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Outlook

1. General properties of anisotropic spin-1/2 two-leg model 
(ASLM)

2. Two electron bound states of Hubbard model with spin 
dependent hopping (particular case of ASLM). The lowest 
state energy in Sz=0 subspace ( ground state energy-?) from 
DMRG and “pair approximation”.

3. Bound states of several inverted spins in ASLM with XY 
interaction along the legs. The DMRG simulation

4. Strong coupling limit of  ASLM. XXZ spin-1 model with single 
ion anisotropy as a particular case of ASLM. The ground 
state magnetization.

5. The temperature dependence of the spin part of ladder heat 
capacity. The effect of local states.



Anisotropic spin-1/2 2-leg ladder model
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H = H1 - h ( N - N1 - N2) - 0.25 J0 (N - 2N1 - 2N2)
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Exact energy spectrum of the states with one and two  inverted spins
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Lowest energies per rung of infinite ladder with N1=N2=0.5N and 
J2=1 as a function of J1 (In DMRG simulation we kept 32- 80 

optimized states).
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The case of strong coupling in ladder rungs

The effective low-energy Hamiltonians
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The lowest energy levels for N=6 ladder (exact diagonalization)

zSJ \′ 0 1 2 3 4 5 6

0.3090 -2.6548 -2.6334 -2.6516 -2.6205 -2.6482 -2.6030 -2.6545

0.3100 -2.6547 -2.6333 -2.6516 -2.6206 -2.6484 -2.6033 -2.6550

J0=10K, J1=8K, J = 1K

zSJ \′ 0 1 2 3 4 5 6

2.4130 -3.2069 -3.1542 -3.1187 -3.1034 -3.1079 - 3.1377 -3.2065

2.4140 -3.2069 -3.1542 -3.1187 -3.1034 -3.1081 -3.1380 -3.2070

J0=8K, J1=10K, J = 1K
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 (2) for J0,1max=10K
 (3) for J0,1max= 5K

J /

 ∆=(J
1
 - J

0
)/2

Nonmagnetic

Ferromagnetic

1 2 3

DMRG for infinite 
systems

Nit =500, m=10-40

J ′ = -(4 ∆) -1



Low temperature thermodynamics
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For statistical sum evaluation we will take into account only exact energies of 
low lying stationary states with one inverted spin (3) and approximate energy of 
bound states with two inverted spins.
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Specific heat vs temperature
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1) Formula (1) and exact 
diagonalization for J0 = -25 K, 
J1 = 3 K, J =1 K,         0
(two curves almost coincide); 

2) The exact diagonalization 
for J0 = -25 K, J1 = 3 K, 
J= 1K
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The exact diagonalization , 
formula (1) and single rung 
calculations give almost 
coincident curves.
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Specific heat vs temperature (symmetric variant of 
TDMRG, 4 optimized states for above values of parameters)
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First two peaks of         as a 
function of temperature for J0 = 10 
K, J1 = 9.2 K, J =0.6 K): 1) exact 
diagonalization, 2) formula (1).

Sum of exact
lowest 
energies

Lowesy energy 
from DMRG

2

3

4

-0.45825 -0.45824

-0.65825 -0.66714

-0.91650 -0.91650

(In DMRG calculations we 
used 500 iterations and 10 
optimized states).

vC
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Sum of exact
lowest 
energies

Lowesy energy 
from DMRG

2

3

4 -0.27588 -0.27587

-0.13794 -0.13793

0.36206 0.35637

The exact diagonalization for N=6: 

1) J0 = 10 K, J1 = 8 K, J =0.5 K,  

2) J0 = 10 K, J1 = 8 K, J =0.5 K,

(For 0.5 K DMRG gives 
positive energies: 0.71372 
for n=2 and 1.50227 for n-3)
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Sum of exact
lowest 
energies

Lowesy energy 
from DMRG

2

3

4 -6 -5.99872

-3 -2.9999

-4.5 -4.49997
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1) The exact diagonalization 

2) Formula (1)

(εloc=0.111896 K )



The positions of Cv(T) maxima for finite lattice clusters (the exact 
diagonalization)
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Summary

1. Simple approximate formula for the ground state energy of uniform 
Hubbard model chain with spin dependent hopping  was given.

2. The transition between lowest states with marginal values of Sz for  
ASLM with ferromagnetic interactions in rung is similar to 
corresponding transition  in XXZ spin-1 model with single ion 
anisotropy

3. The temperature dependence of  the specific heat of ASLM may 
have up to three maxima in zero magnetic field.

4. Simple approximate formula for  specific heat was derived. It was 
shown that the adequacy of this approximation depends strongly on 
the existence of low-energy bound states. 
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