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Abstract

Recently, Guifr�e Vidal [12, 15] has proposedan algorithm which can be
successfullyusedwhenhaving to simulate quantum stateson one-dimensional
setupscharacterizedby a small amount of entanglement, a requirement which
is ful�lled by a largeclassof quantum many-body systemsin onedimension.

The procedurehasbeendubbedtime-evolving block-decimation(TEBD),
becauseit dynamically identi�es the relevant low-dimensionalHilbert sub-
spacesof an exponentially larger original Hilbert space.

The present work describes the algorithm, shows its implementation, is
assessingthe errors comprisedin the Hilbert spacetruncation and tests it
on a Bose-HubbardHamiltonian, looking at the properties of the systemin
the ground state and performing time-evolutions of a time-dependent Bose-
Hubbard Hamiltonian.
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Zusammenfassung

K•urzlich wurde von G. Vidal [12, 15] ein Algorithmus vorgeschlagen,der
im Fall schwach verschr•ankter Quantensystemein einerDimensionerfolgreich
angewendet werden kann, eine Eigenschaft, die auf eine weite Klasse von
eindimensionalenQuantenvielteilchensystemen zutri�t.

Das Verfahrenwird auch als 'zeitentwickelte Blockdezimierung' (ZEBD)
bezeichet, da esdynamisch die relevanten niedrigdimensionalenUnterr•aume
exponentiell gro�er Hilbertr•aumeidenti�ziert.

Diese Arbeit beschreibt die ZEBD Methode, zeigt Implementierungen
derselben, quanti�ziert die Fehler im Zusammenhangmit der Hilbertraum-
zerlegungund testet den Algorithmus am Beispiel deszeitabh•angigenBose-
Hubbard Hamiltonians.
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Chapter 1

The Algorithm

1.1 In tro duction

There is nowadays a considerableinterest in the �eld of quantum the-
ory for computational methods well-suited to the physicsof many-body sys-
tems. Considering the inherent di�culties of simulating general quantum
many-body systems,the exponential increasein parameterswith the sizeof
the system,and correspondingly, the high computational costs,onesolution
would be to look for numerical methods which dealwith special cases,where
onecan pro�t from the physicsof the system. The raw approach, by directly
dealing with all the parametersusedto fully characterizea quantum many-
body systemis seriouslyimpededby the exponential increasein the number
of parameterswith the sizeof the system,which leadsto unreasonablylong
computational times and extendeduseof memory. To get around this prob-
lem a number of various methods have beendeveloped and put into practice
in the courseof time, one of the most successfulonesbeing the Quantum
Monte Carlo Method (QMC). Also the density matrix renormalizationgroup
(DMRG) method, next to QMC, is a very reliable method, with an expand-
ing community of usersand an increasingnumber of applications to physical
systems.

When the �rst quantum computerwill be pluggedin and functioning, the
perspectivesfor the �eld of computational physicswill look rather promising,
but until that day one has to restrict oneselfto the mundane tools o�ered
by classicalcomputers. So far, accordingto our knowledge,there are some
proposalsfor building a quantum computer, like trapped ions, cavit y QED,
quantum dots, and NMR - where one has succeededin building a working
7-qubit quantum computer. While experimental physicists are putting a lot
of e�ort in trying to build the �rst quantum computer, theoretical physi-
cists are searching, in the �eld of Quantum Information Theory (QIT), for
genuine quantum algorithms, appropriate for problemswhich would perform
badly when trying to be solved on a classicalcomputer but pretty fast and
successfulon a quantum one. The search for such algorithms is still going,
the best-known (and almost the only onesfound) being the Shor factoriza-
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tion algorithm and Grover's search algorithm. Shor's algorithm has already
beenimplemented in the 7-qubit NMR [10] and later, an implementation of
a fetching algorithm on the samesystemhasbeenpresented [11].

In the �eld of QIT one has to identify the primary resourcesnecessary
for genuine quantum computation. Such a resourcemay be responsible for
the speedupgain in quantum versusclassical,identifying them meansalso
identifying systemswhich can be simulated in a reasonablye�cien t manner
on a classicalcomputer. Such a resourceis quantum entanglement; hence,it
is possibleto establisha distinct lower bound for the entanglement needed
for quantum computational speedups.

Guifr�e Vidal, from Institute for Quantum Information, CalTech, haspro-
poseda schemeuseful for simulating a certain categoryof quantum systems
[12]. He assertsthat "any quantum computation with pure states can be
e�ciently simulated with a classical computer provided the amount of entan-
glementinvolved is su�ciently restricted". This happensto be the casewith
genericHamiltonians displaying local interactions, as for example,Hubbard-
like Hamiltonians. The method exhibits a low-degreepolynomial behavior
in the increaseof computational time with respect to the amount of entan-
glement present in the system. The algorithm is basedon a schemewhich
exploits the fact that in these one-dimensionalsystemsthe eigenvalues of
the reduceddensity matrix on a bipartite split of the system are exponen-
tially decaying, thus allowing us to work in a resizedspacespannedby the
eigenvectorscorresponding to the eigenvalueswe selected.

Onecanalsoestimatethe amount of computational resourcesrequiredfor
the simulation of a quantum systemon a classicalcomputer, knowing how
the entanglement contained in the systemscaleswith the sizeof the system.
The classically(and quantum, as well) feasiblesimulations are those which
involve systemswhich are only a tri
e entangled, the strongly entangled
onesbeing, on the other hand, good candidatesonly for genuine quantum
computations.

The numerical method is e�cien t in simulating real-time dynamics or
calculationsof ground statesusing imaginary-time evolution or isentropic in-
terpolationsbetweena target Hamiltonian and a Hamiltonian with a already-
known ground state. The computational time scaleslinearly with the system
size,hencemany-particles systemsin 1D can be investigated.

A very useful feature of the TEBD algorithm is that it can be reliably
employed for time evolution simulations of time-dependent Hamiltonians,
describingsystemswhich can be realizedwith cold atoms in optical lattices,
or in systemsfar from equilibrium in quantum transport. From this point of
view, TEBD hasa certain ascendanceover DMRG, a very powerful technique,
but not very well suited for simulating time-evolutions.
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The TEBD algorithm is easily translatable to the languageof matrix-
product states (MPS), thus making it accessibleto the DMRG community.
Moreover, it can be implemented in DMRG schemes,producing a versatile
typeof "adaptive time-dependent" DMRG [1]. The computational properties
of the TEBD schemewere also brie
y tested on the Bose-Hubbardmodel,
the simulation results being comparedwith an exact solvable small system
[4].

After Vidal's proposal, other groups have developed similar approaches
in which quantum information plays a predominat role as, for example,for
studying mixed-state dynamics in one-dimensionalquantum lattice systems
[5], for calculating �nite-temp erature and dissipative 1D systems[7, 8], or
in DMRG implementations for periodic boundary conditions [6]. A natural
extensionof the MPS to two and higher dimensions,the projectedentangled-
pair states(PEPS) was developed by Verstraeteand Cirac [9].

The thesis is organizedas follows: in the �rst chapter we begin by pre-
senting a de�nition of entanglement; we then establish a suitable measure
of entanglement. We continue by outlining the method proposedby Vidal,
showing how to update the state after application of one-qubit gates and
two-qubit gates, how to build the nearest-neighbour Hamiltonian in terms
of such gates,and how to perform the time-evolution of the state. We also
make a thorough estimate of the errors comprisedin the simulation of the
time-evolution. The secondchapter presents the one-dimensionalHubbard
model with on-site interaction, its phasediagram and correlation functions
in the di�erent phases.The third chapter is dedicatedto the results of the
numericalsimulation, recovering the phasediagram, the correlation functions
and determining the position of the Mott-super
uid transition. The thesis
concludeswith a discussion,wherewe reviewthe theoretical background, the
results obtained and discussthe strong points and the disadvantagesof the
TEBD algorithm.

1.2 The entanglemen t measure

1.2.1 Entanglemen t of pure states

The entanglement is a key ingredient of the TEBD algorithm, henceis im-
portant to de�ne it and to establisha measureof entanglement. Quantum
entanglement (QE) is a phenomenoncon�ned to the quantum world, ac-
counting for correlations between the measurement results on the di�erent
parts of a quantum system,even if they are spatially apart. QE hasbecome
an essential resourcefor the rapidly developing new branch of physics, the
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physicsof quantum information, being alsousedin a schemefor performing
teleportation of quantum states.

Def: A bipartite pure state, i.e. a projector j ih j on a vector j i 2 H A 
 H B

is entangled i� is not separable, i.e. j i cannot be written as a product vec-
tor, j i = j� A ij � B i , where j� A i 2 HA , j� B i 2 HB [2, 3].

For example, let us take the case of two qubits, j i 2 H A 
 H B,
dim(HA )= dim(HB )=2. The state j 1i = j01i is a product state. On the
other hand, the state j + i = 1p

2
(j01i + j10i ) cannot be written asa product

state, thereforeis entangled.

1.2.2 The Schmidt decomp osition

An insightful mathematicaldescriptionof a bipartite state is the Schmidt
decomposition. Let usconsiderthe stateof a bipartite systemj� i 2 H A 
 H B.
Every such state j	 i can be represented in a appropriately chosenbasisas

j	 i =
MX

i =1

ai j� A
i � B

i i ; (1.1)

where j� A
i � B

i i = j� A
i i 
 j� B

i i are formed with vectors j� A
i i that make an

orthonormal basis in H A and, correspondingly, vectors j� B
i i which form an

orthonormal basis in H B, with the coe�cien ts ai being real and positive,
MP

i =1
a2

i = 1. This is called the Schmidt decomposition of a state. The summa-

tion can go up to M max = min (dim(H A ); dim(H B)), the lowest of the two
Hilbert spaces. The Schmidt rank of a bipartite split is given by the number
of non-zeroSchmidt coe�cien ts ai . If the Schmidt rank is one, the split is
characterizedby a product state. The vectorsof the SD are determinedup
to a phaseand the eigenvaluesand the Schmidt rank are unique.

For example,the two-qubit state:

j	 i =
1

2
p

2
j00i +

p
3

2
p

2
j01i +

p
3

2
p

2
j10i +

1

2
p

2
j11i ;

has the following SD:

j	 i =

p
3 + 1

2
p

2
j� A

1 � B
1 i +

p
3 � 1

2
p

2
j� A

2 � B
2 i ;
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with

j� A
1 i =

1
p

2
(j0A i + j1A i ); j� B

1 i =
1

p
2

(j0B i + j1B i )

j� A
1 i =

1
p

2
(j0A i � j1A i ); j� B

1 i =
1

p
2

(j1B i � j0B i ):

On the other hand, the state:

j� i =
1

p
3

j00i +
1

p
6

j01i �
i

p
3

j10i �
i

p
6

j11i ;

is a product state:

j� i = ( 1
p

3
j0A i �

i
p

6
j1A i )(j0B i +

1
p

2
j1B i ):

1.2.3 The entrop y of entanglemen t

Using the Schmidt decomposition of a state, a suitable measureof entangle-
ment for bipartite pure statescan be constructed.
The entropy of entanglementis:

E(j	 ih	 j) = � Tr (� B ln � B ); (1.2)

where � B = TrA (� ) is the reduceddensity matrix, obtained by performing
the partial trace over H A .

Writing the operator � B explicitly, in its own eigenbasis:

� B = TrA (j	 ih	 j)

= TrA (
MX

i =1

ai j� A
i ij � A

i i
NX

j =1

aj h� B
j jh� B

j j)

=
MX

i =1

a2
i j� B

i ih� B
i j:

The samegoeswith � A =
MP

i =1
a2

i j� B
i ih� B

i j. It canbe seenthat the squared

Schmidt coe�cien ts are the eigenvaluesof both reduceddensity matrices, � A

and � B . The entropy of the state is:

E(j	 ih	 j) = �
MX

i =1

a2
i ln(a2

i ): (1.3)
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The entropy of entanglement is zerofor product states,with oneSchmidt
coe�cien t equalto oneand all the otherszero. In the sametime, the entropy
is maximal if all the Schmidt coe�cien ts are equal, as it is the casefor
maximally entangled states.

Conveniently changing the basisof the logarithm, the entropy of entan-
glement becomes:

E(� ) = �
M
M

� logM (
1

M
) = logM (M ) = 1:

Other measuresof entanglement can be used,as for example

E(� ) = log2(� );

where� is the Schmidt rank.
Let us consider a chain of N qubits, described by the function

j	 i 2 H 
N . One can take the measureof entanglement for a bipartite
split A:B to be EA:B = log2(� ), � being the Schmidt rank of the bipartite
split.

An appropriate entanglement measurefor the chain could begiven by the
highest Schmidt rank over all bipartite splits:

E � = log2(� MAX ); (1.4)

where� MAX = maxA:B (� A:B ).
The maximum value can be E = log2(2

N
2 ) = N

2 , hence0 � E � � N
2 .

I� E � is zero, the state is a product state, with no entanglement what-
soever. For example, for the j + i = 1p

2
(j01i + j10i ) state, the entropy of

entanglement is:

E(j + i ) = 2 �
1
2

log2(
1
2

) = 1:

E � has the qualities of a good entanglement measure:

i) it is zerofor product statesand maximal for maximally entangledstates
ii) it is entanglement monotone,decreasesunderdeterministic andstochas-

tic local manipulations of the system[13]
iii) it is additiveunder tensorproducts, i.e. E � (	 
 	 0) = E � (	) + E � (	 0a)
iv) in the caseof the bipartite splitting it upper boundsthe moreaccurate

entropy of entanglement, introducedabove, and reducesto it for maximally
entangled states [14].
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1.3 Vidal's decomp osition of state

The most natural way of describing j	 i 2 H 
N would be using the local
dN -dimensionalbasis,f ji 1; i2; ::; iN � 1; iN i g:

j	 i =
MX

i =1

ci 1 i 2 ::i N ji1; i2; ::; iN � 1; iN i : (1.5)

Vidal, in [13],[15] proposeda special way for writing the coe�cien ts ci 1 i 2 ::i N ,
that is

ci 1 i 2 ::i N =
�X

� 1 ;::;� N =0

� [1]i 1
� 1

� [1]
� 1

� [2]i 2
� 1 � 2

� [2]
� 2

� [3]i 3
� 2 � 3

� [3]
� 3

� :: � � [N-1 ]i N-1
� N-2 � N-1

� [N-1 ]
� N-1

� [N ]i N
� N

(1.6)

Hence,instead of dN initial terms, there are � 2�d(n � 2) + 2�d + (n � 1)� .
Apparently this is just a way of re-writing the coe�cien ts ci 1 i 2 ::i N , but in fact
there is more to it than that. Assumingthat N is even, the Schmidt rank �
for a bi-partite cut in the middle of the chain can have a maximal value of
dN=2; in this casewe endup with at leastdN �d(n � 2) coe�cien ts, considering
only the � 2 ones,morethan the initial dN . But in fact this provesto be quite
usefulwhendealingwith systemswhich exhibit a low degreeof entanglement,
which fortunately happensto be the casewith many 1D systems,wherethe
Schmidt coe�cien ts of the groundstate decay in an exponential mannerwith
� :

� [l ]
� l

� e� K � l ; K > 0:

Therefore it is possibleto take into account only someof the Schmidt co-
e�cien ts (namely the largest ones), dropping the others and consequently
re-normalizing the state:

j	 i =
1

s
� cP

� l =1
j� [l ]

� l j
2

�
� cX

� l =1

� [l ]
� l

j� [1::l ]
� l

ij � [l+1 ::N ]
� l

i ; (1.7)

where� c is the number of kept Schmidt coe�cien ts.
To envisagethe advantage of this decomposition (let us call it D from

now on), we shall considerthe caseof 50 qubits in a chain. A dimensionof
10, let's say, for the � c would be a reasonablechoice,asshown by numerical
studies[15], meaningroughly 10000coe�cien ts (lessthan 214), ascompared
to 250.
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But let us seehow we explicitly build the decomposition D. Consider
the bipartite splitting [1] : [2::N ]. The SD will have the coe�cien ts � [1]

� 1 and
eigenvectors j� [1]

� 1 ij � [2::N ]
� 1 i . By expanding the j� [1]

� 1 i 's in the local basis,one
can write:

j	 i =
M ;�X

i 1 ;� 1=1

� [1]i 1
� 1

� [1]
� 1

ji1ij � [2::N ]
� 1

i :

The processcan be decomposedin three steps,iterated for each bond (and,
correspondingly, SD) in the chain, accordingto [15].

Step 1: expressthe j� [2::N ]
� 1 i 's in a local basisfor qubit 2:

j� [2::N ]
� 1

i =
X

i 2

ji2ij � [3::N ]
� 1 i 2

i :

The vectors j� [3::N ]
� 1 i 2

i are usually unnormalized.

Step 2: write each vector j� [3::N ]
� 1 i 2

i in terms of the at most1 � Schmidt

vectors j� [3::N ]
� 2 i and, correspondingly, the coe�cien ts � [2]

� 2 :

� [3::N ]
� 1 i 2

=
X

� 2

� [2]i 2
� 1 � 2

� [2]
� 2

j� [3::N ]
� 2

i :

Step 3: make the substitutions and obtain:

j	 i =
X

i 1 ;12 ;� 1 ;� 2

� [1]i 1
� 1

� [1]
� 1

� [2]i 2
� 1 � 2

� [2]
� 2

ji1i2ij � [3::N ]
� 2

i : (1.8)

Repeating the steps 1 to 3, on can construct the whole decomposition D.
The last �'s are a special case,like the �rst ones,expressingthe right-hand
Schmidt vectorsat the (N � 1)th bond in terms of the local basisat the N th

lattice place.
As shown in [15], it is straightforward to obtain the Schmidt decomposi-

tion at kth bond, i.e. [1::k] : [k + 1::N ], from D.
The Schmidt eigenvalues,are given explicitly in D:

j	 i =
X

� k

� [k]
� k

j� [1::k ]
� k

ij � [k+1 ::N ]
� k

i :

The Schmidt eigenvectorsare simply:

j� [1::k ]
� k

i =
X

� 1 ;� 2 ::� k � 1

� [1]i 1
� 1

� [1]
� 1

� �� [k]i k
� k � 1 � k

ji1i2::ik i ;

1Vidal's emphasis
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and the right-hand ones:

j� [k+1 ::N ]
� k

i =
X

� k +1 ;� k +2 ::� N

� [k+1] i k +1
� k � k +1

� [k+1]
� k +1

� �� N-1
� N-1

� [N ]i N
� N-1

ji k+1 i k+2 ::iN i :

1.4 The up date of the decomp osition

One can proceednow to investigate the behaviour of the decomposition D
when acted upon with one-qubit gates(OQG) and two-qubit gates(TQG)
acting on neighbouring qubits. We will seethat instead of updating all the
2N coe�cien ts ci 1 i 2 ::i N , we will restrict ourselves to a number of operations
which increasein � asa polynomial of low degree,thus saving computational
time.

1.4.1 One-qubit gates acting on qubit k

The OQGs are a�ecting only the qubit they are acting upon, the update
of the state j i after an unitary operator at qubit k does not modify the
Schmidt eigenvalues or vectors on the left, consequently the � [k-1] 's, or on
the right, hencethe � [k+1] 's. The only �'s that will be updated are the � [k]'s
(requiring only at most O(d � � 2) operations), as:

�
0[k]i k
� k-1 � k

=
X

j

Ui k
j k

� [k]j k
� k-1 � k

:

1.4.2 Tw o-qubit gates acting on qubits k, k+1

The changesrequired to update the � 's and the � 's, following a unitary
operation V on qubits k,k+1, concernonly � [k], and � [k+1] . They consistof
a number of O(d � � 3) basicoperations.
Following Vidal's original approach, j i canbe regardedasbelongingto only
four subsystems:

H = J 
H C
 H D 
K :

The subspaceJ is spannedby the eigenvectorsof the reduceddensity matrix:

� [1::k-1 ] =
X

�

(� [k-1 ]
� )

2
j� [1::k-1 ]

� ih� [1::k-1 ]
� j =

X

�

(� [k-1 ]
� )2j� ih� j:
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In a similar way, the subspaceK is spannedby the eigenvectorsof the reduced
density matrix:

� [k+2 ::N ] =
X




(� [k+1 ]

 )2j� [k+2 ::N ]


 ih� [k+2 ::N ]

 j =

X




(� [k+1 ]

 )2j
 ih
 j:

The subspacesH C and H D belongto the qubits k and k+1.
Using this basisand the decomposition D, j i can be written as:

j i =
�X

�;� ;
 =1

dX

i;j =1

� [C-1 ]
� � [C]i

�� � [C ]
� � [D]i

� 
 � [D ]

 j� ij 
 i : (1.9)

Using the samereasoningasfor the OQG, the applying the TQG V to qubits
k, k+1 oneneedsonly to update � [C] , � and � [D] . We can write j 0i = Vj i as:

j 0i =
�X

�;
 =1

dX

i;j =1

� � � ij
�
 � 
 j� ij 
 i ;

where

� ij
�
 =

�X

� =1

dX

m;n =1

V ij
mn � [C]m

�� � � � [D]n

� 
 :

To �nd out the new decomposition, the new � 's at the bond k and their cor-
responding Schmidt eigenvectors must be computedand expressedin terms
of the � 's of the decomposition D. The reduceddensity matrix �

0[D K ] is then
diagonalized:

�
0[DK] = Tr JC j 0ih 0j =

X

j;j 0;
 ;
 0

� jj'


 
 0jj 
 ihj 0
 0j;

where

� jj'


 
 0 =
X

�;i

j� � j2� ij
�
 (� ij'

�
 0)� :

The squareroots of its eigenvaluesare the new � 's.
Expressingthe eigenvectorsof the diagonalizedmatrix in the basisfj j 
 ig

the � [D] 's are obtained as well:

j�
0[DK ]i =

X

j;


�
0[D ]j
� 
 � 
 jj 
 i :
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From the left-hand eigenvectors,

�
0

� j�
0[J C]
� i = h�

0[DK ]
� j 0i =

X

i;j;�;


(�
0[D ]j
� 
 )� � ij

�
 (� 
 )2� � j� i i

after expressingthem in the basisfj i� ig , the � [C] 's are:

j�
0[J C]i =

X

i;�

�
0[C]i
�� � � j� i i :

1.4.3 The computational cost

The dimension of the largest tensors in D is of the order O(d�� 2); when
constructing the � ij

�
 one makes the summation over � , m and n for each

 ; � ; i ; j , adding up to a total of O(d4�� 3) operations. The sameholds for the
formation of the elements � jj'


 
 0, or for computing the left-hand eigenvectors

�
0

� j�
0[J C]
� i , a maximum of O(d3�� 3), respectively O(d2�� 3) basic operations.

In the caseof qubits, d = 2, henceits role is not very relevant for the order
of magnitude of the number of basic operations, but in the casewhen the
on-site dimensionis higher than two it hasa rather decisive contribution.

1.5 The numerical simulation

1.5.1 The Suzuki-T rotter expansion

The numerical simulation is targeting (possibly time-dependent) Hamiltoni-
ans of a systemof N particles, which are composedof arbitrary OQGs and
TQGs:

Hn =
NX

l=1

K [l ]
1 +

NX

l=1

K [l ;l +1]
2 :

It is usefulto decomposeHn asa sumof two possiblynon-comuting terms,
Hn = F + G, where

F �
X

even l

(K l
1 + K l ;l +1

2 ) =
X

even l

F [l ];

and

G �
X

odd l

(K l
1 + K l ;l +1

2 ) =
X

odd l

G[l ]:
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Any two-body terms commute: [F [l ]; F [l0]] = 0, [G[l ]; G[l0]] = 0.
This is done in order to be able to make the Suzuki-Trotter expansion

(ST) [16] of the exponential operator. The Suzuki-Trotter expansionof the
�rst order (ST1) represents a generalway of writing exponential operators:

e(A+ B ) = lim
n!1

(e
A
n e

B
n )n

or, equivalently

e� (A+ B ) = lim
� ! 0

[e� A e� B + O(� 2)];

where� = 1
n .

A higher accuracy, at low supplementary computational cost, can be
gainedby using the second-orderSuzuki-Trotter (ST2) expansionof an ex-
ponential operator, which readsas:

e� (A+ B ) = e
�
2 A e� B e

�
2 A + O(� 3):

The correction term vanishesin the limit � ! 0.
For simulations of quantum dynamicsit is useful to useoperators which are
unitary, conservingthe norm (unlike power seriesexpansions),and there's
where the Trotter-Suzuki expansioncomesin. In problemsof quantum dy-
namicsthe unitarit y of the operators in the ST expansionprovesto be quite
practical, sincethe error tends to concentrate in the overall phase,thus al-
lowing us to faithfully computeexpectation valuesand conserved quantities.
Becausethe ST conserves the phase-spacevolume, it is called also a sym-
plectic integrator.

The trick of the ST2 is to write the unitary operators e� iH t as:

e� iH n T = [e� iH n � ]T=� = [e
�
2 F e� Ge

�
2 F ]n ;

wheren = T
� . The number n is called the Trotter number.

The operators e
�
2 F , e� G are easyto express,as:

e
�
2 F =

Y

odd l

e
�
2 F [ l ]

e� G =
Y

even l

e� G[ l ]
:
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sinceany two operatorsF [l ],F [l0] (respectively, G[l ],G[l0]) commute for l6= l0and
a ST expansionof the �rst order keepsonly the product of the exponentials,
the approximation becoming,in this case,exact.

The time-evolution can be madeaccordingto:

j ~ t+ � i = e� i �
2 F e� i� Ge

� i�
2 F j ~ t i :

For each "time-step" � , e� i �
2 F [ l ]

are applied successively to all odd sites,
then e� i� G[ l ]

to the even ones, and e� i �
2 F [ l ]

again to the odd ones; this is
basicallya sequenceof TQG's, and it hasbeenexplainedabovehow to update
the decomposition D when applying them.

1.5.2 Simulation of the time-ev olution

Our goal is to make the time evolution of a state j 0i for a time T, towards
the state j T i using the n-particle Hamiltonian Hn .

It is rather di�cult to construct the decomposition D for an arbitrary
n-particle state, since this would mean one has to compute the Schmidt
decomposition at each bond, to arrangethe Schmidt eigenvaluesin decreasing
order and to chosethe �rst � c and the appropriate Schmidt eigenvectors.
But this would imply diagonalizing huge reduceddensity matrices, which,
depending on the system one has to simulate, might prove cumbersometo
do, if not impossible.

Instead, onecan try to do the following:
i ) construct the decomposition D for a simple initial state, let us say,

someproduct state j P i , for which the decomposition is straightforward.
ii ) relate j 0i to the ground state j gr i of a Hamiltonian eH by a su�-

ciently local transformation Q (one that can be expressedas a product of
TQGs, for example) j 0i = Qj gr i

iii ) make an imaginary-time evolution towards the ground state of the
Hamiltonian eH , j gr i accordingto:

j gr i = lim
� !1

e� eH � j P i

jj e� eH � j P ijj

or, alternatively, simulate an isentropic evolution using a time-dependent
Hamiltonian, which interpolatesbetweenthe Hamiltonian H1, which hasthe
product state j P i asits ground state, and the Hamiltonian eH ; the evolution
must bedoneslow enough,such that the systemis always in the groundstate
or, at least, very closeto it.
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iv ) �nally , make the time-evolution of the state j 0i towards j T i using
the Hamiltonian Hn :

j T i = e� iH n T j 0i :
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1.6 Error sources

The errors in the simulation are resulting from the Suzuki-Trotter approxi-
mation and the involved truncation of the Hilbert space.

1.6.1 Errors coming from the Suzuki-T rotter expan-
sion

In the caseof a Trotter approximation of pth order, the error is of order � p+1 .
Taking into account n = T

� steps,the error after the time T is:

� =
T
�

� p+1 = T� p:

The unapproximated state is:

j ~ T r i =
p

1 � � 2j T r i + � j ?
T r i ;

where j ~ T r i is the "unapproximated" state, j T r i is the state kept after the
Trotter expansionand j ?

T r i accounts for the part that is neglectedwhen
doing the expansion.

The total error scaleswith time T as:

� (T ) = 1 � jh ~ T r j T r ij 2 = 1 � 1 + � 2 = � 2;

wherejh~ T r j T r ij 2 can be seenas the �delit y of the approximation.
Hence,for the ST2, the error due to the decomposition scalesas:

� (T ) ' T2� 4:

1.6.2 Errors coming from the truncation of the Hilb ert
space

Consideringthe errors arising from the truncation of the Hilbert spacecom-
prised in the decomposition D, they are twofold.

First, aswehaveseenfrom (1.7), the smallestcontributions to the Schmidt
spectrum are left away, the state being faithfully represented up to:

� (D) = 1 �
N � 1Y

n=1

(1 � � n );

where

� n =
�X

� = � c

(� [n]
� )2
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is the sum of all the discardedeigenvaluesof the reduceddensity matrix, at
the bond n.

The state j i is, at a given bond n, described by the Schmidt decompo-
sition:

j i =
p

1 � � n j D i +
p

� n j ?
D i ;

where

j D i =
1

p
1 � � n

� cX

� n =1

� [n]
� n

j� [1::n ]
� n

ij � [n+1 ::N ]
� n

i

is the state kept after the truncation and

j ?
D i =

1
p

� n

�X

� n = � c

� [n]
� n

j� [1::n ]
� n

ij � [n+1 ::N ]
� n

i

the state formed by the eigenfunctionscorresponding to the smallest, irrele-
vant Schmidt coe�cien ts, which are neglected.

Using the sameargument asfor the Trotter expansion,the error after the
truncation is:

� n = 1 � jh j D ij 2 =
�X

� = � c

(� [n]
� )2:

After moving to the next bond, the state will be, similarly:

j D i =
p

1 � � n+1 j 0
D i +

p
� n+1 j 0?

D i :

The error, after the secondtruncation, is:

� = 1 � jh j 0
D ij 2 = 1 � (1 � � n+1 )jh j D ij 2 = 1 � (1 � � n+1 )(1 � � n );

and so on.

The seconderror sourceenfoldedin the decomposition D is more subtle
and requiresa little bit of calculation.

As we know from (1.7), the renormalization constant after making the
truncation at bond l ([1::l] : [l + 1::N ]) is:

R =

vu
u
t

� cX

� l =1

j� [l ]
� l j

2
=

p
1 � � l :
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Now let us go to the bond l -1 and calculate the norm of the right-hand
Schmidt vectorsk � [l � 1::N ]

� l-1 k. Taking into account the full Schmidt dimension,
the norm will be:

n1 = 1 =
� cX

� l =1

(c� l � 1 � l )
2(� [l ]

� l
)2 +

�X

� l = � c

(c� l � 1 � l )
2(� [l ]

� l
)2 = S1 + S2;

where

(c� l-1 � l )
2 =

dX

i l =1

(� [l ]i l
� l-1 � l

)� � [l ]i l
� l-1 � l

:

Taking into account the truncated space,the norm is:

n2 =
� cX

� l =1

(c� l-1 � l )
2(� 0[l ]

� l
)2 =

� cX

� l =1

(c� l-1 � l )
2 (� [l ]

� l )
2

R
=

S1

R
:

Taking the di�erence, � = n2 � n1 = n2 � 1, we get:

� =
S1

R
� 1 �

1 � R
R

=
� l

1 � � l
!

� l ! 0
0:

Hence,whenconstructing the reduceddensity matrix, the trace of the matrix
is multiplied by the factor:

jh D j D ij 2 = 1 �
� l

1 � � l
=

1 � 2� l

1 � � l
:

1.6.3 Total error

The total error, consideringboth sources,is upper boundedby:

� (D) = 1 �
N � 1Y

n=1

(1 � � n )
N � 1Y

n=1

1 � 2� n

1 � � n
= 1 �

N � 1Y

n=1

(1 � 2� n ):

When using the Trotter expansion,we do not move from bond to bond, but
betweenbondsof sameparity; moreover, for the ST2, we makea sweepof the
even onesand two for the odd. But nevertheless,the calculation presented
above still holds. The error is evaluated by repeatingly multiplying with the
renormalizationconstant, each time we build the reduceddensity matrix and
selectits relevant eigenvalues.
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1.7 Adaptiv e Schmidt dimension

Onething that cansave a lot of computational time without lossof accuracy
is to use a di�erent Schmidt dimension for each bond, keeping only the
necessaryamount of relevant coe�cien ts, as usual. For example,taking the
�rst bond, in the caseof qubits, the Schmidt dimension will be just two.
Hence, instead of futilely diagonalizing, let us say, 10 by 10 or 12 by 12
matrices,we can just restrict ourselvesto ordinary 2 by 2 ones,thus making
the algorithm generallyfaster. What we can do instead is set a threshold for
the eigenvaluesof the SD, keepingonly thosethat are above the threshold.
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Chapter 2

The Bose-Hubbard model

2.1 The Bose-Hubbard Hamiltonian

The Hamiltonian on which the algorithm wastestedon is the Bose-Hubbard
Model (BHM).

The Hubbard Model (HM) bearsthe nameof John Hubbard, who intro-
duced the model in 1960[17] in order to describe electronic correlations in
narrow energybands. The Hubbard Model wasinitially proposedasa model
for electronsmoving in a lattice, but it canbe aswell usedfor strongly inter-
acting bosonicsystems[20], represented by compositestrong-bound fermions
which behave like bosons,or bosonicexcitations with repulsive interactions.
The experimental implementation was done using cold atoms in a periodic
optical lattice potential [21], [22].

The Hubbard Model can be usednot only to describe the behaviour of
the electrons in solids with narrow energy bands, but also to study band
magnetismin iron, cobalt or nickel, the Mott metal-insulator transition [23],
or the quantum phasetransition in a bosonicsystemof particles hopping in
a lattice potential from the super
uid phasewith a long-rangecoherenceto
a Mott phasewith a �xed on-sitenumber of atoms and reduced
uctuations
in the atom number [22], amongothers.

In a solid, ions and electronsare lying on a three-dimensionalcrystalline
structure. Becausethe ions have a bigger mass comparing to the elec-
trons, one can use the approximated picture where the ions form a three-
dimensionalstatic lattice, following the idea of the Born-Oppenheimerap-
proximation, which decouplesthe nuclear and electronic movements. The
electronsmove in this lattice, and their dynamicsis described by the Hamil-
tonian:

H =
NX

i =1

( p2
i

2m
+ VI (x i )) +

X

i<j

VC (x i � x j )

whereN represents the number of electrons, VI is the periodic ionic potential
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of the lattice and

VC (x i � x j ) =
e2

jx i � x j j

is the Coulomb repulsionpotential betweenthe electrons.
This Hamiltonian can be rewritten, by subtracting and adding an auxil-

iary potential VA (x) [23]:

H =
NX

i =1

( p2
i

2m
+ V(x i )) +

X

i<j

U(x i ; x j );

where

V(x) = VI (x) + VA (x);

and

U(x; y) = VC (x � y) �
1

N � 1
(VA (x) � VA (y)):

This is done in order to minimize the matrix elements of the e�ective two-
body potential U(x; y) betweenthe eigenstatesof the one-particleHamilto-
nian

h(x; p) =
p2

2m
+ V(x):

A suitable basis is then constructed with the eigenfunctionsof the one-
particle Hamiltonian h; the potential V(x) = VI (x) + VA (x) is a periodic
potential, being the sum of VI (x) which has the period given by the ionic
lattice and VA (x which stemsfrom the in
uence of the other electronson the
particle represented by the Hamiltonian h, having the sameperiod asVI (x).
The potential V (x) being periodic, the eigenfunctionsof the Hamiltonian h
are the periodic Bloch functions:

� � k = ei k �x u� k (x);

where u� k (x) = u� k (x + L), L being the period of the lattice, k the quasi
momentum, running over the �rst Brillouin zoneand � the band index. A
further simpli�cation of the Hamiltonian canbeachievedconsideringo single-
band model, whenall the other bandsare far away from the Fermi level, thus
allowing us to neglectthe inter-band interactions.
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A suitable one-particlebasiswould then be the Wannier functions:

Wi (x) =
1

p
N I

X

k

� k (x)e k e� i kx i ;

whereN I represents the number of ions and e k a phaseconveniently chosen
in order to maximally localizethe Wannier functions.

The Wannier functions Wi (x) are orthogonal for di�erent indices i and
they are similar to the atomic wave functions, being centered around x i .

2.2 The Bose-Hubbard Hamiltonian in the
second quan tization

The Hamiltonian we used for our numerical simulations is the well-known
form of the generic Hubbard Hamiltonian with nearest-neighbour interac-
tions, in the secondquantization:

H = � t
X

i

(by
i bi+1 + bi by

i+1 ) � �
X

i

ni +
U
2

X

i

ni (ni -1) + V
X

i

ni ni+1 (2.1)

Here, the bi represent the annihilation operators for bosonsat site i, obeying
the commutation relations:

[bi ; bj ] = 0, [by
i ; by

j ] = 0, [bi ; by
j ] = � ij .

The term � t
P

i (b
y
i bi+1 + bi b

y
i+1 ) accounts for the bosonichopping in one

dimensionbetween neighbouring sites. The ni = by
i bi are the operators for

the numbers of particles at site i, n̂i jmi i = mi jmi i .
The hopping matrix element t is real and positive, the chemicalpotential

� and the on-site repulsion U being also real, but can take as well negative
values. Changesin the chemical potential modi�es the ons-site density of
particles.

The magnitude of the hopping element t is given by the hopping ma-
trix element betweenneighbouring sites hi; j i , which is computed using the
Wannier functions Wi (x), centered around x i :

t = t ij = �
Z

d3xWi (x)(
p2

2m
+ V(x))Wj (x)

The on-site interaction element U being given by:

U =
4� as~

m

Z
d3xjWi (x)j4;
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whereas is the s-wave scattering length.
Furthermore, we will consideronly the Hamiltonian without the nearest-

neighbour interaction, setting hencein the Hamiltonian (2.1) V=0.
The Hamiltonian (2.1) it is in a simpli�ed form due to the fact that in

the tight-binding approximation the Wannier functions Wi (x) are strongly
localizedaroundxi , thusallowing us to keepin the kinetic term of the Hamil-
tonian only the nearest-neighbour hopping elements [23]. O�-site interaction
and long-rangerepulsion terms could be considered,but they are dropped
o� in this more simple approach.

Despite its simplicity, the Hamiltonian (2.1) displays a rich physics. The
kinetic and the local interaction terms are competing in the Hamiltonian
(2.1), each of them being diagonal, the �rst in the momentum space,the
secondin a basisspannedby product of local Fock states. The kinetic Hamil-
tonian tries to delocalize the particles and reducethe phase
uctuations of
the �eld, the on-site interaction part is trying, on the contrary, to localize
the particles on the lattice and, consequently, reduce the number density

uctuations.

If the Hamiltonian has only hopping, or the on-site interaction is very
small, the ground state energyreachesits minimum when the single-particle
wavefunction is spreadall over the lattice. Hencethe ground state for the
many-particle systemis represented by an identical Bloch state for each par-
ticle,

j SF i / (
MX

i =1

by
i )

N

j0i ;

whereN represents the number of particlesand M the number of lattice sites.
The state is said to be represented by a macroscopicalwavefunction, because
the phase-coherencelength is of the order of the lattice size.

If the Hamiltonian has only on-site interaction, or the hopping is very
small comparedto it, the ground-statewavefunction will be formedby local-
ized on-site atomic wavefunctions,with a �xed number of atoms, which are
minimizing the energy. Hencethe ground state wavefunction is a product of
on-site Fock stateswith a integer �lling n:

j M i /
MY

i =1

(by
i )

n
j0i

The long-rangephasecoherenceis replacedwith a ideal correlation in the
atom number. The commensurate�lling n will be given by n = [� ] + 1, [� ]
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being the integer part of �
U ; as we choseto normalize by U, throughout the

work, from now on we set U = 1.

2.3 Phase diagram of the ground state

Starting with the Mott insulator state j MI i , by increasingthe hoppingmatrix
element t in the Bose-HubbardHamiltonian, one gets to a critical value tc,
wherethe systemundergoesa phasetransition.

A quantum phasetransition is de�ned asa "p oint of non-analicity in the
ground state energy of the in�nite lattice system" [24]. A special feature
of a phasetransition is a suddenchange in a macroscopicproperty of the
system like, for example, the heat capacity. Quantum phase transitions,
unlike classicalones, can be reached by varying a physical parameter, at
zerotemperature; the classicalphasetransitions, residingon the competition
betweenthe energyof the systemand the entropy of the thermal 
uctuations,
cannot undergophasetransitions at zerotemperature, wherethe systemhas
no entropy. In the quantum case,the changeoccurs in the ground state of
the system,due to the quantum 
uctuations.

In the caseof the Bose-HubbardModel hasbeenargued[20] that, at zero
temperature, there can be three type of phases:a super
uid phase,a Mott
insulator and a "Bose glass". This last phasedoesnot occur in a periodic,
non-random potential, its description being henceoutside the scope of this
work.

Whereasin the super
uid regimethe spectrum is gapless,the Mott phase
is characterizedby a gap in the excitation spectrum: as the systemis in a
state with a �xed number of atoms per lattice site, it costsa �xed amount
of energy to create a particle-hole excitation, moving a particle from one
lattice site to the other. This represents the smallestpossibleexcitation of
the system,thus forming a gap in the excitation spectrum. The Mott phases
are said to be incompressiblebecausea changein the chemical potential �
doesnot changethe number of particles:

@n
@�

= 0:

The zero-temperature phasediagram for the Bose-Hubbardmodel in the
(�; t)-plane hasa "lobe-like" shape, aspresented in [20]. The phasediagram
shape looksgenerallysimilarly for the caseof one,two and three dimensions,
although signi�cant quantitativ e di�erences are present. The lobes in the
pictures have commensurate�lling, of 1, 2 and correspondingly, 3. Outside
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Figure 2.1. The schematic zero-temperature phasediagram
for the Bose-Hubbard model. The lobes of constant density have
actually a sharp tip, where the BKT transition occurs.

the lobes,the systemis in a super
uid state. For any non-integer �lling the
system stays in the super
uid regime, even if the hopping matrix element
decreasessubstantially . Consider for example the caseof a system with a
on-site density of ni = 1 + n� , where 0 < n� � 1. Even if most of the
particles are localized one at every lattice site, the rest, represented by n � ,
are still delocalizedall over the lattice, in order to minimize the energy.

2.4 Phase transition of Berezinskii-Kosterlitz-
Thouless t yp e

As the lobesboundary is crossed,usually the density of the systemchanges
from commensurateto incommensurate,therefore,in the canonicalensamble
there is no phasetransition. But at the tip of the lobesthere is a regionwhere
the phasesboundary crossingdoesnot imply a changein the density (there
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wherethe n=1 density outer tra jectory meetsthe tip of the Mott lobe) and
there the system undergoes a transition which is of Berezinskii-Kosterlitz-
Thouless (BKT) type [25],[26], having the same behaviour of the critical
exponent.

This givesthe tips of the lobesa rather sharp, pointed shape, the energy
gap closingvery slowly, as:

� /
t ! tc

e
�p

t � t c

2.5 Correlation functions

In the super
uid phase,the correlation function is known from the Luttinger
liquid theory [18], which describesthe low energy-behaviour of the 1D quan-
tum liquids, independently of their bosonic or fermionic nature [19]. The
correlation function:

C(r ) = hby(0)b(r )i ;

decays algebraically, as:

C(r ) � r � K
2 :

At the BKT phasetransition for density one,the exponent K hasits critical
value K c = 0:5. In the Mott phase,the hopping correlation function has an
exponential decay, behaving as:

C(r ) � e� j r j
�
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Chapter 3

The numerical simulation

3.1 The ground state

The systemwe choseto simulate is a one-dimensionalBose-HubbardHamil-
tonian with on-site interaction:

H = � t
X

i

(by
i bi+1 + bi by

i+1 ) � �
X

i

ni +
1
2

U
X

i

ni (ni � 1):

The systemsizeis set at M=50 lattice sites,with open boundary conditions.
We calculatedthe ground state of the Hamiltonian using imaginary-time

evolution for di�erent values of hopping magnitudes, and of the chemical
potential. The nearest-neighbour interaction term U was set equal to 1
throughout the numerical simulations. As pointed in [12], the simulation
with the TEBD algorithm is appropriate for systemswhich display an ex-
ponential decay of the Schmidt coe�cien ts. In the �gure 3.1 we show the
Schmidt coe�cien ts (� [25]

� )2 for the ground state at bond 25, � = 1; ::; 12,
for a ground state in the super
uid regime,wherewe expect more entangle-
ment. In the �gure 3.2 onecan seean exampleof imaginary-time evolution
dynamicstowards the ground state in the Mott regime.

We found that for small hopping, the systemwas displaying a commen-
surate �lling, with an occupation number of:

n = [� ] + 1

particles per site.
The ground state function is represented by a MPS with Schmidt rank

one,describinga product of on-siteFock states,asweexpected. The imaginary-
time evolution was performed starting with an initial state with a Schmidt
rank of �v e. During the imaginary-time evolution only one of the Schmidt
coe�cien ts survives,headingtowards the value one, as the others are expo-
nentially decreasing.

An examplefor the Schmidt eigenvaluesbehaviour during the imaginary-
time evolution, in the caseof a ground state in the super
uid regime,can be
seenin �gure 3.2.
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Figure 3.1. The approximatelyexponential decay behaviourwith
� of the eigenvalues(� [25]

� )2 of the reduced density matrix � [26..50] .

3.2 The structure of the Mott lob es

In order to get the structure of the Mott lobes(we actually restricted
ourselvesto the �rst Mott lobe, with commensurate�lling one),we have run
simulations of constant particle density tra jectories in the (�; t) space. For
the simulations, we allowed a maximum occupation number of 4 bosonsper
site; this provesto be su�cien t for studying the structure of the n=1 lobe.

We �rst started by computing the groundstate via imaginary-time evolu-
tions for a Bose-HubbardHamiltonian with hopping t = 0.3and for di�erent
chemical potentials � . Thus, changing the chemical potential, we were able
to cool down to ground states in the super
uid regimecorresponding to dif-
ferent non-integer densities,for example,ground states with �lling closeto
one, for the �rst Mott lobe.

Given, for example,two ground stateswith incommensurate�llings n1 =
1 + � 1, n2 = 1 + � 2, with 0 < � 1; � 2 << 1, during a real-time evolution they
will always remain in the super
uid regime. Going to incommensuratedensi-
ties closeto one, the constant-density tra jectory (the unitary time-evolution
operator e� i

h H conserves the total number of particles in the system) will
run closeto the Mott lobe boundaries,thus revealing their structure. In this
case,no phasetransitions take place.

Isentropic real-time evolutions wereperformed(�g 3.5), interpolating be-
tween the initial Hamiltonian with t = 0:3 and a �nal Hamiltonian with
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Figure 3.2. Exampleof imaginary-time evolution dynamics towards
the ground state of the Bose-Hubbard model with commensurate �l ling,
described by a MPS with Schmidt rank one.

hopping very closeto zero. Changing the hopping element t slow enough,
onestays always in the ground state, or at least reasonablycloseto it. The
chemical potential, necessaryto draw the boundariesof the lobes, can be
obtained from:

� =
@E
@n

�
E1 � E2

n1 � n2

where E1 = <  1jH j 1 > , E2 = <  2jH j 2 > are the energiesof the states
j 1i , j 2i with incommensurate�llings n1, respectively n2.

In the �gure 3.4we show the behaviour of the Schmidt coe�cien ts during
the adiabatic real-time evolution.

We do this several times, making adiabatic real-time evolutions for states
with �lling closeto one, that means,slightly bigger than one and slightly
smaller than one. The tra jectories with supra-unitary �lling (n > 1) will
haveto run abovethe n=1 Mott lobe, the oneswith under-unitary occupation
number (n < 1) will run below, thus revealing the structure of the lobes.

The problem that occurswith the isentropic real-time evolutions is that
whenrunning tra jectoriescloseto the Mott-lob eboundary onegetsinto a lot
of trouble becauseof the oscillations in the numerical values. The solution
would be to go slower, but that requiresmore computational time. In the
picture 3.5 one can observe that the tra jectories closeto the bordersof the
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Figure 3.3. Imaginary-time evolution dynamics towards a ground
state of the Bose-Hubbard model in the super
uid regime, logarithmic
scale

lobearenoisy, with little 
uctuations and deviationsfrom the expectedpath.
On the other hand, the oneswhich areevolving safelyaway from the borders,
are running cleanand smooth. And this despitethe fact that for the "outer"
tra jectoriesa smallerSchmidt dimensionfor the truncation � c hasbeenused
(and thus a biggererror comingfrom the truncation) asfor the onescloseto
the Mott lobe.

3.3 The on-site densit y 
uctuations

Becauseof the open boundary conditions, the density distribution is not
what it should be in an ideal, in�nite system,where one would expect the
particles to be uniformly distributed over the lattice sites. Instead of this, at
the edgesthere is a slight decreasein the particle density, giving the pro�le
in �gure 3.6 (full dots). On the other hand, the density distribution for the
caseof a state in the Mott insulator regimedoesnot display this boundary
e�ects (�g 3.6, empty dots). This canbe explainedin the following way: one
must take into account the fact that in the Mott regimethe diagonal terms
in the Hamiltonian prevail, the hopping matrix element being, by compar-
ison, small; in the super
uid phasethe hopping has the main contribution,
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Figure 3.4. Schmidt coe�cients � [25]
� during the adiabatic time-evolution

from hopping t=0.3 towards t = 0.002. The error � is the error due to the
truncation of the Hilbert space. As we expect all the Schmidt coe�cients
except one to go towards zero as we approach t = 0, we set a computa-
tional threshold of 2�10� 5, in the same time keeping a minimal number of
5 coe�cients in the expansion, for a reasonableaccuracy. We can see that
the smallest coe�cient disappears �rst. This approach savesa lot of com-
putational time, while keeping the desired accuracy, the computational time
scaling with the dimension of the Schmidt number � as Tcomp � � 3

deciding,by energeticconsiderations,the density pro�le of the system. Now,
becauseof the open boundary conditions, the �rst and the last lattice sites
get kinetic contributions only from oneneighbour, instead of two - as is the
casefor the other lattice sites - hencethe decreasein density.

One can as well get small 
uctuations in the density distribution from
the Trotter expansionof the unitary operator e� itH , while trying to �nd the
groundstateof the system. In the caseof the ST2, the variations area�ecting
the lattice sitesdependingon their parity, becausethere is onesweepfor the
odd siteswith the operator e� iG� and two sweepsfor the even siteswith the
operator e� i F �

2 . But this problemcanbeeasilydealt with by taking a smaller
Trotter step. Becausea small Trotter step meanslargecomputational times,
it is better to make the evolution �rst with larger steps,for longertimes, and
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Figure 3.5. The Lobe-like structure of the Bose-Hubbard model, for
the �rst lobe, n=1. The trajectories of constant �l ling factor are arranged
in decreasing order, the oneswith supra-unitary �l ling being above the Mott
lobe and the other onesbelow. One can observethe "bent down" form of the
lobe tip, as described in [27, 28], the model displaying the so-called "r e-entry
phase", whenby increasing the hoppingone can get back into the Mott phase,
given one allows the contact with a particle reservoir. The phasetransition
could not be located only from inspecting the structure of the lobe, becauseof
problemsencountered in the vicinity of the phaseboundaries.

afterwards to adjust the stepsto a smaller value, until one gets convenient
results. For example,using a Trotter step of � = 10� 3, the 
uctuations in
the on-site density causedby the Trotter expansionare of the order of 10� 8.

Oneshouldaswell observe in the picture 3.6 that although the super
uid
state has a mean occupation density of n=0.996, most of the points have
the density above one,but the density drop on the boundariescompensates
successfullyand leadsto a meanvaluesmaller than one. This could possibly
explain the errors in the constant-density tra jectories that are very closeto
one.
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Figure 3.6. Density variations in the super
uid state of the Bose-
Hubbard model, calculated for chemical potential � =0.095, hopping t=0.3,
mean particle density n=0.996 (ful l dots) and in the Mott state, chemical
potential � =0.4, hopping t=0.03, mean particle density n=1 (empty dots).

3.3.1 The densit y-densit y correlation function

To gain more insight on the boundary e�ects, we might look at the "normal-
ized" density-density correlation function,

C1(r ) = hn(0)n(r )i � hn(0)ihn(r )i

shown in the �gure 3.7.

3.4 The hopping correlation functions

We de�ne the hopping correlation function as following:

C(r ) = hby(0)b(r) i

In the super
uid phase,the correlation function is supposedto be decaying
algebraically, as:

CSF (r ) = ct�r � K
2
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Figure 3.7. The density correlation function C1(r ) = hn(0)n(r )i �
hn(0)ihn(r )i for the ground state of a systemwith a mean bosonic density of
n� 0.996.

In the �gure 3.8 we plot the hopping correlation function hby(0)b(r) i for the
ground state of a systemwith hopping amplitude t=0.3, and a particle den-
sity of n� 0.996.

In the caseof �nite systems,the local density 
uctuations showed above,
createdby the presenceof the boundaries,are producing disturbancesin the
correlation function hby(0)b(r) i . That's where the "tail" of the correlation
function comesfrom, as the r goes towards the end of the system. With
bigger systemsizes,the true power-low behaviour is more obvious and more
accurate. A �t for the curves above gives a parameter which is roughly
K� 0.65,a valuesomewhatbiggerthan what could expect to �nd; in [27,28],
the valueof K=0.5 waschosento characterizethe entry point in the super
uid
regime,in the caseof the BKT transition, K taking smallerand smallervalues
as the system is going further away in the super
uid regime. To make use
of this approach to accuratelydeterminethe transition point requiresbigger
systemsizes,in order to be able to make a proper extrapolation of the value
of K for the caseof in�nite systems. Fortunately, this is not very di�cult,
sincethe computational cost grows only linearly with the systemsize.

On the contrary, in the Mott phase, the hopping correlation function
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Figure 3.8. The correlation function hby(0)b(r) i for a systemin the su-
per
uid phase,with particle density n� 0.996 (cir cles) and n=0.4 (triangles),
for 50 lattice sites. The plot is on a logarithmic scale

decays exponentially ,

CM I (r ) = ct�r � j r j
�

as we can seein the �gure 3.9.

If in the super
uid regime, the hopping correlation functions obviously
displays boundarye�ects, this seemsnot to bethe casefor the Mott insulator,
at least for statesfar enoughfrom the BKT transition point. As in the case
of the density distribution, this stemsfrom the fact that in the Mott regime,
the non-hoppingterms in the Hamiltonian are decisive for the con�guration
of the system, the fact that the boundarieshave kinetic contributions only
from oneneighbour being lessimportant.

Maybe oneway of determining the location of the BKT transition point
in the caseof the Bose-Hubbardmodel would be to monitor the boundary
e�ects one the correlation functions of the system.
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Figure 3.9. Exponential decay of the hopping correlation function
hby(0)b(r) i in the ground state belonging to the Mott regime for di�er ent
magnitudes of the hopping matrix element. The hopping matrix element t
is set, for the �rst three, to t=0.01 , t=0.03, t=0.06 (fr om left to right),
the chemical potential was � =0.4, U=1. An exponential �t gives, at a turn,
� � 0.54, 0.5, and 0.32. The fourth diagram is obtained for the ground state of
a systemcloser to the Mott lobe tip, for � =0.22 and t=0.2. Slight boundary
e�ects can be observed, unlike thosewhich are further awayfrom the tip. The
decay is exponential, with � � 0.145; the �t was made using only the lattice
sites from the 5 to 44.

3.5 The location of the phase transition

Several studieshave beendoneto determine the critical transition point tc,
amongthem Quantum Monte Carlo simulations and DMRG studies[27, 28].

Valuesare ranging from tc=0.215 [29] for early Monte Carlo studies, to
tc=0.277 with more recent DMRG simulations [27, 28], tc=0.289 from a
Bethe-Ansatz solution [32] and values around tc=0.3 in other studies [30,
33, 31]. This shows that locating the BKT transition point is not a straight-
forward numerical exercise. In the DMRG studies, the hopping correlation
function behaviour with respect to the hopping element magnitude was in-
vestigated. The transition point was determined when the exponent K in
r � K

2 reached the critical value of K c = 1
2, previously known from the Lut-
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tinger liquid theory. Unfortunately, due to the boundary e�ects, we had to
useonly the �rst three lattice placesto determinethe value of the exponent
K ; for an accuratedetermination oneshould go to to di�erent systemsizes,
and extrapolate to the thermodynamic limit.

Figure 3.10. The exponent of the correlation function K plotted against
the hopping matrix element. The critic al value K c = 0:5 is reached at:
tc=0.2817� 10� 4

Using the samestrategy as in [27], we found the value of the hopping
element at the critical point K c = 0:5 of the phasetransition to be at
tc=0.2817� 10� 4. The value is in the range of those cited above, closeto
tc=0.277, from the DMRG studies. Still the value of tc is a lucky approxi-
mation, sincewe usedonly the �rst lattice sites, which provided reasonable
values,to determinethe critical exponent; larger systemsizesshouldbe used
for an exact localization of the transition.

In order to locate the transition point, we calculatedvia imaginary-time
evolution the ground state for a point closeto the Mott tip, but still inside
it; the chemical potential was set to � = 0:22 and the hopping to t = 0:2.
The hopping correlation function had an exponential behaviour, as can be
seenin �g 3.9, with the exponent � � 0:145,but had slight boundary e�ects.
The system was then evolved slowly changing the hopping matrix element
from t = 0:2 to t = 0:31. The behaviour of the hopping correlation function
during the evolution can be seenin �g 3.12.
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Figure 3.11. Hopping correlation function during the real-time evolution
for di�er ent valuesof the hopping matrix element.

Figure 3.12. Hopping correlation function during the real-time evolution.
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Chapter 4

Discussion

This diploma thesis has as its goal the implementation and testing of the
TEBD algorithm, choosingthe Bose-Hubbardmodel with on-site interaction
in onedimensionasthe test bed. The model displays two phases,a commen-
surate Mott insulator phase,with a energygap and an exponential decay of
the correlation function, hby

0br i and a super
uid phase,gaplessand with an
algebraicbehaviour of the correlation function.

A comprehensive outline of the TEBD algorithm as it wasoriginally pre-
sented in [13, 15] was given, and adding to that, a thorough estimate of the
error sourcescomprisedin the implementation of the algorithm and in the
algorithm itself wasdone;knowing the errors,onecan adjust the parameters
of the simulation to obtain the desiredaccuracy. Also, a foreseeableimprove-
ment wasaddedto the original scheme,using a adaptive Schmidt dimension
scheme to gain computational speed, a goal that has been successfullyat-
tained.

A small summary of the Bose-Hubbardmodel was provided, describing
its most relevant features for our simulation, i.e. the phasediagram of the
ground state, the properties of the system in the two phasesand the be-
haviour of the correlation functions.

Wecalculatedthe groundstateof the Bose-Hubbardmodelvia imaginary-
time evolution, for di�erent valuesof the hopping matrix element t, keeping
all the time during the simulations the on-site interaction matrix element U
equal to one. Henceall parametersare normalized, being given in units of
U.

Concerningthe phasesof the Bose-Hubbardmodel, the lobe-like shape of
the phasediagram was recovered, albeit only for the �rst lobe, with on-site
density n=1. For this, adiabatic real-time evolution interpolating between
the ground state belonging to the super
uid regime of the Bose-Hubbard
Hamiltonian and the ground state from the Mott insulator regimewereper-
formed. Moreover, the "b eak-like" pro�le of the lobe was recovered, as pre-
viously shown in recent DMRG studies [27, 28]. Unfortunately, due to the
proximit y of the BKT transition point, isentropic tra jectories running to
closeto the phaseboundary were distorted and inaccurate, not allowing a
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localization of the lobe tip, wherethe BKT transition is supposedto occur.
In the caseof the Mott regime, the meanoccupation number was found

to be one, as expected, and the hopping correlation function displayed an
exponential decay:

hby(0)b(r )i� e� r
� :

The number density 
uctuations wereusually minimal, generatedonly from
the Trotter expansione� i� H = e� i F

2 e� iG e� i F
2 of the exponential operator,


uctuations which can be successfullyminimized by lowering the Trotter
step � . This was not always the case: states closer to the tip of the Mott
lobe had density 
uctuations similar to the super
uid regime, but not so
pronounced.

For the super
uid regime,ground stateswith various meanbosonicden-
sity were computed; to control the mean density, the chemical potential �
wasused. Unlike statesfrom the Mott regime,the density pro�le for ground
states in the super
uid regimedisplayed boundary e�ects, the on-site occu-
pation number having a suddendrop at the boundaries. Sincewe prepared
ground states with mean densitiescloseto one, for the adiabatic real-time
evolution, the boundary e�ects led to the awkward situation wereonehad an
averagedensity smaller than one, but most of the lattice sites with bosonic
densitiesbigger than one.

The hopping correlation function had an algebraicbehaviour:

hby(0)b(r )i� r � K
2 ;

but it's shape was a�ected by the boundary e�ects described above.
The transition point wascomputedmonitoring the behaviour of the hop-

ping correlationfunction during the real-timeevolution with a time-dependent
Hamiltonian, with the hopping matrix element varying from t = 0:2 to
t = 0:31 during the evolution. The transition point was found to be at
tc = 0:2817, close to the values from other studies. Locating the critical
point was still a hazardousenterprise, becauseof the limited sizeof the sys-
tem and the pronouncedboundary e�ects. For a more exact result, one
must use di�erent and bigger system sizes,in order to be able to make an
extrapolation to the thermodynamic limit.

The TEBD algorithm proved to be a powerful tool for the simulation of
the Bose-Hubbardmodel. The truncation of the original Hilbert spacecanbe
adjusted in such a way as to keepthe computational errors reasonablysmall
and in the sametime pro�t from the fact that the Hilbert spacedimen-
sion is sensibly reduced. The Suzuki-Trotter expansionof the exponential
time-evolution operator e� iH t o�ers the opportunit y to work with unitary
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operators, thus conservingthe norm of the function of state, total particle
number etc.

For the caseof real-time evolutions, the advantage of TEBD over other
techniquesis that the renormalizationof the state function after the applica-
tion of the time-evolution operator U� = e� iH � is doneat every discretestep
� , thus working all the time with a normalized function. The continuous
time-evolution can be faithfully approximated by a sequenceof two-qubit
unitary gates,the update of the function taking placeafter each application
of one of thesegates. Moreover, this fact allows the possibility of faithfully
simulating time-dependent Hamiltonians, a very useful feature in the �eld.
We made use of this for the isentropic interpolations, were we varied the
hopping matrix element t in time.

Unfortunately, it seemsthat the implementation of periodic boundary
conditions for the TEBD scheme is a cumbersomething to do, although
feasible. The fact that, for the time being, only systemswith open bound-
ary conditions can be simulated imposesa limitation on the TEBD. As we
have seen,the hopping correlation functions in the super
uid regimeshowed
boundary e�ects.
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