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Solution VI for the lecture course CONFORMAL FIELD THEORY Michael Flohr
Derek Harland
Free field realization 19. June 2009

FREE FIELD REALIZATION AND VERTEX OPERATORS

We learned in the lecture that in conformal field theory, fields are divided into two classes, the primary
fields ®,(z, Z), and their descendant fields. If we know how to compute correlation functions of primary
fields, we can compute any correlation function. What we miss so far is an explicit realization of a
primary field. We know one exception so far: Considering a theory of a free massless scalar Boson
¢(z, z), we saw that the current J(z) = 10,¢(z, Z) is a chiral primary field of weight &~ = 1. But how
does one construct primary fields of other scaling dimensions?

Vertex operators
Consider the normal ordered expression

Vi(z, 2) = rexp(iko(z, 2)):,

and compute its OPE with the energy momentum tensor. We remember that 7'(z) = —3:0¢(2)9¢(2):,
and that (¢(z,2)¢(w,w)) = —log|z — w|?. We make use of Wick’s theorem to contract products of
normal ordered quantities into fully normal ordered quantities times expectation values in the usual way,
and find
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The same calculation goes through for 7'(z). We now immediately read off from the form of these OPEs

that the vertex operators Vj(z, Z) are primary fields ith conformal weightsh = h = % Note that V}, has

the same conformal weight as V_g.

Operator algebra
Compute the leading term of the OPE of two vertex operators with Wick’s theorem or by inserting the
mode expansion of the free field and using the Baker-Hausdorff formula. This yields

Vk’(zvg)vk(waw) = :exp(ik’¢(z,z)) exp(1k¢(w>w))
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as its leading term. Thus, the vertex operators form an operator algebra. The number k is called the
charge of the vertex operator. To verify that this is indeed the U (1) charge with respect to the current
J(z) = 104(z, z), we either use the OPE J(2)Vj,(w, w), or we note that 7(z) = 3:J(z).J(z): which
implies that the charge ¢ with respect to the current J(z) is g(k) = k. The charge of a product of
operators is therefore additive. It is a rather typical feature of CFTs that the scaling dimensions are
quadratic expressions in charges due to the fact that the energy momentum tensor is often a bilinear
expression in currents.

Correlators
The two-point function of two such vertex operators can be found in many ways, e.g. by exploiting
SL(2,C) invariance or the OPE computed above, and turns out as
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Alternatively, one can use the general identity

(exp(iko (2, 7)) exp(—ikd(w, 0))) = exp(k*(¢(z, 2)(w, ¥)))

of free field theory. In fact, the two fields must contract to the identity field, since the only non-vanishing
one-point function is (11) = 1. The OPE above tells us that the leading term would be the identity operator
if k+ &' =0, as Vo(z, 2) = 1. In deed, the identity operator not only has scaling dimension h = h = 0,
but also must have vanishing charge with respect to J(z), as h = k?/2.

The n-point functions of arbitrary vertex operators of the free bosonic CFT can all be computed
yielding the quite simple result

(Vi (zio2) = [T 125 — 2™ 65 ko »
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provided |z;| > |z;| for i < j. This follows from Wick’s theorem that demands to consider all possible
contractions. Only complete contractions down to a product of two-point functions (i.e. propagators) will
contribute, as this is the only term in Wick’s expansion with no non-trivial normal ordered product left
(which, by definition, would yield a vanishing expactation value). The only complete contraction is just
the one yielding the product above. Thus, these n-point functions are trivially zero unless the charge
balance ), k; = 0 is kept, i.e. total momentum is conserved.

Alternatively, we can use the OPE of two vertex operators., Contracting all fields via successive
OPEs will finally result in the vertex operator Vi (0,0), K = >, k;, which must be of conformal weight
zero. The OPE can only be applied for short distances. However, global conformal invariance always
admitts to achieve this situation by a global translation of all points z; — z; + Z with |Z| > 1 and a
following inversion.

Conservation of momentum

The condition ) _, k; = 0 comes from the existence of a conserved charge. Actually, the operator J(z) =
i0¢(z) is a conserved current with zero mode @y = p, as can be infered from its mode expansion
J(z) = p2t + X, 0anz " = 30, anz7" ! Since the vacuum was defined in such a way that
(Olp = p|0) = 0, it follows that
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where we have indicated the direction in which p is applied. That is in fact consistent with the operator

produkt expansion of the CFT. Due to global conformal invariance, the only non-vanishing one-point
function must be of a field of zero conformal weight (which in general is the identity).

We learn from this that the two-point function is non-zero only for &’ = —k, meaning that the
correct definition of the in- and out-states is

k) = V3(0,0)|0), (k| = lim (0|(Vi(2,2))T2F" 25" = lim (0|V_j (2, 2)2" 2%,

such that (k'|k) = dj x. One says that the field V_(z, Z) is the conjugate field of Vj(z, Z). Note that

h(k) = $k* = h(—k) such that conjugate fields have the same conformal weights, as it must be.



