


DMRG applied to Diagonal Ladders

Javier Rodriguez Laguna

Dto. Fisica Tebrica |, UCM, Madrid

work in collaboration with:

Miguel Angel Martin-Delgado
Dto. Fisica Tedrica I, UCM, Madrid

German Sierra

Instituto de Fisica Tedrica, CSIC-UAM, Madrid

Contribution to the Leiden Workshop on Density-Matrix Renormalization — August 2004



Plan

PREVIEW OF MAIN RESULTS
The Diagonal Ladders Universality Classes.

FroM CUPRATES TO RECTANGULAR LADDERS
A quick review of the main points in ladder physics.

DIAGONAL LADDERS
What? Why? And some nice topological deformations...

DMRG AND THE DIAGONAL LADDERS
The Swiss-Army chainsaw cutting the ladders.

THE NON-LINEAR 0 MODEL
Results from a field-theoretic approximation.

BOSONIZATION
A different field-theoretic approach.

CONCLUSIONS AND FUTURE WORK
Including some ideas for the experimentalists.




Preview of Main Results

THE DIAGONAL LADDERS UNIVERSALITY CLASSES

RN

ANTIFERROMAGNETIC S = 1/2 HEISENBERG MODEL ON...

Odd ny AF, Gapless

Rectangular Ladders{ Even ny AF, Gapped, Haldane Phase

Odd Np  Ferrimagnetic, Gapless (F), Gapped (AF)

Diagonal Ladders Np =2 (mod4) AF, Gapped, Haldane Phase

Even Np
Np =0 (mod 4) AF, Gapless




From Cuprates...

MOTIVATION:
High T¢ superconductivity — Cuprate Planes — ANTIFERROMAGNETISM (AF)

e Copper atom
—+ Oxygen atom

ANTIFERROMAGNETIC HEISENBERG MODEL

2D All S, Long Range Order, Gapless

Half Integer S:  Quasi Long Range Order (QLRO): Critical, Gapless
1D (S =1/2 — Bethe Ansatz)
Integer S: Finite correlation length, Gapped




...to Rectangular Ladders

SURPRISES IN THE RouTE 1D — 2D.

RECTANGULAR SPIN LADDERS

In1—4

Y

-
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L=15

UNIVERSALITY CLASSES:

ny odd: QLRO, gapless, critical.

nq even: gapped, finite correlation length, Haldane phase.




The Haldane Phase

e Dynamical Mass Generation.
e Perhaps some Hidden Order Parameter? YES.

THE STRING ORDER PARAMETER
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e T trick maps eigenvalues {—1,0,1} into {—1,1,—1}.




Strong and Weak Coupling Limits

Let's attach different coupling constants ] and ]’ along each axis:

J/
]/
J/

/I R R A R R |

WEAK CoupPLING LimiT: J'/] — 0, N independent chains.

STRONG COUPLING LiMmIT: J'/] — oo, L weakly coupled rungs.

e If ny even: equivalent to integer S Heisenberg AF chain.

e If ny odd: equivalent to half integer S Heisenberg AF chain.




An Unexpected Application...

»r ] L Rl TATE L TR = o -\
Den Haag, Aug 7 2004, An unexpected application: the JACKET LADDER.
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Diagonal Ladders: What?

DIAGONAL LADDERS are defined by the number of plaquettes N,.

e They are all bipartite (non-frustrated). If N, is odd, they are FERRIMAGNETIC.

e The Np = 1 is a special case, known as the necklace ladder.
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Reete et




Diagonal Ladders. Why?

REASON # 1.- Because they are there.

REASON # 2.- They provide an alternative 1D — 2D route.

REASON # 3.- They appear in:

e Stripes in cuprates (e.g. Laj g_Ndp 4SrxCuOy4 ) [Tranquada, Nature 1995]

e Numerical simulations of t— ] model on AF planes [White and Scalapino, PRL 1998]
e Necklace appears in polymer compounds [Raposo and Coutinho-Filho, PRB 1999]

(e.g.: metal-free poly(m-aniline) or poly[1,4-bis-(2,2,6,6-tetramethyl 1-4-oxy-4-piperidyl-1-oxyl)-butadiyne])

NECKLACE Puysics: Equivalent to alternating 1-1/2 behaviour, [Sierra, Martin-
Delgado, White, Scalapino and Dukelsky, PRB 1999]




1

Topological Deformation of the Np=2 Ladder

Case Np = 2: Flatten the “outer links".

L 4 L 4 ,
J

In this new disguise, we shall call it DECORATED ZIG-ZAG LADDER.

Differences with Rectangular Ladders: e No Strong Coupling Limit.

e Perturbation Theory is impossible.
I I I I I I I I I I e Mean Field Theory is impossible
| B S R |

(a la Gopalan et al., PRB 1994).
It seems to be a hard problem...
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DMRG for Diagonal Ladders

SWEEPING PATH: For arbitrary Np.

AN

DIAGONAL LADDER, SOME TECHNICAL DETAILS

o C++

e Finite algorithm

e Truncation Error always below 10—8

e Fixed digits in energy above 6

e Np =2: L up to 30 (122 sites), m = 120 !
e Np =4: L up to 15 (92 sites)

e IMPROVEMENTS ARE UNDER PROGRESS...

48 -66.19208344
49 -66.19207816
50 -66.19207764
51 -66.19207764
55 -66.19207764
54 -66.19207816
53 -66.19208345
52 -66.19207816
56 -66.19207764
57 -66.19207764
58 -66.19207764
59 -66.19207816
63 -66.19208346




Gap of the Np=2 Diagonal Ladder

A /7 is shown as a function of L for different values of J/]’.
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Gap of the Np=2 Diagonal Ladder

15)

The thermodynamical limit of A/] is now shown as a function of J/J’.
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The Zig-Zag Ladder

The last plot recalls a close relative of our ladders, the Z1G-ZAG LADDER:

\VAVAVAVAVAVAVAVAN

It is equivalent to a next-nearest-neighbours (NNN) linear chain: FRUSTRATION

NN N NN
DA A VA VA VA A VAN

If Jo/J1 = 1/2, Majumdar-Ghosh point, gapped and fully dimerized.
Phase Transition: If J5/]1 < 0.24, gap — 0, QLRO [White and Affleck, PRB 1996]
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Decorated Zig-Zag Ladder

Our Topological Deformation of the Ny, = 2 diagonal ladder:

o \/\/\/\/\/\/\

The main effect of the decoration — REMOVE FRUSTRATION




Dimerization

Might the Ground State be dimerized, as in the Zig-Zag ladder?

DIMERIZATION MEASURES
Dy = Sy - Sq) — (54 - S )|

(Deconstruction of a Diagonal Ladder)

/\/\/\/\/\/\ — L=25, D%4-10_6
AVAVAVAVAVAVA NI E L s PV R I




String Order Parameter

e To ensure the existence of the HALDANE PHASE for the N, = 2 diagonal ladder.

e A different SWEEPING PATH should be used.

DMRG implementation under current work...




DMRG for the Np=4 Diagonal Ladder

Comparison of A(1/L) for Ny =2 and Np = 4.
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This points to a negligible gap for Np = 4.
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The Non-Linear Sigma Model

The Non-Linear 0-Model (NLoM) provides an

EFrECTIVE FIELD THEORY for Heisenberg chains [Haldane, PRL 1983]

e ACTION: S:/dxdt[ ] — (0 uClD) ieuw/(b (0 u$>< E%E)]

K|net|c term Topological term

e CONFIGURATION SPACE: 1+1D; FIELD: 3 €S2,
e COUPLING CONSTANTS: ¢ and 0. If parity is conserved, 0 € {0, 7t}.

e Because of Topological Arguments:
0 = 0 — Dynamic Mass Generation, i.e.. GAPPED SPECTRUM.
0 = 71 — Massless Excitations, i.e.. GAPLESS SPECTRUM.

HAMILTONIAN FORMALISM:

2
. . . . A% e—)/ ]—)
e Hamiltonian: H = z/dxl < . > g Cb ]

- - H H . . H
Where v is the “speed of light”, ¢’ = 0x¢ and Cis the conjugate momentum of ¢.




The Non-Linear Sigma Model

THE HALDANE MAPPING (A LA AFFLECK)
1.- SELECT A CLASSICAL VACUUM STATE (NEEL STATE).
2.- SPLIT THE SYSTEM INTO BLOCKS.

— —
3.- SELECT ¢ AND { WITHIN EACH BLOCK
Using spin-wave theory, so as they fulfill commutation relations and constraints.

4.- REWRITE THE HEISENBERG HAMILTONIAN.
Then, identify p-scopic and phenomenological parameters.

If the final hamiltonian does not have the NLoM form, then it has not worked for our
problem.




The Non-Linear Sigma Model

TOPOLOGICAL DEFORMATION OF AN ARBITRARY DIAGONAL LADDER

T11=3

In general, ny = (Nz—p + 1).




The Non-Linear Sigma Model

THE NEEL STATE IN DIAGONAL LADDERS

—8 &

AF IN ONE DIRECTION, BUT FERROMAGNETIC IN THE OTHER!




The Non-Linear Sigma Model

BLOCKING SCHEME

~
N

—_——— o ———

{?a(an) = AS0(x) + Ca(x) — S (P(x) + da(x))

with constraints )~ A§ => A9 =1, Za?; =0, Za?[;a — 0.




The Non-Linear Sigma Model

MAIN RESuLT

2

N
0 = 2nSny = 271S (—p + 1)

Independent of ] and J/! Hence, the UNIVERSALITY CLASSES:

Odd Ny, Ferrimagnetic, Gapless (F), Gapped (AF)

Diagonal Ladders Np =2 (mod4) AF, Gapped, Haldane Phase

Even Np
Np =0 (mod4) AF, Gapless




The Non-Linear Sigma Model

MORE RESULTS...

= 2 Rectangular Ladder

Np = 2 Diagonal Ladder
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A Global Picture

this global picture

present

The NLoM result allows us to




Bosonization for 2-leg Ladders

e ABELIAN BOSONIZATION: A different FIELD THEORETIC APPROACH.

e Valid for S = 1/2.
e Weak coupling limit for the rungs.

—

Six) = (100 +Tr.1(0) + (=) P/ W (x)

. - - % H H . -
where 1 € {1,2} is the leg index, J1, Jr and n are slowly varying fields.

n® = A sin (@d)(x)) nt = Aeii\/ﬁe(x)

7ta 7ta

X

where 0(x) = / dyM(y) and M(x) is the conjugate momentum of ¢(x).

— o0




Bosonization for 2-leg Ladders

e RECTANGULAR LADDER with ny = 2.
— — — —
Hing =1')_S1(n) - Sa(n) = J' my(x) - ma(x)
n

Introducing ¢4 = %(431 + ¢))

/22 /2

Hinthjti\z{cosf¢ cosfd).k JA cos VAmo_

t 72

Terms of the form cos v4nd lead to a mass gap.

e 71G-ZAG LADDER
— — — N N _ . N
Hint = I/ Z [31 (Tl) + S] (Tl + ])] ) SZ(n) ~ N OxMy — leaxn]
n
e DIAGONAL Np = 2 LADDER

/ o - — N
Hine =7 [S1(2n+1) +S7(2n +3)]S2(2n +2) ~ —4n7 -1,
n
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Proposal for Experimental Realization

Usual Cuprate Plane Structure:

SR R SRS s e Cu atom
- oS = == —+—Oxygen atom
== -- =<4 |e ° ° ° °
O =~ ° ° ° °
[ [ [ [ ] [
[ ] [ [ ] [ ] [ ] Cuoz
[ [ ] [ ] [ ] [
([ J [ ] [ ] [ J ([ J
[ ] [ ] [ ] [ J [ ]
[ ] [ [ [ [ ]




Proposal for Experimental Realization

Azuma, Hiroi, Takano, Ishida, Kitaoka, Phys. Rev. Lett. 1994.
Proposed compounds series Stp, _1Cuy, 41024 series, with n € {3,5,7,---}.

Cu203 n=3




Proposal for Experimental Realization

Azuma, Hiroi, Takano, Ishida, Kitaoka, Phys. Rev. Lett. 1994.
Proposed compounds series Stp, _1Cuy, 41024 series, with n € {3,5,7,---}.

Cu203 n=3




Proposal for Experimental Realization

Azuma, Hiroi, Takano, Ishida, Kitaoka, Phys. Rev. Lett. 1994.




Proposal for Experimental Realization

Azuma, Hiroi, Takano, Ishida, Kitaoka, Phys. Rev. Lett. 1994.

Cuz0Og n=>5




Proposal for Experimental Realization

We propose to study the whole series:
Sth_1Cupn 4102, series, withn € {2,3,4,---}.

Cuz0y4 n=2




Proposal for Experimental Realization

We propose to study the whole series:
Sth_1Cupn 4102, series, withn € {2,3,4,---}.

Cuz0y4 n=2




Proposal for Experimental Realization

Cu203 n=23

Allomorphic to the ny = 2 rectangular chain!




Proposal for Experimental Realization

Cu203 n=23

Allomorphic to the ny = 2 rectangular chain!




Conclusions

THE DIAGONAL LADDERS UNIVERSALITY CLASSES

R

Odd Ny Ferrimagnetic, Gapless (F), Gapped (AF)

Diagonal Ladders Np =2 (mod 4) AF, Gapped, Haldane Phase

Even Ny
Np =0 (mod4) AF, Gapless

e And a proposal for the experimentalists...

e Future work: t — ] model on diagonal ladders.

THANK YOU FOR YOUR ATTENTION!




