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Chapter 1

BRST Symmetry and Cohomology

Norbert Dragon and Friedemann Brandt

Institut fiir Theoretische Physik, Leibniz Universitat Hannover,
Appelstralle 2, D-30167 Hannover, Germany

We present the mathematical considerations which determine all gauge
invariant actions and anomaly candidates in gauge theories of standard
type such as ordinary or gravitational Yang Mills theories. Starting from
elementary concepts of field theory the discussion tries to be explicit and
complete, only the cohomology of simple Lie algebras it quoted from the
literature.

After a short introduction to jet spaces section 1 deals with the “raison
d’etre” of gauge symmetries: the problem to define the subspace of physi-
cal states in a Lorentz invariant theory with higher spin. The operator Qs
which characterizes the physical states was found by Carlo Becchi, Alain
Rouet and Raymond Stora as a symmetry generator of a fermionic sym-
metry, the brst symmetry, in gauge theories with covariant gauge fixing.*
Independently Igor Tjutin described the symmetry in a Lebedev Institute
report which however remained unpublished for political reasons. For a
derivation of the brst symmetry from the gauge fixing in path integrals
the reader may consult the literature.?*2% Section 1 is supplemented by
a discussion of free vectorfields for gauge parameter A & 1. This is not a
completely trivial exercise® and rarely discussed in detail.*

Section 2 deals with the requirement that the physical subspace re-
mains physical if interactions are switched on. This restricts the action to
be brst invariant. Consequently the Lagrange density has to satisfy a co-
homological equation similar to the physical states. Quantum corrections
may violate the requirement of brst symmetry because the naive evalu-
ation of Feynman diagrams leads to divergent loop integrals which have
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to be regularized. This regularization can lead to an anomalous symme-
try breaking. It has to satisfy a cohomological equation, the Wess Zumino
consistency condition.®

In section 3 we study some elementary cohomological problems of a
nilpotent fermionic derivative d,

d>=0 , dwo=0 , wmoddn.

We derive the Poincaré lemma as the basic lemma of all the investigations
to come. In particular one has to consider Lagrange densities as jet func-
tions, i.e. functions of the fields and their derivatives and not only of the
coordinates. We investigate diLerkntial forms depending on these jet vari-
ables and derive the algebraic Poincaré lemma which is where Lagrangians
of local actions enter the stage. The relative conomology, which character-
izes Lagrange densities and candidate anomalies, is shown to lead to the
descent equations which can again be written compactly as a cohomologi-
cal problem. The section concludes with Kiinneth’s formula which allows
to tackle cohomological problems in smaller bits if the complete problem
factorizes.

Section 4 presents a formulation® of the gravitational brst transforma-
tions in which the cohomology factorizes. Consequently one has to deal only
with the subalgebra of tensors and undi Cerentiated ghosts. It is shown that
the ghosts which correspond to translations can be removed from anomalies
(if the space-time dimension exceeds two)?, i.e. coordinate transformations
are not anomalous.

In section 5 we solve the cohomology of the brst transformations act-
ing on ghosts and tensors. The tensors have to couple together with the
translation ghosts to invariants and also the ghosts for spin and isospin
transformations have to couple to invariants. The invariant ghost polyno-
mials generate the Lie algebra cohomology which we quote from the math-
ematical literature.®. Moreover the tensors are restricted by the covariant
Poincaré lemma,*® for which we give a simplified proof. This lemma in-
troduces the Chern forms. They are the integrands of all local actions
which do not change under a smooth change of the fields and therefore give
topological informations about classes of fields which are related by smooth
deformations.

In section 6 we exhibit the Chern forms as the brst transformation
of the Chern Simons forms. Chern Simons forms can contribute to local
gauge invariant actions though they are not gauge invariant. They are

aThe two-dimensional case can be special.”
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independent of the metric and do not contribute to the energy momentum
tensor but nevertheless influence the field equations. We conclude by giving
examples of Lagrange densities and anomaly candidates.

In section 7 we sketch how the cohomological analysis presented in sec-
tions 3 to 6 can be extended to include antifields and how the cohomology
is al[edted by the inclusion of antifields.

1. The Space of Physical States

1.1. Indefinite Fock Space

brst symmetry is indispensable in Lorentz covariant theories with fields
with higher spin because it allows to construct an acceptable space of phys-
ical states out of the Fock space which contains states with negative norm.

Before we demonstrate the problem, we recollect some elementary def-
initions and concepts. A (bosonic) field @ is a map of a base space, which
locally is some domain of RP with points x = (x°,x%,x?,...xP71) to a
target space RY,

RD _, Rd
: 1.1
0 1% 5 060 = 0.0 0D 5
By assumption we cgnsider fields, which are su LCciehtly di [erentiable. Each
field defines a field @, the prolongation of ¢ to the jet space J;,
- {RD N RD+d+Dd

X B (% 00, 900(x). 010(), 02009 ... dp_10()) 2

Locally the jet space J; is the cartesian product of some domain of the
base space, the target space and the tangent space of a point.

Analogously, the prolongation of ¢ to the jet space Jx maps X to X,
the field @(x) and its partial derivatives d...9¢@(x) up to k™" order. The
prolongation ¢ of an infinitely di[Efkntiable field maps the base space to
J = J and each point x to x, @(x) and all its derivatives at x.

Jet functions L are maps from some Ji, where k is finite, to R. By
composition with the projection

K1 (%, 9,09,...,0%¢p,...) B (X, 0,00, ...,0%p)
each jet function can be constantly continued to the function L - i of J.

In notation we do not distinguish between L and its constant continua-
tion but consider jet functions as functions of some Jy or of J as needed.

(1.3)



February 8, 2012 14:14 World Scientific Review Volume - 9in x 6in brst6

4 N. Dragon and F. Brandt

The action W is a local functional of fields ¢, which is to say it maps
fields to the integral over a jet function, the Lagrange density L, evaluated
on the prologation of the fields,

W 9B W[p] = /de(Lo P)(X) . (1.4)

The equations of motion are derived from the variational principle that for
physical fields the action W be stationary up to boundary terms under all
variations of the fields. This holds if and only if the Euler derivative of the
Lagrangian P

oL _ oL . aL

5_(pi 2 nW+..., (1.5)
vanishes on the prolongation of the physical field,
oL -~
09

In case of the massless vectorfield A, D = d = 4, and the Lagrangian is

) J1 - R

L {(x,A, 0A) B = —ﬁ(amAn — 0nAm)(@MA" —0"A™M) — ﬁ(amAm)Z
1.7

Here we use the shorthand A™ = n™kKA, and 8" = n™a, where n is the

diagonal matrix n = diag(1, —1, —1,—1). To avoid technical complications

at this stage we consider the case A = 1, A B 1 is discussed at the end of

this section. We choose to introduce the gauge coupling e as normalization

of the kinetic energies to avoid its appearance in Lie algebras, which we

have to consider later.

The physical vectorfield has to satisfy the wave equation,

eiZ [(BAX) =0 , [=IN"0n0, = 0p% — 012 — 0,2 — 332, (1.8)
with the solution

An(9 = ¢ [Ac@ah (@l e an v_.  @9)
ko= k2]
Here we use the notation
d3k
——  kx
(2m)32|kH!

bThe dots denote terms which occur if L depends on second or higher derivatives of @.

dk = = K% — k*x* — k®%% — k3% = kK™X"Nmn . (1.10)
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The vectorfield is quantized by the requirement that the propagator,
the vacuumexpectation value of the time ordered product of two fields,

QT A™(x)An(0) QL] (1.11)

be a Green function corresponding to the Euler derivative,
eiz [TATA™()AR0) QFE i34 (x) 8™, . (1.12)

The creation and annihilation operators af(kHand a(kHare identified by
their commutation relations with the momentum operators P™,

[Pm,aﬁ(iﬂ = kma, () [Pm,an(@ = —Keman (), (1.13)

which follow because by definition the momentum operators P, generate
translations,

[i(Pm, An(X)] = OmAn(X) . (1.14)

al (k-adds and an(kHsubtracts energy ko = V'k&l= 0. Consequently the
annihilation operators annihilate the lowest energy state, the vacuum [QL]
and justify their denomination,

Pm|QEFE 0, a(fQ=o0. (1.15)

For x° > 0 the propagator (1.11) contains only positive frequencies from
e k*a (k) for x° < 0 only negative frequencies from el**a}l (k}J These
boundary conditions fix the solution to (1.12) to be

5 i d*p elPx
with n = diag(1, —1, —1, —1). Evaluating the p° integral for positive and
for negative x° and comparing with the explicit expression for the propa-
gator (1.11) which results if one inputs the free fields (1.9) one can read o ]
Ill|am(@;f, (I@Q [And the value of the commutator

[am(@a;(@] = — Nn(21)32K083 (k1 K5 (1.17)

It is inevitable that the Lorentz metric n appears in such commuta-
tion relations in Lorentz covariant theories with fields with higher spin.
The Fock space which results from such commutation relations necessarily
contains negative norm states because the Lorentz metric is indefinite and
contains both signs. In particular the state

|fo 3= /a‘kf(le_}hg(le_y\czm (1.18)
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has negative norm

| Fo == —Noo /Hk|f(@2 <0. (1.19)

1.2. Definiteness of the Scalar Product of Physical States

Such a space with an indefinite scalar product cannot be the space of phys-
ical states because in quantum mechanics

w(i, A W) = | |vOd (1.20)

is the probability for the measurement to yield the result number i (which
for simplicity we take to be nondegenerate and discrete), if the state W is
measured with the apparatus A. Here the states /\; are the eigenstates of
A, which yield the corresponding result number j with certainty

|| 03 = 85 (1.21)

Therefore di[erent A; are orthogonal to each other (and therefore linearly
independent)

MNIAE0, ifigj. (1.22)

For i = j the scalar product of the eigenstates is real, [@|¥ 5= [@|®Cland
has modulus 1,

mi|/\j|3: Nij, N= diag(l,l,...,—l,—l,...) . (1.23)

In the space, which is spanned by the eigenstates, the scalar product there-
fore is of the form

[NWEF (AInW) , (1.24)

where the scalar product (A|W) is positive definite and n is the linear map
which maps A; to Zj Ajnji . In particular the eigenstates A; of the mea-
suring apparatus A and each other apparatus are eigenvectors of n.

But a superposition ' = aA; + bA; with ab & 0 is an eigenvector of n
only if the eigenvalues ni; and ny2 coincide. Therefore, in the space of
physical states, which contains the eigenvectors of all measuring devices
and their superpositions, the scalar product has to be definite.
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1.3. Classical Electrodynamics

In classical electrodynamics (in the vacuum) one does not have the trou-
blesome amplitude ag(ig—.| There the wave equation [CAJ = 0 results from
Maxwell’s equation 0m(0™MA" — d"A™) = 0 and the Lorenz condition
O0mA™ = 0. This gauge condition fixes the vectorfield up to the gauge
transformation A, B ALl = Ay, + dmC where C satisfies the wave equa-
tion [T 0. In terms of the free fields A and C

C(x) = e/ak (e"‘ch(@ e‘“‘"c(l%I v (1.25)
ko= k2!

the Lorenz condition concerns the linear combination k™a,, of the ampli-
tudes

OmA™ = ie / dk (eikama,Tn(lZ}‘— e—ikamam(@ N (1.26)
oV

and the gauge transformation changes the amplitudes by a contribution in
direction k
A —AL=0mC =ie / dk (e“‘kacT(k_}‘— e—‘kamc(@ v - @aan
V@
To make this even more explicit, we decompose the creation operator aIn(@—‘

into parts in the direction of the lightlike momentum k, in the direction k
(which is k with reflected 3-momentum)

(K%, K2, K2, Kk3) = (K%, —kL, —k2, —k3) (1.28)
and in two directions n' and n? which are orthogonal to k and k¢
alh('= > rtal(ky. (1.29)
T=k,k,1,2

These polarization vectors II(le_}‘are functions of the lightcone R® — {0}
ko Jhn ) ook
= (= —, ¥=—,Nm, N5 ), T=k Kk, 1,2 1.30
o 0= (V518 Vi e ) (1.30)
and have the scalar products
01

10
[P (= 4 . (1.31)
-1
¢For example (kM Cumx k- 27k} CE¢ kwhere Mis a constant complex vector
with linearly independent real and imaginary part.
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The field 0, A™ contains the amplitudes a&, ayi. The Lorenz gauge condi-
tion 0, A™ = 0 eliminates these amplitudes in classical electrodynamics.
The fields AL and An, diled in the amplitudes aL, ak in the direc-
tion of the momentum k. An appropriate choice of the remaining gauge
transformation (1.27) cancels these amplitudes.
So in classical electrodynamics af, can be restricted to 2 degrees of
freedom, the transverse oscillations

al, (k= > riFal . (1.32)

T=1,2

The corresponding quantized modes generate a positive definite Fock
space.

We cannot, however, just require aL =0 and a& = 0 in the quantized
theory, this would contradict the commutation relation

[ak(@ai(@ﬂ = — (2m)32k°33 (kL K52 0 | (1.33)

To get rid of the troublesome modes we require, rather, that physical states
do not contain aL and a& modes. This requires the interactions to leave
the subspace of physical states invariant, a requirement, which is not at all
obviously satisfied, because the unphysical modes contribute to the prop-
agator. As we shall see, both the selection rule of physical states and the
restrictions on the interactions to respect the selection rule emerge from
the brst symmetry.

1.4. The Physical States

To single out a physical subspace of the Fock space F we require that there
exists a hermitean operator, the brst operator,

Qs=0Ql, (1.34)
which defines a subspace N [FE] the gauge invariant states, by
N ={|W|Qs¥YF 0} . (1.35)

This requirement is no restriction at all, each subspace can be characterized
as kernel of some hermitean operator.

Inspired by gauge transformations (1.27) we take the operator Qs to act
on one particle states according to

Qs al, (I = kmc' (o (1.36)
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As a consequence the one particle states generated by ai(@, 1=k1,2,
belong to N,

Qsal(fQ==0, 1=k,1,2. (1.37)

The states created by the creation operator aﬂ in the direction of the mo-
mentum Kk are not invariant

V_
Qsal(BforE 21k (jerE o (1.38)

and do not belong to N.
The space N is not yet acceptable because it contains nonvanishing
zero-norm states

lHES / dk F (kYL (kY] (FIF 3 0, because {ag(@a%(li@} =0.
(1.39)
To get rid of these states the following observation is crucial:

Theorem 1.
Scalar products of gauge invariant states |y CICN and [xCCN remain
unchanged if the state |p s replaced by [ + QsAL]

Proof:

XMW + QsALF KW F QNS YT (1.40)

The term }{|Qs/AVanishes, because Qs is hermitean and Qsx =0 .

We obtain the brst algebra from the seemingly innocent requirement
that |¢ + QsAbelongs to N whenever |Q Ctloes. The requirement seems
natural because | +QsALand |y Chave the same scalar products with gauge
invariant states and therefore cannot be distinguished experimentally. It is,
nevertheless, a very restrictive condition, because it requires Q2 to vanish
on each state |ALdi.e. Qs is required to be nilpotent,

Qi=0. (1.41)

Then the space N of gauge invariant states decomposes into equivalence
classes

WO + QAL (1.42)

These equivalence classes are the physical states,

Hphys = ={lWIQsW= 0, [¢[iod |QsALH . (1.43)

N
QsF
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Hpnys inherits a scalar product from F because by theorem 1 the scalar
product in N does not depend on the representative of the equivalence
class.

The construction of Hypys by itself does not guarantee that Hphys has a
positive definite scalar product. This will hold only if Qs acts on the space
F in a suitable manner. One has to check this positive definiteness in each
class of models.

In the case at hand, the zero-norm states |f[{1.39) are equivalent to 0
in Hpnys if there exists a massless, real field C(x)

Coy=e [k (T dleoek) v (4
ko= k2

and if Qs transforms the one-particle states according to
v_
Qsc'(kHarz: 2ilkiy! (kHor (1.45)

For the six one-particle states we conclude that ¢ (k}}Qand a/ (k)YQCare
not invariant (not in N), a;r—((@k) Cand cT(@Q Care of the form Qgs|ACand
equivalent to 0, the remaining two transverse creation operators generate
the physical one particle space with positive norm.

Notice the following pattern: states from the Fock space F are excluded
in pairs from the physical Hilbert space Hpnys, One state, |n[ s not invariant

Qs|nC= [tCE O (1.46)

and therefore not contained in N, the other state, |[t[Jis trivial and equi-
valent to 0 in Hpnys because it is the brst transformation of |nJ
The algebra Q2 = 0 enforces

Qs|tlF0. (1.47)

If one uses |tCand |nCas basis then Qs is represented by the matrix

_ (01
Qs = (0 0) . (1.48)

This is one of the two possible Jordan block matrices which can represent
a nilpotent operator Q2 = 0. The only eigenvalue is 0, so a Jordan block
consists of a matrix with zeros and with 1 only in the upper diagonal

Qs ij — 6i+1,j . (1-49)

Because of Q2 = 0 the blocks can only have the size 1 x 1 or 2 x 2. In the
first case the corresponding vector on which Qg acts is invariant and not
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trivial and contributes to Hpnys. The second case is given by (1.48), the
corresponding vectors are not physical.

It is instructive to consider the scalar product of the states on which Qg
acts. If it is positive definite then Qs has to vanish because Qg is hermitean
and can be diagonalized in a space with positive definite scalar product.
Thereby the nondiagonalizable 2 < 2 block (1.48) would be excluded. It
is, however, in Fock spaces with indefinite scalar product that we need the
brst operator and there it can act nontrivially. In the physical Hilbert
space, which has a positive definite scalar product, Qs vanishes. Neverthe-
less the existence of the brst operator Qs in Fock space severely restricts
the possible actions of the models we are going to consider.

Reconsider the doublet (1.46, 1.47): if the scalar product is nondegene-
rate then by a suitable choice of |[n[and |t[ik can be brought to the standard
form

MinEF 0= 0t EnEF MtEFE 1. (1.50)
This is an indefinite scalar product of Lorentzian type

lex = »%qm:utt)j Ehle_[F0 [E|esF —E|e_EF1. (151)

By the definition (1.43) pairs of states with wrong sign norm and with
acceptable norm are excluded from the space Hpnys of physical states.

1.5. Gauge Parameter A& 1

If the gauge parameter A is dilerent from 1, then the vectorfield has to
satisfy the coupled equations of motion

eiz( [Ad + (A — 1)0n0mA™) =0, (1.52)
which imply
[IA4 =0 (1.53)

and its Fourier transformed version (p2)2,0~\m = 0. Consequently the Fourier
tansformed field A vanishes outside the light cone and the general solution
A contains a d-function and its derivative.

Am = am(P)3(p%) + bm(p)3(p?) (1.54)

However, the derivative of the 6 function is ill defined because spherical
coordinates p?,v, 9, ¢ are discontinuous at p = 0.
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To solve [I@ ¥ 0 one can restrict @(t, X)Ito (p(t)e"e_ﬁf'the general so-
lution can then be obtained as a wavepacket which is superposed out of
solutions of this form. @(t) has to satisfy the ordinary di Lerkntial equation

( el k?)?¢ =0 (1.55)
which has the general solution
o(t) = (a+bt)e™t + (c + dt)e 'kt (1.56)

Therefore the equations (1.53) are solved by

An(X) =e /ak gikx (aﬁ(@-k xob;ﬁ(i:}) + gikx (an(le_}'-k xobn(l:})l v
KO

(157)
This equation makes the vague notion 3%p?) explicit. The amplitudes
bn, b, are determined from the coupled equations (1.52),

—1 kpk™ . A—1 kak™
bT(@— m Ko m(@ bn(@ m ko am(@ (1.58)

From (1.14) one can deduce that the commutation relations

Phal )=k al,(kH, [P',am(} = —K'am(}, 1 =1,2,3, (1.59)

and [P, af, ()] = ko al, () 0\+B k?:na;(@ (1.60)

have to hold. If we decompose aﬁ,(@according to (1.29) then we obtain

[Po.ai (k= koar (), t=1,2, (1.61)
for the transverse creation operators and also
[Po, al (1 = ko al (k! (1.62)

for the creation operator in direction of k. For the creation operator in the
direction of the four momentum k one gets

[Po, al ()] = ko af () 2 ko ar (kY. (1.63)

In particular, for A & 1, ak(@does not generate energy eigenstates and the
hermitean operator Py cannot be diagonalized in Fock space because the
commutation relations are

[Po,a'l=Ma' (1.64)
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with a matrix M which contains a nondiagonalizable Jordan block

1—221
M Ek_g!< “1) . (1.65)
0 1

That hermitean operators are not guaranteed to be diagonalizable is of
course related to the indefinite norm in Fock space. For operators Opnys
which correspond to measuring devices it is su Lcieht that they can be
diagonalized in the physical Hilbert space. This is guaranteed if Hpnys has
positive norm. In Fock space it is su [Cieht that operators Opnys cOmmute
with the brst operator Qs and that they satisfy generalized eigenvector
equations

Ophys|Wphys L= €|Wphys (3 Qs[x) ¢ [HI, (1.66)

from which the spectrum can be read o]
The Hamilton operator H = Py which results from the Lagrange density,

1 A

1 1
H= 2_ez/d3x ; ((aoAi)2 — (0iA0)* + E(Oin — 0iA))(0jAi — 9iAj)—
~A@oA0)* + A@AY?) 1, i [L,2,3},  (1.68)
can be expressed in terms of the creation and annihilation operators,
2
~ 2\ A—1
— T fo_ o ot T

H - /dk ko (; atat - m (akak + aEak - Zmaiak)) . (169)

H generates time translations (1.60) because the creation and annihilation
operators fulfil the commutation relations

A—1 kmk
[am ()7l (k) = 2k°(2m)%8* (k=K ~Newn =+ 255 (Mo +Hnoken = =5™)
(1.70)
which follow from the requirement that the propagator
P d*p  elPX -1
m a2 2sm m
QITATCIANOQLE —ie” lim [ &d 2+ iey? (p =P p”)

(1.72)
is the Green function corresponding to the equation of motion (1.52), which
for positive (negative) times contains positive (negative) frequencies only. If
one decomposes the creation and annihilation operators according to (1.29)
then the transverse operators satisfy

[ai (kY a] (k3 = 2k°(2m)®8° (kL kF5y; , i,j 31,2} . (1.72)
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They commute with the other creation annihilation operators which have
the following o Cdiagonal commutation relations

e (2l (K = fa (Pl (K = =" 220 k2 kY. (1.73)

The other commutators vanish.

Just as for A = 1 the analysis of the brst transformations leads again to
the result that physical states are generated only by the transverse creation
operators.

2. BRST Symmetry

2.1. Graded Commutative Algebra

To choose the physical states one could have proceeded like Cinderella and
could pick acceptable states by hand or have them picked by doves. Pre-
scribing the action of Qs on one particle states (1.36, 1.45) is not really
diCerent from such an arbitrary approach. From (1.36, 1.45) we know
nothing about physical multiparticle states. Moreover we would like to
know whether one can switch on interactions which respect our definition
of physical states. Interactions should give transition amplitudes which are
independent of the choice (1.42) of the representative of physical states.
The time evolution should leave physical states physical.

All these requirements can be satisfied if the brst operator Qs belongs
to a symmetry. We interpret the equation Q2 = 0 as a graded commutator,
an anticommutator, of a fermionic generator of a Lie algebra

{Qs,Qs}=0. (2.1)

To require that Qs be fermionic means that the brst operator trans-
forms fermionic variables into bosonic variables and vice versa. In particular
we take the vectorfield A to be a bosonic field. Then the fields C and C
have to be fermionic though they are real scalar fields and carry no spin.
They violate the spin statistics relation which requires physical fields with
half-integer spin to be fermionic and fields with integer spin to be bosonic.
However, the corresponding particles do not occur in physical states, they
are ghosts. We call C the ghost field and C the antighost field. Because
the ghost fields C and C anticommute they contribute, after introduction
of interactions, to each loop with the opposite sign as compared to bosonic
contributions. The ghosts compensate in loops for the unphysical bosonic
degrees of freedom contained in the vectorfield A.
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We want to realize the algebra (2.1) as local transformations on fields
and to determine actions which are invariant under these transformations.
From this invariant action one can construct the brst operator as Noether
charge corresponding to the symmetry of the action.

The transformations act on polynomials in bosonic and fermionic vari-
ables @'. This means: on the vector space of linear combinations of these
variables, there acts a linear map, the Grassmann reflection I, M? = 1.
Each linear combination ¢ can be uniquely decomposed into its bosonic
part, (¢ + MN@)/2, which by definition is even (invariant) under Grass-
mann reflection, and into its fermionic part (¢ — Mg)/2, which by defi-
nition changes sign under Grassmann reflection. For simplicity, we assume
the variables @' chosen such, that they are either bosonic or fermionic and
introduce the grading |@'| modulo 2, such that Mg' = (—1)!¢'lef,

i, _ [0 if @' is bosonic
't = {1 if o' is fermionic . (2.2)

By assumption the bosonic and fermionic variables have an associative

product and are graded commutative,

oipl = (-1 lgigl = (m)iglgT 23)
i.e. bosons commute with bosons and fermions, fermions commute with

bosons and anticommute with fermions.
For readability we often use the shorthand notation

(=) = (=)'l (2.4)
By linearity and the product rule MNM(AB) = M(A)M(B) the Grassmann
reflection extends to polynomials. The grading of products is the sum of
the gradings,
l9'¢'] = |o'| + ¢’ mod 2 . (2.5)
Like the elementary variables, also each polynomial can be decomposed
into its bosonic and its fermionic parts. These parts have a definite grading
and are graded commutative
AB = (-1)AI'BIBA . (2.6)
Transformations and symmetries are operations O acting linearly, i.e.
term by term, on polynomials, ¢
O(MA + A2B) =AM 0(A) + A,0(B) . 2.7)

d\We deal with the graded commutative algebra of fields and their derivatives and dis-
tinguish operations, acting on the algebra, from operators, acting in some Fock space.
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They are uniquely specified by their action on bosonic and on fermionic
polynomials and can be decomposed into bosonic operations, which map
bosons to bosons and fermions to fermions,

|Obosonic(A)| = |A| y (2.8)

and fermionic operations, which maps bosons to fermions and fermions to
bosons,

|Ofermionic(A)| = |A| +1mod 2. (2_9)

We consider only bosonic or fermionic operations. They have a natural
grading,

[O] =|O(A)| — |A] mod 2 . (2.10)

The grading of composite operations is the sum of the gradings
[O1 02| =]01] +|O2| mod 2. (2.11)
First order derivatives v are linear operations with a graded Leibniz rule®
V(AB) = (VA)B + (—)VI'AIAWB) . (2.12)

They are completely determined by their action on elementary variables,
o' v(e') = V', i.e. v = v'd;. The partial derivatives 0; are naturally
defined by

0l =3, (2.13)

They have the same grading as their corresponding variables,
l0il = 19" , 9i05 = (—)"9;0i . (2.14)
The grading of the components v' results naturally [v'| = |v| + |¢'| mod 2.
An example of a fermionic derivative is given by the exterior derivative
d=dxMom, |d|=1. (2.15)

It transforms coordinates x™ into diLlerentials dx™ which have opposite
statistics

[dx™| = |x™| + 1 mod 2 (2.16)
and which, considered as multiplicative operations, commute with o,

[On, dX™ =0 . (2.17)

€This Leibniz rule defines left derivatives: the left factor A is dilerentiated without a
graded sign.
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Therefore and because of (2.14) the exterior derivative is nilpotent
d>=0. (2.18)
The graded commutator of operations O and P
[0,P]=0P — (-1)°!lPlp o (2.19)

(i.e. the anticommutator, if both O and P are fermionic, or the commu-
tator, if O is bosonic or P is bosonic,) is linear in both arguments, graded
antisymmetric

[0,P]=—(-1)l°lIPI[p, 0], (2.20)
and satisfies the product rule
[0,P Q] =[0,P]Q+ (—1)°!IPIp [0, Q] . (2.21)

The graded commutator of first order derivatives is a first order derivative,
i.e. satisfies the Leibniz rule (2.12).

2.2. Conjugation

Lagrange densities have to be real polynomials to make the corresponding
S-matrix unitary. This is why we have to discuss complex conjugation.
We define conjugation such that hermitean conjugation of a time ordered
operator corresponding to some polynomial gives the anti time ordered
operator corresponding to the conjugate polynomial. We therefore require
for all variables @' and complex numbers A;

O'H" =6, (2.22)
i) =N S (2.23)
@'¢H) = ¢ "¢ = () P (2.24)
As a consequence, conjugation preserves the grading,
lo' "= lo'I , (2.25)

and by additivity is defined on polynomials.
The conjugation of operations O is defined by

orh) = (=)™ oAH- (2.26)

This definition ensures that Ois linear and satisfies the Leibniz rule if O
is a first order derivative. Both requirements have to hold in order to allow
first order derivatives and their Lie-algebra to be real i.e. self conjugate.
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The exterior derivative d is real, d = d“if the conjugate di [erentials
are related to the diLerkntials of the conjugate variables by
(dx™) "= ()X d(x™ . (2.27)

The partial derivative with respect to a real fermionic variable is purely

imaginary. Also the operator 6 is purely imaginary,

0
— m CL _

d =X @™ o d. (2.28)
The anticommutator of d and d can be evaluated with the product rule of
the graded commutator (2.21) and with the elementary graded commutator
0

[a—@,cp"] =5, (2.29)
of the partial derivative and the operation, which multiplies with the vari-
able ¢f,

Az{dé}:xmi+dxmL:N + Ng (2.30)
: axm a(dx™m) x e '
The anticommutator counts the variables x and dx and is real as one can
check with
(0102) = (m)lie=lofa; (2.31)

which follows from (2.26).
Conjugation does not reverse the order of two operations O; and O,.
We can now specify the main properties of the brst transformation s:
It is a real, fermionic, nilpotent first order derivative,

s=sH |s|=1,s2=0, s(AB)=(sA)B+ (—-1)NAsB . (2.32)

It acts on Lagrange densities and functionals of fields. Space-time deriva-
tives 0 of fields are limits of dilerknces of fields taken at neighbouring
arguments. It follows from the linearity of s that it has to commute with
space-time derivatives

[5,0m] = 0. (2.33)

Linearity implies moreover that the brst transformation of integrals is
given by the integral of the transformed integrand. Therefore the di [erkn-
tials dx™ are brst invariant,

s(dx™) = 0= {s,dx™}, ([s,dx™] =0 for fermionic x™) . (2.34)

fThe first equation applies to the element dx™ of the graded commutative algebra, the
second to the operation, which multiplies elements of the algebra with dx™.
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Taken together the last two equations imply that s and d (2.15) anticom-
mute

{s,d}=0. (2.35)

2.3. Independence of the Gauge Fixing

In the simplest multiple\y s transforms a real anticommuting field c=cH’
the antighost field, into ~ —1 times a real bosonic field B = B " the auxiliary
field. These denominations anticipate the roles which the fields will play in
Lagrange densities,

sC(X) =iB(x), sB(X)=0. (2.36)

The brst transformation which corresponds to an abelian gauge transfor-
mation acts on a real bosonic vectorfield A and a real, fermionic ghost
field C by

SAM(X) =0mC(X), sC(xX) =0. (2.37)
We can attribute to the fields
9= (C,B,A,C) (2.38)

and to s and 0 = (09, 01, . ..,0p—1) @ ghostnumber, which adds on multi-
plication

gh(C) = —1, gh(B) =0, gh(A) =0, gh(C) =1, gh(s) =1, gh(d) =0,
(2.39)

gh(M N) = gh(M) + gh(N) . (2.40)

Our analysis of the algebra (2.36, 2.37) in D = 4 dimensions? will show:
All Lagrangians of brst invariant local actions

Wiol = [d (L= 909 (2.41)
with ghostnumber 0 have the form
L = Linv(F,0F,...) +isX(9,09,...) . (2.42)
The part Liny is real and depends only on the field strength
Fmn = —Fnm = 0mAn — 0nAm (2.43)

9In odd dimensions also Chern Simons forms can occur.
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and its partial derivatives. Therefore it is invariant under classical gauge
transformations. Typically it is given by (1.7)

1
Lin\/(A, aA) = _4_e2anan . (2.44)

X(9,09,...) is a real, fermionic_polynomial with ghostnumber —1.
Therefore, it has to contain a factor C. In the simplest case it is

A
€2
A is the gauge fixing parameter. The piece is X contributes the gaugefixing
for the vectorfield and contains the action of the ghostfields C and C,

X = 6(—%5 +0mA™) . (2.45)

. _ )\ 2 )\ 2 . )\ g

This Langrange density makes B an auxiliary field, its equation of motion
fixes it algebraically, B = 0,A™. C and C are free fields (1.25, 1.44).
The Lagrangian is invariant under scale transformations T,, a [R),

Ta(_j —e 2C , TaC =e2C ,TaAm =Am ,TaB =B . (2.47)

The corresponding Noether charge is the ghostnumber.

To justify the name gauge fixing for the gauge breaking part
—%(amAm)Z of the Lagrange density we show that a change of the
fermionic function X cannot be measured in amplitudes of physical states
as long as such a change leads only to a di[erentiable perturbation of am-
plitudes. This means that gauge fixing and ghostparts of the Lagrange
density are unobservable. Only the parameters in the gauge invariant part
Linv are measurable.

Theorem 2.
Transition amplitudes of physical states are independent of the gauge fixing
within perturbatively connected gauge sectors.

Proof: If one changes X by X then the Lagrange density and the action
change by

3L =isdX , dW = i/d“x s8X . (2.48)
S-matrix elements of physical states |[x[and |y Céhange to first order by

5 i | Wout 3 Dinl - i / A% $5X |Yout [ (2.49)
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where s6X is an operator in Fock space. The transformation sdX of the
operator 80X is generated by i times the anticommutator of the fermionic
operator dX with the fermionic brst operator Qg

inl s / A% X [Wout T3 Xin i Qs, / d*x X} our T (2.50)

This matrix element vanishes because |x[and |y Care physical (1.43) and
Qs is hermitean.

The proof does not exclude the possible existence of di Lerknt sectors of
gauge fixing which cannot be joined smoothly by changing the parameters.

2.4. Invariance and Anomalies

Using this theorem we can concisely express the restriction which the La-
grange density of a local, brst invariant action in D dimensions has to
satisfy.

It is advantageous to combine L with the di [Efential d®x and consider
the Lagrange density as a D-form " w2 = L dPx with ghostnumber 0. The
brst transformation of the Lagrange density w® has to give a (possibly
vanishing) total derivative d ol _;.

With this notation the condition for an invariant local action is

swd +dwi_; =0. (2.51)

Itis su [cieht to determine this Lagrange density w% up to a piece of the
form sng*, where ng! carries ghostnumber -1. Such a piece contributes only
to gaugefixing and to the ghostsector and cannot be observed. It is trivially
brst invariant because s is nilpotent. A total derivative part dng_; of the
Lagrange density contributes only boundary terms to the action and is also
neglected. This means that we look for the solutions of the equation

swd +dwb_; =0, w3 mod (sng* +dnd_;) . (2.52)

This is a cohomological equation, similar to (1.43) which determines
the physical states. The equivalence classes of solutions w% of this equation
span a linear space: the relative cohomology of s modulo d at ghostnumber 0
and form degree D.

If we use a Lagrange density which solves this equation, then the action
is invariant under the continuous symmetry

Q> @+ase (2.53)

PWe indicate the ghostnumber by the superscript and denote the form degree by the
subscript.
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with an arbitrary fermionic parameter a. In classical field theory Noether’s
theorem guarantees that there exists a current j™ which is conserved as a
consequence of the equations of motion,

Omi™=0. (2.54)

The Noether charge (from which we strip the parameter o)

Qs = / d3xjo(t, x) (2.55)

is independent of the time t and generates the nilpotent brst trans-
formations of functionals A[p, ] of the phase space variables ¢'(x) and

m(x) = %.'-(p,(x) by the graded Poisson bracket

0¢* (x) 8mi (x)

_ (—pyliia_%A 0B )

{ABYe = [ (1) 500 50700

sA ={Qs, A}p . (2.56)

If one investigates the quantized theory then in the simplest of all con-
ceivable worlds the classical Poisson brackets would be replaced by (anti-)
commutators of quantized operators. In particular the brst operator Qs
would commute with the scattering matrix S,

O,
S=uTel @ Xt [Qs,S]=0, (2.57)
and scattering processes would map physical states unitarily to physical
states

Classically an invariant action is su [cieht to ensure this property. The
perturbative evaluation of scattering amplitudes, however, su [erk from the
problem, that the S-matrix (2.57) has ill defined contributions from pro-
ducts of Lint(X1) . .. Lint(Xn) if arguments x; and x; coincide. Though upon
integration fd“xl ...d*x,, this is a set of measure zero these products of
fields at coinciding space time arguments are the reason for all ultraviolet
divergencies which emerge upon the naive application of the Feynman rules.
More precisely the S-matrix is a time ordered series in ifd“x Lint and a
set of prescriptions, indicated by the quotes in (2.57), to define in each
order the products of Lint(X) at coinciding space-time points. To analyze
these divergencies it is su [cieht to consider only connected diagrams. In
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momentum space they decompose into products of one particle irreducible
n-point functions Gipi(ps, .- -, pn) Which define the e [edtive action.

Mol = # /ol“x1 . d*%n 0(X1) ... 9(Xn) G1pi (X1, . . ., Xn)
n=0 " (2.59)
= [d'xLo@.09....)+ 3 (°Tfe]
n=1

To lowest order in [the e [edtive action I' is the classical action Mp[@] =
Jd*x (Loo(B)(x) . This is a local functional, in particular L is a series in the
fields and a polynomial in the partial derivatives of the fields. The Feynman
diagrams fix the expansion of the nonlocal eledtive action ' = > [T,
up to local functionals which can be chosen in each loop order, i.e. the

Lagrange density can be chosen as a series in []

L=Lo+Y [, (2.60)

n=1

The condition that the e [edtive action be brst invariant
sT[e]=0 (2.61)

has to be satisfied in each loop order. To lowest order it requires the
Lagrange density Ly to be a solution of (2.52).

Assume the invariance condition to be satisfied up to n-loop order. The
naive calculation of n + 1-loop diagrams contains divergencies which make
it necessary to introduce a regularization, e.g. the Pauli-Villars regular-
ization, and counterterms (or use a prescription such as dimensional reg-
ularization or the bphz prescription which is a shortcut for regularization
and counterterms). No regularization respects locality, unitarity and sym-
metries simultaneously, otherwise it would not be a regularization but an
acceptable theory. The Pauli-Villars regularization is local. It violates uni-
tarity for energies above the regulator masses and also because it violates
brst invariance. If one cancels the divergencies of diagrams with counter-
terms and considers the limit of infinite regulator masses then unitarity is
obtained if the brst symmetry guarantees the decoupling of the unphysical
gauge modes. Locality was preserved for all values of the regulator masses.
What about brst symmetry?

One cannot argue that one has switched o [The regularization and that
therefore the symmetry should be restored. There is the phenomenon of
hysteresis. A spherically symmetric iron ball exposed to a symmetry break-
ing magnetic field will usually not become spherically symmetric again if
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the magnetic field is switched o CLJAnalogously in the calculation of M4y
we have to be prepared that the regularization and the cancellation of di-
vergencies by counterterms does not lead to an invariant e [edtive action
but rather to

sr=[Mra+ ) M. (2.62)

k=n+2

If the functional a cannot be made to vanish by an appropriate choice of
Ln+1 then the brst symmetry is broken by the anomaly a.
Because s is nilpotent the anomaly a has to satisfy

sa=0. (2.63)

This is the celebrated consistency condition of Wess and Zumino.> The
consistency condition has acquired an outstanding importance because it
allows to calculate all possible anomalies a as the general solution to sa =0
and to check in each given model whether the anomaly actually occurs. At
first sight one would not expect that the consistency equation has com-
paratively few solutions. The brst transformation a = s of arbitrary
functionals I satisfies sa = 0. The anomaly a, however, arises from the
divergencies of Feynman diagrams where all subdiagrams are finite and
compatible with brst invariance. These divergencies can be isolated in
parts of the n-point functions which depend polynomially on the external
momenta, i.e. in local functionals. Therefore it turns out that the anomaly
is a local functional.

a= /d“xAl(x, 9(x),00(x),...) (2.64)

The anomaly density A is a jet function, i.e. a series in the fields @
and a polynomial in the partial derivatives of the fields comparable to a
Lagrange density but with ghostnumber +1. The integrand A! represents
an equivalence class. It is determined only up to terms of the form sL
because we are free to choose contributions to the Lagrange density at each
loop order, in particular we try to choose Ln+; such that sL+; cancels
Al in order to make Mn+1 brst invariant. Moreover d*x Al is determined
only up to derivative terms of the form dn?.

Al transforms into a derivative because the anomaly a satisfies the
consistency condition. We combine the anomaly density A with dPx to a
volume form w} and denote the ghostnumbers as superscripts and the form
degree as subscript. Then the consistency condition and the description of
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the equivalence class read
sop +dwi_; =0, wjmod(snd +dni_;) . (2.65)

This equation determines all possible anomalies. Its solutions depend only
on the field content and the brst transformations s and not on other par-
ticular properties of the model under consideration.

The determination of all possible anomalies is again a cohomological
problem just as the determination of all brst invariant local actions (2.52)
but now with ghostnumbers shifted by +1. We will deal with both equations
and consider the equation

so +dwd™ =0, 0 mod (sn ™t +dnd_,), (2.66)

for arbitrary ghostnumber g.

3. Cohomological Problems

3.1. Basic Lemma

In the preceding sections we have encountered repeatedly the cohomological
problem to solve the linear equation

sw =0, wmodsn, (3.1)

where s is a nilpotent operator s> = 0, acting on the elements of an al-
gebra A. The equivalence classes of solutions w form a linear space, the
cohomology H(A,s) of s. The equivalence classes of solutions w3 of the
problem

swd+dwd™I =0, wImodsnd™* +dnd_, , (3.2)

where s2 = 0 = d? = {s,d} form the relative cohomology HS(A,s|d) of s
modulo d of ghostnumber g and form degree p.

Let us start to solve such equations and consider the problem to deter-
mine the physical multiparticle states. Multiparticle states can be written
as a polynomial P of the creation operators acting on the vacuum

P@', ¢ chlad (3.3)
if one neglects the notational complication that all these creation operators
depend on momenta k-dnd have to be smeared with normalizable functions.

The brst operator Qs acts on these states in the same way as the fermionic
derivative

o]
s= 2'@'%? +c— oa] ) (3.4)
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acts on polynomials in commuting and anticommuting variables. For one
particle states, i.e. linear homogeneous polynomials P, we had concluded
that the physical states, the cohomology of Qs with particle number 1, are
generated by the transverse creation operators a;r, i.e. by variables which
are neither generated by s such as a% or ¢’ nor transformed as ¢’ and aL.

To investigate the action of s on polynomials, we simplify our notation
and denote the variables with respect to which s di [erkntiates collectively
by x and their transformation by dx. Then the derivative s becomes the
exterior derivative d (2.15). It maps the variables x to dx with opposite
statistics (grading),

0
— m
d = dx EVGR
The cohomology of the exterior derivative d acting on polynomials in x and
dx is described by the basic lemma,

|dx™| = [x™| + 1 mod 2 . (3.5)

Theorem 3. Basic Lemma
df(x,dx) =0 = f(x,dx) = fo + dg(x, dx) . (3.6)

Ty denotes the polynomial which is homogeneous of degree 0 in x and dx
and is therefore independent of these variables.

Applied to the Fock space the basic lemma implies that physical n-
particle states are generated by polynomials Ty of creation operators which

contain no operators a%, aL, cf,c’. Physical multiparticle states are gener-
ated by physical (transverse) creation operators a;r, i=1,2.

This result seems to be trivial, but it is strikingly dilerent from the
consequences of a bosonic symmetry, e.g. a rotation of a vector with com-
ponents (x,y) leaves the polynomial x? + y? invariant though neither x
nor y are invariant.

The basic lemma determines all functions w of the vector potential A,
the ghost C and their derivatives, which are invariant under the abelian
gauge transformation (2.37)

SAn=0nC,sC=0,s2=0, [5,0m] =0. 3.7

The symmetrized partial derivatives of the vectorfield (symmetrization is
indicated by the braces) are not invariant and transform into the derivatives
of C,

Sa(ml s amk_lAmk) = aml P aka . (3.8)
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By the basic lemma only trivial solutions of sw = 0 can depend on these
variables. The nontrivial solutions depend on the remaining jet variables,
the partial derivatives of antisymmetrized derivatives Frn = 0mAn —0nAm
and the undi Lerentiated ghost C. These variables are annihilated by s just
as constants.

sw=0+«w=Ff(C,F,0F,0...0F)+sn. (3.9
The sum is direct, because f and sn depend on di[erkent variables,

f(C,F,0F,0...0F)+sn=0 « f(C,F,dF,8...0F)=0 [CSn=0.

(3.10)
To prove the basic lemma (3.6) we introduce the operation
0
— M
d =X Xy (3.11)
The anticommutator A of d and 6 counts the variables x™ and dx™ (2.30),
0 0
{d,a}:A:Xmax—m"'deW = NX+NdX . (312)
Because d is nilpotent it commutes with {d, 4}, no matter what ¢ is,
d?>=0 CJdKd,5}]=0. (3.13)

Of course we can easily check explicitly that d does not change the overall
number of variables x and dx in a polynomial. We can decompose each
polynomial f into pieces f, of definite homogeneity n in the variables x
and dx, i.e. (Nx + Ngx)fn = nf,. Using (3.12) we can write T in the
following form,

1
F=fo+) fa=To+) (Nx+No)-Tn

n=1 n=1
=fo+d(3 ) %fn) +3(d> %fn)
n=1 n=1
f=fo+dn+5X. (3.14)

This is the Hodge decomposition of an arbitrary polynomial in x and dx
into a zero mode fp, a d-exact’ part dn and a &-exact part x. If f is
d-closed, i.e. if it solves d f = 0, then the equations d f, = 0 have to hold
for each piece d f,, separately because the pieces are eigenpolynomials of
Nx+Ngx with di [erkent eigenvalues and therefore linearly independent. But

i A polynomial g is called d-exact (or, shorter, exact, if the nilpotent operator d is evident)
if it is of the form g = dn for some polynomial n.
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d f, = 0 implies that the last term in the Hodge decomposition, the 3-exact
term, vanishes. This proves the lemma. If one writes % as fol dtt"~* one
obtains Poincaré’s lemma for forms in a star shaped domain

Theorem 4. Poincaré’s lemma
1
df(x,dx) =0 = f(x,dx) = f(0,0)+d6/ ?(f(tx, tdx)—*1(0,0)) (3.15)
0

In this form the lemma is not restricted to polynomials but applies to all
di Cerkntiable dilerkntial forms f which are defined along all rays tx for
0=t=<1andall x, i.e. in a star shaped domain. Note that the integral is
not singular att=20.

We chose to present the Poincaré lemma in the algebraic form - though
it applies only to polynomials and to analytic functions — because we will
follow a related strategy to solve the cohomological problems to come: given
a nilpotent operation d we inspect operations 6 and the anticommutators A.
Only the zero modes of A can contribute to the cohomology of d.

3.2. Algebraic Poincaré Lemma

The basic lemma for forms with component functions which are functions of
the base manifold does not apply to jet forms, i.e. dilerkntial forms w with
component functions which are functions of some jet space Ji, k < oo.
The jet forms, which we consider, are series in fields @, polynomials in

derivatives of fields 0,000, ...,0...09, polynomials in dx and series in
the coordinates X,
w: (x,dx, @,00,000,...) » w(x,dx,@,09,000,...) . (3.16)

Jet forms occur as integrands of local functionals. Because they depend
polynomially on derivatives of fields they contain only terms with a finite
number of derivatives, though there is no bound on the number of deriva-
tives which is common to all forms w.

We use curly brackets around a field to denote it and its derivatives

{0} = (9,09,009,...) . (3.17)

For Lagrange densities w = L(x, {¢}) dPx the basic lemma cannot hold:
they satisfy dw = 0 because they are volume forms, but they cannot be
total derivatives, w 8 dn, if their Euler derivative does not vanish.

Let us show that constants and Lagrange densities with nonvanishing
Euler derivative constitute the cohomology of the exterior derivative d in
the space of jet forms.
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The exterior derivative d = dx™dy, of jet forms di [erentiates the coor-
dinates x. Acting on derivatives of a field, the partial derivatives 01,0;...
map them to the next higher derivative with an additional label, just as a
creation operator acts on a Fock state,

aan = mn ) aden = 0 y ak(a| . am(p) = aka| . am(p . (318)

The jet variables satisfy no di [erkntial equation, i.e. 0x0,...0m® are inde-
pendent variables up to the fact that partial derivatives commute

ak...am(p:am...ak(p. (3.19)

On these jet variables we define the operations t" which annihilate a deriva-
tive and act like a derivative with respect to d,, i.e. t" = %,

t"(x™) =0, t"(dx™) =0, (3.20)

|
t"@) =0, t"Om,--0m®) =D Om,...0mi s O Omyy - - O, @ -
i=1

The action of t" on polynomials in the jet variables is defined by linearity
and the Leibniz rule. Then t" are vector fields on the jet space J which
act on jet functions.

Obviously the operations t" commute, [t™,t"] = 0. Less trivial is

[t", Om] = 3 Nyqy - (3.21)

Nye3 counts the (dilerentiated) fields. The equation holds for linear poly-
nomials, i.e. for the jet variables and coordinates and dilerkntials, and
extends to arbitrary polynomials because both sides of this equation sat-
isfy the Leibniz rule.

To determine the cohomology of d = dx™d, we consider separately
forms w with a fixed form degree p,

)
a(dxm) ’

Ngx = dx™ Nagx 0 =pw , (3.22)
which are homogeneous of degree N in {¢}. We assume N > 0, the case
N =0 is covered by Poincaré’s lemma (theorem 4).

Consider the operation

:m a

3@ (3.23)
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and calculate its anticommutator with the exterior derivative d as an exer-
cise in graded commutators (2.19):

0 0
— £+M n _ nr¢m
{b.d} = {17 5o s X300 — X 5 Onl
_ 0 (3.24)
- tmamnan - an6nmN adxm

= antn +6nnN - N Ndx .

So we get
{d,b} = N(D — Ngx) + P; . (3.25)
D = gy, is the dimension of the base manifold, the operator P; is
Py = 0 t< . (3.26)
Consider more generally the operations Py,
Pn =0k, ...0K, t< ...tk (3.27)

which take away n derivatives and redistribute them afterwards. For each
polynomial w in the jet variables there exists a n(w) such that

> n(w) : Paw =0, (3.28)

because each monomial of w has a bounded number of derivatives.
Using the commutation relation (3.21) one proves the recursion relation

P1Px = Py+1 + kKNP (3.29)
which can be used iteratively to express Py in terms of P; and N
k—1
Pc=J](P1—IN). (3.30)

1=0
Using the argument (3.13) that a nilpotent operation commutes with
all its anticommutators we conclude from (3.25)

[d,N(D — Ngx) + P1]=0. (3.31)

Therefore dw = 0 implies d(P,w) = 0 and from (3.30) we conclude
d(Pxw) = 0. We use the relation (3.25) to express these closed forms Pyw
as exact forms up to terms Py 0.

dbw)=Pi0+N(D—-p)w
d(b Pxw) = P1Pxw + N(D — p)Pxw
= Pi+10 + KNPyw + N (D — p)Pxw
d(b Pkw) = P10+ N(D —p+ k)P, k=0,1,...

(3.32)
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If p < D then we can solve for w in terms of exact forms d(bw) and P,
which can be expressed as exact form and a term P,w and so on. This
recursion terminates because Phw = 0 [Ml= n(w) (3.28). Explicitly we
have forp<D and N > 0:
n(w)

do=0 L d=d(b}"
k=0

- (D-p-1)
,Elk)ﬂ ED —S+k;!Pkw) =dn. (3.33)

To complete the investigation of the cohomology of d we have to con-
sider volume forms w = L dPx. We treat separately pieces Ly which are
homogeneous of degree N > 0 in the jet variables {¢}. These pieces can be

written as
N'—N=<Piaa%+0mfpi%+ (3.34)
:(pié;:p?_'_amxm,xhn:(pi%-k .
Here we use the notation (1.5)
oL _ oL _ oL (3.35)

opi 09 0(0me')
for the Euler derivative of the Lagrange density with respect to ¢'. The
dots denote terms which come from higher derivatives. The derivation of
(3.34) is analogous to the derivation of the Euler Lagrange equations from
the action principle. Eq.(3.34) implies that the volume form wyn = Ly dPx
is an exact term and a piece proportional to the Euler derivative
1 0Ly 1 0
L Dy — = i s D + _xm D . .

e d( ¥ 5 gm x) (3.36)
If we combine this equation with Poincaré’s lemma (theorem 4) and with
(3.33), combine terms with di Lerknt degrees of homogeneity N and di [erent
form degree p we obtain the algebraic Poincaré lemma for forms of the
coordinates, di[Lerkntials and jet variables

Theorem 5. Algebraic Poincaré Lemma
do(x,dx,{e}) =0 =

5 (3.37)
w(X, dx, {@}) = const + dn(x, dx, {@}) + L(x,{o})d"x .

The Lagrange form L(x, {@}) dPx is trivial, i.e. of the form dn, if and only
if its Euler derivative vanishes identically in the fields.
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The algebraic Poincaré lemma does not hold if the base manifold is
not starshaped or if the fields ¢ take values in a topologically nontrivial
target space. In these cases the operations 8 = X535 and b = t" 52
cannot be defined because a relation like x ==+ 21, which holds for
the coordinates on a circle, would lead to the contradiction 0 J_L_Z#%.
Here we restrict our investigations to topologically trivial base manifolds
and topologically trivial target spaces. It is the topology of the invariance
groups and the Lagrangian solutions in the algebraic Poincaré lemma which
give rise to a nontrivial cohomology of the exterior derivative d and the brst
transformation s.

The operations t™ and b used in the above proof of the algebraic
Poincaré lemma (3.37) do not aledt the dependence on the variables x™.
Therefore the algebraic Poincaré lemma holds for N > 0 also for the part
of d which di Lerkntiates the fields only but not the x™. Hence, using the
decomposition

0
j— — m
d=dx+dy, dx=dx EVOR (3.38)
where d, denotes the part of d which dilerentiates only the fields, we

obtain:

Theorem 6. Algebraic Poincaré Lemma for dg
dp(x,dx,{o) =0 =
(x, dx, {g3}) = X(x, dx) + dg n(x, dx, {g}) + L(x, {¢}) d°x.

The algebraic Poincaré lemma is modified if the jet space contains in
addition variables which are space time constants. This occurs for example
if one treats rigid transformations as brst transformations with constant
ghosts C, i.e. dC = 0. If these ghosts occur as variables in forms w then
they are not counted by the number operators N which have been used in
the proof of the algebraic Poincaré lemma and can appear as variables in n,
in L and in the constant solution of dw = 0.

(3.39)

3.3. Descent Equation

We are now prepared to investigate the relative cohomology and derive
the so called descent equations. We recall that we deal with two nilpotent
derivatives, the exterior derivative d and the brst transformation s, which
anticommute with each other

d>=0, =0, {s5,d}=0. (3.40)
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s leaves the form degree Ngx invariant, d raises it by 1
[Nax,s] =0, [Nax,d]=d . (3.41)
To derive necessary conditions on the solution of (2.51)
swp +dwp—1 =0, wp Mod(snp +dnp-1) , (3.42)
where the subscript denotes the form degree, we apply s and use (3.40)
0=s(swp +dwp—1) =sdwp—1 = —d(swp-1) . (3.43)

By (3.37) swp—1 is of the form const + dn({e}) + L({@}) dPx. The piece
L({0}) dPx has to vanish because wp—; has form degree D—1and if D > 1
then also the constant piece vanishes because wp—1 contains D —1 > 0
di [erkntials and is not constant. Therefore we conclude

SWp—1 +dwp—> =0, wp—1 mod (S Nob-1+ dﬂD_z) (3.44)

where we denoted n by wp—» to indicate its form degree. Adding to wp—1
a piece of the form snp—1 + dnp—2 changes wp only within its class of
equivalent representatives. Therefore wp—; is naturally a representative of
an equivalence class. From (3.42) we have derived (3.44) which is nothing
but (3.42) with form degree lowered by 1. Iterating the arguments we lower
the form degree step by step and obtain the descent equations

swj+dwj-, =0, i=D,D—-1,...,1, wj mod(sn; +dni—1) (3.45)

until the form degree drops to zero. It cannot become negative. For i =0
one has

Swo = const, wg Mod sng (3.46)

because this is the solution to dswg = 0 for 0-forms.

If, however, the brst transformation is not spontaneously broken i.e.
if s does not transform fields into numbers, s @;p=0) = 0, then swg has to
vanish. This follows most easily if one evaluates both sides of swg = const
for vanishing fields. We assume for the following that the brst transfor-
mations are not spontaneously broken,

Swo =0, wp modsng . (3.47)

We will exclude from our considerations also spontaneously broken rigid
symmetries. There we cannot apply these arguments because s @jp=gy = C
gives ghosts which are space time constant and swg = f(C) & 0 can occur.
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The descent equations (3.45, 3.47) are just another cohomological equa-
tion for a nilpotent operator § and a form @

T=s+d,$®=0, (3.48)

D D
G):Zwi,ﬁ=zrh, (3.49)

TE=0, mod3q . (3.50)

That 5 is nilpotent follows from (3.40). The descent equations (3.45, 3.47)
imply 3@ = 0 and @ is equivalent to @ +3n. So (3.50) is a consequence of
the descent equations. On the other hand if (3.48) holds then the equation
(3.50) implies the descent equations. This follows if one splits 5, @ and f
with respect to the form degree (3.41).

Theorem 7.

Let S=s+d be a sum of two nilpotent, anticommuting fermionic deriva-
tives where s preserves the form degree and d raises it by one, then each
solution (wo, ..., wp) of the descent equations

swj+dwj—1 =0, i=0,1,...D, wi mod(sni +dni—1), (3.51)
corresponds one to one to an element @ = > w; of the cohomology
HGE) ={®: S®=0, ®mod3A}. (3.52)
The forms w; are the parts of @ with form degree i.

The formulation of the descent equations as a cohomological problem of
the operator S has several virtues. The solutions to S @ = 0 can obviously
be multiplied to obtain further solutions. They form an algebra, not just a
vector space. Moreover, for the brst operator in gravitational Yang Mills
theories we will find that the equation § @ = 0 can be cast into the form
sw = 0 by a change of variables, where s is the original brst operator.
This equation has to be solved anyhow as part of the descent equations.
Once one has solved it one can recover the complete solution of the descent
equations, in particular one can read o Cap as the D form part of @. These
virtues justify to consider with @ a sum of forms of di [erent form degrees
which in traditional eyes would be considered to add apples and oranges.
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3.4. Kiinneth’s Theorem

If the nilpotent derivative d acts on a tensor product

A=A, (A} (3.53)
of vectorspaces which are separately invariant under d
dA; CAl, dA; A}, (3.54)

then Kiinneth’s theorem states that the cohomology H (A, d) of d acting on
A is given by the product of the cohomology H(A1,d) of d acting on A;
and H(A;, d) of d acting on A,.

Theorem 8. Kiinneth-formula
Let d = d; +d, be a sum of nilpotent di Lerkntial operators which leave
their vectorspaces A; and A, invariant

di A; CAL, d2 A, CAp (3.55)

and which are defined on the tensor product A = A; [CA} by the Leibniz
rule

da(kl) = (d1 K)I , da(kl) = (—)k(d2 1), KICAL, | CA, . (3.56)

Then the cohomology H (A, d) of d acting on A is the tensor product of the
cohomologies of d; acting on A; and d, acting on A,

H(A1 LA}, dy +dz) = H(A1,d1) [CHIA2, d2) . (3.57)

The formula justifies to count numbers as nontrivial solution of dw = 0
rather than to exclude them for simplicity from the definition of H (A, d).
To prove the theorem we consider an element f CH(d)

f=> kil (3.58)

given as a sum of products of elements ki [CA; and I; [CAL. Without loss
of generality we assume that the elements k; are taken from a basis of A;
and the elements |; are taken from a basis of A;.

> ciki=0 ¢ =0 [ (3.59)
> cili=0 < ci=0 L1 (3.60)

Otherwise one has a relation like Iy = >"raili or ky = 3" Biki, where 3"
does not contain i = 1, and can rewrite ¥ with fewer terms f = ZRki +
aijky) - lj or f = ZiEki - (Ij + Bily). We can even choose f [CH(d) in such
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a manner that the elements k; are taken from a basis of a complement
to the space di A;. In other words we can choose f such that no linear
combination of the elements k; combines to a d;-exact form.

> ciki=dig - dig=0=c; [ (3.61)
i
Otherwise we have a relation like k; = —dj k + > Biki, where 3" ~does
not contain i = 1, and we can rewrite f [CH(d) up to an irrelevant piece
as sum of products with elements k"= K, ka, ..., where K is not in d; Ay,
f=()MKda 1+ ki (li +Bil) —d(k Iy) . (3.62)
i>1

We can iterate this argument until no linear combination of the elements
kHcombines to a d;-exact form.
By assumption T solves d f = 0 which implies

>~ @kl + () ki(dz 1)) = 0. (3.63)

In this sum »;(d1 ki)l; and Zi(—)ki ki(d2 I;) have to vanish separately be-
cause the elements k; are linearly independent from the elements d; k;j [
di A1, > ;(d1 ki)l =0, however, implies

diki=0 (3.64)

because the elements I; are linearly independent and Zi(—)"i ki(d21;) =0
leads to

d2 ;=0 (3.65)
analogously. So we have shown
df =0 EﬂcZkili+dxwhere diki=0=d;I; 01 (3.66)
i

Changing ki and [I; within their equivalence class kjmod dik; and
Ii mod dz A; does not change the equivalence class f mod dx:

> (ids k) (li+d2 M) = Y kili+d > (ki(li+d2 A)+() ki) (3.67)

Therefore H(A, d) is contained in H1(A;,d;) CHb(A2,d2). On the other
hand, the inclusion Hy(A;,d;) CHL(A2,d2) [CH(A,d) is trivial. This
concludes the proof of Kiinneth’s theorem.
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4. BRST Algebra of Gravitational Yang Mills Theories

4.1. Covariant Operations

Gauge theories such as gravitational Yang Mills theories rely on tensor
analysis. The set of tensor components is a subalgebra of the polynomials
in the graded commutative jet variables.

(Tensors) I:léﬂ’olynomials((p, 09,090, .. .)) (4.1)

The covariant operations Apm which occur in tensor analysis
JAYVIE (Tensors) - (Tensors) 4.2)

map tensors to tensors and satisfy the graded Leibniz rule (2.12). These co-
variant operations have a basis consisting of the real bosonic covariant space
time derivatives D, a = 0,...,D — 1, the complex covariant, fermionic
spinor derivatives Dy, Dg = (Dg)5in supergravitational theories and real
bosonic spin and isospin transformations 6;, which correspond to a basis
of the Lie algebra of the gauge group and of the Lorentz group, possibly
including dilatations and so-called R-transformations

(Am) = (Da, Dqg, DY, &) . (4.3)

The grading of the covariant operations can be red o[ffom the index,
[Am| = |M|, only spinor derivatives are fermionic.

By assumption, the space of covariant operations is closed with respect
to graded commutation: the graded commutator of covariant operations
is a covariant operation which can be linearly combined from the basic
covariant operations,

[Am, AN = ApAN — (O)MNANAM = Fyn Ak . (4.4)
with structure functions
Fun = _(_)Il\/IIINI|:N|V|K (4.5)

which are components of graded antisymmetric tensorfields and which are
graded according to their index picture, |[Fpmn | = M|+ N| + |K].

We raise and lower spinor indices with gqp = —€gq = Eupr €12 = 1,
Yo = €agY B Yo = SaBY P and use the summation convention

XMYpm 1= X3V, + XY + XgY @+ XY, (4.6)
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that in a spinor sum the first undotted index is up and the first dotted
index is down. If then the components are graded according to their index
picture

XM= X[+ M], [Ym| =Y ]+ [M] 4.7

and define components of the conjugate quantities X and Y by
XM = (R)XFIMIXM) ) yG = (M) = (48)
then because of (=)MIXMY; = XMYy, the conjugate of the sum turns

out to be the sum over the conjugate products,
XMYM)E (I IXMYy, | (4.9)
The structure functions turn out to be graded real,

(Fmn K) T (<) KIAMIFIND+IMIINIE - K (4.10)

i.e. conjugation maps the graded commutator algebra to itself, it is real.

Some of the structure functions have purely numerical values as for
example the structure constants in the commutators of infinitesimal Lorentz
or isospin transformations

[8i, 8] = Fij <Ok . (4.11)

Other constant structure functions are the elements of matrices G;, which
represent isospin or Lorentztransformations on the covariant space time
derivatives

[8i, Da] = —Gia"Dy . (4.12)

Other components of the tensors Fyn ' are given by the Riemann
curvature, the Yang Mills field strength and in supergravity the Rarita
Schwinger field strength and auxiliary fields of the supergravitational mul-
tiplet. We use the word field strength also to denote the Riemann curvature
and the Yang Mills field strength collectively.

The commutator algebra (4.4) implies the Jacobi identity. If we denote
the graded sum over the cyclic permutations of an expression Xynp by

EXMNP = Xpnp + (S)MIANFIPDX oy + () IPIAMIFIND X G
MNP
(4.13)

then the Jacobi identity can be written as

Y 1Awm (AN, AR =0 (4.14)
M N P
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Inserting (4.4) one obtains the first Bianchi identity for the structure func-
tions
Y @uFne < — FuntFLe ) =0. (4.15)
M N P

The covariant operations are not defined on arbitrary polynomials of
the jet variables. In particular one cannot realize the commutator algebra
(4.4) on connections, on ghosts or on auxiliary fields.

To keep the discussion simple we will not consider fermionic covariant
derivatives in the following. Then the commutator algebra (4.4) has more
specifically the structure given by (4.11) and (4.12) and

[Daa Db] = —Ta°D¢ + I:abiai . (4-16)

We will simplify this algebra even more and choose the spin connection by
the requirement that the torsion T4,¢ vanishes.

4.2. Transformation and Exterior Derivative

The fields ¢ in gravitational Yang Mills theories are the ghosts CN, anti-
ghosts CN, auxiliary fields BN, gauge fields A,,;N,m =0,...,D — 1, also
called connections, and elementary tensor fields T. The gauge potentials,
ghosts and auxiliary fields are real and correspond to a basis of the covariant
operations Ay, i.e. there are connections, ghosts and auxiliary fields for
translations, Lorentz transformations and isospin transformations. Matter
fields are tensors and denoted by T.

o= (N, cN,BN, AN, T) (4.17)
We define the brst transformation of the antighosts and the auxiliary fields
by

scN =iBN , sBN =0. (4.18)

The brst transformation of tensors is a sum of covariant operations with
ghosts as coe [ciehts®

sT =—-CNANT . (4.19)
We require that partial derivatives 0, of tensors can be expressed as a
linear combination of covariant operations with coe Lciehts which by their
definition are the connections or gauge fields. For the exterior derivative
this means
dT =dxM9mT = —dx™A NANT = —ANANT ,

4.20
AN =dxmA N . (4.20)
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s acts on tensors strikingly similar to d: sT contains ghosts CN where d T
contains composite connection one forms AN

Let us check that (4.20) is nothing but the usual definition of covariant
derivatives. We spell out the sum over covariant operations and denote
the connection —A,,2 which correspond to covariant space-time derivatives
by e,2, the vielbein. The index i enumerates a basis of spin and isospin
transformations,

Om = —ANAM =e,,2Da — An'd; . (4.21)
If the vielbein has an inverse E;™, which we take for granted,
enlE," =35,,", (4.22)

then we can solve for the covariant space time derivative and obtain as
usual

Da=E,"@m + Am'd;) . (4.23)

We require that s and d anticommute and be nilpotent (3.40). This fixes
the brst transformation of the ghosts and the connection and identifies the
curvature and field strength. In particular s> = 0 implies

0=8’T =s(-CNANT) = —(6CN)ANT +CN s(ANT) . (4.24)

ANT is a tensor so

1
CNs(ANT) =—-CNCMAMANT = —ECNCM[AM,AN]T . (4.25)

The commutator is given by the algebra (4.4) and we conclude

1
0=(scN + ECKCLFLKN)ANT , 1. (4.26)

This means that the operation (sCN + 2CXC-F_«N)Ay vanishes. The
covariant operations Ay are understood to be linearly independent. There-
fore sCN is determined

1
sCN = —SCKChRLM . (4.27)

The brst transformation of the ghosts is given by a polynomial which is
quadratic in the ghosts with expansion coe [Ciehts given by the structure
functions F_ k™. s transforms the algebra of polynomials generated by
ghosts (not derivatives of ghosts) and tensors into itself (4.19, 4.27).
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The requirement that s and d anticommute fixes the transformation of
the connection,

0={s,d}T =s(—ANANT) +d(—=CNANT)
= —(AMANT —ANCMAMANT —@@dCMANT —CNAMAANT
=—(GAN +dCN + AKCLFL«MANT , [T.
(4.28)
So we conclude

sAN = —dcN — AKCLE (N (4.29)
for the connection one form AN. For the gauge field AN we obtain
sAN =0mCN + A KCEFLN . (4.30)

The brst transformation of the connection contains the characteristic in-
homogeneous piece 0, CN.
d? = 0 identifies the field strength as curl of the connection,

0=0d?T = dxMdX"0m0nT = —dx™dX"0m(AnNANT)
= —dx™dx" (OmAn™)ANT + AnN (BN T)) (4.31)
= —dxMdx" ((amAnN)ANT - AnNAmMAMANT) .
Because the dilerkentials anticommute, the antisymmetric part of the
bracket vanishes,
0= 0mAnK — ALK — AmMANFuNK . (4.32)

We split the summation over M N, employ the definition of the vielbein,
denote by i and j collectively spin and isospin values

0 = 0mAnK — 0nARK — emaeanabK + emaAniFaiK (4.33)
+ Am'en?Fia — AniALT ;K '

and solve for the structure functions Fop" with two space time indices. Up
to nonlinear terms, they are the antisymmetrized derivatives of the gauge
fields,

Fao = Ea™Eo" (20mAn + 26m°An'Fei — Am'And Fy< ) . (4.34)

They are the torsion, F,° = —T4°, if K = ¢ corresponds to space-time
translations,
Tap® = EamEbn(amenC — Onem® + Wmaen? — wn dcemd) ) (4.35)

iAnticommuting dx™ through s changes the signs.



February 8, 2012 14:14 World Scientific Review Volume - 9in x 6in brst6

42 N. Dragon and F. Brandt

the Riemann curvature Rgp,%, if K = c¢d = —dc corresponds to Lorentz
transformations,

Rabcd = EamEbn (amwn cd — OnWm cd — Wm cewn ed + Wn cewm ed) ) (4-36)
and the Yang Mills field strength Fap', if K = i ranges over isospin indices,
Fab' = Ea"Ep" (0mAn' — 0nAm' — Amd Ak Fii) . (4.37)

The formula applies, however, also to supergravity, which has a more com-
plicated algebra (4.4). It allows in a surprisingly simple way to identify the
Rarita Schwinger field strength W,,% when K = a corresponds to super-
symmetry transformations.

We choose the spin connection wape = EaKwkpe such that the torsion
vanishes,

Wabe = %(rladEmecn + NoaEa"E" — r]chamEbn) (amend - anemd) .
(4.38)
This choice simplifies the algebra. It does not restrict the generality of our
considerations, because a di [erent spin connection di[erk by a tensor only
and leaves the algebra of all tensors unchanged.

We have used that s and d are nilpontent and anticommute if applied to
tensors. This has fixed the transformations of the ghosts and connections
and identified the structure functions Fa,N. That s and d are nilpontent
and anticommute also if applied to connections and ghosts follows from the
Bianchi identity (4.15).

The formulas

sT=—CNANT , dT = —-ANANT (4.39)

for the nilpotent, anticommuting operations s and d not only encrypt the
basic geometric structures. They allow also to prove easily that the coho-
mologies of s and s+ d acting on tensors and ghosts, (not on connections,
derivatives of ghosts, auxiliary fields and antighosts) di Leflonly by a change
of variables. Inspection of (s +d), acting on tensors T, shows

ST =(+d)T =—CN +AN)ANT = -CNANT , (4.40)
where CN =cN+AN =¢cN +dx™ALN | (4.41)

that the S-transformation of tensors is the s-transformation with the
ghosts C replaced by C.
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The 3-transformation of C follows from $2 = 0 and the transformation

of tensors (4.40) by the same arguments which determined s C from s> =0
and from (4.19). So we obtain

~ 1 ~
3CN = _ECKCLFLKN . (4.42)

This is just the tilded version of (4.27).

Define the map p : C B C = C + A to translate the ghosts C by
the connection 1-forms A and to leave A and tensors T invariant. Jet
functions P, which depend on ghosts and tensors, and are constant as
functions of A are transformed by the corresponding pullback p™~to

ptPY=P op. (4.43)

Then (4.40, 4.42) and (4.19, 4.27) state that the brst cohomologies of s
and § acting on functions of ghosts and tensors are invertibly related

ToptEpHds . (4.44)
Theorem 9. B
A~form w(C,T) solves sw(C,T) = 0 if and only if o(C,T) solves
Sw(C, T)=0.

If we combine this result with theorem 7 then the solutions to the descent
equations can be found from the cohomology of s if we can restrict the
jet functions, which contribute to the cohomology of 3, to functions of the
ghosts and tensors.

4.3. Factorization of the Algebra

If the base manifold and the target space of the fields have trivial topology,
then we can restrict the jet functions, which contribute to the cohomology
of 5, to functions of the ghosts and tensors, because the algebra of jet
variables is a product of algebras on which S acts separately and trivially
on all factors, apart of the algebra of ghosts and tensors. Using Kiinneth’s
formula (theorem 8) we can determine nontrivial Lagrange densities and
anomaly candidates from solutions of §w(5,T) = 0. To establish this
result we prove the following theorem:

Theorem 10.
The algebra A of series in X™ and the fields ¢ (4.17) and of polynomials
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in dx™ and the partial derivatives of the fields is a product algebra

A=As1 CH AW 54 (4.45)
|

where the variables u, are enlisted by (k =1,2,...)
(Xm, ema, (J.)mab, Ami, a(mk e amlAmo)N y 6N ) amk e aml 6N) (4.46)
S acts on each factor A, 3y, separately, SAy, sy, Al 3y, -

The braces around indices, d¢m, --.0m,Amy)", denote symmetriza-
tion. The subscript of the algebras denote the generating elements, e.g.
Aema,§ema is the algebra of series in the vielbein e,® and in Sen2. §
leaves Ay, sy, invariant by construction because of ? =

To prove the theorem we inspect the variables u; and Su; to lowest
orderK in the di [erentials and fields. To this order the variables Su, are

(dX™,0mC?,0mC?®,0mC", Om, . ..0m,CN,iBN,i0m, ...0m,BN) (4.47)
Also to lowest order the covariant derivatives of the field strengths are
(T) = (Eax™...Ea,™0m, - - . Omy Ame Vs K=1,2,...) . (4.48)

The brackets denote antisymmetrization of the enclosed indices. In lin-
earized order we find all jet variables as linear combinations of the variables
C,T, u; and Su,: the symmetrized derivatives of the connections belong to
(u.), the antisymmetrized derivatives of the connections belong to the field
strengths listed as T. The derivatives of the vielbein are slightly tricky. The
symmetrized derivatives are the variables —9(m,, .. .amlAmo)N for N = a.
The antisymmetrized derivatives of the vielbein are in one to one corre-
spondence to the spin connection because we have chosen it such that the
torsion vanishes.

So the transformation of the jet variables y = {¢} = ¢, 09, ... to the
variables ™= (C,T,u;,5u;) has the structure

p™ =M+ 0 YY), (4.49)
where M is invertible,
. alpﬁ
ML =~ . (4.50)
! oy’ ly=0

KWe do not count powers of the vielbein em?2 or its inverse. They are not aledted by
the change of variables, which we investigate. Derivatives of the vielbein, however, are
counted.
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Therefore, the map ¢ — (s invertible in a neigbourhood of ¢ = 0,
analytic functions f(y) are analytic functions F (@Y = f(@(Y) of ¢and
the algebra, generated by x,dx and the jet variables {@}, coincides with
the algebra, generated by (&

Axaxder = Act TH Ausu- (4.51)
|

Because S leaves each factor of the product algebra invariant, Kiinneth’s
theorem (theorem 8) applies and the cohomology of § acting on the algebra
Ay dx,{e3 Of the jet variables is given by the product of the cohomologies
of S acting on the ghost tensor algebra Az 1 and on the algebras Ay, sy,

H(A3) =H(Asz 1.9 CHHAWL 51,9 . (4.52)
|

By the basic lemma (theorem 3.6) the cohomology of d acting on an algebra
A dx of dilerkntial forms f(x,dx) which depend on generating and inde-
pendent variables x and dx is given by numbers f. The algebra Ay, 3y, and
the action of S on this algebra diled only in the denomination. Therefore
the cohomology H(Ay, 5u,,3) is given by numbers, at least as long as the
variables u; and Su, are independent and not subject to constraints.

Whether the variables u;,Su; are subject to constraints is a matter
of choice of the theory which one considers. This choice influences the
cohomology. For example, one could require that two coordinates x* and x?
satisfy (x1)? + (x?)? = 1 because one wants to consider a theory on a circle.
Then the dilefential d(arctan¥) = d¢ is closed (dd$ = 0) but not exact,
because the angle ¢ is not a function on the circle, d¢ is just a misleading
notation for a one form which is not d of a function ¢. In this example
the periodic boundary condition ¢& [—dl + 21t gives rise to a nontrivial
cohomology of d acting on ¢ and dé. Nontrivial cohomologies also arise if
the fields take values in nontrivial spaces. For example if in nonlinear sigma
models one requires scalar fields @' to take values on a sphere S 0l =1
then the volume form d"¢ is nontrivial. More complicated is the case where
scalar fields are restricted to take values in a general coset G/H of a group
G with a subgroup H . Also the relation

deten,2 £ 0 (4.53)

restricts the vielbeine to take values in the group GL(D) of invertible real
D x D matrices. This group has the nontrivial cohomology of O(D).

In our investigation we neglect the cohomologies coming from a nontriv-
ial topology of the base manifold with coordinates x™ or the target space
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with coordinates @ or e,®. We have to determine the cohomology of S on
the ghost tensor variables anyhow and start with this problem. To obtain
the complete answer we can determine the cohomology of the base space
and the target space in a second step which we postpone. So we choose
to investigate topologically trivial base manifolds and target spaces. We
combine eqg. (4.52) with theorem 7 and theorem 9 and conclude

Theorem 11.

If the target space and the base manifold have trivial topology then the non-
trivial solutions of the descent equations in gravitational theories are in one
to one correspondence to the nontrivial solutions w(C, T) of the equation
sw = 0. Up to trivial terms the solution wp of the descent equation (3.42)
is given by the D-form part of the form w(C + A, T).

w depends only on the ghosts, not on their derivatives. Therefore the
ghostnumber of w is bounded by the number of ghosts for translations and
spin and isospin transformations D + M + dim(G). If we take the
D-form part of w(C + A, T) then D dilerkntials dx™ rather than ghosts
have to be picked. Therefore the ghostnumber of nontrivial solutions of the
relative cohomology is bounded by M +dim(G).

From the theorem one concludes that anomaly candidates which one
expresses in terms of the ghost variables C, (the index i enumerates spin
and isospin values collectively, translation ghosts are denoted by c, to dis-
tinguish them from spin and isospin ghosts C)

Cl=Ci—c?E, Ay, €™ = c?E,™, (4.54)
can be chosen such that they contain no ghosts €™ of coordinate transfor-
mations or, in other words, that coordinate transformations are not anoma-
lous.

This holds, because the variables C' are invariant under the shift p:
C B C + A (4.43), only the translation ghosts are shifted,

p(CH=Ch, p(E™) =M +dx™ . (4.55)
Therefore, if one expresses a form w(C + A, T) by ghost variables €, C then

w depends on dx™ only via the combination €™ + dx™. The D form part
wp originates from a coe Lcieht function multiplying

@ +dxP)@E +dx?)...E° +dxP) = (dx*dx?...dxP +...) . (4.56)
This coe Ccieht function of d®x cannot contain a translation ghost ™ be-

cause €™M enters only in the combination €™ + dx™ and D + 1 factors of
€M + dx™ vanish.
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In our formulation s maps the subalgebra of ghosts and tensors to itself,
—sT =CNANT = cPEa™(@m + An'di) T +C' 5T . (4.57)

In terms of the ghosts C this is a shift term €™M0, T and the brst trans-
formation of a Yang Mills theory

—sT =EM0mT + C'&T . (4.58)

This formulation arises naturally if one enlarges the brst transformation of
Yang Mills theories to allow also general coordinate transformations. How-
ever, dmT is not a tensor and it is not manifest, that s leaves a subalgebra
invariant.

5. BRST Cohomology on Ghosts and Tensors

5.1. Invariance under Adjoint Transformations

In the preceding section the problem to determine Lagrange densities and
anomaly candidates has been reduced to the calculation of the cohomology
of s acting on tensors and ghosts,

sw(C,c, T)=0, w modsn(C,c,T) . (5.1)
Let us recall the transformation s explicitly '
sT = —(c®Da + C'3)T , (5.2)
sc@ = —C'c"Gjp? , (5.3)
sC' = %ckc'fk.i + %cachabi . (5.4)

To determine the cohomology of s, we proceed as in the derivation of the
basic lemma and investigate the anticommutator of s with other fermionic
operations. Here we consider the partial derivatives with respect to the
spin and isospin ghosts C'. These anticommutators are the generators §;
of spin and isospin transformations

0

i = —{s, W} (5.5)
which on the ghosts ¢ are represented by G; and on the ghosts C by the
adjoint representation

5iCa = GibaCb s 5iCj = fkijC" . (5.6)

IBy choice of the spin connection T4,¢ vanishes. Translation ghosts are denoted by ¢ to
distinguish them from spin and isospin ghosts C, which are enumerated by i.
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Eq. (5.5) is easily verified on the elementary variables ¢c,C and T. It
extends to arbitrary polynomials because both sides of the equation are
linear operations with the same product rule.

Arbitrary linear combinations & = a'd; of the spin and isospin transfor-
mations commute with s because each anticommutator {s, r} of a nilpotent
s commutes with s no matter what operation r is (3.13),

[6,s]=0. (5.7)

The representation of the isospin transformations on the algebra of ghosts
and tensors is completely reducible because the isospin transformations
belong to a semisimple group or to abelian transformations which decom-
pose the algebra into polynomials of definite charge and definite dimension.
Therefore the following theorem applies.

Theorem 12.

If the representation of d; on the ghost and tensor algebra is completely
reducible then each solution of sw = 0 is invariant under all 5 = a'd; up
to an irrelevant piece,

sw=0 CaF wjn +sn, 0Winw=0. (5.8)
The theorem is proven by the following argument. The null space of s,
Z={w: sw =0}, (5.9)
is mapped by spin and isospin transformations to itself,
sdiw =06;sw =0, §Z . (5.10)

Z contains the subspace Zs of elements which can be written as sum of
isospin transformations applied to some other elements k' [Z],

Zs ={w [Z: 0 =3(K"), sk =0}. (5.11)

Zs is mapped by isospin transformations to itself. A second invariant sub-
space is given by Ziny, the subspace of & invariant elements,

Ziw={0 [ZA: ald%w=0}. (5.12)

If the representation of 6; is completely reducible then the space Z decom-
poses as a sum

Z =Ziny LZI LZomp (5.13)

with a complement Zomp which is also mapped to itself. This complement,
however, contains only w = 0 because if there were a nonvanishing element
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0 Zkomp it would not be invariant because it is not from Z;n,. ® would
be mapped to dw [Zk and Z¢mp would not be an invariant subspace,

Z=Zn [A. (5.14)

Each w which solves sw = 0 can therefore be decomposed as

W = Winy + &K', sk =0, 3iwjpy = 0. (5.15)
We replace 8; by —{s, 32} (5.5), use sk' = 0 and verify the theorem,
— __ 0
W= Wjpy +SN, N= aciK . (5.16)

The theorem restricts nontrivial solutions to sw = 0 to é-invariant w.
If we decompose it as a sum of products of polynomials ©, of the spin and
isospin ghosts C and of forms f' of the translations ghosts ¢, which depend
on tensors T, it has the form

o(C,c,T)=> 0(C)f'(c,T), (5.17)
|

where O1,0,... as well as 1,2 ... can be taken to be linearly indepen-
dent (otherwise one could express w as a sum with fewer terms).
The operation s decomposes into

s=—C'8; +s.+51+5, , (5.18)

where s¢ acts only on spin and isospin ghosts C and preserves the number
of translation ghosts and where s; and s, increase this number by 1 and 2,

] 1 . ]

seT =0, scc®=0, s.C'= —Eclckfjk' . (5.19)

;T =—cD,T, $¢2=0, sC =0, (5.20)
1 .

s;T=0, s;¢2=0, sC'= Ecé‘chab' . (5.21)

Therefore, to lowest order in the translation ghosts ¢ the conditions sw =0
and 0w =0 lead to

0=s.w=scy OC)F'(c,T)=) (scOF'(c,T), (5.22)
|

I
which implies that each ©, is a solution to

5c®=0,0 modscn, (5.23)

because the functions 1,2 ... are linearly independent. If we change e.g.
©1 by s¢n, then w is changed to lowest order in form degree by s(nfl) —
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(=) s, ie. up to a trivial term by a form & = —(—)INInsfL. But the
condition sw = 0 and s(w + &) = 0, diLerk only by denomination and one
obtains the same set of solutions, whether one uses ©; or @; +scn.

Therefore each ©; is an element of the Lie algebra cohomology of the
spin and isospin ghosts C. In particular, it can be taken to be 9 invari-
ant, because —{sc, a_?:-'} generates the ¢ transformations of the ghosts C.
Therefore all ' are also & invariant.

The algebra of the spin and isospin ghosts is a product algebra of the
ghosts of the simple and abelian factors of the spin and isospin Lie algebra.
Each factor of the algebra is left invariant by sc. Therefore the space of
invariant ghost polynomials can be determined separately for each factor
of the Lie algebra. By Kiinneth’s formula (theorem 8) the cohomology of
the product algebra is the product of the cohomologies of the factors.

5.2. Lie Algebra Cohomology

The following results for simple Lie algebras can be found in the mathemat-
ical literature:® the cohomology of s, has dimension 2" where r is the rank
of the Lie algebra. The cohomology is the algebra generated by r primitive
polynomials 84(C), a = 1,...,r. These primitive polynomials cannot be
written as a sum of products of other invariant polynomials. They have odd
ghostnumber gh(84(C)) = 2m(a)—1 and therefore are fermionic. They can
be obtained from traces of suitable matrices M; which represent a basis of
the Lie algebra and are given with a suitable normalization by

=)""tm!(m —1)!

8(C) = —Gm =

tr(C'M)*™ ™t m=m(a), a=1,...,r.

(5.24)
The number m(a) is the degree of homogeneity of the corresponding
Casimir invariant

Io(X) = tr(XTM;)™@ | (5.25)

These Casimir invariants generate all invariant functions of a set of com-
muting variables X' which transform as an irreducible multiplet under the
adjoint representation.

The degrees m(a) for the classical simple Lie algebras are given by

SU(n+1) Anm(@=a+la=1...,.n,n=1,
SO2n+1)B, m(a)=2a ao=1,...,.n,n=2,
SP(2n) Chm@=2a ao=1,...,n,n=3,
SO(2n) Dom@ =20 ao=1,....n—=1, mn)=nn=4.

(5.26)
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With the exception of the last primitive element of SO(2n) the matrices M;
are the defining representation of the classical Lie algebras. The last primi-
tive element 6, and the last Casimir invariant 1, of SO(2n) are constructed
from the spin representation I';. Up to normalization they are given by

b _ _abn— b
en @bl...anbn(cal(:lCCl 1)___(Can 1Cn_1CCn 10n 1) Can n
In CEdp, . anb, X3P, . X3nbn

If n is even then the element 6, of SO(2n) is degenerate in ghostnumber
with 6a.

The primitive elements for the exceptional simple Lie algebras G,, F4,
Es, E7, Eg can also be found in the literature.® Their explicit form is not
important for our purpose. In each case the Casimir invariant with lowest
degree m is quadratic (m = 2).

For a one dimensional abelian Lie algebra the ghost C is invariant under
the adjoint transformation. It generates the invariant polynomials ©(C) =
a+ b C which span a 2" dimensional space where r = 1 is the rank of the
abelian Lie algebra. The generator 8 of this algebra of invariant polynomials
has odd ghostnumber gh(C) =2m — 1 with m = 1.

8(C) =C (5.28)

The Casimir invariant I of the one dimensional, trivial adjoint representa-
tion acting on a bosonic variable X is homogeneous of degree m =1 in X
and is simply given by X itself,

I(X)=X. (5.29)

(5.27)

Polynomials of r anticommuting variables 84 constitute a 2" dimen-
sional Grassmann algebra. The statement that the primitive elements
8 = (61,8,...) generate the Lie algebra cohomology asserts that

5c0O(C) =0 « O(C) = B(B(C)) +scN - (5.30)

Because the cohomology is 2" dimensional there are no algebraic relations
among the functions 6 apart from the anticommutation relations which
result from their odd ghostnumber,

O(C) = d(B(C)) =0 ~ ®(8) =0. (5.31)

The Casimir invariants I = (11, I>...) generate the space of 6 invariant
polynomials in commuting variables X which transform under the adjoint
representation

5iP (X) =0 CP(X) = f(1(X)) . (5.32)
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If there are no algebraic relations among the variables X apart from
their commutation relations then there is no algebraic relation among the
Casimir invariants 1 (X) up to the fact that the I commute.8

P(X)=F(I(X))=0 < f(1)=0 (5.33)

To sum up: if we expand the solution w of sw = 0 into parts w, with
definite degree n in translations ghosts ¢

W=0n+ Y wn (5.34)
n>n
then, up to a trivial solution, w, is a superfield ® in the anticommuting
primitive invariant polynomials 6 = (61, ...6y)

wn(C,c, T) = d(6(C),c, T) (5.35)

with coe [ciehts, which are spin and isospin invariant forms of the transla-
tion ghosts ¢ and tensors.
In next to lowest degree the equation s® = 0 imposes the restriction

s10n + (—C'8i +5c)0p+1 = 0. (5.36)

But s; (5.20) maps invariant functions of the translations ghosts and tensors
to invariant functions and treats spin and isospin ghost as constants,

51T =¢®D,T , 512 =0, 5:C'=0. (5.37)

Therefore s;® is again a superfield in 8 with coe Lciehts (T ), which are &
invariant forms of the translation ghosts and which depend on tensors. Such
a superfield is not of the form (—C8; + s¢)n, unless it vanishes, therefore
(5.36) implies

s19(,c,T)=0, (5.38)

and because s; only acts on the coe [ciehts T of the 6 expansion of @, they
have to satisfy

s F(c, T)=0, fmodsin. (5.39)

Indeed, we can neglect a contribution of the form (syn)g(6) because it
can be written as (s —s2)(ng(0)) because n and g are §, and s; invariant.
s(n ®(8)) changes w = wn + ... only by an irrelevant piece. s(ng(8)) can
be absorbed in the parts ... with higher ghost degree. Therefore we can
neglect contributions (s1n) g(8) to wn.

To determine the cohomology of s; on the algebra of undiCerkntiated
translation ghosts and tensors, we split the ghost form f(c,T) and s; F
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according to a number N of jet variables, where we do not count powers of
the vierbein e, and its inverse E,", but count the di [erentiated e,?, count
the connections for isospin transformations and their derivatives with a
weight 2 and count the ghosts and remaining variables with normal weight,

N = N{ae} + ZN{A} + N{C} + N{(p} . (540)
f=> f,, Nfy=nf,, (5.41)
n=n

The operation s; decomposes into pieces s1n, Which increase the N number
by n

S1= Z Sin, [N,Synl=nsin . (5.42)

n=1

Then the equation s; ¥ = 0 implies in lowest N order
S1,10fn =0, fomodsyin. (5.43)

We can neglect contributions s; 1 n to f, because up to terms of higher N
number they are of the form s; n and therefore trivial.
The ghosts are invariant under s; (5.20), on tensors s; acts by

51T = —C®DaT = —¢M(@m + ALS)T . (5.44)
Therefore s; ; acts on ghosts and tensors as
S1,1 — —Cmam (545)

where the partial derivative 0, only acts on tensors, not on ghosts and not
on em?, because the diLerkntiation of e, increases the N number.

The part c™An,'8; increases the N number by at least 2, even if an
isospin transformation decreases the number N of fields and transforms
a field @ into d;¢@ with a field independent part. If the field independent
part (3;@)o does not vanish, then the field ¢ is called a Goldstone field and
the transformation is said to be nonlinear or to be a spontaneously broken
symmetry.

Lorentz transformations are not spontaneously broken, they transform
fields into linear combinations of fields. Isospin transformation may be
spontaneously broken, but N counts their connection with a weight 2, so
cMAn'S; increases the N number by at least 2 and c™A,'d; does not con-
tribute to s; 1.
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To lowest N order, the partial derivative in s;,; does not di[erentiate
ghosts and the vierbein, therefore the derivative 0mc™ = 0m(c?EY") van-
ishes. This justifies to change the notation and denote ¢c™ by dx™. Then
s1,1 is the exterior derivative and, changing the name f, to w, it is a di[led
ential form, which to lowest order in the fields satisfies

dw(T,dx) =0, w mod dn(T, dx) (5.46)

by (5.43) and depends on the lowest order parts of tensors T .

5.3. Covariant Poincaré Lemma

Because we consider only the terms with lowest N number, the covariant
derivatives of tensors, which appear in w, contribute only with their partial
derivative. By the same reason, the field strength and curvature enter only
as antisymmetrized derivative of the connection,

M finearized Om , Fmniin = 0mAn — 0nAm . (5.47)

Collectively we call the linearized field strength and the remaining fields T
(not the ghosts which we are going to introduce in (5.54)), on which by as-
sumption the derivatives act freely, together with their (higher) derivatives
linearized tensors.

Di[erential forms with coe [ciehts, which are functions of linearized
tensors are termed linearized tensor forms.

The cohomology of d acting on jet forms is given by the algebraic
Poincaré lemma (theorem 5). This lemma, however, does not apply, if
the diLerkntial forms are restricted to be linearized tensor forms, because
the derivatives do not act freely, i.e. without restriction apart from the
property that they commute, but subject to the Bianchi identities (and
their derivatives) that the antisymmetrized derivatives of the field strength
vanish,

OkFim 1in + 01Fmk 1in + OmFki 1in =0 . (5.48)

The cohomology of d acting on linearized tensor forms w (T, dx) has been
derived for Yang Mills theories,’*1® Riemannian geometry'4 and gravita-
tional Yang Mills theories.’® We consider a slightly more general problem
and analyse linearized tensor forms w(T, X, dx) which may also depend on
the coordinates x™. On such forms we investigate the cohomology of the ex-
terior derivative dy , which di [erentiates only the fields, and of d = dg + dx
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(3.38) which also di[erkntiates coordinates. The results apply, in particu-
lar, if background fields occur which are given functions of the coordinates.
The solution of (5.46) is spelled out at the end of this subsection.

Theorem 13. Linearized Covariant Poincaré Lemma for d = d, + dy
(i) Let w be a linearized tensor form which may depend on the x™, then

do(T,x,dx) =0 « o(T,X,dx) = L(T,x)dPx + P (dA) + dn(T, x, dx),
(T, x,dx) =dx = (T, x,dx) =P1(dA) +dn(T, x, dx), (5.49)

where the Lagrangian form L dPx and n are linearized tensor forms which
may depend on the x™ and where P and P; are polynomials in the field
strength two forms dA' = 2dx™dx"(dmAn' —nAm') and where Py has no
constant (field independent) part, P1(0) =0.

(ii) A polynomial P in the field strength two forms cannot be written as
exterior derivative d of a tensor form n which may depend on the x™,

P(dA) +dn(T,x,dx) =0 < P(dA)=0=dn(T,x,dx).  (5.50)

For the exterior derivative d, which di [erentiates only the fields one gets:

Theorem 14. Linearized Covariant Poincaré Lemma for dg
(i) Let w be a linearized tensor form which may depend on the x™, then

de (T, x,dx) =0 « (T, x,dx) =L(T, x) dPx + P (dA, x, dx)
+dy n(T, x,dx) , (5.51)
(T, x,dx) =de X = (T, x,dx) =P1(dA, x,dx) + dyn(T, x,dx) ,

where the Lagrangian form LdPx and n are linearized tensor forms which
may depend on the x™ and where P and P; are polynomials in the field
strength two forms dA' = 2dx™dx"(0mAn' — dnAm') and the coordinate
di Cerbntials dx™ which may depend on the x™ and where P; has no field
independent part.

(ii) A polynomial P in the field strength two forms and the coordinate dif-
ferentials dx™ which may depend on the x™ cannot be written as exterior
derivative dy of a tensor form n which may depend on the coordinates,

P(dA,x,dx) +dyn(T,X,dx) =0 <

(5.52)
P (dA, x,dx) = 0 = dg n(T, X, dx)
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The part L(T,x)dPx is not of the from P(dA) + dn(T,x,dx) or
P (dA, x, dx) +dg n(T, x, dx), respectively, if and only if its Euler derivative
(3.35) does not vanish.

We prove the theorems by induction with respect to the form degree,
starting with the proof of (5.49). (5.49) holds for 0-forms: By the algebraic
Poincaré lemma (theorem 5), O-forms are closed if and only if they are
constant. A constant, however, is a polynomial P (dA).

Assume the theorems to hold for all forms with degree less than the
form degree p > 0 of the form Q(T, X, dx) which solves d Q(T, x,dx) =0 or
which in case p = D has vanishing Euler derivative. Then by the algebraic
Poincaré lemma (theorem 5) Q is of the form

Q=dwp1 , (5.53)

where wp—z1 depends on the jetvariables x,dx,A,0A,0 ...0A,T,0T,0...0T.

As Q depends only on tensors, it is invariant under the transforma-
tion s (3.7), which annihilates x, dx, the ghosts C and tensors and which
anticommutes with d.

$O(my - - - Omy_1 Ay = Omy -+ 0m, C', kK=1,2,... (5.54)

(The parentheses denote symmetrization of the enclosed indices).

From sQ = sdwp—1 = 0 and {s,d} = 0 one concludes dswp—1 = 0. So,
by the algebraic Poincaré lemma, there is a jetform w,—, with ghostnumber
1 such that

SWp—1 +dwp—2=0. (5.55)

Applying s to this equation one concludes sdwp—> = 0 and derives itera-
tively the descent equations

SWp—k + dwp—k—1 =0 . (5.56)
At some stage the iteration has to end
Swp—g =0, (5.57)

because the form degree can not become negative.
In terms of @ = ), wp—k and § = s+d all equations are summed up in

Q=3%®. (5.58)
The operation 3§ transforms the variables

Ci=C'+dxmAl, (5.59)
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into the field strength two form dA! (making use of sdx™A!l = —dC")
~ 1 . .
SC'=dA' = demdx”(amA:, —0nAlL) (5.60)
and defines variables g, . as transformed symmetrized derivatives of A’

S0(m, - - - Omi—1Amyy = Imy.mir Omymy = Omy - Om, Cl+o . k=12,

(5.61)
Up to nonlinear terms, they are the derivatives of the ghosts. Coordinates
and tensors transform into

SXM=dx™,ST=d T, (5.62)

where the exterior derivative dt is defined to di [erkntiate only the tensors
and to vanish on the ghosts, on qﬁnl___mk and on the symmetrized derivatives
of A'.

We perform a coordinate transformation in jet space and use the new
variables C' and g, ., in place of the C' and their partial derivatives
as new coordinates. The transformation is invertible (4.49) because the
linearized transformation is invertible.

On functions of these variables 3 acts as the derivative
5= axm_2_ + ii~ +qf # +
§=dx T dA & qml---mka(a(ml AL dr . (5.63)
It commutes with the number operator N = Np a, + Ng, which counts the
vectorfields A', its symmetrized derivatives and the g-variables. The tensor
form Q does not depend on these variables, therefore 0 = NQ = SN&
and only the part of @ with N&@ = 0 can contribute to Q. Therefore we
can restrict @ to a form, which depends on coordinates x, undi [erentiated
ghosts C' and tensors,

m
5=
k=0

The crux of the matter is to prove that @ actually can be taken to be at
most linear in the C'. To prove this, we examine the case that the highest
order in the C' which occurs in @ is non-zero, i.e. m > 0. Since Q does not
depend on the C', we obtain from Q =3 at order m in the C':

m=>0: dx™. (T,x,dx)=0. (5.65)

i1...lm

| —

Cin L ChexfO L (T, x, d). (5.64)

i1..ik

=

By induction hypothesis (5.49) holds for all form degrees smaller than p.
xi(fi).im(T, X, dx) has form degree p — m — 1. Hence, we conclude

m>0: X™. (T,x,dx) =Pi, i (dA) +dni, i (T,x dx). (5.66)

il...lm
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With no loss of generality we can ignore the contribution dn;, . (T, X, dx)

to xgm) because we can remove it by replacing @ with & given by

m=>0: &d=a- (( )mC'l iy (T, X, dx)). (5.67)

Assuming that this redefinition has been performed and dropping the prime
on @5 we obtain

XML (T, %, dx) = Pi, i, (dA). (5.68)
At order m — 1 in the C' we now obtain from Q =3&:
m=1: Q(T,x, dx)=dAlP;(dA) + dxO(T, x, dx) (5.69)
m>1: 0=, Gim: (dAimPil___im(dA) +dx™MP (T,x, dx))

In the cases m > 1, this imposes

m>1: 0=dA"P; ;. (dA) +dx" P (T, x,dx). (5.70)

11 I

dA'™P;, .. (dA) has form degree p—m + 1 and thus, in the cases m > 1,
dAImP; i (dA) has a form degree smaller than p. Hence, assuming that
(5.50) holds for all form degrees smaller than p, we conclude from (5.70) by
means of (5.50):

m>1: dA™P; ;i (dA)=0=dx™ " (T, x dx). (5.71)

I1...1m—1

Equation (5.71) implies that Ci+...CimP; _; (dA) does not contribute
to Q = 5@ in the cases m > 1 because it is S-invariant and, therefore,
the contribution C'* .. C'mx,1 i, (T, X, dx) to @ can be assumed to vanish
with no loss of generality whenever m > 1. In other words: with no loss of
generality we can assume m < 1.

Now, in the case m = 1, equation (5.69) yields Q = dn(T, x, dx)+P (dA)
with n(T, x,dx) = x©(T,x,dx) and P (dA) = dAIP;(dA). If m = 0 then
Q = 3@ directly gives Q = dn(T,x,dx) with n(T,x,dx) = x©O(T, x, dx).
This completes the inductive proof of (5.49).

Analogously one can prove (5.51) inductively, with dg in place of d and
using the algebraic Poincaré lemma for d, (theorem 6).

The proof of (5.52) is direct because P (dA, X,dx) does not contain
a derivative of a linearized tensor while every monomial contained in
dy nN(T, X, dx) contains at least one such derivative.

The proof of (5.50) is technically somewhat more involved than the proof
of (5.52) because d (in contrast to dy) contains the piece dx = dx™ 5% axm
which does not add derivatives of fields. To prove (5.50) we use induction
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with respect to the form degree of P (dA). (5.50) is trivial in form degrees
0 and 1 because there is no dn with form degree 0 and there is no P (dA)
with form degree 1. In the cases that P (dA) has a form degree p with p > 1
we decompose 1 into pieces nkx with definite degree k in derivatives 0. As
the linearized tensors have definite degrees in derivatives, the pieces ng are
functions of x, dx and linearized tensors T,

M
n(T,x,dx) = Z Nk(T, X%, dx), Nank(T,X,dx) =kn(T,x,dx). (5.72)
k=0
The decomposition terminates at some degree M in derivatives since n is a
local form (by assumption). Each field monomial contained in P (dA) has
exactly p/2 = r derivatives.

Assume now that M = r. In these cases dn(T,x,dx) + P(dA) = 0
imposes dynm = 0. The algebraic Poincaré lemma for d, (theorem 6)
implies Ny = dp Xm—1 for some Xpm—1 with M —1 derivatives . (5.51) for
form degree p—1 now implies v = dg Xjy—1 (T, X, dx) (a form P $dA, X, dx)
cannot occur here because such a form would have form degree p—1 and thus
would only contain terms of degree < r—1 in the dA! which do not contain
more than r—1 derivatives 9, in contradiction to M = r). Now we consider
N"=n—dxy_,(T, X, dx) in place of n. n“fulfills dnXT, x, dx) + P (dA) =0
but contains only terms with less than M derivatives. In this way we
successively remove from n all parts ng with k =r.

Hence, we can assume M < r with no loss of generality. In the case
M = r — 1 we obtain P(dA) = dg nr—1(T, X, dx) which by (5.52) implies
P(dA) =0. If M < r —1 we directly obtain P (dA) = 0. So we conclude
P (dA) =0 = dn(T, x,dx). This ends the proof of theorems 13 and 14.

Applied to tensor forms, which do not depend on the coordinates, theo-
rem 14 states the solution of (5.46):

Theorem 15. Linearized Covariant Poincaré Lemma for d, on tensor
forms w(T, dx)
(i) Let w be a linearized tensor form which does not depend on the x™, then

de(T,dx) =0 = (T,dx) = L(T)d°x+ P (dA, dx) + dy,n(T,dx) ,

W(T,dx) =dyX < o(T,dx)=P1i(dA,dx) + dyn(T,dx) , (5.73)
where the Lagrangian form LdPx and n are linearized tensor forms which
do not depend on the x™ and where P and P; are polynomials in the field

strength two forms dA' = 2dx™dx"(0mAn' — dnAm') and the coordinate
di Cerbntials dx™ and where Py has no field independent part, P1(0,dx) = 0.
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(ii) A polynomial P in the field strength two forms and the coordinate dif-
ferentials dx™ cannot be written as exterior derivative d, of a tensor form
n which does not depend on the x™,

P(dA, dx) + den(T,dx) =0 = P(dA,dx) =0=dyn(T,dx) . (5.74)

5.4. Chern Forms
For di Lerkntial forms, which depend on tensors, this includes field strengths

and the covariant derivatives of tensors, and which are Lorentz invariant
and isospin invariant, invariant for short, one immediately concludes:

Theorem 16. Covariant Poincaré Lemma
Let w be an invariant di Cerential form which depends on tensors, then

dw=0 e w=Ld°x+P +dn,

(5.76)
w=dX < w=P;+dn.

The Lagrangian L and the di Lerential form n are invariant and depend on
tensors, P and Py are invariant polynomials in the field strength two forms
F' = 2dxMdx"Fmn' and P; has no constant, F independent part.

The Lagrange density L d®x cannot be written as P (F) +dn if its Euler
derivative does not vanish.

We call the invariant polynomials P Chern forms. They are polynomials
in commuting variables, the field strength two forms F = (F!,F?,...)
which transform under the adjoint representation of the Lie algebra. These
invariant polynomials are generated by the elementary Casimir invariants
lo(F).

The Chern forms comprise all topological densities which one can con-
struct from connections for the following reason. If a functional is to contain
only topological information its value must not change under continuous de-
formation of the fields. Therefore it has to be gauge invariant and invariant
under general coordinate transformations. If it is a local functional it is the
integral over a density which satisfies the descent equation and which can
be obtained from a solution to sw = 0. If this density belongs to a func-
tional which contains only topological information then the value of this
functional must not change even under arbitrary di[erkntiable variations
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of the fields, i.e. its Euler derivatives with respect to the fields must van-
ish. Therefore the integrand must be a total derivative in the space of jet
variables. But it must not be a total derivative in the space of tensor vari-
ables because then it would be constant and contain no information at all.
Therefore, by theorem 16, all topological densities which one can construct
from connections are given by Chern polynomials in the field strength two
form.

Theorem 16 describes also the cohomology of s; acting on invariant
ghost forms because s; acts on invariant ghost forms exactly like the exterior
derivative d acts on dilerential forms. We have to allow, however, for the
additional variables 6(C) in wn. They generate a second, trivial algebra A;
and can be taken into account by Kiinneth’s theorem (theorem 8). If we
neglect the trivial part s; niny then the solution to (5.36) is given by

wn = L(O(C), T)ctc?...cP + P (8(C), I (F)) (5.77)

The 9, invariant Lagrange ghost density satisfies already the complete equa-
tion sw(C, T) = 0 because it is a D ghost form. The solution toS®@ =0 is
given by @ = w(C + A, T) and the Lagrange density and the anomaly can-
didates are given by the part of @ with dPx. The coordinate di [erentials
come from ¢ + dx™e® ™. If one picks the D form part then one gets

dx™M ... dx™Pen, ... em, P = det(em?)dPx , det(em?) =: \/g (5.78)
Therefore the solutions to the descent equations of Lagrange type are
Wp = L(G(C),T)\/ﬁde . (5.79)

They are constructed in the well known manner from tensors T, including
field strengths and covariant derivatives of tensors, which are combined to
a Lorentz invariant and isospin invariant Lagrange function. This compos-
ite scalar field is multiplied by the density " g. Integrands of local gauge
invariant actions are obtained from this formula by restricting wp to van-
ishing ghostnumber. Then the variables 8(C) do not occur. We indicate
the ghostnumber by a superscript and have

wd = L(T)\/ﬁde . (5.80)

Integrands of anomaly candidates are obtained by choosing D forms with
ghostnumber 1. Only abelian factors of the Lie algebra allow for such

MWe can use the ghosts variables C or ¢ (4.54). The expressions remain unchanged
because they are multiplied by D translation ghosts.
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anomaly candidates because the primitive invariants 84 for nonabelian fac-
tors have at least ghostnumber 3,

wh = Z CiLi(T)\/ﬁde . (5.81)

The sum ranges over all abelian factors of the gauge group. Anomalies of
this form actually occur as trace anomalies or B functions if the isospin
algebra contains dilatations.

This completes the discussion of Lagrange densities and anomaly can-
didates coming from the first term in (5.77).

6. Chiral Anomalies

6.1. Chern Simons Forms

It remains to investigate solutions which correspond to
wn =P (6(C), I(F)) . (6.1)

Ghosts C' for spin and isospin transformations and ghost forms F generate
a subalgebra which is invariant under s and takes a particularly simple form
if expressed in terms of matrices C = C'M; and F = F'M;, where M;
represent a basis of the Lie algebra.

For nearly all algebraic operations it is irrelevant that F is a composite
field. The transformation of C (5.4)

sC=C2+F (6.2)

can be read as definition of an elementary (purely imaginary) variable F .
The transformation of F follows from s>C = 0 and turns out to be the
adjoint transformation,

SF=—-FC+CF. (6.3)

Due to (6.2, 6.3) s? F vanishes identically.

If one changes the notation and replaces s by d = dx™d,, and C by
A = dx™A,'M; then the same equations are the definition of the field
strengths in Yang Mills theories and their Bianchi identities,

F=dA—-A%, dF +[A,F]=0. (6.4)

The equations are valid whether or not the anticommuting variables C and
the nilpotent operation s are composite.”

"This does not mean that there are no dilerknces at all. For example the product of
D + 1 matrix elements of the one form matrix A vanish.
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The Chern polynomials 14 satisfy sl = 0 because they are invariant
under adjoint transformations. All 14 are trivial i.e. of the form sqq. To
show this explicitly we define a one parameter deformation F (t) of F ,

F)=tF — (> —t)C?=tsC—t?C?, F(0)=0, F(1)=F, (6.5

which allows to switch on F.

All invariants l4 can be written as tr(F ™(@®) (if the representation ma-
trices M, are suitably chosen). We rewrite tr(F™) in an artificially more
complicated form

tr(F™) = /Oldt % tr(F(™)=m /oldt tr((sC+2tCH)HF(@®™ ™) . (6.6)
The integrand coincides with
str(CF)™ Y =tr(sC)F)™ L +tC[F()™ 1, C)
_ _ (6.7)
=tr((sC)F()™ 1 —2tC2F ()™ 1) .

The Chern form I is the s transformation of the Chern Simons form qq,
these forms generate a subalgebra,

SQq =lg, Sl =0, (6.8)

! m—1
Qo = m/ dt tr(c(tF + (12 — 1) C2) ) . m=m() . (6.9)

0
Using the binomial formula and
! kI
K1 — 1)l =

/O dtt“(1—1t) K+1+1D) (6.10)

the t-integral can be evaluated. It gives the combinatorial coe [ciehts of
the Chern Simons form.

_ = ()'mym—1)! 2y1(E ym—1-1
4a(C,F) =) = Dim =T= 1] trsym (C(C?)'(F) ) (6.11)
< ! !

It involves the traces of completely symmetrized products of the | factors

C?, the m—1—1 factors F and the factor C. The part with | = m —1 has

form degree 0 and ghostnumber 2m — 1 and agrees with 84

)" Iml(m — 1)!
(2m —1)!

For notational simplicity we write 6 for 6,,0,...68, and similarly g for

Q1,G2...qr aswell as I for I3, 15... 1.

4a(C,0) = trc®™ 1 =9,(C), m=m(a). (6.12)
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Each polynomial P (8, 1) defines naturally a polynomial P(q,1) and a

form

w(C,F) =P((C,F), I(F)) (6.13)
which coincides with P (6(C), I (F)) in lowest form degree,

wn(C,F) =P (8(C),I1(F)) . (6.14)
On such polynomials P (g, 1) s acts simply as the operation

0

0
S(J.)(C, F) = |GEP(Q, I)lq(C.F).I(F) (616)

The basic lemma (3.6) implies that among the polynomials P (g, I) the only
nontrivial solutions of sP = 0 are independent of g and I,

sP(@,1)=0< P(,1)=P(0,0)+sQ(q,1) . (6.17)

Though correct this result is misleading because we are not looking for
solutions of sP(q,1) = 0, which depend on variables q and I, but solve
sw(q(C,F), I(F)) =0 in terms of functions of ghosts C and field strength
two forms F. This equation has more solutions than (6.17) because D + 1
forms vanish.

For sP(q(C,F),1(F)) to vanish it is necessary and su [cieht that its
lowest form degree is larger than D and for w not to vanish, its lowest
form degree has to be D or smaller. The lowest form degree of Chern
Simons forms g«(C, 0) = 84(C) vanishes, therefore the lowest form degree
of polynomials P (g, I) is counted by

0

31 (6.18)

Nform = Z Zm(d) Ig
o

Because 15 = sqq has form degree 2m(a), s increases the lowest form
degree. However, the increase has diLerent values.

6.2. Level Decomposition

To deal with this situation, we introduce the notation xx for the variables
0o and lq with a fixed m(a) =k

{x} = {da, la - m(a) =k} (6.19)
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and decompose the polynomial P (g, 1), which we consider as polynomial
P (X1,X2...Xg), into pieces Px which do not depend on the variables
X1, ...Xk—1 and which vanish, if they do not depend on xx °,

P1 =P (X1, X2, ..., %) —P(0, X2, ..., %) , (6.20)
Pk:P(Ol101X|(1XI(+]_,,XR)_P(O,,O,O,Xk+1,,XE), (621)
P=> P. (6.22)
Kk
We decompose the polynomial Py a la Hodge (3.14) with s and
0
= Y Gugp o 4513 =N, (6.23)
m(a)=k a

as a sum of an s exact piece and an ry exact piece
Pc=Sp+rc0 (6.24)

No constant occurs in this Hodge decomposition of Py, because Py vanishes
by construction if as function of X it is constant. Hodge decomposing o
shows that it can be taken to be s exact without loss of generality. Because
the decomposition of Py is unique, rx o is nontrivial and can be taken to
represent the nontrivial contribution to w

Pck=rco, a=sn. (6.25)

It corresponds to a nontrivial solution w(C,T) = Px(q(C, F), I (F)), if its
lowest form degree is not larger than D, and if the lowest form degree of
s Py is larger than D. Because ry lowers the lowest form degree by 2k and
s increases the lowest form degree of Py by 2k, this means, that the lowest
form degree D"of ¢ has to satisfy

D"-2k <D < D". (6.26)

If we want to obtain a solution w with a definite ghostnumber then we
have to choose ¢ as eigenfunction of the ghost counting operator

0 0
Nc = 2 lg— + (2 —1Do=— 27
c Xa:( m(a) LFTP (2m(a) )qqaqa) (6.27)
which counts the number of translation ghosts, spin and isospin ghosts.
The total ghostnumber of w = rco is G if the total ghostnumber of g is
G + 1, because rk lowers the total ghostnumber by 1.

O\We assume without loss of generality P (0,0...0) to vanish. It is not a[edted by the shift
C B C + A and does not contribute to a D-form which satisfies the descent equations.
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We obtain the long sought solutions wd of the relative cohomology (2.66)
which for ghostnumber g = 0 gives Lagrange densities of invariant actions
(2.52) and which for g = 1 gives anomaly candidates (2.65) if we substitute
in w the ghosts C by ghosts plus connection one forms C + A and if we pick
the part with D diCerkntials. Therefore the total ghostnumber G of o has
to be chosen to be G =g+ D + 1 to obtain a solution ® which contributes
to w%. If the ghost variables c (4.54) are used to express w then wgD is
simply obtained if all translation ghosts C™ are replaced by dx™ and the
part with the volume element dPx is taken.

W(C,F) = (k0),yc.ryiyr NcO=(@+D+1)0, Norm0 =D'o

o(C,F) =fE™ E F) (6.28)
wgD = f(dx™, éi, %dxmdxn ani)ID form part

These formulas end our general discussion of the brst cohomology of gravi-
tational Yang Mills theories. The general solution of the consistency equa-
tions is a linear combination of the Lagrangian solutions and the chiral
solutions.

6.3. Anomaly Candidates

Let us conclude by spelling out the general formula forg=0and g = 1. If
g = 0 then o can contain no factors g because the complete ghostnumber
G = DUis not smaller than the ghostnumber D"of translation ghosts. DY
has to be larger than D (6.26) and not largerthan G=g+D+1=D+1
which leaves DY= D + 1 as only possibility. Dis even (6.18), therefore
chiral contributions to Lagrange densities occur only in odd dimensions.

If, for example D = 3, then ¢ is an invariant 4 form.

For k = 1 such a form is given by 0 = F;jFjal with a = al' R if
the isospin group contains abelian factors with the corresponding abelian
field strength F; and i and j enumerate the abelian factors. The form
W =r10 = 20iF;j all yields the gauge invariant abelian Chern Simons action
in 3 dimensions which is remarkable because it cannot be constructed from
tensor variables alone and because it does not contain the metric.

To construct w3 one has to express q(C) =C by C = C+C™An,. Then
one has to replace all translation ghosts by di[erentials dx™ and to pick
the volume form. One obtains

(J.)gabe“an = deAm ikadXI FkU—aij = SklmAm iFkUaij d3X . (6.29)
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For k = 2 the form o = tr F2 of each nonabelian factor contributes to
the nonabelian Chern Simons form. One has I, = trF2 =sq; and w = raly
is given by the Chern Simons form g;(6.11)

w=tr(CF — %03) : (6.30)
The corresponding Lagrange density is
1 1 e 1o .
(J.)gnonabelian =tr(AF — §A3) = E(AmlFrSl — gAmlArJAskfjkl) £Mrs 43y

(6.31)
The integrands of chiral anomalies wl, have ghostnumber g = 1. This
fixes the total ghostnumber of ¢ to be G = D + 2 and because G is not less
than D™> D we have to consider the cases D™= D + 1 and D= D + 2.
The first case can occur in odd dimensions only, because D is even, and
only if the level k, the smallest value of m(a) of the variables occurring in
0, is 1 because the missing total ghostnumber D + 2 — DY which is not
carried by 14(F), has to be contributed by a Chern Simons polynomial qq
with 2m(a) — 1 =1, i.e. with m(a) = 1. Moreover o = sn has the form
o= Y al(lualj,al=-a", (6.32)
ij abelian
where the sum runs over the abelian factors and the form degrees contained
in the antisymmetric a'’ and in the abelian I; = F; have to add up to D+1.
In particular this anomaly can occur only if the gauge group contains at
least two abelian factors because all is antisymmetric. In D = 3 dimensions
all is linear in abelian field strengths and one has

o= Y algljl,al=a" 6 yai“=0. (6.33)
ijk

ijk abelian

This leads to

W=ro= Z bijkqi 4j I = Z bijkCiCj Fr , bijk = —aijk+ajik
ijk abelian ijk abelian

(6.34)
and the anomaly candidate is
(.0% =2 Z bijkéi Aj Fx = Z bijkéi Amj Frsk gmrs d3X .
ijk abelian ijk abelian
(6.35)
If one considers g = 1 and D = 4 then D™= 6 because it is bounded
by G=D+1+g =D +2, larger than D and even. This leaves D"= G
as only possibility, so the total ghostnumber is carried by the translation
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ghosts contained in ¢ = o(ly) which is a cubic polynomial in the field

strength two forms F. Abelian two forms can occur in the combination
o= Y d*FiFjF« (6.36)

ijk abelian

with completely symmetric coe [Ciehts d'7¥. These polynomials are s exact.

They lead to the abelian anomaly

3

4

Z diik éi Feon j Frs k emnrs qay
ijk abelian o (6.37)
=3 ) dI*CidA;jdA«

ijk abelian

1
Wzabelian

Abelian two forms F; can also occur in o multiplied with tr(Fx)? where
i enumerates abelian factors and k nonabelian ones. The mixed anomaly
which corresponds to

0= c*Fitr(F?) (6.38)
ik
is similar in form to the abelian anomaly
1 N
wé:llmixed = _Z %: Clk Ci (zl: anl I:rsl )k gmnrs d4X . (6-39)

The sum, however extends now over abelian factors enumerated by i and
nonabelian factors enumerated by k. Moreover we assumed that the basis,
enumerated by I, of the simple Lie algebras is chosen such that tr M;M; =
—9;5 holds for all k. Phrased in terms of dA the mixed anomaly di[erk
from the abelian one because the nonabelian field strength contains also A?
terms P,

KA 2

0 mixed = %c'kci tri d(AdA + §A3) (6.40)

The last possibility to construct a polynomial o with form degree D™= 6

is given by the Chern form tr(F)3 itself. Such a Chern polynomial with

m = 3 exists for classical algebras only for the algebras SU(n) for n = 3

(5.26) 9. In particular the Lorentz symmetry in D = 4 dimensions is not

anomalous. The form w which corresponds to the Chern form is the Chern
Simons form

1 1
— 2_tc3p 4 LS
w(C,F) tr(CF SCPF + —C ) . (6.41)

PThe trace over an even power of one form matrices A vanishes.
9The Lie algebra SO(6) is isomorphic to SU (4).
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The nonabelian anomaly follows after the substitution C - C + A and
after taking the volume form

-~ 1 A ~ ~ 14
Winonabelian = tr(CF? — Z(C A’F + ACAF + A’CF) + SCA")
1 (6.42)
— ~ L A3
=tr(Cd(AdA+ZAY)) .

7. Inclusion of Antifields

7.1. BRST-Antifield Formalism

The brst-antifield formalism (or field-antifield formalism, or bv formal-
ism) originated in the context of the renormalization of Yang-Mills theories
where external sources for the brst transformations of the fields and ghost
fields were introduced.’® Later it was realized that on the field antifield
algebra one could extend the brst methods to gauge theories with open al-
gebras, i.e. with commutator algebras which close only on-shell.16-18 With
fields and antifields one can treat the equations of motions, Noether iden-
tities and further reducibility identities as objects which occur in a coho-
mological problem.®2% Here, we restrict ourselves to discuss some selected
features of this cohomology. For the general structure of the formalism we
refer to the literature.*?!

The formalism comprises “fields” and “antifields”. The set of fields
contains the fields of the classical theory which we denote by ¢' and ghost
fields denoted by C which correspond to the gauge symmetries (a enu-
merates a generating set of gauge symmetries*2°). In addition the set of
fields may contain further fields, such as “ghosts of ghosts” when the gauge
transformations are reducible, or antighost fields C (which must not be
confused with the antifields of the ghosts) used for gauge fixing but this is
not relevant to the matters to be discussed later on. To distinguish fields
from antifields we mark the latter by a superscript [_(which must not be
confused with the symbol [ised for complex conjugation). There is one
antifield ¢for each equation of motion of the classical theory and one
antifield C~for each nontrivial identity of these equations of motion. In
a Lagrangian field theory with Lagrangian L(x, {¢}) there is one equation

of motion for each field ¢! given by [;?(L_i = 0 which sets to zero the Euler

derivative (3.35) of L with respect to ¢'. Furthermore, the gauge sym-
metries of a Lagrangian correspond one-to-one to the nontrivial (Noether)
identities relating the equations of motion (by Noethers second theorem).
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Therefore, in a Lagrangian field theory the fields ¢' and Ca correspond
one-to-one to antifields ¢-and CL

We denote the infinitesimal gauge transformations of the fields ¢' by
3ed' = RLe™ where € are the parameters of gauge transformations and R,
are (in general field dependent) di Lerkntial operators acting on € according
to

3’ = RGE®, Rue* =) (Om,-..0m ) rg™ M (x, {¢}). (7.1)
k

By assumption these gauge transformations generate symmetries of a La-
grangian L, i.e. the Lagrangian L transforms under ¢ into a total deriva-
tive,

e L= 0mK™, (7.2)

The Euler derivative of (7.2) with respect to € gives the Noether identity
for the ath gauge symmetry. This Noether identity reads

it oL =0

=~— = 7.3
o S (7.3)
where R is an operation transposed to R,
RG X =) () 0my - - Om, (rg" ™ (%, {03) X)- (7.4)
Kk

By assumption the set of gauge transformations is closed under commuta-
tion up to trivial gauge transformations, i.e. the commutator of any two
gauge transformations is again a gauge transformation at least on-shell,

[8, 8e} = 8¢, £ =F(x, {&,€¢}) (7.5)

where f9(x, {&, €5 d}) are local structure functions of the parameters £,

€@, the fields ¢' and derivatives thereof, and = denotes “weak equality”
defined according to

— — imi...mg 5'—

Fx{oH=0 <« Fx{dHD=> g (%, {6})0m, ...amkgT)i-

K

(7.6)

Hence, two functions are weakly equal i they diled only by terms which

are at least linear in the Euler derivative % or its derivatives. As the

Euler derivative vanishes on-shell (i.e., for all solutions of the equations of
motion), weak equality is “equality on-shell”.
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The brst transformations of the ¢, C, € “take the form"
s¢' = —RL(x, {$3},9)C*+ ...,
1
sC% = Efo‘(x,{s,sm,q)}) +...,

ga=Ca ga=(-)ICICe -
spIE ()l oL {9} , (7.7)

oo
sCLE (-)ICUIRI (x, {§}, 0)p + ...

with ellipsis indicating antifield dependent contributions. The grading |6°‘|
of the ghost C%is opposite to the grading of the corresponding parameter
€. Furthermore the grading of an antifield is always opposite to the grading
of the corresponding field:

ICY =% +1mod 2, |pT=]d'|+1mod2, |CL'=]|C% + 1 mod 2.

(7.8)
The ghostnumbers of a field and the corresponding antifield add up to minus
one:

gh(¢') =0, gh(¢{)'= -1, gh(C*) =1, gh(CH'= —2. (7.9)

A very useful concept for discussing various aspects of the brst-antifield
formalism is the decomposition of the ghostnumber into a pure ghostnumber
(pgh) and an antifield number (af) according to

gh = pgh — af,
af(¢') =0, af(C%) =0, af(d))'=1, af(Cl)'=2, (7.10)
pgh(¢") =0, pgh(C) =1, pgh(${)’= 0, pgh(CH'= 0.
s decomposes into parts of various antifield numbers = —1,
s=o6+y+..., af(d)=-1, af(y)=0 (7.11)

where the ellipsis indicates parts with antifield numbers = 1. The parts 3
and y are the two crucial ingredients of s. In particular they determine the
structure of the brst cohomology. The part 6 is often called the Koszul-
Tate dilerkntial. It is the part of s which lowers the antifield number and
therefore vanishes on the fields

3¢' =0, 3C* =0, dpi = (—)I¢ilgT')‘i, Cl= (—)lé"'qu)F.' (7.12)

[ N
"We use conventions such that s : X B (S, X) where S = dPx(L + (RLCH)p...)
solves the master equation (S, S) = 0 with the standard antibracket.*18:21

brst6



February 8, 2012 14:14 World Scientific Review Volume - 9in x 6in brst6

72 N. Dragon and F. Brandt

In particular the Koszul-Tate di Cerkntial is the part of s which implements
the equations of motion and the Noether identities in cohomology by the
d-transformations of the ¢ ~and C It is nilpotent by itself. For instance,
owing to (7.3) one gets
52CLL (—)ICoHETI ORI ¢ L _RIT 9% _o. (7.13)
od!

In Yang Mills theories, Einstein gravity and gravitational Yang Mills
theories with the standard gauge transformations the decomposition (7.11)
of s terminates with vy, i.e. in these cases one simply has s = d +v, because
the commutator algebra of the gauge transformations closes even o [=Shell
(i.e. (7.5) holds with = in place of =) and because the structure functions
< do not depend on fields ¢. Hence, on the fields ¢, C one has in these
cases s¢ = y¢ and sC = yC. With respect to y the antifields ¢ “are
tensors or, in the gravitational case, tensor densities with weight one. For
instance, in pure Yang Mills theories in flat space-time, with semisimple
isospin Lie algebra and Lagrangian L = —2d;jFmn'F™"J (where Fryn' =
OmAn' —0nAm' — And AnKFj' and djj is the Cartan-Killing metric of the
isospin Lie algebra), the ¢ are the components A,' of the gauge fields and
the C are the Yang Mills ghosts Cis Denoting the corresponding antifields
A™; and C 5'one obtains

6Ami =V, VAmi = améi + 6jAmkfjki )

~ ~ 1 ~:~ .
5C' =0, yC! = ECJckf,-k', 7.14)
5Ai :diananj, yAi :—éjfjikAk,

3C=DmA™;,  yCi=-Cfkcy

where D, = 0 + A8 denotes the covariant derivative. Notice that one
has yAl™; = —CI§;A™; and yC5'= —CJ§;Ch] i.e. the antifields are
indeed treated as tensors by vy.

7.2. The Antifield Dependent BRST Cohomology

We briefly indicate how one can compute the brst cohomology in gravita-
tional Yang Mills theories in presence of antifields along the lines of sections
3 to 6 and discuss two diLerent strategies to adapt the analysis in order
to deal with the antifields. The first strategy eliminates the antifields by a

SDepending on the context, i numbers all fields when we refer to a general gauge theory,
whereas in Yang Mills theories it enumerates a basis of the Lie algebra.
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suitable change of variables.?22% The second strategy keeps the antifields
throughout the analysis.?*2” Even though both strategies appear to be
rather dilerknt, they are closely related and, of course, they lead to the
same results.

7.2.1. First Strategy

Equations (7.7) indicate that the antifields and all their derivatives might
be removed from the cohomological analysis for § (and analogously for s)
by the arguments given in section 4.3 because each antifield variable
(¢5C5bo5!..) might be taken as a variable u or be replaced by a vari-
able Su, respectively. Indeed, for a standard Lagrangian L, S¢/-tontains
a piece linear in the fields ¢ and their derivatives given by the linearized
Euler derivative 3‘%. Analogously, $CL-tontains a piece that is linear in

the ¢p=and their derivatives given by the linearization of (—)IC“IRi ¢

As a consequence, one can eliminate the antifields and all their deriva-
tives from the cohomological analysis for § provided one can construct a
new set of variables replacing all the field and antifield variables and con-
sisting of variables u and Su and complementary variables W = (6, T~) such
that SW = F (W) with a set of “generalized tensors” T.t It can be shown
quite generally that such a set of variables exists.?® In particular it exists
for standard Yang Mills theories, Einstein gravity and gravitational Yang
Mills theories. However, two important consequences of this strategy have
to be pointed out.

Firstly, the set of generalized tensors T contains fewer variables than
the corresponding set of tensors T in the antifield independent cohomology
because along with the elimination of the antifields one also eliminates ten-
sors T that correspond to the Euler derivatives 5% and their derivatives.
For instance, (7.14) shows that in pure Yang Mills theories the set of gen-
eralized tensors T does not contain elements corresponding to the tensors
D,F™™i as these are eliminated along with the antifields A™; and an anal-
ogous statement applies to all covariant derivatives of the D,F ™™, Hence,
there are (combinations of) tensors T which have no counterpart in the set
of generalized tensors T because they are set to zero by the equations of
motion and their derivatives (and, in fact, there are infinitely many such

It turns out that in standard Yang Mills theories, Einstein gravity and gravitational
Yang Mills theories one can use the same variables C in the antifield dependent case as
in the antifield independent case. Therefore we do not change the notation concerning
these variables.
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tensors).

Secondly, each generalized tensor T has an antifield independent part
To = Tler=0=c—and the set of T, may be taken as a subset of the set
of tensors T. However, some of the T also contain antifield dependent
contributions.?®> As a consequence, even though the cohomology can be
computed completely in terms of the variables C, T, some of the nontrivial
representatives of the cohomology may depend on antifields through the
dependence of variables T on antifields. This is analogous to the way in
which the undi [efentiated gauge fields A' enter nontrivial representatives
of the antifield independent cohomology. Namely, the A’ are variables u
but are also used within the construction of the variables C and T through
field strengths, covariant derivatives of tensors and C = C+A. Hence, even
though the undi [erentiated gauge fields An,' are eliminated from the coho-
mological analysis as variables u, they nevertheless enter representatives of
the cohomology through their occurrence within the variables CandT.

Let us now assume that the antifields have been eliminated. In that
case one is left with the computation of the cohomology in a space of
functions £(C,T). On the variables C,T one has 5T = —CNANT and
§CN = —1CKCLF kN, analogously to the antifield independent case. As
a consequence, in order to analyse the cohomology of 5 in the space of
functions f(G, T~) one can proceed exactly as in the antifield independent
case until one arrives at the counterpart of equation (5.46) which we write
as

d=w(T,dx) =0, w mod dzn(T,dx) (7.15)

where u)('F, dx) and r]('i:, dx) are spin and isospin invariant forms which
depend on the generalized tensors T. Here we use the notation ds to
stress that this operation is the exterior derivative on forms u)(f,dx) of
the generalized tensors T. ds acts on forms (T, dx) substantially di [erent
from d acting on forms w(T,dx) because the ideal of tensors T, which
contain an Euler derivative or derivatives of Euler derivatives, have been
eliminated together with the antifields from the tensor algebra.

To make this point clear, let us compare d To to the antifield indepen-
dent part (d=T)o of d=T. dTo in general contains tensors T which are
eliminated along with the antifields whereas (ds T~)o does not contain any
of these tensors T. Now recall that the tensors T which are eliminated along
with the antifields are just those that are set to zero by the equations of
motion (or by the linearized equations of motion when one uses linearized
tensors) and derivatives thereof. Hence, in general d To is only weakly equal
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to (df f)o! Therefore, the problem posed by equation (7.15) is equivalent
to the weak cohomology of d (i.e., the cohomology of d on-shell) on invariant
tensor forms w(To, dx), with the cocycle condition

dw(To, dx) =0 (7.16)

and coboundaries fulfilling w(To, dx) = dn(To,dx). The solution of this
cohomological problem is the analog of the covariant Poincaré lemma in
the antifield independent cohomology and may therefore be termed “weak
covariant Poincaré lemma’2* and will be briefly discussed below. By means
of the weak covariant Poincaré lemma one can finish the computation of
the brst cohomology in presence of the antifields along the lines applied
in the antifield independent case. We shall briefly sketch the results below.

7.2.2. Second Strategy

The second strategy treats the antifields as additional tensors T ~{*“antiten-
sors™). This is possible because, as we have pointed out above, the antifields
¢ € Sransform as tensors or (in the gravitational case) as tensor densities
under the part y of s. Hence, the undi[erkntiated antifields ¢ Sbr (in
the gravitational case) ¢ /e, C */e (with e = dete,?) can be viewed as ten-
sors. Standard covariant derivatives of these antifield variables transform
again as tensors under y and are used as antitensors T “that substitute for
the derivatives of the ¢ C %' The di[erence of the T “dnd the T is that the
Koszul-Tate part & of s acts nontrivially on the T ~'However 5 maps each
antitensor T "o (a combination of) tensors T or antitensors T %' Therefore
the space of functions f(C, T, T Bis invariant under s, just as the space of
functions f(C, T).

This allows one to extent the methods used in the antifield independent
case straightforwardly to the antifield dependent case, with T,T ~in place
of T and with s = 3 + vy, until one arrives at equation (5.18). In the
latter equation one now gets & + s. in place of sc. In place of equation
(5.22) one therefore gets (0 + sc)w = 0 for the part of lowest order in the
translation ghosts. As & acts nontrivially only on the antitensors T ~and
does not aledt the dependence on the C at all, and as s; acts nontrivially
only on the C and does not a[edt the dependence on tensors or antitensors
at all, one gets (using Kiinneth’s Theorem) w = >, O,(C)f'(c, T, T Hwith
sc©1(C) = 0 and 5f'(c, T, TH = 0. 5f'(c,T,TH' = 0 implies that one
may take ' = f'(c, To) where the Ty form a subset of the tensors T which
corresponds to the set of generalized tensors T of the first strategy. The
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reason is the following: just as one can eliminate the antifields from the
cohomology of § along with a subset of weakly vanishing tensors T, one can
also eliminate the antifields from the cohomology of 4 along with the same
subset of weakly vanishing tensors T. The remaining sets of generalized
tensors T and tensors T, correspond to each other, and one may actually
take the set of Tg identical to the set of T~o. The conditions sc ©,(C) =0
are treated exactly as in the antifield independent case. As a consequence
one gets wp, = P(8(C), ¢, Tp) in place of equation (5.35).

The next change is in equation (5.36) where again 6 + s. replaces sc.
Consequently one gets a 6-exact term d(...) in the subsequent equations
(5.38), (5.39) and (5.43). In particular, in place of equation (5.43) one gets
s1,1 Fn(c, To)+0Fn+1(c, T, T B'= 0 (with f, mod s3.1 Nh—1+3nn). Eventually
equation (5.46) is replaced by

d wp(T01 dx) + 6(}.)p+1(T, T I;HX) = O L]
Wp(To, dx) mod dnp—1 (T, dx) + (T, T 5Hx).

Now, the problem posed by (7.17) is exactly the same as the problem
associated with equation (7.16). Namely, in (7.17) wp+1(T,T 5Hx) has
antifield number one because wp(To, dx) has antifield number zero (since
wp(To,dx) does not depend on antifields at all). Hence, wp+1(T, T 5Hx)
is linear in those T “that correspond to the ¢ -and their derivatives. As
the 8-transformations of these antifields vanish weakly, one has dwp+1 =0
and thus d w,(To, dx) = 0 which reproduces precisely (7.16) because, as we
mentioned above, the set of tensors Ty corresponds to the set of tensors To.
Analogous statements apply to the coboundary conditions.

(7.17)

7.3. Characteristic Cohomology and Weak Covariant
Poincaré Lemma

The cohomological problem posed by (7.16) and (7.17) correlates the brst
cohomology to the weak cohomology of d on forms w({¢}, X, dx) (without
restricting these forms to tensor forms or invariant tensor forms). This
cohomology has been termed characteristic cohomology (of the equations
of motion)?8 and is interesting on its own because it generalizes the concept
of conserved currents. To explain this, we write a p-form w({¢}, x, dx) as

1
Wp = ———
" pi(D —p)!
where the [=3ymbol is completely antisymmetric and [g] (p—1y = 1. The
condition dw, = 0 of the characteristic cohomology in form degree p < D

dx™ L dX™ G, me i ({0, X)) (7.18)
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is equivalent to

amlj m1...mD7p({¢}, X) =0. (7.19)

For p = D — 1 this gives 0mj™ = 0 which determines conserved cur-
rents. The representatives of the characteristic conomology with p < D
are thus conserved diLerkntial p-forms of the fields which for p = D —1
provide the conserved currents. Coboundaries of the characteristic co-
homology are weakly d-exact forms w, = dnp—1 which are equiva-
lent to jM-"Mo-e({$p}, X) = Imk™Mo-Mo—r({d},x) where kMo--Mo—p =
kImo---Mo—pl js completely antisymmetric.

A remarkable feature of the characteristic cohomology is that the re-
ducibility order r of a theory gives a bound on the formdegrees p below
which the characteristic cohomology is trivial, provided the theory is a
“normal theory”.?® In this context one assigns reducibility order r = —1
to a theory which has no nontrivial gauge symmetries, r = 0 to a gauge
theory with irreducible gauge transformations (such as standard Yang Mills
theories or Einstein gravity), r = 1 to a gauge theory with gauge transfor-
mations which are reducible of first order etc. It was proved for “normal
theories” and D > r + 2 that the characteristic cohomology is trivial in all
form degrees smaller than D — r — 2:2°

O<p<D-r-—-2: dop=0 = wp=dnp-1,

(7.20)
p=0: dwp=0 <= wg=constant.

For standard Yang Mills theories, Einstein gravity and gravitational Yang
Mills theories this result implies that the characteristic cohomology is trivial
in formdegrees p < D — 2 if D > 2. Furthermore for these theories the
characteristic cohomology in formdegree p = D—2 is represented by (D—2)-
forms corresponding one-to-one to “free Abelian gauge symmetries” which
act nontrivially only on the corresponding Abelian gauge fields and leave
invariant all other fields.?® In formdegree p = D — 1 the characteristic
cohomology is represented by “Noether forms” J involving the nontrivial
Noether currents j™,

= (D i 1)' del e deDil IEl--.l”ﬂDjrnD ’ amjm = 0 . (721)

We shall now sketch a derivation of the result (7.20) for irreducible gauge
theories (r = 0). In these theories there are only antifields ¢ “With antifield
number 1 and antifields C “ith antifield number 2 (but no antifields with
antifield numbers k > 2). The derivation relates the characteristic coho-
mology to the cohomology of & modulo d on forms w({¢, 5T F x, dx) of

J
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fields and antifields via descent equations for 4 and d and analyses these
descent equations. In order to simplify the notation we shall assume that
all fields ¢ and antifields C “4re bosonic.

As discussed above, the cocycle condition du)g({q)},x, dx) = 0 can be
written as d wg +0 wgﬂ = 0 where the subscript of a form u)'g denotes the
formdegree and the superscript denotes the antifield number. Applying d
to dw) + dws,; = 0 one obtains 3 (dw}, ;) = 0. As dwj,, has antifield
number 1 and the cohomology of 3 is trivial in positive antifield numbers
this implies d w3, +8 w3, = 0 for some form w3, , with antifield number 2.
Repeating this reasoning one obtains descent equations for 6 and d related
to dw) =0,

— 0 1
0=dw, +dwp,q ,

0=dwysy +3Whs
(7.22)

_ D—p—1 D—p
O0=dwg_; " +dwg .

We now analyse the last equation in (7.22), i.e. the equation at formdegree
D, using wg P = dPxaP~P where aP~P has antifield number D —p. This
gives

8aP7P = gpa™ PPt (7.23)

with a™ P~P~1 arising from w3_P~*. We analyse (7.23) by considering the
linearized Koszul-Tate di[erkntial §, acting as

Sod' =0, S dF=Dij ¢, 5 CLEUL (7.24)
where Dj;j ¢ are the linearized Euler derivatives 5% of the Lagrangian

and UM ¢His the linearized 3-transformation of CL-(with Dj; =
Yo it ™ 0m, - .. Om, etc.).
At lowest order in the fields and antifields, (7.23) imposes

Joa = dmb™ (7.25)

where a is the part of aP~P with lowest degree of homogeneity in the fields
and antifields, and b™ is the corresponding part of a™ P—P~1,

Taking Euler derivatives of (7.25) with respect to the C5'¢~4nd ¢ we
obtain (with Dj; = 3= (—)Kdf1* ™0, ... Om, etc.)

OP—QZO, O?—gzuclxa—
54 Sor

a 0a + Oa
28 w2 =-D,2 (2
ISV R PR A Y (7:26)
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Assume now that p < D —2. In this case aP~P and a have antifield number
D — p > 2. Hence, all Euler derivatives in equations (7.26) have positive
antifield numbers. Since the cohomology of 3y vanishes for positive antifield
numbers, the first equation (7.26) implies

da s fa

aC':' = §of (7.27)
for some ¢ with antifield number D —p — 1. Using (7.27) in the second
equation (7.26) one gets

% (a"; U'fo‘) =0 (7.28)

where the expression in parentheses has antifield number D —p—1 > 1.
We conclude that this expression is the dp-transformation of some f! with
antifield number D — p which yields
a— = Ul FY+ 5of'. (7.29)
i
Using (7.29) in the third equation (7.26) we obtain, owing to the operator
identity UXTD;i; = 0 which follows from (7.3):

5 (a¢ +D}; fJ) =0 (7.30)

where the expression in parentheses has positive antifield number D—p > 2.
We conclude that this expression is the dp-transformation of some f; with
antifield number D — p + 1 which yields
%
ol
Analogously to equation (3.36) one can reconstruct d®xa from the Euler
derivatives of a with respect to the C5'¢p~and ¢ up to a d-exact form,

= —D}i 1 +3,F; . (7.31)

1 da
dPxa= — dPx (CtL= L i
a= o (aa¢.a¢:,¢a¢,

where N is the degree of homogeneity of a in the fields and antifields. Using
now equations (7.27), (7.29) and (7.31) in (7.32) one obatins

d®xa =8 kD Pt +dk2=P,

) +d(...) (7.32)

kg_p+l ( ) dDX(C Lfa _ ¢:¥" +¢ifi). (7.33)
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One now considers 0> = w2 P —85k2 P —d k2P, If w3 P vanishes
one gets wp P =8k3 P + dkg_P. Otherwise wg P is treated as wg °
before and the procedure is iterated. For “normal theories” the linearized
theory contains the maximum number of derivatives and the iteration can

be shown to terminate resulting in

wg P=8ng "t +dngzh . (7.34)
Using (7.34) in the last equation (7.22) the latter gives
0=d(wg_t*—dng_D). (7.35)

Using the algebraic Poincaré lemma (theorem 5) one concludes that the
form in parentheses is equal to dng_5~" for some (D — 2)-form ng_5~*

with antifield number D — p — 1. This gives

wp_t =g +dnp5 . (7.36)
In the same way one derives that all the forms w'rj+k with k > 0 in (7.22)
are d-exact modulo d in the case p <D — 2;

P<D=2 k>0: 0f =351k +dnfiy . (7.37)

Using this result for k = 1 in the first equation (7.22) one eventually gets

p<D-2: 0=d(w)—3ny) . (7.38)
The algebraic Poincaré lemma now implies that the form in parentheses is
constant if p = 0 and d-exact if p > 0,

ony+dng_; ifp=>0,

ns + constant if p =0. (7.39)

p<D-2: )= {
Owing to & ng = 0 this yields (7.20) for r =0.
In the case p = D — 2 the form w3 can be taken as

wp = d°x (Cad” ({9}, X) + h({$, ¢ F, X)) (7.40)

where h({$, oF, x) is quadratic in the antifields ¢and their derivatives.
The last equation in (7.22) now gives

0 =dwp_; + (-)°dx (REGDI* U}, x) + 3h({$, ¢} x)). (7.41)
The Euler derivative of this equation with respect to ¢yields
Ri g%({®$},x) = 0 which imposes that the functions g®({¢}, x) are (possi-
bly field dependent) parameters of weakly vanishing gauge transformations.

Without going into further detail we note that in Yang Mills theories, Ein-
stein gravity and gravitational Yang Mills theories and dimensions D > 2
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this implies g® = 0 for all a except for g = constant when a labels a
“free Abelian gauge symmetry”, and that the characteristic cohomology
for p = D —2is in these theories represented by forms wd_, related via the
descent equations (7.22) to volume forms given simply by dPx C,=vhere i”
enumerates the “free Abelian gauge symmetries”.

For p = D —1 the descent equations (7.22) reduce to the single equation
0 =dwd_; + 3wl which directly provides (7.21) with ®%_, = J.

Using (7.20) one can derive the invariant characteristic conomology, i.e.
the characteristic cohomology on spin and isospin invariant tensor forms
wWp(T,dx) = dx3 ...dx% Ty, a,(T), in formdegrees p < D — 2 similarly as
the linearized covariant Poincaré lemmas in section 5.3. One obtains that in
ordinary and gravitational Yang Mills theories and in Einstein gravity the
invariant characteristic cohomology is in formdegrees p < D —2 represented
solely by Chern forms P (F). This result extends for D > 2 to formdegree
p = D — 2 if there are no “free Abelian gauge symmetries” and provides
the weak covariant Poincaré lemma for these theories:?*

do(T,dx) =0 = o(T,dx) =P (F) + Jiny + d°xe fin,(T) + dn(T, dx)
(7.42)
where P (F) can contain a constant, Jiny is of the form (7.21) with j™ =
eE"j&(T) and n(T, dx) is invariant.

7.4. Antifield Dependent Representatives of the BRST Co-
homology

Each Noether form Jin, in (7.42) gives rise to a cocycle of the cohomology
of 5. We denote these cocycles by Jiny. Explicitly one may use

1
(D —1)!

Jinv = ML BT, mp ™

. (7.43)
+ 5 E™ TP e mp @ G(T, T B!

where j™ are the components of the Noether current occurring in Jiny,
G(T, T His a spin and isospin invariant function of the tensors T and an-
titensors T Svhich has antifield number 1 and fulfills 0,,j™ = (e G), and
€™M =C€™ + dx™ is the sum of the translation ghost €™ and the coordinate
di [erkntial dx™.

Owing to T3‘J~im, = 0 one can finish the investigation of the antifield
dependent brst cohomology along the lines of section 6 by considering the
JNim, as Chern forms which have no Chern-Simons forms. Each J~im, provides
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a representative wgl with ghostnumber —1 of the cohomology of s modulo
d given by

wgt =dPxeG(T,TH. (7.44)

Further antifield dependent representatives u)gD of the cohomology of s mod-
ulo d arise from products of Ji,, and Chern Simons forms g, (with the latter
written in terms of the 5). Among others this provides representatives wgD
with ghosthnumbers g = 0 and g = 1 given by

wd =dPx (eC'G(T, TH-An'j™) , (7.45)
wd =dPx (e C'CIG(T, TH+ (An'CI — ARICH ™) (7.46)

where Ci,Ci are Abelian ghosts and Am',AnJ are the corresponding
Abelian gauge fields.

Finally we comment on the case that “free Abelian gauge symmetries”
are present. As discussed in subsection 7.3, each of these symmetries gives
rise to a nontrivial cohomology class of the characteristic cohomology in
form degree D — 2. Accordingly it induces corresponding modifications
of the brst cohomological results. These modifications depend on the
Lagrangian of the respective theory under consideration. We shall not
discuss them in general here but restrict our comments to the cases that
the gauge fields Ami of “free Abelian gauge symmetries” occur in the
Lagrangian solely via terms —%eaniﬁ':m“j%iqmwhere iY“numbers the
“free Abelian gauge symmetries” and Fmn' = 0mAn' — 0nAm!  denote
the corresponding field strengths. In this case the representatives of the
characteristic cohomology in form degree D — 2 are the Poincaré duals "/ ;o
of the field strength 2-forms dAi" of the Af,

1

o= 21(D — 2)!
Accordingly the weak covariant Poincaré lemma for D > 2 (7.42) gets
additional contributions )\iqﬁimwhich are linear combinations of the dual
(D — 2)-forms "F;owith numerical coe [Cights A"l These (D — 2)-forms
give rise to cocycles of § given by

dx™ . dxMe-2 [ o eFMe-1MoiEiLs  (7.47)

1 -
Ty O T hmo © Fmo-imod g0
1
FoomiC T oA (7.48)

1
+ 56‘“1 AL v I oo
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Each of these 3-cocycles Fj-contains a representative wgz with ghostnum-
ber —2 of the cohomology of s modulo d given by

wgZ =dPxChdh. (7.49)

Antifield dependent representatives o with ghostnumbers g > —2 of the
cohomology of s modulo d arise fﬁom products of tFioand Chern Simons
forms gq written in terms of the C.
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