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Characterizing Metals and Insulators

ground-state DMRG, open BCs

• order parameters
→ ionicity 〈nA − nB〉 = 1

L

∑

j

(−1)j 〈nj〉

→ polarization 〈P〉 = 1
L

∑

j

xj 〈nj〉

→ bond order 〈B〉 = 1
L

∑

j

(−1)j
〈

c†j+1cj + c†jcj+1

〉

• gaps

“single-particle gap“ ∆1 = µ+ − µ− = E0(N + 1) + E0(N − 1)− 2E0(N)

“spin gap“ ∆s = E0(S = 1, N)− E0(S = 0, N)

“exciton gap“ ∆e = E1(S = 0, N)− E0(S = 0, N)

• susceptibilities

→ electric χ =
∂〈P〉
∂E

∣

∣

∣

∣

E=0

≈ 1
LE

∑

i

xi 〈ni〉 (c.f. Drude weight)

→ bond χ =
∂〈B〉
∂ρ

∣

∣

∣

∣

ρ=0

• correlation functions Cd(r) = 〈nini+r〉 − 〈ni〉〈ni+r〉, . . .



t–t′–U Chain at Half-Filling

1D Hubbard model with next–nearest–
neighbor hopping: -t

-t’

H = −
∑

i,σ

(t c†iσci+1σ + t′ c†iσci+2σ + h.c.) + U
∑

i

ni↑ni↓

Dispersion: ε(k) = −2t cos k − 2t′ cos 2k (t = 1)

n = 1 : t′ < 0.5: two Fermi points t′ > 0.5: four Fermi points



Limiting Cases

• Strong coupling (U � t, t′)

Frustrated Heisenberg model

H =
∑

j

[JSj · Sj+1 + J ′Sj · Sj+2] , J =
4t2

U
, J ′ =

4t′2

U

phase diagram:
Heis. MGdimer. incomm.

J’/J0.2410 0.5
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• Weak coupling

Bosonization (Fabrizio, 1996)
• two Fermi points: 1D Heisenberg
• four Fermi points: no relevant nesting ⇒ generic two-chain case

∆s 6= 0, ∆c = 0 (C1S0)



Phase Diagram

Ground–state phase diagram, n = 1:
(Daul & Noack, 1999)

From calculation of ∆2, ∆S

Behavior as a function of U :
• t′ < 0.5: 1D Hubbard, Uc = 0
• t′ > 0.5: Mott–Hubbard transition at

finite Uc
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Recent work:
DMRG with nk

(Gros, Hamacher, & Wenzel, 2004)
ED with Berry phase/level crossing

(Torio et al., 2003)
DMRG with χ

(Aebischer, Baeriswyl, & Noack, 2003)



Gaps Reexamined

Two-particle gap ∆2 = [E0(N + 2) + E0(N − 2)− 2E0(N)]/2

but for larger t′ . . .

Cause: incommensurate
kF1, kF2



Spin Gap

⇒ finite-size scaling erratic for t′ > t′c



Electric Susceptibility
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Electric Susceptibility
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Electric Susceptibility
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Electric Susceptibility

t′/t = 0.7
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U=5.5
U=7

metal: χ ∼ L2

critical

insulator: χ→ const.

transition at Uc/t ≈ 4



L→∞ extrapolation: χ∞(U)
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χ ∝ exp
(

4π
U − Uc

)

⇒ infinite-order transition

Uc finite for t′/t & 0.5



Scaling Behavior

t’=0 t’=0.7
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finite-size scaling:
χ

L2
= C(t′)Φ(L/ξ∞)

(Privman & M.E. Fisher, 1984)
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(Kim & Weichman, 1991)



Estimate for MI Phase Boundary

Band minimum must
overcome Hubbard gap

µeff = 2t′c−t2/t′c = MHB
c (U)

⇒ agreement surprisingly good



Remaining Issues: t-t′-U Model

• Opening of spin gap/dimerization
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Mott Insulator I

Mott 
Insulator II

L→∞ behavior of 〈B〉
(C. Aebischer, Ph.D. thesis)

Better: bond-order or magnetic susceptibility

• Do intermediate CnSm phases exist?

⇒ How to calculate gaps/gapless modes?

• Dynamics: single-particle, charge, spin

• Doping into dimerized phase – Pairing?



Ionic Hubbard Model

Hubbard chain with alternating potential (half-filled, n=1)

H = −t
∑

j,σ

( c†jσcj+1σ + c†j+1σcjσ ) + U
∑

j

nj↑nj↓ + δ/2
∑

jσ

(−1)j njσ

Atomic limit (t = 0):

U < δ:

A B

δ

BA A B

ionic
∆c = δ−U

U > δ:
δ

A B

Mott
∆c = U−δ

Effect of hopping term

U = 0:
band insulator

δ
k

ε (k)

δ = 0:
antiferromagnetic



Motivation
• neutral-ionic transition in organic charge-transfer salts

(Torrance et al., 1981)

stack of donor-acceptor atoms,
e.g. TTF-CA (Le Cointe et al., 1995)

sharp change in 〈nA − nB〉 at
transition

• ferroelectric transition in BaTiO3 and KNbO3

(Egami, Ishihara, & Tachiki, 1993)

• theoretical
• transition from a “renormalized” band insulator to a Mott insulator

∆s = ∆c = δrenorm −→ ∆s = 0,∆c ∼ U − δ, AF

• Contrast: dimerized band insulator

Hkin = −t
∑

j,σ

[

1 + (−1)jγ
]

( c†jσcj+1σ + c†j+1σcjσ )

strong coupling limit: dimerized spin chain: ∆c > ∆s > 0

⇒ no transition, just crossover behavior



Scenarios for the Transition

Weak coupling: bosonization (Fabrizio, Gogolin, & Nersesyan, 1999)

c2

∆ c>0
∆ s>0

∆ c>0
∆ s =0

Uc1

∆ c>0
∆ s>0

Di< >

U

=0=0

∆ c

Di< > Di< > =0

U

Ising KT

BI SDI MI
0

=0

Numerical:

• Gidoupolos, Sorella, & Tosatti, 2000: (ED, Berry phase) 2 transitions, metallic
intermediate phase
• Wilkens & Martin, 2001: (var. QMC) 1 transition, dimerized for U > Uc
• Torio, Aligia, & Ceccatto, 2001: (ED, Berry phase) 2 transitions
• Takada & Kido, 2001: (DMRG) 2 transitions
• Qin et al., 2003 (DMRG) 2 transitions, ∆1 → 0 at Uc2
• Brune et al., cond-mat/0106007; Kampf et al., 2003: (ED &DMRG)

1 transition - first order (?), dimerized for U > Uc (?)
• Y.Z. Zhang et al., 2003: (DMRG) two transitions



Unclear Questions

• How many phase transitions?

• Is there an intermediate dimerized phase?

• Order of the phase transition(s)?

• Behavior in the large-U limit?

• Behavior of the various gaps?

• Metallic point?

DMRG calculations

parameter values: δ/t = 1, δ/t = 20

⇒ behavior as a function of U/t
at T = 0, open BCs

U/t

δ/ t

10

20

10 20

band

insulator

Mott
insulator



Ionicity

〈nA − nB〉 = 1
L

∑

j(−1)j〈nj〉

δ/t = 1
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effective Heisenberg model:

〈nA − nB〉 = 32 ln 2 t2Uδ
(U2−δ2)2



Gaps
single-particle gap: (δ/t = 1)

∆1 = µ+ − µ− = E0(Nel = L+ 1) + E0(Nel = L− 1)− 2E0(Nel = L)
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⇒ transition instead of crossover?



Spin Gap

∆s = E0(S = 1, Nel = L)− E0(S = 0, Nel = L) (δ/t = 1)
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Relationship between spin and single-particle gaps

gaps at L→∞:

δ/t = 1
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⇒ one transition point! or maybe more?



Excited States

Gap to the S = 0 and S = 1 excited states (δ/t = 20)

L = 128 finite-size scaling
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⇒ continuum of S = 0 excitations below the spin gap

⇒ separate minimum in the charge excitations



Extrapolation and Comparison

δ/t = 20
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• ∆e vanishes linearly at U ≡ Uc1
• ∆s, ∆1 nonzero at Uc1
• ∆s vanishes at Uc2 > Uc1



Bond Order Parameter
〈B〉 can be nonzero for open BCs

δ/t = 20
L–scaling extrapolated value
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In the band insulator 〈B〉 ∼ 1
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Characterizing the Dimerization Transition(s)

Bond-Order susceptibility χBO =
∂〈B〉
∂ρ

∣

∣

∣

∣

ρ=0+

(δ/t = 20)

U/t = 21.42, [19, 50]

-0.3

-0.15

 0

 0.15

 0.3

-0.01 -0.005  0  0.005  0.01

〈B
〉

ρ

L = 64
L = 128
L = 256
L = 512

-0.02

 0

 0.02

 0.04

-0.01  0  0.01

-0.02

 0

 0.02

-0.01  0  0.01  0

 50

 100

 150

 200

 250

 21.2  21.4  21.6  21.8
χ B

O

U/t

L = 16
L = 32
L = 64
L = 128
L = 256
L = 512

⇒ Two peaks, two divergences – two transitions

Complication: χBO diverges in entire Mott insulator



Electric Susceptibility
Response to an applied electric field E = Ex̂ (along chain) (δ/t = 20)

χ =
∂〈P〉
∂E

∣

∣

∣

∣

E=0

= −1
L

∂2E0(E)
∂E2

∣

∣

∣

∣

E=0

≈ 1
LE

∑

i

xi 〈ni〉
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• diverges at the “metallic” point - Uc1
• finite-size scaling ⇒ collapse, χ(Uc1) ∼ L2−η, η = 0.46??



Strong Coupling Phase (U � δ)
Cd(r) = 〈nini+r〉 − 〈ni〉〈ni+r〉
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• Weak, but clear divergence in χel in the strong coupling phase
⇒ metal? strange Mott insulator?
• Power–law decay of density-density correlation function ⇒ Cd(r) ∼ r−3

Explanation: strong coupling expansion for

Cd(r) ≈ A (−1)r [〈(Si · Si+1) (Si+r · Si+r+1)〉 − 〈Si · Si+1)〉〈(Si+r · Si+r+1〉]
∼ r−3 ln−3/2 r

(A. Aligia, 2004)



Discussion

Our generic phase diagram:

∆S
= 0

Cd ~  d−3

Insulator
Dimerized

∆1

∆1

Uc1

<B> = 0

continuous 
transition (KT?)

<B> > 0

Coulomb interaction U
Uc2

2nd order transition

Band Insulator

<B> = 0

χelχχ ∞

∆1 ~  U

= ∆S
= ∆ e

> ∆ e

∆S > 0 BO

Correlated Insulator
(strange?)

χel ∞

U = 0

∆= 0e

⇒ Two transitions, spontaneously dimerized intermediate phase, in agreement
with the scenario of Fabrizio, Gogolin, & Nersesyan, 1999.

Remaining Issues

• Is the system metallic at Uc1?

• Dynamical correlation functions: charge, spin, single-particle.

• Nature of “strange” Mott insulator.

• Why is dimerized phase of width ∼ t?
⇒ Effective S = 1 model for U ≈ δ


