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Introduction
Goal: suitable mathematical language for various scattering amplitudes

e Feynman graphs: very useful, but challenging: polylogarithms
iterated integrals/nested sums, multiple zeta values

e recently: elliptic integrals make an appearance in field theory

e strategy: consider more symmetric/constrained theory
treat realism for adequate language and omnipotent formalism

e find: echos of these structures in more realistic theories

Outline

Open string theory as a simple testing ground
= only one topology per loop order
= improved divergent behaviour (compared to gauge theory)

Tree-level One-loop

multiple polylogarithms
multiple zeta values ¢

elliptic iterated integrals
elliptic multiple zeta values w
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Tree-level = multiple zeta values

N -point tree-level open-string amplitude:

[ . ] Mafra, Schlotterer]
Veneziano|. . . Stieberger
tree
Astring = F.Ayy Leemmm=s el iy = o0
e dependence on external states in Ay /', N\
_ . A / i . 2 ’ \
o F = F(sij), sij = o/ (ki + kj) / \
e coefficients are multiple zeta values (MZVs) 10 . I
N—3 N—1 Z1 22 L ZN—-2 ZN-1
=2 pna g, N1 (In [255)"
F(27"'7N_2) — v S LTI Sl 1V VA
H 0 2 — a4 H Z (537) nij!
=2 i<j n;;=0

—
Multiple polylogarithms multiple polylogs

G(ai,a2,y...,an;2) z/ ; dtal Gl(ag,...,an;t), G(;2)=1, G(d@0)=G(;0)=0
o t—

1 1
G(0,0,...,0;2) =—(In 2)* G(1,1...,1;2) =
—_———

— — In"(1 - 2)
w! —_——— w!
Multiple zeta values
1 T
Cnl,...,nr = Z W (*1) G(O,O,...,O,l,...,0,07...,071;1) :C(w)
0<ki<--<k, 1 "

Ny ni
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Products of differential weights (tree-level) = partial fraction:

z 1 1 z 1 1
dw = / dw( + )
/0 w—a)w— ay 0 (w—ay)(a1—az2) (w—az)(az—ay)
Shuffle product:

C(ala <o 7a’r) C(ar+17 <o 7ar+s) = C(ala ceey Qp W Gpgq, ... 7ar+s)
= Z C(aa(l)a s 7ao(r+s))
c€X(r,s)
a; € {Oa 1}

Stuffle relations:
Cn Cm = Cm,n + Cn,m + Cm+n
5-point-example:

F@) =1 — Co(s12523 + S12524 + S12834 + S13S34 + S23534)
4 C5(8%95093 + 512855 + 579504 + 2519593524 + 512554 4+ ) -+
+ 350 ) + 0
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Collect tree-level results

Tree-level
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z21 22 ZN-2 ZN-1
N-—2

multiple polylogarithms
G(ay,a2,...,an;2)

z 1
[
0

t—ay G(a27"'7an;t)

partial fraction

multiple zeta values ¢
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One-loop = elliptic multiple zeta values

N -point one-loop open-string amplitude:

e topologies: all genus-one worldsheets
with boundaries.

e here: cylinder with insertions on
one boundary only: Im(z) =0

e one imaginary parameter: 7

string

ALIOP (1 9 3 4) = 519593A%%5(1, 2, 3,4) /

Lipt(1,2,3,4)( / dzy H / dz;

Compare to tree-level:

N=2 i1 dz; N—-1 oo
I 1S

Zzyn—O

Green ] Broedel, Mafra ]
Schwarz Matthes, Schlotterer
R e Ll |L
1
1
1
1
1
1
1
Il Il 1 ! 5
) T . . . T T -
zZ1 Z2 - ZN-12N 1
dr Lipe(1,2,3,4)(7)
F
Tis
e T E: (i)™ (In ()™
— —_———
1<J Nij 0

77

] (si5)" (In[z5])™
i ————
7’ multiple polylogs
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One-loop

N'pOint one-loop Open_Stri"g amplitUde: S(c;ll;afar:z] : Ma?trl?:geIScmgg:rer]
e topologies: all genus-one worldsheets .
with boundaries. [ ]
e here: cylinder with insertions on i
one boundary only: Im(z) =0 :

e one imaginary parameter: 7 L ... . .
Z1 z -t ZN-12N 1

ALoP(1,2,3,4) = s12523AY55(1,2,3,4) / A7 Iipe(1,2,3,4)(7)
F
Lape(1,2,3,4)( / den H/ dz; 6(z1) H Z (si5)™ (In x35(7))"
1<J Mg —o T

Compare to tree-level:

N=2 .z qn Nt
/=1
1=2 i<

Zi— g

. nij
i )i - dt
S” — 2.
— zj+1 Zj

J mij=
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One-loop

N'pOint one-loop Open_Stri"g amplitUde: S(c;ll;afar:z] : Ma?trl?:geIScmgg:rer]
e topologies: all genus-one worldsheets
with boundaries. [ :L
e here: cylinder with insertions on i
one boundary only: Im(z) =0 :
e one imaginary parameter: 7 . R
ZI1 »2"2 .ZNI—I Z'N i i

AL (1 9 3 4) = 515593A%85(1,2, 3,4 / dr Inpe(1,2,3,4)(7)

string

F
Zi4+1 . -
Iype(1,2,3,4)( / dzy H/ dz; (1 H Z (si3)"™ (In xi5(7))"
i<jng=0" 77
Zi dt
In|z;;] = / & In x5 (T / dwf —2j,T)
Zi+1t — 2
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Natural distance on the elliptic curve:
Eisenstein—Kronecker-series: [Kronecker | [§rown]

Levin

01(0,7)01(z + a0, 7)
01(z,7)01 (v, 7)

F(z,a,7) Zf

Natural weights for differentials on an elliptic curve: [Enriquez | [Brown]

F(z,a,7) =

f(n)(sz) :f(n>(z+177_) and f(n)(Z,T):f(n)(Z—l-T,T) .
Explicitly: (simplification in our situation because Im(z) = 0)

I
Oz =1 FfV(z,7) =06 (2,7) + 27Tzlm—z

mT

1 Tz 1670.7)
@) 2 T ’ EYACH
f (Z’T) = 2[(81n91(z77)+27r7,1m7_) +8 11191(2,7') 3 6/1(0’7-)]

Parity: f(n)(_ZaT) = (_1)nf(n)(z’7_)
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Elliptic iterated integrals (suppress T-dependence from here. . .)
z
Dot = [ defm(w-a) D)
0
= can rewrite any integral [|,5, ... into an elliptic iterated integral.

Products of differential weights (tree-level) = partial fraction:

z 1 1 z 1 1
/ dw = / dw< + >
0 w—a;w— ag 0 (w—ay1)(a1—a2) (w—az)(az—aq)
Products of differential weights (one-loop) = Fay identities

[ aw i —anfiw) = [du <f(1)(w—a1)f(”(a1)—f“)(w)f(”(al)
0 0

+1@w) + [ a) + [P — o))

Fay identity: trisecant equation for Eisenstein—Kronecker series:

F(z1,00)F(22,00) = F(2z1,a1 + a2) F (22 — 21, )
+ F(ZQ, a1 + OéQ)F(Zl — 29, Oél)
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Elliptic multiple zeta values (eMZV'’s)

wni,ne,...,np,7) = / f(”l)(zl,T)dzl f("Q)(zQ,T)sz ...f("T)(zT,T)dzr
<z;<z;+1<1

=T(ny,...,no,m; 1) =T (5 "5t i)

(=]

Shuffle relation:
w(ni,ng,...,np)w(ki, ke, ... ks) =w((n1,no,...,ne) w(ky, ko, ..., ks))

Reflection identity:

n1+n2+...+nrw(

w(nhnZa ey N1, nT‘) == (_1) NpyMp—1, - 7n27n1)

Numerous other relations, e.g.
0=w(2,3) —w(0,5),
0=w(2,5) —w(3,4) — 2w(0,7)
0 =w(0,0,5) + w(0,1,4) + w(2,0,3)
0=10w(0,0,0,5) +4w(0,0,3,2) +2w(0,2,0,3) — w(2)w(0,3) — w(0,5)
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Four-point result

I4pt(1, 2,3, 4)(7’) :w(O, 0, 0) — 2(,0(0, 1,0, O) (512 + 823)
+ 2w(0,1,1,0,0) (s34 + s35) — 2w(0,1,0,1,0) 512523
+ 05 (3%2 + 28%2323 + 2312353 + 533)

+ a3 s12523(512 + s23) + O(a'?)

with
4
Bs = 3 [w(0,0,1,0,0,2) + w(0,1,1,0,1,0) — w(2,0,1,0,0,0) — ¢2 w(0,1,0,0)]
1 3 1
P23 = 3 w(0,0,1,0,2,0) — 3 w(0,1,0,0,0,2) — 3 w(0,1,1,1,0,0)

4 10
~2w(2,0,1,0,0,0) — 5 ©(0,0,1,0,0,2) = 5 w(0,1,0,0)
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Collect one-loop results

Tree-level
/,/ ‘\\ZN =00
4 N
4 N
7/ A Y
U \
/7 \
7 \
1 \
1 \
1 0 1\
1l 1 > 1 11 o
T T . T T -
z1 22 : ZN-2 ZN-1
N=2 iz
11 2
1=2 0

multiple polylogarithms
G(ay,a2,...,an;2)

? 1
:/ dt Glag,...,ap;t)
0

t—al

partial fraction
multiple zeta values ¢

One-loop

T T

Z1 22 T ZN-1 ZN
1 N=b ez
/ dZN H / dZZ‘ (5(2’1)
0 i—1 Y0

elliptic iterated integrals

I'(a a5 ars2)

= [Cars—an T
0

1
1
1
1
1
1
i
|
1

Fay-identities
elliptic multiple zeta values w
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Picture not yet complete...

e Known how to count multiple zeta values,
basis identified, algebraic structure clear.

e How to find a basis for elliptic multiple zeta values?
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A basis for multiple zeta values

gnl,ng,...,nT: / wiwo...wowi1wWp...wWo...wW1wWo...wo
——— —— ——
0<2z;<z;41<1 n1—1 na—1 nyp—1
1 1
ni1—1 no—1 ny—1
Rewrite as noncommutative words (employ coproduct): [Goncharov | [Brown|
¢ : algebra of (™ ——  Hopf algebra comodule
o= (M)
Result: words fai,+1 ... foi,+1 f§, with r, k>0 and y,...,i,>1
Examples: $(C7) = fn, ¢((59) = —6f5fr — 15f7f5 —27fo f3
shuffle relations: obvious, no other relations (e.g. stuffle)
Basis: [Zagier] [Boadhurst

basis MZVs < shuffle-independent words in f’s
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An analogous construction for eMZVs?

Different representation of eMZVs: Iterated Eisenstein integrals

e g-derivative: [Enriquez] [Hain | [Brown|

d

g = e qd—q wni,...,np;q) — ZGﬁW('le, ey Tr—15Q)
—_————
W, Lo shorter
e instead of iteration in z, use iteration in ¢ (or 7): Go = -1

1
’Y(kl,ka-wkn;Q)Erﬂg / dlogq v(k1,...,kn—1:¢") G, (¢") ki #0

. 0<q¢’'<q
e shuffle relations:

'Y(nl;-- . 7anQ)’Y(k71;--- 7k87q) = ’y((nl?""n’r’) L (k177k8)ﬂq) Y
no other relations: tested to very high power in ¢
Example: w(0,3,9) = —729~(10,4) — 315+(8,6) — 5616 v(14, 0) + non-max. terms

Translate iterated Eisenstein integrals into noncommutative words:

gkngkn_1 « o Gko Gk
j=1(kj —1)

(ks ko, .. k)] =
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Comparison between ¢ and 1

MzvV

™= foirt1- foitr f3

¢( ni,.. ,nTCkl, Lk )

= 0(Cny,ne) WO(CR, k) -

P(¢™) = Z Jok+182k+1

3<2k+1<w

&ok+1: component of weight
(2k+1)® (w— 2k — 1) in the
coaction for motivic MZVs

eMzv

= 2921‘1 - e+ 920

w(y(n,...,ne)y(k1, ..., ks))
=Y(y(ny,...one)) wip(y(ke, ... ks))

d
dloggq

471.1 Z
521{ G2k
2
k=0

&950 component of weight
(2k) ® (w — 2k) in the g-derivative

w(ni,ng,...,ny)
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Does the counting work for eMZVs?

7
indecomposable eMZVs < shuffle-independent words in ¢’s

Assume label 2 to appear in the divergent v(2) = w(0, 1) exclusively.
Comparison: w(0,n) < y(n+1) In+1 v

w(0,0,n) & An+2,0)  gognrz V

w(0,0,8) < 7(10,0) gg0  f
W(Oa 35 5) e 7(67 4) 9496
w(0,0,10) < ~v(12,0) 90912 /
w(0,3,7) — ’)’(8,4) gags

w(0,0, 12) < ’}/(14,0) 90914
w(07379) A 7(10’4—) 94910 X
w(ov 5, 7) A 7(& 6) ge69gs

Very unfortunate. What'’s the problem here?
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. need some calculation, group theory, KZB associators and Eisenstein series to
identify ...

a special derivation algebra u.

Not a free Lie algebra!
Relations in u can be mapped to linear combinations of iterated Eisenstein integrals.

Taking all available relations in u into account, the counting matches!

Conjecture: Indecomposable eMZVs can be enumerated by
shuffle-independent iterated Eisenstein integrals, taking all relations in u into
account in addition.
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Comparison

Tree-level
LT SOAN =00
I’ \\
, N
/ AY
/ \
7 \
1 \
10 14
T " i
21 22 ZN-2 ZN-1
N=2
I/ e
i=2 /0

multiple polylogarithms

<O 2)

z 1
== / dt G(ag,..
0 t—ay

partial fraction

multiple zeta values ¢

Drinfeld method - no integrals
basis elements:

shuffle-independent words in letters f

G(ay,az,..

-aan;t)

One-loop
F o P -
1
1
1
1
1
p
L N
1 N-1 .z
/ dzpn H/ dz; 6(z1)
0 o1 Jo

elliptic iterated integrals

F(nl ng ... nT'Z)
aj az ... ap

4
= / dt fr)(t —ap) T (22007 ¢)
0
Fay-identities

elliptic multiple zeta values w

elliptic associator? [Knizhnik, Bernard
indecomposable elements:
shuffle-independent words in letters g and
relations in derivation algebra u
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Summary

eMZVs are the natural generalization of MZVs to the elliptic domain
one-loop amplitudes in open string theory: perfect laboratory

regularization: subtle, but under control

no divergent eMZVs: open-string result finite

full amplitude only after 7-integration and consideration of other topologies
eMZVs might not be the only ingredient to one-loop amplitudes: Euler sums?

Give it a try ...

e numerous relations for eMZVs: https://tools.aei.mpg.de/emzv

Future...

e closed/recursive form of the integrand for the one-loop open-string amplitude
in terms of iterated Eisenstein integrals (analogous to Drinfeld-method)?
e relation to the elliptic functions from [Adams. Bogner] 7

e higher genera?
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Thanks!
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Consider generating function for eMZVs:
Elliptic associator: [Enriquez]

A(r) = Z(—l)r Z w(ni,na, ...

r>0 n1,nz,...,nr>0

;ne)ady”(y) ... ady?(y) ady! (v)

=[z,... [z, [x,y]] .. ]

adaz(y) = [1:73/] ) adZ(y)

n times

Differential equation: [Enriquez]
L amy=-1 <§:(2n )G, e%) A(r)
dlogq dme \ =
Algebra of derivations u: [mariain = ][Poltack]
m >0

eam(z) = (ads)™"(y) ,
eam(y) = [y, ()" ()] + Y (=1 [(adeV (), (ade)? ()] m >0
1<j<m

co(y) =0
19/19
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Does it solve the conundrum?

First discrepancy occurs at weight 12, length 3:

w(0,0,12) = — % — 156(14,0)
w(0,3,9) = —729~(10,4) — 3157(8,6) — 56167(14, 0) — 210~(6) v(8)
— 135010 7(4,0) — 630 ¢5¥(6,0) + 630 (s ¥(8,0) + 1458 ¢4, 7(10,0)
w(0,5,7) = —1134~(10,4) — 4907(8, 6) — 5642 (14, 0)
— 1260 1 ¥(4, 0) — 700 5 (6, 0) + 980 € (8, 0) + 2268 ¢, (10, 0)
ratio of v(8,6) and v(10,4) is equal in all eMZVs of weight 12 and length 3:
81+(10,4) + 357(8,6).

There are further non-obvious relations X in the algebra of derivations u. [Poltack]
In particular:
0= [6107 64] -3 [687 66] .
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solution
Define a suitable derivative (already appeared in the context of the ¢-map for MZVs):

ajgkl co 9k, = 05k19ks - - - 9k, -
Identify derivations €, with 0g,,. Thus
(1010, 4] — 305, 06]) & [817(10,4) + 35(8,6)| =

([810’84] — 30, 36]) {394 g10 + ge 98} =0.

Conjecture: For any relation

X = Z a”l,”%nw”r[[‘ 20 [[emaem]’ 6713]’ 00 ']a enr] =0

{n1,n2,...,nr}

in the algebra of derivations u one finds:

X

VA =0.
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Further evidence
Central element
€2 is central in derivation algebra u:
[€am,€2] =0 <> only divergent eMZV: ~(2) = w(0,1).

Fits with observed absence of label 2 in iterated Eisensteins integrals except for (2).

Additional derivations

Generators of the free Lie algebra IL(z3, 25, 27, 29, ...) induce derivations Z in u:
0 = [Zor41, €0] = [Zort1,€2] , k=1,23,...,

whose commutators with €s,,, m > 1 can be constructed. [Poltack]
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Further irreducible relations
Numerous further irreducible relations are known, e.g.:

0=2 [6147 64] -7 [6127 66] + 11 [6107 68]

0=280 [612, [64, 60]] + 16 [64, [612, 60]] — 250 [610, [66, 60]]
— 125 [66, [610, 60]] + 280 [68, [68, 60]] — 462 [64, [64, 68“ — 1725 [66, [66, 64]] .

Reducible relations:
X=0 = ady no,..nn(X) = [€n1s [€nas [ -+, [En, X] .. ]]] =0
Simple example:
[€n, 2 [€14, €4] — T [€12, €6] + 11 [€10, €5]] =0

but as well
[Z3, [€10, €4] — 3[es, €6]] =0

at w, = 20 and ¢, = 5.
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Vanishing nested commutators
The nested commutator

[[[[847 80]7 a0]7 80]7 82m]

annihilates all eMZVs starting from w, = 8, £, = 5.
e Consider v(4,0,0,0): corresponds to w of weight 0 and length 5.

e only known eMZV is w(0,0,0,0,0) = 1/120 # ~(4,0,0,0) (no g-expansion)
Indeed

[[[€4; €0], €0], €0)(z) = 0, [[[€4, €0], €0], €0](y) = 0.

Adding further 0's leads to w's of negative weight: further reducible relations.

Taking all available relations in u into account, the counting matches!

Conjecture: Indecomposable eMZVs can be enumerated by
shuffle-independent iterated Eisenstein integrals, taking all relations in u into
account in addition.
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