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Abstract

Recertly, Guifre Vidal [12, 15] has proposedan algorithm which can be
successfullyusedwhenhaving to simulate quartum stateson one-dimensional
setupscharacterizedby a smallamourt of ertanglemen, arequiremen which
is ful lled by alarge classof quantum many-body systemsin onedimension.

The procedurehasbeendubbedtime-ewlving block-decimation (TEBD),
becauseit dynamically identi es the relevant low-dimensionalHilbert sub-
spacesof an exponertially larger original Hilb ert space.

The presen work descrikesthe algorithm, shows its implemertation, is
assessinghe errors comprisedin the Hilbert spacetruncation and tests it
on a Bose-HubbardHamiltonian, looking at the properties of the systemin
the ground state and performing time-ewlutions of a time-dependert Bose-
Hubbard Hamiltonian.



Zusammenfassung

Kurzlich wurde von G. Vidal [12, 15] ein Algorithmus vorgesbalagen, der
im Fall schwad versdirankter Quantensystemen einer Dimensionerfolgreid
angevendet werden kann, eine Eigenstaft, die auf eine weite Klasse von
eindimensionalenQuartenvielteilchensystema zutri t.

Das Verfahrenwird audh als 'zeitentwickelte Blockdezimierung' (ZEBD)
bezeibet, da esdynamisd die relevanten niedrigdimensionalenUnterraume
exponertiell gro er Hilbertraumeiderti ziert.

Diese Arbeit besdireibt die ZEBD Methode, zeigt Implemertierungen
derselken, quarti ziert die Fehlerim Zusammenhangnit der Hilb ertraum-
zerlegungund testet den Algorithmus am Beispiel deszeitabhangigenBose-
Hubbard Hamiltonians.






Contents

Chapter
11
1.2

1.3
1.4

15

1.6

1.7

Chapter
2.1
2.2
2.3
2.4
2.5

Chapter
3.1
3.2
3.3

3.4
3.5

7
Contents

1. The Algorithm 9
Introduction . . . . . . ... 9
The enanglemert measure. . . . . . ... ... ... ..... 11
1.2.1 Entanglemer of purestates . . . . .. ... ... ... 11
1.2.2 The Sdymidt decompsition . . . . .. ... ... ... 12
1.2.3 Theertropy ofertanglement . . . . .. .. ... .... 13
Vidal's decompsitionofstate . . . . .. .. ... .. ..... 15
The update of the decomysition . . . . .. ... ....... 17
1.4.1 One-qubit gatesactingonqubit k . . . ... ... ... 17
1.4.2 Two-qubit gatesacting on qubits k, k+1 . . . . .. .. 17
1.4.3 The computationalcost . ... .. ........... 19
The numerical simulation . . . . . .. ... ... ........ 19
1.5.1 The Suzuki-Trotter expansion. . . . . ... ... ... 19
1.5.2 Simulation of the time-ewlution . . . . . .. ... ... 21
Error sources . . . . . .. 23
1.6.1 Errors coming from the Suzuki-Trotter expansion . . . 23
1.6.2 Errors comingfrom the truncation of the Hilbert space 23
1.6.3 Totalerror. . . ... ... .. . . .. ..., 25
Adaptive Sdmidt dimension. . . . . .. ... ... ... 26

2. The Bose-Hubbard model 27
The Bose-HubbardHamiltonian . . . . .. ... ... ..... 27
The Bose-HubbardHamiltonian in the secondquartization . . 29
Phasediagram of the groundstate . . . . .. ... ... ... 31
Phasetransition of Berezinskii-Kosterlitz-Thoulesstype . . . . 32
Correlation functions . . . . . ... ... ... ... .... 33

3. The numerical simulation 35
Thegroundstate . . . ... ... ... ... .......... 35
The structure of the Mott lobes . . . . . . ... ... ... .. 36
The on-sitedensity uctuations . .. .. ... ......... 38
3.3.1 The density-density correlation function . .. ... .. 41
The hopping correlation functions . . . . . ... ... ..... 41

The location of the phasetransition . . . . . .. ... ... .. 44



8 Contents

Chapter 4. Discussion 47



Chapter 1
The Algorithm

1.1 Intro duction

There is nowadays a considerableinterestin the eld of quartum the-
ory for computational methods well-suited to the physicsof many-body sys-
tems. Consideringthe inherert di culties of simulating general quartum
marny-body systems,the exponertial increasein parameterswith the size of
the system,and correspndingly, the high computational costs,one solution
would be to look for numerical methods which deal with special caseswhere
onecanprot from the physicsof the system. The raw approad, by directly
dealingwith all the parametersusedto fully characterizea quartum many-
body systemis seriouslyimpededby the exponertial increasein the number
of parameterswith the sizeof the system,which leadsto unreasonablylong
computational times and extendeduseof memory To get around this prob-
lem a number of various methods have beendeweloped and put into practice
in the courseof time, one of the most successfulbnesbeing the Quantum
Monte Carlo Method (QMC). Also the density matrix renormalization group
(DMR G) method, next to QMC, is a very reliable method, with an expand-
ing community of usersand an increasingnumber of applicationsto physical
systems.

Whenthe rst quartum computerwill be pluggedin and functioning, the
perspectivesfor the eld of computational physicswill look rather promising,
but until that day one hasto restrict oneselfto the mundanetools o ered
by classicalcomputers. Sofar, accordingto our knowledge,there are some
proposalsfor building a quantum computer, like trapped ions, cavity QED,
quartum dots, and NMR - where one has succeededn building a working
7-qubit quartum computer. While experimertal physicists are putting a lot
of eort in trying to build the rst quantum computer, theoretical physi-
cists are seartiing, in the eld of Quantum Information Theory (QIT), for
geruine quantum algorithms, appropriate for problemswhich would perform
badly when trying to be solved on a classicalcomputer but pretty fast and
successfubn a quartum one. The seart for sud algorithms is still going,
the best-knovn (and almost the only onesfound) being the Shor factoriza-
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tion algorithm and Grover's seard algorithm. Shor'salgorithm has already
beenimplemerted in the 7-qubit NMR [1Q and later, an implemertation of
a fetching algorithm on the samesystemhasbeenpresened [11].

In the eld of QIT onehasto identify the primary resourcesnecessary
for geruine quantum computation. Sud a resourcemay be responsible for
the speedupgain in quarntum versusclassical,identifying them meansalso
identifying systemswhich can be simulated in a reasonablye cient manner
on a classicalcomputer. Sud a resourceis quarntum entanglemer; hence,it
is possibleto establisha distinct lower bound for the erntanglemer needed
for quantum computational speedups.

Guifre Vidal, from Institute for Quantum Information, CalTed, haspro-
poseda sdhemeusefulfor simulating a certain categoryof quantum systems
[12]. He assertsthat "any quantum computation with pure states can be
e ciently simulated with a classi@l computer provided the amount of entan-
glementinvolved is su ciently restricted”. This happensto be the casewith
genericHamiltonians displaying local interactions, as for example,Hubbard-
like Hamiltonians. The method exhibits a low-degreepolynomial behavior
in the increaseof computational time with respect to the amourt of entan-
glemen presen in the system. The algorithm is basedon a stheme which
exploits the fact that in these one-dimensionalsystemsthe eigervalues of
the reduceddensity matrix on a bipartite split of the system are exponen-
tially decging, thus allowing us to work in a resizedspacespannedby the
eigervectors correspnding to the eigervalueswe selected.

Onecanalsoestimatethe amourt of computational resourcesequiredfor
the simulation of a quantum systemon a classicalcomputer, knowing how
the entanglemen cortained in the systemscaleswith the sizeof the system.
The classically (and quartum, aswell) feasiblesimulations are those which
involve systemswhich are only a trie entangled, the strongly entangled
onesbeing, on the other hand, good candidatesonly for geruine quantum
computations.

The numerical method is e cient in simulating real-time dynamics or
calculationsof ground statesusing imaginary-time ewolution or isertropic in-
terpolations betweena target Hamiltonian and a Hamiltonian with a already-
known ground state. The computational time scaledinearly with the system
size,hencemany-particles systemsin 1D can be investigated.

A very useful feature of the TEBD algorithm is that it can be reliably
employed for time ewlution simulations of time-dependert Hamiltonians,
describingsystemswhich can be realizedwith cold atomsin optical lattices,
or in systemsfar from equilibrium in quartum transport. From this point of
view, TEBD hasa certain ascendancever DMRG, a very powerful technique,
but not very well suited for simulating time-ewlutions.
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The TEBD algorithm is easily translatable to the languageof matrix-
product states (MPS), thus making it accessibléo the DMRG comrmunity.
Moreover, it can be implemerted in DMRG semes,producing a versatile
type of "adaptivetime-dependent” DMRG [1]. The computational properties
of the TEBD stemewere also briey tested on the Bose-Hubbardmodel,
the simulation results being comparedwith an exact solvable small system
[4].

After Vidal's proposal, other groups have deweloped similar approates
in which quantum information plays a predominat role as, for example, for
studying mixed-state dynamicsin one-dimensionalquantum lattice systems
[5], for calculating nite-temp erature and dissipative 1D systems][7, 8], or
in DMRG implemertations for periodic boundary conditions [6]. A natural
extensionof the MPS to two and higher dimensions the projected entangled-
pair states (PEPS) was deweloped by Verstraeteand Cirac [9].

The thesisis organizedas follows: in the rst chapter we begin by pre-
serting a de nition of entanglemern; we then establish a suitable measure
of ertanglemen. We cortinue by outlining the method proposedby Vidal,
shoving how to update the state after application of one-qubit gates and
two-qubit gates, how to build the nearest-neigbour Hamiltonian in terms
of sudh gates,and how to perform the time-ewlution of the state. We also
make a thorough estimate of the errors comprisedin the simulation of the
time-ewlution. The secondchapter preserts the one-dimensionalHubbard
model with on-site interaction, its phasediagram and correlation functions
in the di erent phases.The third chapter is dedicatedto the results of the
numerical simulation, recovering the phasediagram, the correlation functions
and determining the position of the Mott-super uid transition. The thesis
concludeswith a discussionwherewe reviewthe theoretical badkground, the
results obtained and discussthe strong points and the disadwantages of the
TEBD algorithm.

1.2 The entanglemen t measure

1.2.1 Entanglemen t of pure states

The ertanglemern is a key ingrediernt of the TEBD algorithm, henceis im-
portant to de ne it and to establisha measureof ertanglemen. Quantum
ertanglemen (QE) is a phenomenoncon ned to the quantum world, ac-
courting for correlations betweenthe measuremen results on the di erent
parts of a quantum system,ewen if they are spatially apart. QE hasbecome
an essetial resourcefor the rapidly deweloping new branch of physics, the
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physicsof quartum information, being alsousedin a sthemefor performing
teleportation of quartum states.

Def: A bipartite pure state,i.e. aprojectorj ih jonavectorj i 2Ha Hg
is entanglel i is not semrable,i.e. j i cannot be written as a product vec-
tor, j i=j Aij Bi,wheej Ai 2 Ha,j Bi 2 Hg [2, 3].

For example, let us take the case of two qubits, j i 2 Ha Hg,
dim(Ha)=dim(Hg)=2. The statej ;i = jOl is a product state. On the
other hand, the state| .i = pl—i(jOJJ + j10) cannot be written asa product
state, thereforeis ertangled.

1.2.2 The Schmidt decomp osition

An insightful mathematicaldescriptionof a bipartite stateisthe Sdmidt
decompsition. Let usconsiderthe state of a bipartite systemj i 2 Hy Hsg.
Every sut statej i canberepreseted in a appropriately chosenbasisas

L (1.1)

wherej & Bi =j Ai j Bi areformed with vectorsj #i that make an

orthonormal basisin H, and, correspndingly, vectorsj Bi which form an
orthonormal basisin Hg, with the coe cients a being real and positive,

a? = 1. This is calledthe Sthmidt decomsition of a state. The summa-
i=1
tion can go up to My ax = min(dim(H,);dim(Hg)), the lowest of the two
Hilbert spaces The Sdmidt rank of a bipartite split is given by the number
of non-zeroScmidt coe cients a. If the Sdimidt rank is one, the split is
characterizedby a product state. The vectorsof the SD are determined up
to a phaseand the eigervaluesand the Sdtmidt rank are unique.

For example,the two-qubit state:
ji= —F:)L—'OOi + ié'O]j + j@g'l()i + —p:)L—'l]j'
: P Py Py P

hasthe following SD:
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with
- A — 1 1
11—19—2(J0|+J1|) P—Z(JOHJll)
. 1 R 1 .
j 11 = p=({0.i jLi); j Pi=p=(jLi jOsi):

NI
NI

On the other hand, the state:
1 1 [ i
i i = p=j00 + p—j01li —j10 —j1li;
J 9—31 9—61 19—3J 19—6J
is a product state:

I A S N S SN
j 1= (pT_gjOAl p—élel)(jOBl + p—élel).

1.2.3 The entrop y of entanglemen t

Using the Sdmidt decomposition of a state, a suitable measureof entangle-
mert for bipartite pure statescan be constructed.
The entropy of entanglements:

E(G ih )= Tr(sln ); (1.2)

where g = Tra( ) is the reduceddensity matrix, obtained by performing
the partial trace over Hp.
Writing the operator g explicitly, in its own eigerbasis:

B = Tra(j ih j)

X/l - A.. A.»I B. B.
= Tra( &j 7 fi ah7jh 7))
i=1 j=1
= & ’ih P
i=1
The samegoeswith 5 = a,J Bih Bj. It canbe seenthat the squared

Sdmidt coe cien ts arethe elgen/aluesof both reduceddensity matrices, a
and g. The enropy of the state is:

- - - )M
EG ih j)= &’ In(af): (1.3)

i=1
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The entropy of entanglemen is zerofor product states,with one Sdmidt
coe cient equalto oneand all the otherszero. In the sametime, the ertropy
is maximal if all the Sdimidt coe cients are equal, as it is the casefor
maximally ertangled states.

Conveniertly changing the basisof the logarithm, the ertropy of entan-
glemen becomes:

E()= o 10g (1) = logy (M) = 1

Other measuresf erntanglemen can be used,as for example

E()=log,( );

where is the Sdmidt rank.

Let us consider a chain of N qubits, descrited by the function
j i 2 HN . One can take the measureof ertanglemen for a bipartite
split A:B to be Ex.g = log,( ), beingthe Sdmidt rank of the bipartite
split.

An appropriate entanglemert measurefor the chain could be given by the
highest Sdtmidt rank over all bipartite splits:

E = |ng( MAX ); (14)

where yux = MaXus ( as )-

The maximum value canbe E = log,(27) = . hence0 E .

| E is zero,the state is a product state, with no ertanglemen what-
scewer. For example,for the j ;i = pl—é(jOJJ + j10) state, the ertropy of
entanglemen is:

R | 1.
E(J +1)=2 élogz(é) =1
E hasthe qualities of a good entanglemert measure:

i) it is zerofor product statesand maximal for maximally ertangled states

ii) it isentanglemen monotone,decreasesinderdeterministic and stochas-
tic local manipulations of the system[13]

iii) it is additive undertensorproducts,i.e. E ( 9=E () +E ( %)

iv) in the caseof the bipartite splitting it upper boundsthe more accurate
ertropy of ertanglemen, introducedabove, and reducesto it for maximally
ertangled states[14].
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1.3 Vidal's decomp osition of state

The most natural way of describingj i 2 HN would be using the local
d" -dimensionalbasis,f ji1;iz;in 1ini O

- . >(/I .- - - . .
J 1= Gy inrizy i arind: (1.5)
i=1
Vidal, in [13],[19 proposeda special way for writing the coe cien ts Ci,i, i, ,
that is

Wi [ @iz 2 Bis B .. Malive ] NI (1 6)
3

Cipiguiy = 1 1 12 2 23 N2 N-1 N-1 N
;0 N =0

Hence,instead of dV initial terms, thereare 2d(n 2)+ 2d + (n 1) .
Apparertly this is just a way of re-writing the coe cien ts ¢;,j,.i, , but in fact
there is moreto it than that. Assumingthat N is even, the Sdmidt rank
for a bi-partite cut in the middle of the chain can have a maximal value of
dV=2; in this casewe end up with at leastdN d(n 2) coe cien ts, considering
only the 2 ones,morethan the initial dY. But in fact this provesto be quite
usefulwhendealingwith systemswhich exhibit alow degreeof entanglemen,
which fortunately happensto be the casewith many 1D systems,wherethe
Sdmidt coe cien ts of the ground state deca in an exponertial mannerwith

M eK K > 0
| ! )

Thereforeit is possibleto take into accourt only someof the Sdmidt co-
e cients (namely the largest ones), dropping the others and consequetly
re-normalizing the state:

. 1 ¢ 1. N
ji=s [|]IJ [1|"I]Ij [||+1..N]|; (1.7)
Pe i [|]j2 =1
|

=1

where . is the number of kept Sdmidt coe cien ts.

To ervisagethe advantage of this decomposition (let us call it D from
now on), we shall considerthe caseof 50 qubits in a chain. A dimension of
10, let's say, for the . would be a reasonablechoice, as shavn by numerical
studies[15], meaningroughly 10000coe cien ts (lessthan 2!4), ascompared
to 2%,
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But let us seehow we explicitly build the decommsition D. Consider
the bipartite splitting [1]: [2::N]. The SD will have the coe cients ™ and
eigervectors ”}ij [Zj:N]i. By expandingthe j [1l]i's in the local basis, one

can write;

j i = [11]i1 [11]“1” [21::N]i:
i1; 1=1

The processcan be decompsedin three steps,iterated for ead bond (and,

correspndingly, SD) in the chain, accordingto [15].
[2:NT.

Step 1: expressthe j *;"'i's in a local basisfor qubit 2:
X NI
j [21::N]i - ji i [3;-i-'2\|]|:

i2

i are usually unnormalized.

The vectorsj [3;:
N1 in terms of the at mostt  Sdimidt

Step 2: write ead vector j )
vectorsj BN and, correspndingly, the coe cients @:

[3:N] _ X [2li2 [2]j [3:NTj -
112 12 2 2 .
2

Step 3: make the substitutions and obtain:

ji= * [1}“ [1} [2}”2 [zgjilizij [32:’N]i: (1.8)
i1;12; 15 2
Repeating the steps1 to 3, on can construct the whole decompsition D.
The last 's are a special case,like the rst ones,expressingthe right-hand
Sdimidt vectorsat the (N 1)" bond in terms of the local basisat the N
lattice place.
As shown in [15],it is straightforward to obtain the Scimidt decompsi-
tion at k™ bond, i.e. [1::k] : [k + 1::N], from D.
The Sdimidt eigervalues,are given explicitly in D:
X
ji= [kk]J [1k..|<]IJ [kk+l..N]|:
k

The Sdmidt eigervectorsare simply:

X _ .
j [1k..k]i - [11]|1 [1} [kk]lkl iz

lvidal's emphasis
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and the right-hand ones:
X

[k+1::N]i — [k+1]ig+1 [k+1] N-1 [NJin
K

Kk k+1 k+1 NPRRRR LSS RS RRINER

j

1.4 The update of the decomp osition

One can proceednow to investigate the behaviour of the decomposition D
when acted upon with one-qubit gates (OQG) and two-qubit gates(TQG)
acting on neighbouring qubits. We will seethat instead of updating all the
2N coe cients ¢, » We will restrict ourselesto a number of operations
which increasein  asa polynomial of low degree thus saving computational
time.

1.4.1 One-qubit gates acting on qubit k

The OQGs are a ecting only the qubit they are acting upon, the update
of the state | i after an unitary operator at qubit k does not modify the
Sdmidt eigervalues or vectors on the left, consequetly the ¥U's, or on
the right, hencethe ™®9's. The only 's that will be updated are the I's
(requiring only at most O(d  2) operations), as:

. X .
L [P Ujl: [Klik

k-1 k k1 k©

1.4.2 Two-qubit gates acting on qubits k, k+1

The changesrequired to update the 's and the 's, following a unitary
operation V on qubits k,k+1, concernonly X and k*1  They consistof
anumber of O(d °) basicoperations.

Following Vidal's original approad), j i canberegardedasbelongingto only
four subsystems:

H:JH(;HDK:

The subspace) is spannedby the eigervectorsof the reduceddensity matrix:

X 5 X
[Lik1] — ( [k»l])j [L:k1lify [1::k-1]j — ( [k-1])2j ih j:
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In a similar way, the subspace is spannedby the eigervectorsof the reduced
density matrix:

X X
[k+2 ©N] — ( [k+1])2j [ke2 :NTjpy  [ke2 ::N]j — ( [k+1 ])Zj ih j:

The subspaceddic and Hp belongto the qubits k and k+1.
Using this basisand the decomposition D, j i canbe written as:

X X , .
[eal @ (el @i T i (1.9)

;oo =l =l

Usingthe samereasoningasfor the OQG, the applying the TQG V to qubits
k, k+1 oneneedsonly to update ©, and ®. Wecanwritej 9=Vj i as:

X x
j 4= T

;o =l =1
where

X xd
i — ij [cm [Ohn .
Van X
=1 mn=1

To nd out the newdecompsition, the new 's at the bond k and their cor-
responding Scmidt eigervectors must be computed and expressedn terms
of the 's of the decompsition D. The reduceddensity matrix 1°K1isthen
diagonalized:

X e
9 = Tr.j 9h §= TR
o0

where

3 X . 2 m i
o= J 1"

The squareroots of its eigervaluesare the new 's.

Expressingthe eigervectorsof the diagonalizedmatrix in the basisfj | ig
the [P!'s are obtained aswell:
IDK]j = X aD]j

j i
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From the left-hand eigervectors,

oj O[JC]i “h O[DK]j § = X ( 0[D]J’) ij ( )2 ] i

;s
after expressingthem in the basisfji ig, the ©'s are:

X o
j POi= i

1.4.3 The computational cost

The dimension of the largest tensorsin D is of the order O(d ?2); when
constructing the I one makesthe summation over , m and n for eah

; ;i;j,addingup to atotal of O(d* 3) operations. The sameholdsfor the
formation of the elemens ' ,, or for computing the left-hand eigervectors

°i P9, amaximum of O(d® 3), respectively O(d? 3) basic operations.
In the caseof qubits, d = 2, henceits role is not very relevant for the order
of magnitude of the number of basic operations, but in the casewhen the

on-site dimensionis higher than two it hasa rather decisiwe cortribution.

1.5 The numerical simulation

1.5.1 The Suzuki-T rotter expansion

The numerical simulation is targeting (possibly time-dependern) Hamiltoni-
ans of a systemof N patrticles, which are composedof arbitrary OQGs and
TQGs:

X X
Ho= K+ kO™
=1 =1

It is usefulto decommseH , asa sumof two possiblynon-conuting terms,
H, = F + G, where

X | I;1+1 X |
F (Ki+Ky™y=  FO;
even | even |
and
X _ X
G KL+ KMy = Gl

odd | odd |
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Any two-body terms comnute: [F'; F[19] = 0, [G!1; GI'] = 0.

This is donein order to be able to make the Suzuki-Trotter expansion
(ST) [16] of the exponertial operator. The Suzuki-Trotter expansionof the
rst order (ST1) represeis a generalway of writing exponertial operators:

e(A+ B)

= lim (even)"
n!l

or, equivalertly

e **® = lim[e e ® + O( 2)];
where = 1.
A higher accuracy at low supplememary computational cost, can be

gainedby using the second-orderSuzuki-Trotter (ST2) expansionof an ex-
ponertial operator, which readsas:

e (A*B) = gzheBez? + O( 3):

The correctionterm vanishesin the limit ! 0.

For simulations of quantum dynamicsit is usefulto useoperators which are
unitary, conservingthe norm (unlike power seriesexpansions),and there's
wherethe Trotter-Suzuki expansioncomesin. In problemsof quartum dy-
namicsthe unitarity of the operatorsin the ST expansionprovesto be quite
practical, sincethe error tends to conceirate in the overall phase,thus al-
lowing us to faithfully compute expectation valuesand consenred quartities.
Becausethe ST consenesthe phase-space/olume, it is called also a sym-
plectic integrator.

The trick of the ST2 is to write the unitary operatorse "t as:

e HhT — [e iHn ]T= — [eEFeGegF]n;

wheren = L. The number n is called the Trotter number.
The operatorsez™, e © are easyto express,as:

Y
= e
odd |

|
F sFI

ez
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sinceany two operatorsF [, FI7 (respectively, GI',GI"l) comnute for 16 1°and
a ST expansionof the rst order keepsonly the product of the exponertials,
the approximation becoming,in this case,exact.

The time-ewlution can be madeaccordingto:

jT.i=elzfel ez Fji;

For eath "time-step" , e 127" are applied successiely to all odd sites,
then e ' " to the even ones,and e 'zF"' again to the odd ones; this is
basicallya sequenc®f TQG's, andit hasbeenexplainedabove how to update
the decommsition D when applying them.

1.5.2 Simulation of the time-ev olution

Our goalis to make the time ewlution of a state i for atime T, towards
the state ] ti usingthe n-particle Hamiltonian H,,.

It is rather dicult to construct the decompsition D for an arbitrary
n-particle state, since this would mean one has to compute the Sdimidt
decompsition at ead bond, to arrangethe Sdmidt eigervaluesin decreasing
order and to chosethe rst . and the appropriate Sdtmidt eigervectors.
But this would imply diagonalizing huge reduced density matrices, which,
depending on the systemone hasto simulate, might prove cumbersometo
do, if not impossible.

Instead, onecantry to do the following:

i) construct the decompsition D for a simple initial state, let us say,
someproduct statej pi, for which the decompsition is straightforward.

i) relatej oi to the ground state j i of a Hamiltonian 14 by a su -
ciertly local transformation Q (one that can be expressedas a product of
TQGs, for example)j oi = Q] i

iii ) make an imaginary-time ewlution towards the ground state of the
Hamiltonian 14, j 41 accordingto:

I'q . .
Pgi=lm =P
Sone el
or, alternatively, simulate an isertropic ewlution using a time-dependert
Hamiltonian, which interpolatesbetweenthe Hamiltonian H,, which hasthe
product statej pi asits ground state, and the Hamiltonian 1§ ; the ewolution
must be doneslow enough,sud that the systemis always in the ground state
or, at least, very closeto it.
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iv) nally, make the time-ewlution of the statej oi towards ;i using
the Hamiltonian H:

iHnT;

jTi=e JOi:
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1.6 Error sources

The errorsin the simulation are resulting from the Suzuki-Trotter approxi-
mation and the involved truncation of the Hilbert space.

1.6.1 Errors coming from the Suzuki-T rotter expan-
sion

In the caseof a Trotter appraximation of p*" order, the error is of order P*.

Taking into accourt n = T steps,the error after the time T is:

:Ip"'l:Tp:

The unappraximated state is:

jmTri = 1 2j Tri+ J :rla

wherej 7,1 is the "unapproximated" state, | ;i is the state kept after the
Trotter expansionand j ?i accours for the part that is neglectedwhen
doing the expansion.

The total error scaleswith time T as:

(=1 jh3j ij?=1 1+ 2= %

wherejh™,j +ij? canbe seenasthe delit y of the approximation.
Hence,for the ST2, the error due to the decompsition scalesas:

(1)' T?*

1.6.2 Errors coming from the truncation of the Hilb ert
space

Consideringthe errors arising from the truncation of the Hilb ert spacecom-
prisedin the decompsition D, they are twofold.

First, aswe have seenfrom (1.7), the smallestcortributions to the Sdmidt
spectrum are left away, the state being faithfully represeted up to:

N( 1
(p)=1 @ n

where
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is the sum of all the discardedeigervaluesof the reduceddensity matrix, at
the bond n.
The statej i is, at a given bond n, described by the Sdimidt decomp-
sition:
=T i+ P 2

where

X
j oi = p— lj [anlj (1N

1 n n:1
is the state kept after the truncation and

. 2 - 1 X [n]. [1n] [n+l..N].
J ol = p= S

n

n= ¢

the state formed by the eigenfunctionscorrespnding to the smallest,irrele-
vant Scmidt coe cien ts, which are neglected.

Using the sameargumert asfor the Trotter expansion,the error after the
truncation is:

. - ..2 X 2
n=1 jhj,ij?= (M=

After moving to the next bond, the state will be, similarly:
j ol = P T o %i+ P %
The error, after the secondtruncation, is:
=1 jhjgii*=1 (1 aa)ihjosi®?=1 (1 )@ )

and soon.

The seconderror sourceenfoldedin the decomposition D is more subtle
and requiresa little bit of calculation.

As we know from (1.7), the renormalization constart after making the
truncation at bond | ([1::1]: [I + 1::N]) is:

\67
S —
to =P

=1
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Now let us go to the bond I-1 and calculate the norm of the right-hand
Sdmidt vectorsk ['I_ll“N] k. Takinginto accoun the full Schmidt dimension,
the norm will be:

X 2 2 X 2 [H2
r]l:]-: (C|1|)([D+ (C|1|)([]|):Sl+82;

=1 1= ¢

where

(c, )?= X (M Mmoo
i=1

Taking into accourn the truncated space,the norm is:

X X (" s
n, = (c ., I)2( Qll])z = (c ., |)2 R' = EZ
=1 =1
Taking the dierence, =n, n;=n, 1, weget:
S 1 R |
== 1 = IO
R R 1 | 1to

Hence,whenconstructing the reduceddensity matrix, the trace of the matrix
is multiplied by the factor:

1 2

- - ..2_
jhoj oijc=1 T

1.6.3 Total error

The total error, consideringboth sources,is upper boundedby:

1 Yiy o N 1
(p)=1 1 n) 1 =1 1 2n):

n=1 n=1 n=1

When using the Trotter expansion,we do not move from bond to bond, but
betweenbondsof sameparity; moreover, for the ST2, we make a sweepof the
even onesand two for the odd. But newertheless,the calculation presened
above still holds. The error is evaluated by repeatingly multiplying with the
renormalization constart, ead time we build the reduceddensity matrix and
selectits relevant eigervalues.
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1.7 Adaptiv e Schmidt dimension

Onething that cansave a lot of computational time without lossof accuracy
is to use a dierent Sdmidt dimension for eat bond, keeping only the
necessaryamourt of relevant coe cients, as usual. For example,taking the
rst bond, in the caseof qubits, the Sdimidt dimensionwill be just two.
Hence, instead of futilely diagonalizing, let us say, 10 by 10 or 12 by 12
matrices, we can just restrict oursehesto ordinary 2 by 2 ones,thus making
the algorithm generallyfaster. What we cando insteadis seta threshold for
the eigervaluesof the SD, keepingonly thosethat are above the threshold.
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Chapter 2
The Bose-Hubbard model

2.1 The Bose-Hubbard Hamiltonian

The Hamiltonian on which the algorithm wastested on is the Bose-Hubbard
Model (BHM).

The Hubbard Model (HM) bearsthe name of John Hubbard, who intro-
ducedthe model in 1960[17] in order to descrike electronic correlationsin
narrow energybands. The Hubbard Model wasinitially proposedasa model
for electronsmoving in a lattice, but it canbe aswell usedfor strongly inter-
acting bosonicsystemg[20], represeted by composite strong-bound fermions
which behave like bosons,or bosonicexcitations with repulsive interactions.
The experimertal implemertation was done using cold atoms in a periodic
optical lattice potertial [21], [22].

The Hubbard Model can be usednot only to descrike the behaviour of
the electronsin solids with narrow energy bands, but also to study band
magnetismin iron, cobalt or nickel, the Mott metal-insulator transition [23],
or the quantum phasetransition in a bosonicsystemof particles hoppingin
a lattice potertial from the super uid phasewith a long-rangecoherenceo
a Mott phasewith a xed on-site number of atoms and reduced uctuations
in the atom number [22], amongothers.

In a solid, ions and electronsare lying on a three-dimensionalcrystalline
structure. Becausethe ions have a bigger mass comparing to the elec-
trons, one can usethe appraximated picture where the ions form a three-
dimensional static lattice, following the idea of the Born-Oppenheimerap-
proximation, which decouplesthe nuclear and electronic movemerns. The
electronsmove in this lattice, and their dynamicsis descriked by the Hamil-
tonian:

X p2 X
= %+\/|(Xi))+_ Ve(xi Xj)

i=1 i<j

whereN represets the number of electrons, V, is the periodic ionic potential
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of the lattice and
Ve(Xi X)) = ——

is the Coulomb repulsion potential betweenthe electrons.
This Hamiltonian can be rewritten, by subtracting and adding an auxil-
iary potential Va(x) [23]:

X 2 X
_ Pi _ VY
H = ~ (—Zm + V(x,)) + . U(Xi;X;);

where
V(X) = Vi(X) + Va(x);
and

1

(Vi) Va@y)):
N 1

Ux;y) = Ve(x y)
This is donein order to minimize the matrix elemens of the e ective two-
body potertial U(x;y) betweenthe eigenstatesof the one-particle Hamilto-
nian

p2
h(x;p) = — + V(X):

(xip) = 5+ V(X)
A suitable basis is then constructed with the eigenfunctionsof the one-
particle Hamiltonian h; the potential V(x) = V;(x) + Va(X) is a periodic
potential, being the sum of V, (x) which has the period given by the ionic
lattice and V (x which stemsfrom the in uence of the other electronson the
particle represeted by the Hamiltonian h, having the sameperiod asV, (x).
The potential V (x) being periodic, the eigenfunctionsof the Hamiltonian h
are the periodic Bloch functions:

« = €U (x);

whereu (x) = u ¢(x + L), L being the period of the lattice, k the quasi
momenrum, running over the rst Brillouin zoneand the band index. A
further simpli cation of the Hamiltonian canbe achieved consideringo single-
band model, whenall the other bandsare far away from the Fermi level, thus
allowing us to neglectthe inter-band interactions.
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A suitable one-particle basiswould then be the Wannier functions:
1 X .
Wi(X) = p=— c(x)e ke i,
N
whereN, represeis the number of ionsand e « a phasecorveniertly chosen
in order to maximally localizethe Wannier functions.
The Wannier functions W;(x) are orthogonal for di erent indicesi and
they are similar to the atomic wave functions, being certered around Xx; .

2.2 The Bose-Hubbard Hamiltonian In the
second quantization

The Hamiltonian we used for our numerical simulations is the well-known
form of the generic Hubbard Hamiltonian with nearest-neigbour interac-
tions, in the secondquartization:
X X U X X
H= t (bb, +hb,) N+ S niED+V ang (21)
| | | |
Here,the b represen the annihilation operatorsfor bosonsat site i, obeying
the comnutation relations:

[b;h]= 0, [B;B1=0,[b;41= ;.

The term tP (b, + b, ) accours for the bosonichopping in one
dimension between neighbouring sites. The n; = k'l are the operators for
the numbers of particles at site i, Ajjm;i = m;jm;i.

The hopping matrix elemer t is real and positive, the chemical potertial

and the on-site repulsion U being alsoreal, but can take aswell negative
values. Changesin the chemical potertial modi es the ons-site density of
particles.

The magnitude of the hopping elemen t is given by the hopping ma-
trix elemen betweenneighbouring sites hi; j i, which is computed using the
Wannier functions W;(x), certered around X;:

Z 0’
t=1t; = d®xw; (X)(% + V(X)) W (x)

The on-site interaction elemen U being given by:

Z
U= 22 dwo0i
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where as is the s-wave scattering length.

Furthermore, we will consideronly the Hamiltonian without the nearest-
neighbour interaction, setting hencein the Hamiltonian (2.1) V=0.

The Hamiltonian (2.1) it is in a simpli ed form due to the fact that in
the tight-binding appraximation the Wannier functions W;(x) are strongly
localizedaroundx;, thus allowing usto keepin the kinetic term of the Hamil-
tonian only the nearest-neigbour hopping elemerts [23]. O -site interaction
and long-rangerepulsion terms could be considered,but they are dropped
0 in this more simple approad.

Despiteits simplicity, the Hamiltonian (2.1) displays a rich physics. The
kinetic and the local interaction terms are competing in the Hamiltonian
(2.1), ead of them being diagonal, the rst in the momernium space,the
secondn a basisspannedby product of local Fock states. The kinetic Hamil-
tonian tries to delocalize the particles and reducethe phase uctuations of
the eld, the on-site interaction part is trying, on the corrary, to localize
the particles on the lattice and, consequetly, reduce the number density
uctuations.

If the Hamiltonian has only hopping, or the on-site interaction is very
small, the ground state energyreadesits minimum whenthe single-particle
wavefunction is spreadall over the lattice. Hencethe ground state for the
many-particle systemis represeted by an idertical Bloch state for eat par-

ticle,
j skl ! (XA b,V)NjOi;
i=1

whereN represets the number of particlesand M the number of lattice sites.
The state is saidto be represeted by a macroscopicalvavefunction, because
the phase-coherenckength is of the order of the lattice size.

If the Hamiltonian has only on-site interaction, or the hopping is very
small comparedto it, the ground-statewavefunction will be formed by local-
ized on-site atomic wavefunctions, with a xed number of atoms, which are
minimizing the energy Hencethe ground state wavefunction is a product of
on-site Fock stateswith a integer lling n:

\M n
jwil o ()jo
i=1
The long-range phasecoherenceis replacedwith a ideal correlation in the
atom number. The commensuratelling n will begivenby n=1 ]+ 1,[ ]
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being the integer part of ;; aswe choseto normalize by U, throughout the
work, from now onwe setU = 1.

2.3 Phase diagram of the ground state

Starting with the Mott insulator statej , i, by increasingthe hopping matrix
elemen t in the Bose-HubbardHamiltonian, one getsto a critical value t,
wherethe systemundergaesa phasetransition.

A quartum phasetransition is de ned asa "point of non-analicity in the
ground state energy of the in nite lattice system" [24]. A special feature
of a phasetransition is a suddenchangein a macroscopicproperty of the
system like, for example, the heat capacity. Quantum phase transitions,
unlike classicalones, can be reated by varying a physical parameter, at
zerotemperature; the classicalphasetransitions, residingon the competition
betweenthe energyof the systemand the entropy of the thermal uctuations,
cannot undergophasetransitions at zerotemperature, wherethe systemhas
no entropy. In the quartum case,the changeoccursin the ground state of
the system,due to the quantum uctuations.

In the caseof the Bose-HubbardModel hasbeenargued[20]that, at zero
temperature, there can be three type of phases:a super uid phase,a Mott
insulator and a "Bose glass". This last phasedoesnot occur in a periodic,
non-random potertial, its description being henceoutside the scope of this
work.

Whereasin the super uid regimethe spectrum is gaplessthe Mott phase
is characterizedby a gap in the excitation spectrum: asthe systemisin a
state with a xed number of atoms per lattice site, it costsa xed amourt
of energyto create a particle-hole excitation, moving a particle from one
lattice site to the other. This represets the smallestpossibleexcitation of
the system,thus forming a gapin the excitation spectrum. The Mott phases
are said to be incompressiblebecausea changein the chemical potertial
doesnot changethe number of particles:

The zero-temperature phasediagram for the Bose-Hubbardmodel in the
(; t)-plane hasa "lobe-like" shape, aspreserted in [20. The phasediagram
shape looks generallysimilarly for the caseof one,two and three dimensions,
although signi cant quartitativ e di erences are presei. The lobesin the
pictures have commensuratelling, of 1, 2 and correspndingly, 3. Outside
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Figure 2.1. The schematic zeo-temperature phasediagram

for the Bose-Hubhrd model. The lokes of constant density have
actually a sharptip, whete the BKT transition occurs.

the lobes,the systemis in a super uid state. For any non-integer lling the
system stays in the super uid regime, even if the hopping matrix elemen
decreasesubstarntially. Consider for examplethe caseof a systemwith a
on-site density of ny = 1+ n, where0 < n 1. Even if most of the
particles are localized one at ewery lattice site, the rest, represeted by n ,
are still delocalizedall over the lattice, in order to minimize the energy

2.4 Phase transition of Berezinskii-Kosterlitz-
Thouless type

As the lobesboundary is crossedusually the density of the systemchanges
from commensuratego incommensurate therefore,in the canonicalensantle
thereis no phasetransition. But at the tip of the lobesthereis aregionwhere
the phasesboundary crossingdoesnot imply a changein the density (there
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wherethe n=1 density outer trajectory meetsthe tip of the Mott lobe) and
there the systemundergces a transition which is of Berezinskii-Kosterlitz-
Thouless (BKT) type [25],[26], having the same behaviour of the critical
exponert.

This givesthe tips of the lobesa rather sharp, pointed shape, the energy
gap closingvery slowly, as:

th te

2.5 Correlation functions

In the super uid phase,the correlation function is known from the Luttinger
liquid theory [18], which descrikesthe low energy-tehaviour of the 1D quan-
tum liquids, independertly of their bosonicor fermionic nature [19]. The
correlation function:

C(r) = Y(0)b(r)i;
decys algebraically as:
C(r) r T

At the BKT phasetransition for density one,the exponert K hasits critical
value K. = 0:5. In the Mott phase,the hopping correlation function hasan
exponertial decyg, behaving as:

iri

C(r) e
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The numerical simulation

3.1 The ground state

The systemwe choseto simulate is a one-dimensionaBose-HubbardHamil-

tonian with on-site interaction:
X X

X
H= t (b'b, +hb),) n; + %U ni(nj 1):
| | |

The systemsizeis setat M=50 lattice sites,with open boundary conditions.

We calculatedthe ground state of the Hamiltonian usingimaginary-time
ewlution for di erent values of hopping magnitudes, and of the chemical
potertial. The nearest-neigbour interaction term U was set equal to 1
throughout the numerical simulations. As pointed in [12], the simulation
with the TEBD algorithm is appropriate for systemswhich display an ex-
ponertial deca of the Sdimidt coe cients. In the gure 3.1 we shav the
Sdmidt coe cients ( [25])2 for the ground state at bond 25, = 1;::;12,
for a ground state in the super uid regime,wherewe expect more ertangle-
mert. In the gure 3.2 onecan seean exampleof imaginary-time ewlution
dynamicstowards the ground state in the Mott regime.

We found that for small hopping, the systemwas displaying a commen-
surate lling, with an occupation number of:

n=1[1]+1

particles per site.

The ground state function is represeted by a MPS with Scmidt rank
one,describinga product of on-site Fock states,aswe expected. The imaginary-
time ewlution was performed starting with an initial state with a Sdmidt
rank of v e. During the imaginary-time ewlution only one of the Sdmidt
coe cien ts survives, headingtowards the value one, as the others are expo-
nertially decreasing.

An examplefor the Sdimidt eigervaluesbehaviour during the imaginary-
time ewlution, in the caseof a ground state in the super uid regime,canbe
seenin gure 3.2.
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Figure 3.1. The approximately expnential decay behaviourwith
of the eigenvalueq )2 of the reduced density matrix -5 |

3.2 The structure of the Mott lobes

In order to get the structure of the Mott lobes(we actually restricted
oursehesto the rst Mott lobe, with commensuratelling one), we have run
simulations of constart particle density trajectoriesin the (; t) space. For
the simulations, we allowed a maximum occupation number of 4 bosonsper
site; this provesto be su cient for studying the structure of the n=1 lobe.

We rst started by computing the ground state via imaginary-time ewlu-
tions for a Bose-HubbardHamiltonian with hoppingt = 0.3 and for di erent
chemical potertials . Thus, changingthe chemical potential, we were able
to cool down to ground statesin the super uid regimecorrespnding to dif-
ferert non-integer densities,for example,ground states with lling closeto
one,for the rst Mott lobe.

Given, for example,two ground stateswith incommensuratellings n; =
1+ 1, n,=1+ ,, with 0< 4; , << 1, during a real-time ewlution they
will always remainin the super uid regime. Goingto incommensuratedensi-
ties closeto one, the constant-density trajectory (the unitary time-ewolution
operator e " conseres the total number of particles in the system) will
run closeto the Mott lobe boundaries,thus revealing their structure. In this
case,no phasetransitions take place.

Isertropic real-time ewlutions were performed( g 3.5), interpolating be-
tween the initial Hamiltonian with t = 0:3 and a nal Hamiltonian with



3.2. The structure of the Mott lobes 37

0.01 [

1e-04 |-

1e-06 |

1e-08 |-

1e-10 |-

1e-12 - . - — L L L .
0 20 40 60 80 100 120 140 160 180 200
time [t/U]
Figure 3.2. Exampleof imaginary-time evolution dynamics towards
the ground state of the Bose-Hublard model with commensuate | ling,
descrited by a MPS with Schmidt rank one.

hopping very closeto zero. Changing the hopping elemen t slov enough,
one stays always in the ground state, or at least reasonablycloseto it. The
chemical potertial, necessaryto draw the boundariesof the lobes, can be
obtained from:

@ E; E;
@ Ny N

whereE; =< 4jHj 1 >, E; =< ,jH] , > are the energiesof the states
j 1i,] 21 with incommensuratellings ni, respectively n,.

In the gure 3.4we shaw the behaviour of the Scdmidt coe cien ts during
the adiabatic real-time ewlution.

We do this seeral times, making adiabatic real-time ewlutions for states
with lling closeto one, that means,slightly bigger than one and slightly
smaller than one. The trajectories with supra-unitary Iling (n > 1) will
have to run abovethe n=1 Mott lobe,the oneswith under-unitary occupation
number (n < 1) will run below, thus revealing the structure of the lobes.

The problem that occurswith the isertropic real-time ewlutions is that
whenrunning trajectoriescloseto the Mott-lob e boundary onegetsinto a lot
of trouble becauseof the oscillationsin the numerical values. The solution
would be to go slower, but that requiresmore computational time. In the
picture 3.5 one can obsene that the trajectories closeto the borders of the



38 Chapter 3. The numerical simulation

0.01

1e-04

il

1e-06

1e-08 -

1e-10 |-

1e-12
0

1 1 L 1
50 100 150 200 250 300
time [t/U]

Figure 3.3. Imaginary-time evolution dynamics towards a ground
state of the Bose-Hublard model in the super uid regime, logarithmic
sale

lobe are noisy, with little uctuations and deviationsfrom the expectedpath.
On the other hand, the oneswhich are ewlving safelyaway from the borders,
arerunning cleanand smaoth. And this despitethe fact that for the "outer"”

trajectoriesa smaller Schmidt dimensionfor the truncation . hasbeenused
(and thus a biggererror comingfrom the truncation) asfor the onescloseto
the Mott lobe.

3.3 The on-site density uctuations

Becauseof the open boundary conditions, the density distribution is not
what it should be in an ideal, in nite system, where one would expect the
particlesto be uniformly distributed over the lattice sites. Instead of this, at
the edgesthere is a slight decreasen the particle density, giving the pro le

in gure 3.6 (full dots). On the other hand, the density distribution for the
caseof a state in the Mott insulator regime doesnot display this boundary
e ects (g 3.6,empty dots). This canbe explainedin the following way: one
must take into accoun the fact that in the Mott regimethe diagonalterms
in the Hamiltonian prevail, the hopping matrix elemen being, by compar-
ison, small; in the super uid phasethe hopping has the main cortribution,
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Figure 3.4. Schmidt coe cients  ® during the adiatatic time-evolution
from hopping t=0.3 towardst = 0.002. The error is the error due to the
truncation of the Hilbert space. As we expect all the Schmidt coe cients
exept one to go towards zer as we approach t = 0, we set a computa-
tional thresholdof 210 5, in the sametime keeping a minimal number of
5 coe cients in the exmnsion, for a reasonableaccuracy. We can see that
the smallest coe cient disappears rst. This approach savesa lot of com-
putational time, while keeping the desired accuracy, the computational time
saling with the dimension of the Schmidt number  as Teomp 3

deciding, by energeticconsiderationsthe density pro le of the system. Now,
becauseof the open boundary conditions, the rst and the last lattice sites
get kinetic cortributions only from one neighbour, instead of two - asis the
casefor the other lattice sites- hencethe decreasan density.

One can as well get small uctuations in the density distribution from
the Trotter expansionof the unitary operator e ™ | while trying to nd the
ground state of the system. In the caseof the ST2, the variations area ecting
the lattice sitesdependingon their parity, becausehere is one sweepfor the
odd siteswith the operator e '® and two sweepsfor the even siteswith the
operator e > . But this problem canbe easilydealt with by taking a smaller
Trotter step. Becausea small Trotter step meanslarge computational times,
it is better to make the ewlution rst with larger steps,for longertimes, and
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0 0.05 0.1 0.15 0.2 0.25 0.3
hopping t

Figure 3.5. The Loke-like structure of the Bose-Hublard model, for
the rst lobe, n=1. The trajectories of constant | ling factor are arranged
in decreasing order, the oneswith supra-unitary | ling being atove the Mott
lobe and the other onesbelow. One can observethe "bent down" form of the
lobe tip, asdescrited in [27, 28], the model displaying the so-alled "r e-entry
phase", whenby increasing the hopping one can getbackinto the Mott phase,
given one allows the contact with a particle reservoir. The phasetransition
could not be located only from inspecting the structure of the lobe, because of
problemsenmuntered in the vicinity of the phaseboundaries.

afterwards to adjust the stepsto a smaller value, until one gets conveniert
results. For example,using a Trotter step of = 10 3, the uctuations in
the on-site density causedby the Trotter expansionare of the order of 10 &.

Oneshouldaswell obsene in the picture 3.6that although the super uid
state has a mean occupation density of n=0.996, most of the points have
the density above one, but the density drop on the boundariescompensates
successfullyand leadsto a meanvalue smallerthan one. This could possibly
explain the errorsin the constari-density trajectoriesthat are very closeto
one.
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Figure 3.6. Density variations in the super uid state of the Bose-

Hublkard model, calculated for chemial potential =0.095, hopping t=0.3,
mean particle density n=0.996 (full dots) and in the Mott state, chemial
potential =0.4, hoppingt=0.03, mean particle density n=1 (empty dots).

3.3.1 The density-densit y correlation function

To gain more insight on the boundary e ects, we might look at the "normal-
ized" density-density correlation function,

Ci(r) = MO)n(r)i  mM()ihn(r)i

showvn in the gure 3.7.

3.4 The hopping correlation functions
We de ne the hopping correlation function asfollowing:
C(r) = Y O)hni

In the super uid phase,the correlation function is supposedto be decaing
algebraically as:

CSF(ry=ctr =
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Figure 3.7. The density correlation function Cy(r) = m(0)n(r)i
M (0)ihn(r)i for the ground state of a systemwith a mean bosonic density of
n 0.996.

In the gure 3.8 we plot the hopping correlation function hY(©)kr)i for the
ground state of a systemwith hopping amplitude t=0.3, and a particle den-
sity of n  0.996.

In the caseof nite systems,the local density uctuations showved above,
createdby the presenceof the boundaries,are producing disturbancesin the
correlation function hY()br)i. That's where the "tail" of the correlation
function comesfrom, as the r goestowards the end of the system. With
bigger systemsizes,the true power-low behaviour is more obvious and more
accurate. A t for the curves above gives a parameter which is roughly
K 0.65,avalue somewhatbiggerthan what could expectto nd; in [27,2§],
the value of K=0.5 waschosento characterizethe ertry point in the super uid
regime,in the caseof the BKT transition, K taking smallerand smallervalues
as the systemis going further away in the super uid regime. To make use
of this approad to accurately determinethe transition point requiresbigger
systemsizes,in order to be ableto make a proper extrapolation of the value
of K for the caseof in nite systems. Fortunately, this is not very di cult,
sincethe computational cost grows only linearly with the systemsize.

On the cortrary, in the Mott phase,the hopping correlation function
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Figure 3.8. The correlation function h’(0)l(r)i for a systemin the su-
per uid phase,with particle density n 0.996 (circles) and n=0.4 (triangles),
for 50 lattice sites. The plot is on a logarithmic sale

decass exponentially,

irj

cM'(ry=ctr —

aswe can seein the gure 3.9.

If in the super uid regime, the hopping correlation functions obviously
displays boundary e ects, this seemsiot to bethe casefor the Mott insulator,
at least for statesfar enoughfrom the BKT transition point. As in the case
of the density distribution, this stemsfrom the fact that in the Mott regime,
the non-hoppingterms in the Hamiltonian are decisiwe for the con guration
of the system, the fact that the boundarieshave kinetic cortributions only
from one neighbour being lessimportant.

Maybe oneway of determining the location of the BKT transition point
in the caseof the Bose-Hubbardmodel would be to monitor the boundary
e ects onethe correlation functions of the system.
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Figure 3.9. Exponential decay of the hopping correlation function
HY(0)b(r)i in the ground state belonging to the Mott regime for dier ent
magnitudes of the hopping matrix element. The hopping matrix elementt
is set, for the rst three, to t=0.01 , t=0.03, t=0.06 (from left to right),
the chemial potential was =0.4, U=1. An expnential t gives,at a turn,

0.54, 0.5, and 0.32. The fourth diagram is obtained for the ground state of
a systemcloser to the Mott lobe tip, for =0.22 and t=0.2. Slight boundary
e ects can be observe, unlike thosewhich are further awayfrom the tip. The
decay is exmnential, with  0.145; the t was made using only the lattice
sites from the 5 to 44.

3.5 The location of the phase transition

Seeral studieshave beendoneto determinethe critical transition point t,
amongthem Quantum Monte Carlo simulations and DMRG studies[27, 28].

Valuesare ranging from t.=0.215 [29 for early Monte Carlo studies, to
t.=0.277 with more recen DMRG simulations [27, 28], t.=0.289 from a
Bethe-Ansatz solution [32] and values around t.=0.3 in other studies [30,
33 31]. This shawsthat locating the BKT transition point is not a straight-
forward numerical exercise.In the DMRG studies, the hopping correlation
function behaviour with respect to the hopping elemen magnitude was in-
vestigated. The transition point was determined when the exponert K in
r % readed the critical value of K = 5, previously known from the Lut-
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tinger liquid theory. Unfortunately, due to the boundary e ects, we had to
useonly the rst three lattice placesto determinethe value of the exponert
K ; for an accuratedetermination one should go to to di erent systemsizes,
and extrapolate to the thermodynamic limit.

Figure 3.10. The exmnent of the correlation function K plotted against
the hopping matrix element. The critical value K. = 0:5 is reachel at:
t,=0.2817 10 4

Using the samestrategy as in [27], we found the value of the hopping
elemen at the critical point K. = 0:5 of the phasetransition to be at
t.=0.2817 10 *. The value is in the range of those cited above, closeto
t.=0.277, from the DMRG studies. Still the value of t. is a lucky approxi-
mation, sincewe usedonly the rst lattice sites, which provided reasonable
values,to determinethe critical exponert; larger systemsizesshouldbe used
for an exactlocalization of the transition.

In order to locate the transition point, we calculatedvia imaginary-time
ewlution the ground state for a point closeto the Mott tip, but still inside
it; the chemical potential wassetto = 0:22 and the hoppingto t = 0:2.
The hopping correlation function had an exponertial behaviour, as can be
seenin g 3.9,with the exponert  0:145,but had slight boundary e ects.
The systemwas then ewlved slowly changing the hopping matrix elemen
fromt = 0:2to t = 0:31. The behaviour of the hopping correlation function
during the ewlution canbe seenin g 3.12.
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Figure 3.11. Hopping correlation function during the real-time evolution
for di er ent valuesof the hopping matrix element.

Figure 3.12. Hopping correlation function during the real-time evolution.
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Chapter 4

Discussion

This diploma thesis has as its goal the implemenation and testing of the
TEBD algorithm, choosingthe Bose-Hubbardmodel with on-site interaction
in onedimensionasthe test bed. The model displays two phasesa commen-
surate Mott insulator phase,with a energygap and an exponertial deca of
the correlation function, Holi and a super uid phase,gaplessand with an
algebraicbehaviour of the correlation function.

A comprehensie outline of the TEBD algorithm asit wasoriginally pre-
sented in [13, 15] was given, and adding to that, a thorough estimate of the
error sourcescomprisedin the implemertation of the algorithm and in the
algorithm itself wasdone;knowing the errors, onecan adjust the parameters
of the simulation to obtain the desiredaccuracy Also, a foreseeablémprove-
ment wasaddedto the original sdheme,using a adaptive Sdmidt dimension
sdhemeto gain computational speed, a goal that has been successfullyat-
tained.

A small summary of the Bose-Hubbardmodel was provided, describing
its most relevant featuresfor our simulation, i.e. the phasediagram of the
ground state, the properties of the systemin the two phasesand the be-
haviour of the correlation functions.

We calculatedthe ground state of the Bose-Hubbardmodel via imaginary-
time ewolution, for di erent valuesof the hopping matrix elemen t, keeping
all the time during the simulations the on-site interaction matrix elemen U
equalto one. Henceall parametersare normalized, being given in units of
u.

Concerningthe phasesof the Bose-Hubbardmodel, the lobe-like shape of
the phasediagram was recovered, albeit only for the rst lobe, with on-site
density n=1. For this, adiabatic real-time ewlution interpolating between
the ground state belonging to the super uid regime of the Bose-Hubbard
Hamiltonian and the ground state from the Mott insulator regimewere per-
formed. Moreover, the "b eak-like" pro le of the lobe was recovered, as pre-
viously showvn in recet DMRG studies [27, 28]. Unfortunately, due to the
proximity of the BKT transition point, isertropic trajectories running to
closeto the phaseboundary were distorted and inaccurate, not allowing a
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localization of the lobe tip, wherethe BKT transition is supposedto occur.

In the caseof the Mott regime,the mean occupation number was found
to be one, as expected, and the hopping correlation function displayed an
exponertial deca:

HYO)r)i e ©

The number density uctuations were usually minimal, generatedonly from
the Trotter expansione ' " = e i5e Ce i3 of the exponertial operator,
uctuations which can be successfullyminimized by lowering the Trotter
step . This was not always the case: states closerto the tip of the Mott
lobe had density uctuations similar to the super uid regime, but not so
pronounced.

For the super uid regime, ground stateswith various meanbosonicden-
sity were computed; to cortrol the mean density, the chemical potertial
was used. Unlike statesfrom the Mott regime,the density pro le for ground
statesin the super uid regimedisplayed boundary e ects, the on-site occu-
pation number having a suddendrop at the boundaries. Sincewe prepared
ground states with mean densitiescloseto one, for the adiabatic real-time
ewlution, the boundary e ects led to the awkward situation wereonehad an
averagedensity smallerthan one, but most of the lattice siteswith bosonic
densitiesbigger than one.

The hopping correlation function had an algebraicbehaviour:

HY(0)b(r)i r 7

but it's shape wasa ected by the boundary e ects descriked above.

The transition point was computed monitoring the behaviour of the hop-
ping correlationfunction during the real-time ewlution with atime-dependert
Hamiltonian, with the hopping matrix elemen varying from t = 0:2 to
t = 0:31 during the ewlution. The transition point was found to be at
t. = 0:2817, closeto the valuesfrom other studies. Locating the critical
point was still a hazardouserterprise, becauseof the limited sizeof the sys-
tem and the pronouncedboundary e ects. For a more exact result, one
must usedi erent and bigger systemsizes,in order to be able to make an
extrapolation to the thermodynamic limit.

The TEBD algorithm proved to be a powerful tool for the simulation of
the Bose-Hubbardmodel. The truncation of the original Hilb ert spacecanbe
adjustedin sud a way asto keepthe computational errors reasonablysmall
and in the sametime prot from the fact that the Hilbert spacedimen-
sion is sensiblyreduced. The Suzuki-Trotter expansionof the exponertial
time-ewlution operator e ™t o ers the opportunity to work with unitary
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operators, thus conservingthe norm of the function of state, total particle
number etc.

For the caseof real-time ewlutions, the advantage of TEBD over other
techniquesis that the renormalization of the state function after the applica-
tion of the time-ewlution operator U = e ™ is doneat ewery discretestep

, thus working all the time with a normalized function. The cortinuous
time-ewlution can be faithfully approximated by a sequenceof two-qubit
unitary gates,the update of the function taking placeafter ead application
of one of these gates. Moreover, this fact allows the possibility of faithfully
simulating time-dependert Hamiltonians, a very useful feature in the eld.
We made use of this for the isertropic interpolations, were we varied the
hopping matrix elemen t in time.

Unfortunately, it seemsthat the implemenrtation of periodic boundary
conditions for the TEBD sdemeis a cumbersomething to do, although
feasible. The fact that, for the time being, only systemswith open bound-
ary conditions can be simulated imposesa limitation on the TEBD. As we
have seen the hopping correlation functions in the super uid regimeshaved
boundary e ects.
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