1 n ,
A=) Ay,  F= 3 > Fudat Ada?, (C.41)
pn=1 =1
with
f#y == a,LLAl/ - 61/./4# + [.A/J, Ay]. (0.42)

Example C.3.1 (The Curvature Form of the Tangent Bundle). Consider the tangent
bundle T'M of a Riemannian manifold M. It has structure group O(n), so the curvature
form € is a 2-form with values in o(n), which are the antisymmetric n x n real matrices.
Then for X,Y € TM we have R(X,Y) = Q(X,Y), so the curvature form is an alternative
description of the Riemannian curvature tensor R.

Definition C.3.10 (Spin Connection Form). Let M be a manifold of dimension m and F'
be the tangent frame bundle. Let U C M be an open neighborhood and s € T'(U, 7~ (U))
a local section, where m : F© — M denotes the projection. If w € QY(F,s0(m)) with
s*w € QY (U, s0(m)), we call s*w a spin connection form.

Remark C.3.9. (i) The spin connection form s*w may be regarded as a m xm-matrix
of one-forms.
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(ii) We consider a frame e € F' with a local basis {eq}ny at p € M. Let w®j denote
the components of the spin connection form, i.e. a matrix of one forms, such that

m
De,, = Z e ® wﬂa, (C.43)
p=1
where D denotes the exterior covariant derivative. For £ := > " | €,£* we then
get
m m m
> D(eat®) =Y ea®de®+ Y eg@uw’ £ (C.44)
a=1 a=1 a,f=1

which may be written as D€ = (d + w)&.
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APPENDIX D

COSET SPACE REPRESENTATIONS

We state the structure constants and some matrix representations of the coset spaces
used in this thesis. For further references, see [16] or [17]. Note that the structure
constants we use are rescaled with a factor of 1/4/3 with respect to these two papers.

D.1 Gy/SU(3)

The structure constants are given by

J163 = f1a5 = fo53 = foea = \}g

fr36 = fra5 = fs53 = faa6 = fos6 = f10,16 = f10,52

1
= fi1,51 = fi152 = fi241 = fi12.32 = fi331 = fi324 = 3

) (D.1)
f14,43 = f1a56 = 3
1
fla21 = Nz

fit6,j+6,k+6 = faMijks

where fouiji are the Gell-Mann structure constants.

D.2 SU(3)/U(1) x U(1)

The coset space SU(3)/U(1) x U(1) may be generated with the following (rescaled)
Gell-Mann matrices.

i 1 0 i 0 —1 0

I = 00|, I = 0 0], (D.2)
2v3\o 0 o0 2v3\0 0 o0
(001 (00 i

jAp— 00}, I, = 00 0], (D.3)
2v3\1 0 o 2v/3 0 0
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s 00 s 0 0
Is=——=10 0 1], Ig=——= 0o —i|, (D.4)
2V3\0 1 0 2¥3\p i o
s 1 0 0 s 1 0 0
I; = 0 -1 0], Igs=—10 1 O (D.5)
V3 0 0 O 0 0 0 =2
The structure constants for the corresponding Lie algebra then are given by
1
f127 = ﬁa
1
_ _ - — — - _ = D.6
J136 J145 = fa35 = faae = f3a7 J567 23 (D.6)
1
f3a8 = [fs68 = 5-

2
The U(1) x U(1)-subgroup is embedded via the two diagonal generators I7 and Ig.

D.3 Sp(2)/Sp(1) x U(1)

The coset space Sp(2)/Sp(1) x U(1l) may be generated with the following matrices (4-
dimensional fundamental representation).

0 00 -1 00 0 —i
-i [0 01 0 - {00 —i o0
11_2\/6 0 10 0’ I2_2¢601 0o 0|’ (D7)
-1.00 0 i 00 0
0 0 —i 0 0 0 -1 0
-ilo 0o 0 i -ifo o o0 -1
I3 261 0 0 of’ I 26 |-1 0 o o |’ (D8)
0 —i 0 0 0 -1 0 0
000 0 0000
-1 [0 00 0 -1 [0 00 0
T oy3|0 00 i)’ li=5510 00 1| (D-9)
00 i 0 0010
000 0 0 -1 0 0
—i [0 00 0 - [i 0 00
T30 01 0| 18_2\/30 0 0 o0f’ (D-10)
000 -1 00 00
0100 1 0 00
-i 100 0 -i [0 -1 00
Io 2v3(0 0 0 0’ Il“_f\@ 0 0 00 (D-11)
0000 0 0 00
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The structure constants for the corresponding Lie algebra are then given by

1 1
f541 = f532 = fe13 = feaz = 3 fr56 = f10,80 = 7
1
fr21 = fra3 = fs1a = fe32 = fo13 = fo24 = f10,34 = fi0,21 Wi ( )

The Sp(1) x U(1)-subgroup is embedded via the generators I7, Is, Iy, I10.
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THE JACOBI ELLIPTIC FUNCTIONS

The Jacobi elliptic functions arise from the inversion of the elliptic integral of the first
kind,

u—F(fk:)—/gdt 0<k*<1 (E.1)
’ o V1—kZsint’ N ’ '
where £ = modu is the elliptic modulus and § = am(u, k) = am(u) is the Jacobi

amplitude, giving
¢ = F Y u, k) = am(u, k). (E.2)

Then the three basic functions sn, cn and dn are defined by

snju, k] = sin(am(u, k)) = sin &, E.3)
cnfu, k] = cos(am(u, k)) = cosé&, 4)
dnfu, k]? = 1 — k*sin®(am(u, k)) = 1 — k?sin® €. 5

These functions are periodic in K (k) and K (k),

snfu+ 2mK + 2niK, k] = (—1)™sn[u, k], (E.6)
enfu + 2mK + 2niK k] = (—=1)™ " cnlu, k], (E.7)
dnfu + 2mK + 2niK, k] = (—1)"dn[u, k], (E.8)

where K (k) is the complete elliptic integral of the first kind,
K(k):=F <g k> and K(k) =K (\/1 - k2) = F (g V- k2) . (E.9)
In the following we sometimes drop the parameter k, i.e. snfu; k| = sn(u) etc.

The Jacobi elliptic functions generalize the trigonometric functions and satisfy analo-
gous identities, including

snu + cnu = 1, (E.10)
k?sn’u + dn’u = 1, (E.11)
en®u 4 /1 — k2sn?u = 1 (E.12)
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as well as
sn(u,0) = sinu, (E.13)
cn(u,0) = cosu, (E.14)
dn(u,0) = 1. (E.15)

One may also define cn, dn and sn as solutions y(z) to the differential equations

d?y

Tl (2 —k)%y + 43, (E.16)
2

% = (1 — 2Ky + 2k%3, (E.17)

d2

d—tf = —(1+ K2y + 2k%°. (E.18)
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MATHEMATICA SOURCE CODE

This is the source code which essentially did the numerical simulations used in this the-
sis. Note that the potential has to be inverted for the dyonic solutions. To create the
plots in chapter [7] the values in the tables and were used.

PotTerm[p_,k_ ] := (k-1)*p - (k+3)*Conjugatel[p]l "2 + 4xAbs[p]~2x*p;

Equations[k_,pRe_,pIm_,t_]:={ 6*pRe” " [t]==Re[PotTerm[k,pRe[t]+I*pIm[t]]],
6*pIm” " [t]==Im[PotTerm[k,pRe[t]+I*pIm[t]]] };

NumSol:=NDSolve[Join[Equations [k,pRe,pIm,t],
ODEConditions[pRe,pIm,tmin,tmax]], {pRe,pIm}, {t,tmin,tmax},
Method->"ExplicitRungeKutta"];

Vik_,p]:=((1-k/3) + (k-1)*Abs[p]~2-(1+k/3)*(p~3+Conjugate [p]~3)

+ 2%Abs[pl~4);

VPlot:=ContourPlot [V[x+I*y,k],{x,-1.1,1.1},{y,-1.1,1.1},
ColorFunction->"Pastel", Contours->{0, 1/30, 1/10, 2/10, 3/10, 4/10,
5/10, 6/10, 7/10, 8/10, 9/10, 125/128, 190/200, 197/200, 399/400,
16/15, 12/10, 14/10, 16/10, 18/10, 2, 2.5, 3, 3.5, 4, 4.5, 5, 5.5, 6,
6.5, 7}1;

NumSolPlot:=
ParametricPlot [Evaluate[{{pRe[t],pIm[t]},

{Re [Exp [T*2*P1/3]* (pRe [t]+I*pIm[t]1)],
Im[Exp [I*2%Pi/2] * (pRe [t]1+I*pIm[t])]},
{Re [Exp [T*4*Pi/3]* (pRe [t]+I*pIm[t]1)],
Im[Exp [I*4*Pi/2]*(pRe [t]+I*pIm([t]1)]} } /. NumSoll],
{t, tmin, tmax}, Mesh->Full, PlotRange->1.1, PlotStyle->{Blue}];

PointSet:={Red, PointSize[Largel, Point[{0,0}],

Point[{1,0}], Point[{Re[Exp[I*2xPi/3]],Im[Exp[I*2+Pi/3]1]}],

Point [{Re [Exp[I*4*Pi/3]],Im[Exp[I*4*Pi/311}], Point[{1/4¥k-1/4,0}],
Point [{(1/4%k-1/4)*Re [Exp [I*x2+Pi/3]], (1/4%k-1/4)*Im[Exp [I*2%Pi/3]11}],
Point [{ (1/4%k-1/4)*Re [Exp [I*4*Pi/3]], (1/4*k-1/4)*Im [Exp [I*4*Pi/3]1]1}1};

InitialVelocity := 10°(-5);

InitialAngle:=1.05581637352150657;

ODEConditions[pRe_,pIm_,tmin_,tmax_]:={pRe[tmin]==Re [Exp [I*¥4*Pi/3]],
pIm[tmin]==Im[Exp[I*4*Pi/3]],
pRe " [tmin]==InitialVelocity*Re [Exp[I*InitialAngle]],
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pIm~ [tmin]==InitialVelocity*Im[Exp[I*InitialAngle]]};
Block [{k=0,tmin=0,tmax=33},Show[VPlot ,NumSolPlot],
Epilog->{PointSet,
Inset [Framed[Style["\ [kappal=0",20] ,Background->LightYellow],
Scaled[{0.8,0.1}11}11;

In order to compute and plot the total energy of the solution, the following line may
be added.

Block[{k=0,tmin=0,tmax=33},

Plot [Evaluate[((pRe [t] 2+pIm~[t]~2-1/6*V[pRe[t]+I*pIm[t]],k]) /.
NumSol], {t,tmin,tmax}, PlotRange->{{0,tmax},{0.01,0.01}}1]
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£ | InitialVelocity InitialAngle tmax | Starting Point
—4 1072 2.6093328657958325 | 20 exp(4ni/3)
-3 1075 /3 22 exp(47i/3)
-2 107° 2.61233791818 31 exp(4mi/3)
-1 1075 /2 33 exp(4i/3)

0 1075 1.05581637352150657 | 33 exp(4mi/3)

1 107° 1.047262330677851 29 exp(47i/3)

2 107° 1.04719764726756 27 exp(47i/3)
2.5 107° 1.04719755211932065 | 33 exp(4mi/3)

3 1075 7r 33 1

4 0.1 T 12 1

Table F.1: Parameters for the numerical instanton solutions. tmin is always 0.

K InitialVelocity | InitialAngle | tmax | Starting Point
—61/3 107° /2 10 1
-7 107° /2 30 1
-3 107° /3 60 0
—1.7989 107° /2 100 1(k—1)
-1 107° /2 33 1(k—1)
0 107° /2 30 H(k—1)
0.25 107° /2 50 H(k—1)
0.5 10-° /2 50 1(k—1)
1 1075 27i/3 200 0
2 107° 0 33 1(k—1)
4 107° 0 35 1(k—1)
9 107° 0 35 1

Table F.2: Parameters for the numerical dyon solutions. tmin is always 0.
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