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Chapter 1

Introduction

Conformal field theories (CFTs) are the class of quantum field theories which
in addition to the Poincaré group are invariant under conformal transforma-
tions. Interestingly, in two dimensions, the group of conformal transformations
becomes infinite-dimensional. Since the seminal paper of Belavin, Polyakov and
Zamolodchikov [1] CFT’s were recognized as a very rich and exciting field of
research with a wide range of applications, especially in statistical physics and
string theory.

Another influential paradigm of theoretical research is supersymmetry. An
ordinary transformation group acting on a representation preserves particle
statistics. It is a common belief among physicists that there might be a symme-
try transforming particles of different statistics among each other. One of the
most significant reasons for the importance of supersymmetry is the Coleman-
Mandula theorem [3], which is seen as one of the most important no-go theorems
in theoretical physics. It states that the symmetry group of quantum fields in
theories with a mass gap is exhausted with the Poincaré group tensored with the
internal symmetry group. However, it allows supersymmetry which extends the
internal symmetry by introducing a gradation of the Lie bracket. Generators
of the supersymmetry group transform fermionic representations into bosonic
ones and vice versa. That way, every particle has a superpartner of same mass.
This is obviously not the case as far as we have observed, which indicates that
if supersymmetry exists, it must be broken. As of February 2010, no experi-
mental evidence of particle supersymmetry in nature has been found. With first
particle beams being injected in the Large Hadron Collider, there is hope and
excitement in the community to obtain experimental data which indicates that
broken particle supersymmetry is more than a mere theoretical construct.

In theories without a mass gap, the symmetry group is limited to the con-
formal transformations and internal degrees of freedom. The conformal algebra,
which is given by the Virasoro algebra, can be easily extended to a graded alge-
bra by introducing supersymmetry generators. The N=1 and N=2 algebras and
their representations where studied quite extensively in the late 1980s and early
1990s [4], [5], [6]. The interest somewhat faded away later, until it was realized
later that the N=2 superconformal theory is more interesting than assumed, and
that a lot of “structure” of N=0 and N=1 theories does not generalize to N=2.
One impressive example is the existence of subsingular vectors in N=2 theory
[82]. In supersymmetric conformal field theory, there is an additional gauge



symmetry group for N>1. The larger N, the “bigger* is the gauge symmetry.
Super Virasoro theories with N>2 were treated rather scarcely in the literature
[72], [71], but it is already obvious that their representation theory might bring
surprises as well.

Meanwhile, another discovery in CFT drew a lot of attention: logarithms in
correlation functions for some non-unitary representations with all their impli-
cations. Although the appearance of logarithmic divergences was noticed before,
Gurarie [7] initiated a more intensive research on what became logarithmic con-
formal field theory (LCFT) by pointing out in that in the four-point function of
c=-2,h= —é fields of the non-unitary minimal models, the usual approach
of calculating correlation functions by expanding operator products in Laurent
series does not work. A Laurent series does not exist, since there are logarithmic
divergences at x = 0, where x is the anharmonic ratio of field coordinates. He
showed that this happens if there are at least two operators of the same confor-
mal dimension that transform as a reducible, but indecomposable representation
of the Virasoro algebra. In this case, the dilation operator is non-diagonalizable
and has a Jordan cell structure. This feature makes logarithmic CFTs a very
unique theory among field theories.

Jordan cells appear in a CFT if the fusion product of two fields contains at
least two fields of the same conformal dimension or if the fields involved differ
by one in their conformal dimensions. Although most of the known LCFT’s
are indecomposable with respect to the Virasoro algebra, other operators of the
symmetry algebra, like generators of gauge symmetries can lead to logarithmic
singularities as well. In general, representations of the extended Virasoro algebra
where logarithms in correlation functions occur posses an infinite number of
irreducible representations, although one counterexample is known [79].

LCFT was soon applied to and found in many theories some of which in-
clude WZNW models [8] [9], fractional quantum Hall effect [10], 2D turbulence
[11] [12] [13] [15] , D-brane recoil [62], gravitationally dressed CFTs [16] [17],
critically disordered models [18] [19], unifying W algebra [20], [21], normalizable
zero-modes in string backgrounds [22] [23] and ¢, 1 non-unitary minimal models
[24] [25].

From technical point of view, it is obvious that non-diagonalizable represen-
tations must be treated very differently from to the diagonalizable ones. Most of
the mathematical “tool set” previously applied to CFT’s has to be generalized
to apply to the logarithmic case, although the generalization is not always well-
understood and sometimes the results require some additional interpretation.
Some of the rather unusual features of LCFT include appearance of negative
multiplicities in the application of the Verlinde formula or logarithms in charac-
ter expressions. Some of the (with varying success) generalized methods include
logarithmic null vectors [26], [27], fusion rules [29] [30] [31], character expressions
[32] [33] and partition functions [34] [35]. Logarithmic stress-energy tensors and
Sugawara construction are treated in [36]. Some progress was achieved using
the nilpotent variable formalism to describe Jordan cell structure [38].

Despite much effort, the level of understanding of LCFT’s is currently by
far not as general and complete as that of “conventional“ CFT’s consisting of
completely reducible representations. Since Gurarie’s work, the best understood
LCFT’s remain c; , models with extended conformal grid.

Of particular interest in the context of this thesis are supersymmetric exten-
sions of the Virasoro algebra. The literature treating LSCFT is rather sparse.



Some aspects of the N = 1 Neveau-Schwarz sector of logarithmic supersymmet-
ric conformal field theory (LSCFT) were treated in [41], among them general
transformation properties and logarithmic correlation functions. These findings
were generalized to the Ramond sector in [43], [44]. In [45], a very general,
geometric method was developed to calculate correlators for logarithmic N = 0,
N =1 and N = 2 theories and N = 0 and N = 2 two-point functions were
calculated.

In this thesis, the Neveu-Schwarz sectors of N = 1, 2, 3 extended super Virasoro
algebras with indecomposable representations are studied. We answer a series of
questions related to the structure of LSCFT’s. In section 2, the necessary back-
ground information on CFT’s is presented in a very condensed form. Section
3 is an (again, very brief) overview of logarithmic CFT’s and indecomposable
representations in general, only in as far as it is necessary for the understanding
of the presented work. Section 4 is a treatment of N = 1,2, 3-extended super
Virasoro theories in general and logarithmic theories in particular. The main
results can be found in this part of the thesis. We find that the logarithmic
N =1 theories are probably just supersymmetric extensions of already known
N = 0 models. Contrary to previous conjectures made in the literature we con-
clude that this fact holds for theories with IV > 1. This implies that there are no
logarithmic fields with respect to the supersymmetric current. A treatment of
indecomposable su(2) representations is presented, and we find that, although
constructible, this structure does not appear in N = 3 theories. We find the
two-point functions of the NV = 3 theories by solving the superconformal Ward
identities. We find that, surprisingly, only su(2)-singlets and doublets have non-
trivial correlation functions. Using this fact, we are able to obtain the general
n-point function of the N=3 super Virasoro theory. Furthermore, we find no
“hidden connection” between logarithmic theories and supersymmetric theo-
ries previously conjectured in the literature on the basis of apparent similarity
between supersymmetric fields and logarithmic fields in the nilpotent variable
formalism. The thesis is concluded with a few final remarks on our findings.



Chapter 2

Preliminaries about CFT

In this section, conformal transformations of coordinates and quantum fields are
discussed. Representation theory of the Virasoro algebra is introduced. Free
theories containing real bosons and fermions are considered.

2.1 Conformal Transformations

To begin the discussion of conformal field theory, consider conformal transfor-
mations of coordinates. Classically, fields are real functions on a manifold. In a
quantum field theory, fields are “promoted” to operators acting on a Fock space,
satisfying certain commutation relations with observables of the theory. We will
restrict ourselves to flat spaces and begin naturally on a Minkowski metric of
dimension d = p + ¢, with p negative and ¢ positive eigenvalues.

General global and infinitesimal transformations of coordinates are of the
form:

x— f(x)
ot — 2™ =2t + (x)
with a not yet specified function e(x). We are interested in special cases of gen-
eral coordinate transformations. These transformations, by definition, trans-
form the metric tensor in a way that is given in its global and infinitesimal form
as:
G (T) = UT) Gy
9w (%) = v () + W(2) gy ().

Thus, we multiply the metric tensor by a real function, leaving angles between
vectors invariant, but not preserving lengths of vectors. Invariance of the action
can be reformulated in terms of the stress-energy tensor. Field theories with a
conserved (9, 7" = 0) and traceless (7} = 0) stress-energy tensor are invariant
under Poincaré and general conformal transformations, respectively. Invariance
under conformal transformations implies that no mass terms are allowed in the
Lagrangian of the theory (that is, if a Lagrangian can be formulated at all).

From transformation of the metric tensor we are able to derive constraints
on €(z). Since a tensor of rank 2 must transform as:

oxP 0x°
G (T) = amﬁwgpa(ff)



After a short calculation we arrive at an equation imposing constraints on e(x)
for the case that it generates a conformal transformation:

2
Ou€y + Ope, = 86,\6)‘gw,

from which follows that:
2 A
1-— p 0,0,0x¢” = 0. (2.1)

Surprisingly, for d = 2 an arbitrary e(x) is allowed, whereas in d > 2 it can be
dependent on z only in at most second order, generating the whole Poincaré
group and two new elements, namely scale transformations and special confor-
mal transformations. Together, they form the conformal group.

For d = 2, (2.1) tells us that d1¢; = Oa€o and 012 = —dae;. These equations
are known as the Cauchy-Riemann differential equations and play a prominent
role in complex analysis. They are automatically fulfilled by real and imaginary
parts of holomorphic functions on C. Complexifying € and the coordinates leads
to:

€ =¢€1 — 1€y € =€+ 1€y

z=a' —ix? z=2z'+iz?

0.€(2,2) =0  0ze(z,z) = 0.

That way, €(z,z) and €(z, Z) are arbitrary functions of z and z, respectively, so
we may as well write e(z) and €(Z).

To formulate a transformation law on the space of quantum fields one follows
the standard approach of deriving a symmetry algebra by studying infinitesimal
generators of continuous symmetries. The infinitesimal transformation is repre-
sented by some operator L,, which is a Noether charge. We expect charges to
generate conformal transformations on the space of functions:

[Ln, ¢(z)] = 0¢(x).
If we transform a coordinate via:

,
z— 2z =z— 2",

then the generator of the corresponding conformal transformation in complex

coordinates on the space of functions reads:

L, =—-z""9,.

We are interested in the d = 2 case, since the infinite dimensional symme-
try algebra leads to a much greater solvability of a theory, imposing additional
constraints on fields and their correlation functions. Luckily, we can map the
underlying two-dimensional space from the cylinder to the complex plane and
use methods developed in complex analysis to simplify calculations significantly.
First, the space coordinate x! is compactified by imposing a periodic bound-
ary condition on functions living on this so called worldsheet parametrized by
(20, 21). Compactification removes the eventual problem of infrared divergences
since now we have an upper limit of the “wavelength” corresponding to a field



mode. Now, we perform a Wick rotation of the time coordinate z? = ix°.

At last, we map the obtained cylinder coordinates on the complex plane via
exponentiation:
w = i’ +eh), (2.2)

The conformal current in complex coordinates equals T'(z)e(z). Expanding
€(z) in modes we obtain the charges:

1

Ln - q_
271

%dzz"“T(z). (2.3)
Inverted, this relation reads:

T(z) = Z 2" 2L,

n

One has to keep in mind that the fields ¢(z) are classically real. Our de-
scription on the complex plane is somewhat redundant. There are two copies
of generators: one holomorphic L,,, and one anti-holomorphic L,. They cor-
respond to the left-moving (chiral) and right-moving (anti-chiral) fields on the
cylinder. There are two commuting copies of the Virasoro algebra, each acting
on a two-dimensional space. The Hilbert space is a tensor product of two copies
of Virasoro representations:

H = Vire Vir. (2.4)

The dimensional redundancy seems unnecessary but it simplifies calculations.
The reality conditions have to be imposed in the end when one is calculating
measurable quantities.

Calculating [L,, @] at first seems problematic since we have to calculate an
operator product at the same coordinate point, which corresponds to an equal-
time operator product. The solution to this is to take different points z and w
and expand the operator product for z — w.

In ordinary quantum field theory, we introduce a time ordering of the op-
erators, since the Hamiltonian of a theory can only be bounded from below if
the operator on the right is taken at a later time then the one on the left. On
the complex plane, the analogous ordering is a radial one, since points of “equal
time” lie on circles around the origin:

R(A(z,2)B(w,w)) := A(z,z)B(w, w)O(|z| — |w|) + B(w,w)A(z, 2)O(Jw| — |z])

were O is the Heaviside step function. Using radial ordering, it can be seen that
in the commutator [L,, ¢(w,w)], the integral contours are two circles, one with
a radius smaller and one with a radius greater than |wl:

5] = — — 22"+ z2)p(w, w
L (0, 0)] = 5 (ﬁml fzKlw)d R (T()0(w, 0)).

We can simply deform the contours to one curve running around w with an
arbitrarily small radius. Keeping that in mind, we write:

(Lnsblw,0)] = 5 § e R (T, 0).



This integral is solvable if we know the radially ordered operator product ex-
pansion of the stress-energy tensor with the field. One has to find possible
constraints on the OPE.

A key feature of conformal field theory (CFT) is the conformal bootstrap, an
idea which was first expressed in the pioneering work of Belavin, Polyakov and
Zamolodchikov [1]. In particular, this means that we do not rely on a Lagrangian
or Hamiltonian formulation as a starting point of the theory, but try to solve
all correlation functions using symmetries and associativity of operators. The
main assumption is the idea that we can always express an operator product as
a linear combination of local operators:

$i()pi(y) = Y Chi(z — y)én(y) (2.5)
k

where C’fj are complex-valued coefficients. The exact solvability is only possible
if there are finitely many fields ¢*. This makes the so-called rational conformal
field theories (RCFTs) particularly “solvable”, since they are the ones with
finitely many representations. A field, defined to be a primary field, transforms
as:

w — f(w)

h
ow.) + ow.w) = () o sw), ).

The primary fields are the starting points of the theory. They correspond to
“lowest-energy”-representations which are eigenstates to the dilatation operator
Ly with eigenvalues h. It will be shown that the remaining states of the theory,
the so-called descendant states can be generated from the highest-weight vectors
|h). Tt is often preferable to work with the state formalism since infinitesimal
transformation properties of the descendants are given by complicated formulae.

Infinitisemally, the transformation of the primary fields amounts to:

5.0(w, @) = h (Oue(w)) B(w, @) + e(1)Db(w, @).
This must equal the commutator of an arbitrary conformal charge with the field:

[Lp, d(2)] = (z"+132 + h(n+1)2")e(2). (2.6)

In [72] it was shown that the infinitesimal transformations of the primary field
integrate to global transformations:

_ Z'fl+1 n g
e)‘L"qﬁ(z)e ALn — M 9=+h(n+1) )QS(Z) (2.7)

Which amounts to:

ALy ~ALn _ 1 < < )
e ¢(Z)€ (1 _ n)\zn) h(n,:rl) ¢ (1 _ n)\zn)% n 7£ 0.
AMog(z)e Ao = Mg (M)

From (2.6), we can recover the operator product expansion (OPE) of
R(T(z)¢(w,w)) (omitting the radial ordering symbol from now on for conve-
nience):

1
Owd(w, W) + power series.  (2.8)
—w



We observe that the Laurent series terminates after the second term. There
are only two interesting terms, since the Taylor part of the expansion disappears
under closed integrals around w and will be omitted without further comment.

2.2 Free Bosonic Theory

To see how this is supposed to work we start from a simple toy model: N free real
bosons on the cylinder. In this theory the Lagrangian (density) is well-known:

1 .
S = 877/d2$zi:aa¢z(ff0,fl)aa@(fo»xl)'

By minimization of the action we obtain the classical equation of motion:
(05 — 7)o" (%, ).

It is obvious that the fields transform as functions, that is they are eigenfunctions
to the scaling operator L with scaling dimension A = 1. The compactification
of the “space” direction imposes periodic boundary conditions on the space of
fields on the cylinder:

¢'(2%,0) = ¢'(«°, 27).
Periodicity in turn implies that a Fourier series exists for these fields:

n=oo

¢'(a" ) = Y e fia).

n=—oo
Since every mode satisfies the equation of motion, we have:
95 fr(a®) = —n® f1,(«°)

fa(@®) = @™ £ b 00 (2.9)

fo(@®) = p'a® + ¢

Then the classical real field can be written, recombining mode coefficients, as:

oo
¢ (20, 2ty = ¢ + 2p'a® + i E ((a;e_m(mo"’zl) + d;e_m(mo_zl)> )
n

n=1

The usual procedure, by which we turn the classical field into a quantum
field and which is often called the “second quantization” is straightforward.
We promote the mode coefficients (which we then call modes) to operators by
imposing following equal-time commutation relations between fields and their
canonical momenta m = dy¢® /4:

[0 (2, 2"), 77 (2°, y")] = 676 (a" — ')

[¢i(x0,xl)’¢j($0,yl)] — 0

[ﬂi(xovxl)’ﬂj (xoayl)} =0.



The same commutation relations expressed in terms of modes are:
N Ny
ok, f] = [k, &1 = k098100
io~J1
[O‘kv al] = 0.

Transformation to the conformal plane via (2.2) yields:

] > % o) i = . 1 i ,—n ~1oz—n
¢'(.2) = ¢' —i(p'log(z) +p'log(2) +i ) _ — (ape " +a,57").
n#0

The somewhat unusual zero mode leads to a field which can not be factor-
ized into holomorphic and anti-holomorphic parts and logarithmic singularities
(however, this is not the case for its derivatives 9,¢' and 0:¢'). Fortunately,
we can deal with this by subtracting an infinite constant from the stress-energy
tensor of the theory, which turns the quantized field into an infinite set of har-
monic oscillators.

The holomorphic part of the energy-momentum tensor is classically the Legen-
dre transform of the Langrangian:

T(z) = —% 3 0:01(2)0.6(2).

To write a quantum version of this equation, one uses the standard technique
of normal ordering which precisely amounts to radial ordering of an operator
product. Normal ordering amounts to moving all positive modes, which anni-
hilate the vacuum:

a0y =0, k>0

to the right. That way, the expectation value of the normally ordered product
vanishes but the terms containing the commutators which appear in the process
of normal ordering remain. We also commute p’ to the right with respect to ¢'.
The radial ordering, written in terms of harmonic oscillators reads:

R(¢'(2,2)¢ (w,0)) =: ¢'(2,2)¢’ (w, @) =
—i[p’, ¢’](log(z) + log(Z)) + power series(Zz, 0).

Which, inserting commutation relations and using the Taylor expansion of
the logarithm amounts to:

R(¢'(2,2)¢ (w, w)) =: ¢' (2, 2)¢ (w, w) : =5 (log(2 — w) + log(z — w)).
Since the radial ordering implies z < w, the Taylor series is convergent and
the above expression well-defined. The product of derivatives yields:
5t

- w?

R(0.¢" (2, 2)0wd” (w, ) =: 0.¢" (2, 2) 0" (w, @) : —

Omitting the term containing the normal ordering, the radial ordering sign and
the arguments of the derivatives, we are left with:

99" ()09 (w) = —

(z —w)*

10



Now we have the term which has to be subtracted in the definition of the non-
singular quantum version of the energy-momentum tensor:

16 =3 3 (-0 062) i )

7

Using this definition, one can easily derive the operator product expansion of
T(z) with 0¢"(w). We just have to expand the latter around z, which is the
usual Taylor series. We end up with:

04 (w) | ¢ (w)

(z —w)? z—w

T(2)0¢’ (w) =

With some more effort, the operator product expansion between the stress-
energy tensor with itself can be calculated:

( C—/fv)“ * (2 —Qw)QT(w) * #%T(w)'

z—w

The first term in this expansion prevents T'(w) from being a conformal field.
In CFT literature, this term is called the conformal anomaly. It contains a
number, ¢. In a free bosonic theory, ¢ is the number of boson fields contained
in the theory, therefore it has to be a natural number. However, we consider a
larger set of possible theories and assume c to be any real number, even if we
can not write down Lagrangians of the theory for most of our ¢. The quantity
c is called the central charge. At first glance at the bosonic theory where the
conformal weight is the tensor rank of the fields and ¢ the number of bosons
in the Lagrangian, taking ¢ and h to be non-integer numbers seems somewhat
artificial, but it was shown in a multitude of cases that theories with non-integer
c and h have a wide range of applications, instead of being mere mathematical
curiosities.

T(2)T(w) =

2.3 The Virasoro Algebra

Since now we have computed the OPE of the stress-energy tensor with itself and
we know that its modes act on the space of fields as (2.3), we are now able to
compute the commutation relation between modes L,, which yield the Virasoro
algebra:

C 2

Without the last term we would just get the classical Witt algebra, which is a
Lie algebra:

[Ln, L) = (n—m) Ly +

Ly lm] = (n = m)lpgn. (2.11)

Thus, the Virasoro algebra is a Lie algebra with a central extension. The
term containing ¢ seems to be highly unusual. If ¢ is just a real number, it can
not appear on the right-hand side of commutator. Algebraically, we are forced
to treat ¢ as an operator commuting with every other element of the Virasoro
algebra. The chiral sector of a CF'T is just a collection of representations of the
Virasoro algebra, spanned by I, L,,, with I being the central element. A repre-
sentation is characterized by a pair of numbers (A, ¢). For practical reasons, we

11



usually obtain states of the CFT using the so-called highest weight represen-
tations, which are, in fact, ground states with respect to the Hamiltonian and
therefore lowest energy states. They are found by diagonalizing Ly:

Lolh) = h|h).

The highest-weight state can be created from the vacuum by acting on it with
a corresponding primary field at z = 0:

k) = lim 64(2)[0).

We can easily derive the fact that any highest-weight state |h) is annihilated
by any L, with n > 0 directly from the Virasoro algebra. The vacuum state |0)
is somewhat unusual compared to ordinary QFT, since it is annihilated only by
Virasoro modes L, with n > —1. This means that it is only possible to have
a state which is annihilated by a maximal number of Virasoro modes, which
is defined to be the vacuum, but not all of them. Acting on the vacuum or a
highest-weight state with a negative mode L_,,n > 0 creates a new state, a
descendant with conformal weight h — n:

LoLy|h) = (=nL_, + L_pLo)|h) = (h — n)L_n|h),n > 0.

Acting on a descendant again produces a new state. Acting on a highest
weight state with a composition of modes produces a state at level n, the de-
scendant of |h):

L_,,...L_p,|h), an =n.

The space spanned by this states is called a Verma module V} .. The Vira-
soro algebra can be applied to rearrange the indices n; in decreasing order. A
compact definition of a Verma module is [61]:

Vi = span{H L_,,lh):NDI={ny,.nk},niz1 >n;}. (2.12)
iel

The space of states built by applying negative-moded Virasoro generators
on a highest-weight space is called a conformal family. It might happen that in
a Verma module on a certain level there is a linear combination of states, which
is again a state |x) with the property that it is orthogonal to all other states in
the theory. Acting with positively moded Virasoro generators on such a state,
we arrive at a singular vector |xs), a special null state. If one considers s to be
a “primary field”, then its Verma module consists of null vectors only. We set
Xo = 0. What is now meant by Verma module is (2.12) with singular vectors
removed, or expressed in a more mathematical way, the quotient space of (2.12)
by the subspace generated from singular vectors. Now the Hilbert space picture
(2.4) can be refined since it decomposes in a direct sum over the Verma modules
built on highest-weight states:

H - @h,ﬁvh ® VE'

A conformal family containing singular vectors is called degenerate. We also
call the primary states which contain null vectors in their respective Verma mod-
ules degenerate. A natural question arising at some point is the classification

12



of CFT’s. This is a very difficult question, and it is doubtful if all CFT’s can
be classified at all. First, we turn our attention to unitary theories, where the
scalar product between two states is positive-definite and the Virasoro genera-
tors satisfy the hermiticity condition L] = L_,,. The existence of a non-negative
norm imposes strong constraints on the possible values of ¢ and h. The problem
is that given a highest weight vector |h) the number of excitations grows with
each level n, since one can decompose n as a sum of integers in various ways.
Consider the first few levels (with p(n) the number of possible partitions of n):

n Level p(n) States

0 0 |h)

1 1 L_1|h)

2 2 L%, |h), L_s|h)

3 3 L2 |h), L_aL_1|h), L_3|h)

4 5 L* | |h), L2 | L_|h), L% ,|h), L_3L_1|h), L_4|h).

For the next levels, p(n) is 7, 11, 15, 22, 30, 42 and so on. At level 1 the norm
of the vector is:

(W Ly L_1|hy = (h|L_1 Ly + 2Lo|h) = 2h.

That means that for unitary representations, and |h) # |0), h must satisfy h > 0.
For |h) = |0) the first descendant is already a null vector. The condition ¢ > 0
follows immediately from the action of a negative mode on |0):

(O|L,L_p]0) = <O|%c(n3 —n)|0).

We continue our analysis at level two. Since there are two excitations on this
level one has to consider all possible linear combinations in the two-dimensional
state space. To do that, we introduce the matrix K, of dimension p(n) x p(n)
with scalar products of the possible vectors at level n. At level two, this matrix
reads:

(h|LY ,L_s|n)y  (n|LY L2 |h)
(RI(LY))2L_o|h) (R(L',)2L2,|h)

This matrix acts on the two-dimensional coefficient space. Using the Vira-
soro algebra and (h|h) = 1 one can express the components of K, as polynomials
in ¢ and h:

4h+ 3¢ 6h
6h  4h+8h?

In [64], [65] it was shown that for a CFT to be rational, that means to have
a finite number of representations, the values of ¢ and h have to be rational.

For 0 < ¢ < 1, h > 0, there exists a family of rational unitary conformal field
theories, the unitary minimal models. They are called minimal because they
have a finite number of primary fields, are invariant with respect to conformal
transformations only and, additionally, are non-degenerate in their conformal
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dimensions [2]. They are obtained by imposing non-negativity conditions on
scalar products between states in a Verma module.

For minimal models, the possible values of ¢ are parametrized by an integer
m > 3, the possible values of the conformal weight h are parametrized by
integers r and s with limited range:

6
c=1———— m>3 (2.13)
m(m+ 1)

((m+1)r —ms)? -1

fir,s(m) = dm(m + 1)

1<r<m,1<s<r.

This series can be generalized to the series of (not necessarily unitary) minimal
models [53]:
6(p —q)*

c =1-
(p,9) Pq

2 2
_rogs) —(p=d) 0<r<g 0<s<p,

4pq
with p, q coprime positive integers. which means they do not have non-trivial
common divisors. To recover (2.13), simply set m =p—1 =gq.

Until now, we were discussing conformal invariance generated by elements
of the Virasoro algebra. The set of symmetry generators can be extended,
demanding additional invariance. The commutation relations between the Vi-
rasoro algebra and the additional generators is fixed in that case. This can be
seen as follows. Assume we have a conformal field J(z) with conformal weight
h. We can regard J(z) as a current with modes and mode expansion defined to

1

be:
_ r+h—1
=5 ]{dzz J(z)

J(z) = Z 27" hg

We know the action of the Virasoro modes on the current from the fact that
the current is a conformal field:

h(’r‘,s)

Iy

[Ln, J(2)] = (2" T'O + h(n +1)2")J(2).

Expanding J(z) in modes and dividing by 2" yields:
Z 27 "Ly, Jr] = Z 2" (=r + hn)Jy.

By comparing the coefficients of powers of z we recognize that r has to be shifted
by n on the right-hand side, leaving us with the commutator:

(Lo, J] = (n(h — 1) — 7).

If we expect the fields in the theory to be invariant with respect to the gen-
erators {Ly, J.}, we get the simplest example of an extension of the conformal
group, although we have not specified the commutation relations between the
mode currents J,. yet.

In this thesis, we will be dealing with representations of extended algebras,
namely the N=0, 1, 2, 3 superconformal algebras.

14



2.4 Free Fermions

In ordinary quantum field theory, the fermionic fields are implemented in the
Feynman path integral formalism via Grassmannian (anticommuting) variables.
In the quantized theory, this leads to anticommuting modes. This mathematical
trick emulates the Pauli exclusion principle: one cannot create two fermionic
field modes corresponding to the same state from the vacuum. It is desirable to
be able to describe fermions in conformal field theory as well, since there is no
reason to assume that conformally invariant fields have to be bosonic.

In Lagrangian formalism, the action of free fermions in two dimensions on the

complex plane is:
1 -
S=<- / A2 (1p0z1) + P01))

which leads to equations of motion
0:0(2,2) =0, 9.9(z,2) =0,

which in turn implies that the fermionic fields can be factorized into a holomor-
phic and an anti-holomorphic part. If periodic boundary conditions are imposed
on the space of fields, the representations span the Ramond sector. In contrast
to the bosonic theory, the boundary conditions are allowed to be anti-periodic,
with representations spanning the Neveu-Schwarz sector. Going through the
quantization procedure, we end up with the following mode expansion:

1

P(z) = Z bpz7 "7 2.

Here b, are anticommuting and the n are half-integer numbers for the
Neveau-Schwarz and integer numbers for the Ramond sector. It is interest-
ing to see that periodicity changes if a transformation to the cylinder is applied,
so purely non-periodic or periodic boundary conditions are not possible for
fermions on both the cylinder and the plane. The energy-momentum tensor is:

1

T(:) = —5  h(2)0:0(2) -

from which, taking the operator product expansion with itself and ¥ (w) we
conclude that both the central charge and the conformal weight equal % In this
thesis, we are interested in the Neveau-Schwarz sector. The propagator in this
case is obviously antisymmetric under exchange of z and w and reads:

B(2(w) = —

Z—w

It is remarkable that for ¢ = % the representations contained in the minimal

models (2.13) are the ones with i € {0, 15, 3}. The representations with h = {5

are spin fields, which appear in the case of aperiodic boundary conditions of
fermionic representations.

2.5 Conformal Ward Identities

The measurable quantities in a QFT are the correlation functions, also called
the n-point functions:

Fo(z1, 22, ...2n) = ($1(21)P2(22) ... 000 (21))
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of some fields ¢;(z;). The correlation function of primary fields can be obtained
using the conformal Ward identities. We demand that the n-point function is
invariant under variation corresponding to the three global conformal transfor-
mations. Then we can write the variation of the function in terms of variations
of fields:

n

5Fp = ($1(21).-0:i(2i)...6m).

i=1
Since we know the variation of primary fields (2.6), the three differential equa-
tions obtained are:

doilhi +20)F, = 0 (2.14)
Zi(2h«zi + Zzai)Fn = 0.

This can be done using the invariance of the vacuum with respect to SL(2, C),
generated by {L_1, Lo, L1}. The conformal transformations alone do not give
us any further restrictions on n-point functions. The second equation is redun-
dant, since all functions satisfying the first and third equation satisfy the second
one. This a consequence of [Ly, L_1] = 2Lg.

It is obvious that the one-point functions (vacuum expectation values of a field)
disappear in ordinary CFT.
The two-point functions of two primary fields in the holomorphic sector are
restricted by:

(le + 822)F2(z17 22) =0.

Changing coordinates to w = z1 — 22, v = 21 + 22 leads to:
O Fo(w,v) =0= Fy = Fa(w) = Fy(z1 — 22).
In the new coordinate, the second conformal Ward identity reads:
(h1 + ho + w0y, ) F(w) = 0.
Using the ansatz w® we obtain the correlator:

(o (200, (3)) = 219

For the three-point function find the solution is:

(O, (20)0m, (1) 0n, (2k)) = Cigrly ™" a7 (2.16)
The three-point functions are fixed up to structure constants Cj;i. Here,
one of the z;; is a redundant variable. It is included here to give the solution a
symmetric form.
Using SL(2,C), the four-point function can be determined only up to an arbi-
trary function of two Mobius-invariant crossing ratios F(x1,x2). Usually, the
four-point correlator is written in the symmetric form:

Lh—h;—h;
(61 (21) By (22) By (23) b, (24)) = [ [ 28 TF(z1,%2) (2.17)
i1>7
h= Z h, T, = 2122347 212234.
& 213%24 214723

16



Chapter 3

Logarithmic CFT

3.1 Logarithmic Divergencies and Jordan Cell
Structure

Existence of logarithmic divergencies in correlation functions got their first
proper treatment by Gurarie in [7] for the ¢ = =2, h = f% model. Loga-
rithmic conformal theories have a variety of interesting properties, the most
obvious and far-reaching one is the presence of indecomposable irreducible rep-
resentations. The Lg-mode of the stress-energy tensor turns out to have Jordan
block structure. This feature leads to the necessity of generalization of the
tool set (characters, null vectors, partition functions) used in the framework of
the ordinary conformal field theotry in which the Hamiltonian Lo — Lo can be
diagonalized on the space of states [62], [7].

The appearance of indecomposable representations is due to unavoidable
logarithms appearing in some four-point functions. Given any two conformal
fields v;, v; (which are not necessarily primary), it is assumed that the conformal
bootstrap is possible and leads to the operator product expansion:

vi(z)vi(w) =Y (Z_J;:Myn(w). (3.1)

We will see that by making this assumption we are missing a (possibly) large
class of conformal field theories.
Assuming there are two fields in the theory with the same conformal dimension,
their two-point function is given by:

(u(z)u(0)) = 272"

Let us follow Gurarie and consider the ¢ = —2, h = —% model. Due to the
action of the group SL(2,C), the four-point function of the field y is given, up
to a function F(z) of one anharmonic ratio:

(u(21)p(z2)u(z3)u(z0)) = (21— 22) (23 — 21)) 2 F (2).

Equation (3.1) inserted in the four-point function should give us the Laurent
series expansion of F'(z). This approach does not work here. The function F(x)
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is more general then an OPE of this form can describe. This can be seen by
using the second-level null vector of the h = —%, ¢ = —2 theory, which leads to
the differential equation:
z(1— x)d—QF(x) +(1- 2x)iF(m) - 1F(m) =0
dx? dz 4 -

which is a special case of the hypergeometric equation:
(1= 0)L @)+ (d= (a+ b+ Do) L F(@) - abF(z) = 0 (3.2)
x v) ot a ) F(z) —abF(z) = 0. .

The hypergeometric equation is known to have two linearly independent
solutions which are given by the hypergeometric function:

Fy, = F(a,b,d; ) (3.3)

Fy=a2""9Fla—d+1,b—d+1,2—d;x).

This corresponds to the operator product expansion of the fields p(z):

p((0) = g7 (T4 27T,

As we will see, logarithms emerge iff I has the same conformal dimension as
I (then d = 1) or I has the same conformal dimension as one of the descendants
of I. An ordinary second-order differential equation can be solved by applying
the Frobenius method. It involves an ansatz of the form:

x® E apx”,
n

and solving the resulting equation for o putting n = 0. This is known as the
indicial equation, which for the hypergeometric function reads:

ala—1+d) =0. (3.4)

Usually, one obtains the coefficients a,, one after another. In the case that the
solutions to the indicial equation differ by an integer, we get terms proportional
to 2" Inx in the second solution to the differential equation. In he case ¢ =
-2, h = —%, d equals one and both «; are the same. The solutions to the
hypergeometric equation then read [83]:

Flxz—-1)= log(x)F(%, %, 1;2) + H(z).
Here, F(z) the hypergeometric function of second order and H(z) some
logarithm-free function. Both of the solutions have logarithmic singularities for
some x, therefore one cannot simply discard one of them as unphysical. This is
a direct contradiction to (3.1). If d = 1 in (3.4) in the case of a Jordan cell of
dimension two the properties of the operator I' can be summarized as:

Lol¢) = hl|e)
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Lol¢') = hl¢') +14). (3.5)

The action of the Virasoro modes on the corresponding fields is:
[Ly, @] = (2"F10. + h(n +1)2")¢

(L, d'] = (2" 710, + h(n+1)2")¢ + (n +1)2"¢.

Here, ¢ is an ordinary primary field and ¢’ is its logarithmic partner. It is
noteworthy that the second equation can be obtained from the first one by a
formal derivation with respect to h and the identification % — ¢'. This will be
referred to as the “derivation trick” throughout the thesis.

In the case that the solutions of the indicial equation differ by an integer,
the OPE of two fields becomes logarithmic as well. The Jordan structure of
Ly in this case is quite different. The solutions of the indicial equation provide
the dimensions of the fields appearing in the OPE of two fields, which means
that I’ has an integer conformal dimension. In (3.2), that means that d =
m+ 1 for m € Z. If m > 0 then I’ has a negative conformal dimension —m
and one of its descendants on level m degenerates with I. For negative m the
conformal dimension of I’ is positive and the degeneration occurs with one of
the descendants of I. As an example, in the ¢ = —2, h = 1 theory with m < 0
the action of the Virasoro modes on states is [61]:

Lolg) = 19)
Lo|¢") = |¢") +1¢) (3.6)
Lil¢') = [§).

If |¢’) is annihilated by all positive Virasoro modes, we call this state quasi-
primary. Calculations involving fields where the corresponding states not quasi-
primary are more intricated and were treated in the literature to a much lesser
extent.

In the most general case, the differential equation satisfied by F(z) is a
higher-order Fuchsian differential equation. Most of the findings obtained from
the ¢ = —2 theory can be generalized in a straightforward way. We differentiate
between the two cases of Jordan block structure of different dimensions and
designate them by a pair of integers (m,n). Here, m = d — 1 with d from (3.3)
and n the dimension of Jordan block.

In the first case, one has m = 0,n € N. All logarithmic partners of pri-
mary fields are quasi-primary. The most general behaviour of the function F(x)
near * = 0 obtained from a higher-order Fuchsian differential equation with
coinciding roots of the indicial equation is:

F(z) = Z anz™ + log(z) Z bpa™ + log(x)? Z cnx + ... (3.7)
n=0 n=0 n=0

In this case, the Jordan cell contained in the operator Ly is more then
two-dimensional. The transformation properties of logarithmic fields can be ob-
tained from following simple arguments. Considering the action of Ly on a
two-dimensional logarithmic state (3.5), infinitesimal transformations of fields
are fixed by:

(Lo, ¢(2)] = 2"118.6(2) + (n+1)"ho(2) (3.8)
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(Lo, ¢ (2)] = 2"T10.¢/ (2) + (n + 1)2"he (2) 4+ (n 4+ 1)"p(2). (3.9)

In the case that (3.7) does not terminate after the second term, one obtains
a higher-dimensional (n-dimensional) Jordan block. We write:

oo
b=
On
0
1
=
1 0

Then the action of Ly = Ih + I is given by:
(L, ¢(2)] = 2"T10.6(2) + (n+ 1)2"hé(2) + I(n+ 1)"¢(z). (3.10)

Same as for higher-dimensional Jordan cells, one can indeed regard h in (2.6)
as a matrix acting on a column vector with field components. The infinitesimal
transformations for a two-dimensional Jordan cell integrate up to:

8(2) > (85;;)% ()

#(2) > <8£z1)h (¢ @) +1os (L) o).

The transformation properties of the logarithmic field can be obtained from
its logarithmic partner by a formal differentiation with respect to h (derivation
trick) and the identification:

;09
¢ = TR (3.11)

This holds in infinitesimal as well as in the global form (which is a non-
trivial fact). This fact was used, for example, in [27] to find some logarithmic
null vectors.

In the second case one has m € Z,n € N. The roots of the indicial equation
differ by an integer. The logarithmic partner is not a proper primary field as in
(3.6). The general construction for the rank two Jordan cell for this case is:

Lolg) = hl|¢)
Lo|¢") = hl¢") +1¢) (3.12)
Li|¢") = [€).

This is a class of the less-understood logarithmic theories. Some progress
in understanding these theories was achieved in [28]. We will not deal with
representations of this kind in the presented thesis.
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We have to clarify here what we mean by a rational CFT, since there are two
meanings used in mathematics and physics literature. First of all, we demand
that there are only finitely many irreducible representations in the theory. The
mathematicians’ definition further requires all representations to be completely
reducible, while the physicists’ definition requites a finite dimensional highest
weight space. In [58] it was shown that the first definition implies the second
one. The other way does not work since there are certain logarithmic CFTs
which are rational only according to the second definition.

Logarithmic CFTs corresponding to ¢, ; models with maximally extended triplet
algebra [79] are called rational since they possess a finite-dimensional pace of
irreducible representations, a finite dimensional highest-weight space but some
of their representations are not completely reducible. This is the reason why
the two notions of rationality are different and one should be aware of the differ-
ence. However, this is the only known example for a rational LCFT. The other
known theories containing indecomposable representations also contain an infi-
nite, countable space of irreducible representations. They are only quasi-rational
and have the property that the fusion product of two irreducible representations
is finite-dimensional and contains representations with Jordan cell structure.

3.2 Correlation functions in LCFT

In a well-defined logarithmic CFT one should be able to calculate corresponding
correlation functions between fields of the theory. If the transformation prop-
erties of logarithmic fields, generated by elements of the Virasoro algebra are
known, one can apply conformal Ward identities and solve the obtained differen-
tial equations [37]. It is also well-known that correlation functions in logarithmic
conformal field theory do not factorize, but it in LSCFT, the proper correlation
functions can be obtained by one assuming that Jordan cells exist in the chiral
representation of a field. Correlation functions are calculated using conformal
Ward identities and their proper, not factorizable counterparts are obtained via
the substitution:

zh — zhEh
log(z) — log(|z|2).

Consider the simplest case, a two-dimensional Jordan block containing fields
¢ and ¢’ of same conformal dimension. Then the correlator of ¢ is fixed by
ordinary conformal Ward identities:

(@(:)0(0) = =
On the other hand, the correlator (¢(z)¢'(w)) satisfies:
(220 + w3y + 2h(z + W) (¢ (2)p(w)) + 22(¢(2)¢ (w)) = 0.

With a change of coordinates x = z —w, y = z+w this equation can be reduced

to:
Tty

yz2h

(205 + 2h){($(2)¢' (w)) + C
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This clearly can be satisfied only if C' = 0. Thus, the logarithmic partner has a
vanishing propagator and:

a

(0()6 ) = ="
Translational invariance of (¢'(2)¢’(w)) again implies its dependence of (z — w)
and variation generated by L; leads to the differential equation:

2c

(20 + 2h) (¢ (2)¢ (w)) + —z5 = 0.

The solution is:

(¢ (2)¢' (w)) = (2 — w) =" (b — 2clog(z — w)).

Consider a field v which is not part of the Jordan cell. Following [39], [40],
we call such fields non-cellular, as opposed to cellular primary fields. The only
case when v couples to ¢ is when their conformal dimensions are identical, so
from now on we are going to assume that the conformal dimension of 7 is h and:

(1) (w)) = d(z —w) "

(v(z)p(w)) = E(z — w) 2"
Varying (y¢') with respect to L1 sets E to 0 and yields:

(1(2)¢' (w)) = e(z — w) "

These findings can be generalized as follows [37]. Consider a n+1-dimensional
Jordan cell with corresponding fields ¢g := ¢, ¢1 := ¢',..., ¢,,. Then Ly acts on
the corresponding highest-weight states in the following way:

Lo|go) = h|¢o)
Lo|gi) = hl¢s)| + [¢i-1), 1<i<n.
The action of the Virasoro generators on the fields is:
[Ln, d0(2)] = (2" 710, + h(n +1)2™)¢o(2)
[Ln, ¢i(2)] = (2"T20, + h(n +1)2")di(2) + (n 4+ 1)2"¢_1(2), 1<i<n-—1.
Again, one can apply the derivation trick, setting:

_ 193¢

%= an

(3.13)

We can simplify the notation by setting ¢_; = 0. Consider the two-point
function (¢;¢;). We obtain:

(2°0: + w0 + 2h)(9i(2) ¢ (w)) + 2(i-1(2)d; (w)) + w(P(2)dj-1(w)).

This requires:

(9i(2)¢j-1(w)) = ($i-1(2)¢;(w)).
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Setting ¢_1 inducts the relation:
(9i(2)p;(w)) =0, i+j<n-—1.

Therefore, the last term on the right side of the Ward identity disappears for
i=0,j=n—1and any i, j =n — 1 — i and the solution reads:

(6§ (2)pn_1-5(w)) = a(z —w) 2"

Now, we can insert this solution back into the Ward identity for (¢1¢,) or any
h,j=n+1-—1i

(6:(2) b1 (w)) = (= — w) "2 (b — 2a log(= — w)).

Reinserting obtained solutions we arrive at:

(6i(2)¢5(w)) = (z —w) " Y " a5 (log(z — w))’
=0

(4 + Dajj41 +2a;-1; =0.
This recursion relation can be written as:
-9 (_2)j+1 (_2)j+1

j7+ 1ai71,j = 70 gy Ai—j—1,0 = 7(3. iy Aij—j—1-

Qjj+1 =

Now we consider an even more general case, with eventually more Jordan

cells of different sizes, which we label by I, J. The two-point function generalizes
so we can write it as:

i o e (2 o
(0! (2)6] (W) = (2 —w)" 3 Talli(log(z —w)t.  (314)

k=0

for i + 7 > n and 0 otherwise.

The tree-point function can be calculated following a similar way. We re-
member that the fields in a logarithmic block are degenerate in h. If the corre-
lator does not contain the logarithmic field, we obtain the ordinary three-point
function:

(¢o(21)0(22)¢0(23) = a(z12223218) " (3.15)

Acting on {(¢1do¢o) with variation corresponding to one of the SL(2, C again
leads to a set of differential equations, solution of which is:

z _
($1(21)00(22)d0(z3) = (b + alog) (———)(212223231) ", (3.16)
223231
Introducing some short-hand notation &; := 212, & = 293, &3 := 213 the

correlator (¢1¢1¢p) reads:

(1(21)¢1(22)¢0(23)) = (¢ — 32, cilog(&:)
+30,; cijlog(&)log(§;))) (G1€28s) "
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The constants are fixed by the Ward identities, so in the final form we have:

(#1(21)P1(22)P0(23)) =

1 (3.17)
(c — 2blog(€s) + a((JEE)? + (log(&)*)) (€1620) "

To write down (¢1(z1)d1(22)P1(23)) it is useful to introduce functions of &;:
Dy = log(&§1€283)

Dy = log(&1)log(§2) + log(§2)log(&3) + log(&1)log(€3)

D5 = log(&1)log(&2)log(&3)-
Then the correlator of three logarithmic fields yields:

(p1(21)01(22)01(23)) =
(d+ di Dy + do Dy + dyD? + d3 D3 + dy Dy Dy + dy D3) (€16263) 7"

Finally, the Ward identities fix the constants up to:

(#1(21)01(22)01(23)) =

(3.18)
(d — CD1 + 4bD2 — bD% + 8aD3 — 4U,D1D2 + aD%)(ﬁlfgfg)_h.

It can be seen that the relations (3.11), (3.13) can be used to obtain cor-
relators of logarithmic fields without solving the conformal Ward identities by
treating the fields and normalization constants as formally dependent on the
fields’ conformal weighs. Consider a three-point function {(¢;dopo):

1o
(@i(21)Po(22)do(23)) = — 55 (di(21)d0(22) b0 (23))-
For an arbitrary correlator, one has to treat the conformal weights as inde-
pendent variables, although they take the same value. The correlator of ordinary
primary fields then reads:

(Po(21)do(22)Po(z5)) = & M2 hathig hamhthegnhamhuths

Differentiating with respect to h; and setting h; = ho = hg and % =9
returns exactly (3.15-3.18). This works for all correlation functions except for
n = 2, which is the only correlation function in which the dependence on h is
not continuous. A more explicit study of logarithmic four-point functions can

be found in [47].
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Chapter 4

Super Virasoro Theories
and Jordan cell structure in

SCFT

Supersymmetric extensions of the Virasoro algebra, motivated by physical con-
siderations were suggested in [48], [49]. Interestingly, they also were indepen-
dently discovered in [50], motivated by infinite dimensional Lie algebras. Al-
though there is no evidence for particle supersymmetry, the N=1 tricritical Ising
model can be realized experimentally by absorbing *He atoms on krypton-plated
graphite [51].

Beginning with the notion of a supermanifold, super Viraroro algebras with
N fermionic generators are discussed in this chapter. Supermanifolds allow to
study supersymmetric theories in a unified way by introducing superfields which
contain bosonic and fermionic components. A superconformal theory decom-
poses in exactly the same way as ordinary CFT in holomorphic and antiholo-
morphic parts, and only the holomorphic part will be studied here.

A supermanifold is obtained by extending an ordinary manifold by a fibre
bundle of N anticommutative rings. Then the holomorphic part of the field
theory is formulated on a map of the manifold with coordinates {z,61,...0x}.
The ordinary CFT can be seen a field theory on the trivial N = 0 superconformal
extension of the complex plane.

As we will see, one can easily construct Jordan cells for primary fields in
superconformal theories and determine their transformational properties. From
ordinary correlation functions, logarithmic correlation functions can be derived.

4.1 Superconformal Transformations

To obtain a supersymmetrically extended, well-defined CFT, two approaches
can be taken. The algebraic one imposes a grading of the superconformal al-
gebra, denoted |z|, which is either zero or one for even and odd generators,
respectively. The Lie bracket is graded, which means it is an anticommutator
for odd elements of the algebra. The super Jacobi identity reads:
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(D), fy, 2] + ()l y, [2,2]) + (~) ¥ [z, )] = 0. (4.2)

The anticommutator is often denoted as {.,.}. An example of the analytic
approach is [71], where superprimary fields are treated as sections of a sheaf
over the graded Riemann sphere and OPEs and commutation relations of the
operators in the case N=3 are obtained.

The rather analytic approach discussed in [72], [73] starts from the notion of
the supermanifold. Superconformal transformations of coordinates are obtained
from the superconformal condition. Uncharged primary fields are then defined
on the supermanifold and their various quantities are calculated.

To obtain a supermanifold, one defines a fiber bundle of N anticommutative
rings over a manifold. The coordinates of a two-dimensional supermanifold are
given by Z = z,01,...0N, where 0; are anticommuting, and therefore nilpotent
Grassmannian variables satisfying:

0105 = —050,.

Derivatives acing on 6; satisfy:

00 __ 00 0, s 40
00, 00;  00;00;" 00,7 7 100

A general infinitesimal transformation acts on coordinates of superspace via:
2 =z+062 0 =0;+d0;. (4.2)
We define a one-form as:

w=dz—Y_db;0;.

The superconformal transformations which are the homomorphisms between
charts are the invertible transformations which preserve the one-form up to a
function, which is called the superconformal condition:

W' = k(z,0;)w. (4.3)

In fact, this is the defining condition of supeconformal transformations.
There is another choice of the one-form:

w:dz—ZdH.

This is a convenient choice for following calculations. The basis of the dual
space (the space of derivations) is given by (9., D;) with D; the covariant
derivative:

0 0
D. = L
i= 26, "6,
satisfying:
D? =9..

The set of superpoints together with the supercovariant derivative defines
the notion of the superconformal manifold. In N=2 theory and higher, there is
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a continuous symmetry group transforming fermionic components in each other
as we will see. Under (4.2), the covariant derivative transforms as:

D; = (D;0;)D}; + (Dyz' — 0;D;6})0.. (4.4)

The first term is the homogenious part. The second, inhomogenious part
arises due to the general nature of the transformations. We want to obtain those
transformations under which the covariant derivative transforms as a vector,
which is equivalent to (4.3). This is similar to ordinary CFT, where % = %—ZZ/ 8‘2, .
The equivalence of (4.3) and (4.4) can be seen as follows.

The superconformal condition implies that w transforms as (using the Ein-

stein summation convention):

02 00, 02 o0,
r (e D (2 g Y,
W=y gt (m g +0igg )dbs
oz 00, 02 00;
= Gz H0ig )0 = g, iy,

This is equivalent to:
DjZ/ = GQDJG;

Thus, the superconformal condition is equivalent to the disappearance of the
inhomogenious term in (4.4).
Superdifferentials dZ; are defined as elements from the space dual to the

space of superderivatives:
Dlej = 57;1]'

where the indices ¢ and j run from 1 to N. Naturally, superdifferentials transform
as a vector:
dZ, = DiQ;de

where Di9§- are elements of the super Jacobi matrix which is defined as:

D10, - Dy#,
DY = : : . (4.5)
Dy0y -~ Dyl

Now we are ready to do some field theory on supermanifolds. First we
consider the Neveu-Schwarz theories where the functions are subring of C[z 71, 2]
under addition and pointwise multiplication.

A result obtained in [74] states that the generators of superconformal trans-
formations in the Neveu-Schwarz theories can be written as:

I
I 1 _
Xo(in,.yig) = (1— 5)2"—%+19i1...9“az+5 > (-1 e, 0,00,
p=1
1 I L
+§(a— §—|—1) E z? 29i1'~'9i10ik89k'

keS

This combinatorial result requires some further explanation. The generators
are labeled by an index a, which is from Z if N is even and from Z 1 otherwise. 0;,
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means that this variable is omitted in the expression. The sequence S = (i1, ...i1)
contains elements i;...iy € {1,..., N}. In the third term, the complement of S is
S and is defined as the set S = {1,..., N}\S. Superconformal generators satisfy
classical (as opposed to quantum) commutation relations:

[Xa(ilv“wil)?Xb(jh~--7jJ)]
—1)I*rg,; jq . < . . ~ .
= Zf):l Zg:l ()fp)xa"rb(zlv clpy s 015 J1y -5 Jgs "'ajJ) (46)
F (1= )b = (1= 5)a) Xaws (i1, e ir, 1, s 51)-

For N=0, one easily recovers the Witt algebra (2.11).
A consequence of (4.6) is that the scaling factor of the superconformal condition
under a superconformal transformation can be determined as:

W = X(i1,.nipw=(a— =+ l)zaféﬁil...ﬁilw.

Quantum versions of commutators can be obtained by a central extension
of the symmetry algebra. Remarkably, for infinite-dimensional algebras there is
at most one possible central extension which will be parametrized by ¢, which
is allowed to be non-zero for N<4 [72].

The only conceptual notion remaining to be generalized is superintegration.
If one defines:

DiF(Z) = (2),

then:

F@) - [z

An integral over a finite interval is consistent and obeys the fundamental
theorem of calculus:

/bﬂJ@=F@ﬁ—ﬂLL
VA

1

if Zy and Z5 coincide up to the coordinates z and #;. Of special importance
for calculations in superspace are the superdifferences. To define them, we need
to introduce additional indices since we are dealing with different superpoints
Z; ={z;,0;1---0; v} on the supermanifold. The first index ¢ € {1, 2} labels the
different points and the second one the Grassmannian coordinates. Then the
superdifferences are defined as:

Zig =21 — 29 — 01,02 (4.7)

912 = 01,j — 027]'.

It can be easily seen that the following equations are satisfied (without the
use of Einstein summation convention in the second expression):

n n—1
Dy i ZYy = nb12,: 275

n __ n
D2,i912,i212 = ~ 412
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Successive integrals of 1 can be represented using combinations of superdif-
ferences (again, not using the Einstein summation convention):

Zy
/ 025,70 = —019.70
yA

1
n
/Z1 AZsit13:l03 = =205 -

The superdifferences, viewed as new coordinates also will drastically simplify
conformal Ward identities, as we will see.

Super contour integration is a linear operation which is translationally in-
variant. For one Grasmanian coordinate and a closed path Cj around the origin

it is defined as:
f dGlQJ = 5i,j
Co

]{ de; = 0.
Co

Thus, contour integration over Grassmannian numbers is equivalent to dif-
ferentiation with respect to Grassmannian numbers. For N anticommutative
coordinates, the full contour integral returns zero whenever the integrand is
missing at least one of the #’s. Expanding a general superfunction in Grass-
mannian coordinates:

F@) = +0ifi @)+ + 01 On ¥ (2),

and defining:

N(N-1)
2

N :]f doy---diy = (-1)" =z,
Co

it is obvious that only the last term contributes to the integral:

7{de(2) = f{ dzdf,..0Nf(Z) =V ¢ dzfN(z).
C C

C/

Here, C’ is a projection of C' on the complex plane.
Volume integrals, which are necessary for formulation of action in superspace,

are defined as:
/de(Z):/ dZy---dZnf(Z).
v 1%

Under a conformal transformation, the volume integral is required to be
invariant. This leads to:

/ dZ§(Z) = / dz' f(Z')det D).
V ’

4.2 Ordinary N=1 SCFT

The simplest case of a conformal supersymmetric theory is the N=1 SCFT. In
addition to Virasoro modes L,, there are additional fermionic generators G.,.
The complete set of generators satisfies following (anti-)commutation relations:

(Lo, Lin] = (0 — m) Lyngn + %n(n2 —1)0n—m
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1

[Lvu Gr} = (5” - T)Gn+r (48)
1 1
{Gr, Gs} = 2Lr+s + gC(TQ — 1)67‘)75.

Here, r is a half-integer moded for the Neveu-Schwarz sector and integer
moded for the Ramond sector. We expect the NS-vacuum to be globally invari-
ant under a maximum number of modes G,. The maximal set of such G, is
given by G_%,G%. This is the group OSp(2|1).

Making use of superspace formalism, the super stress-energy tensor is written
as:

T(z,0) = G(z) + 0T(2),

and primary superfields, expanded in the nilpotent variable, possess one bosonic
and one fermionic field:

D(z,0) = ¢(2) + 0 (2).

We can write the infinitesimal transformations of superfields as:

[Ly, ®(2,0)] = (z"“@z +(n+1)(h+ ;9&;);;") O(z,0)

W=

(G, ®(2,0)] = (wéae —9 (z’*%az +h(2r + 1)z )) B(z,0).  (4.9)

This implies operator product expansions:

C 1 2012 012
T(Z1)T(Zs) = = T(Z ——Dz,T(Z —0z,1(Z
( 1) ( 2) 6 (212)3 + (212)2 ( 2) + 2715 Z ( 2) + 212822 ( 2)
hb12 1 012
= —— — (b —
T(Z1)®(Zs) (212)2(1)(22) + 571a Dz,®(Z5) + Z1s 0., P(Z2)

with Z;;, 0;; defined as in (4.7) for N=I:
Zij =2z —z; —0,0;
0;; =0; —0;.
The minimal models are found for central charges:
3 1 8

c= =

2( —m), m € {Njm > 2}.

4.3 Logarithmic N=1 SCFT

In [41], it was shown that a logarithmic N=1 field ® and corresponding trans-
formations under supersymmetry generators can be defined by assuming inde-
composability in the bosonic component ¢'(z) of a superfield and demanding
consistency with the Jacobi identity. Then the infinitesimal transformation of
the bosonic part under L, can be written as:

(L, ¢'(2,0)] = (2" 70+ h(n+1)) ¢'z + (n+1)2"¢(2). (4.10)
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From action of (4.9) on he bosonic component the ansatz for a logarithmic
superpartner v’ is taken as:

Gy, 9] = 2"+ 3 (2).

To get transformation properties of ¢’ under L,,, one acts on both sides
with [L,,,] and make use of the super Jacobi identity(4.1):

[Lin, ¥1(2)] = 2772 Ly, [Gr, ¢ (2)]]

= 27" [Li, Gyl 9(2)] + 2T T2 Gy, [Lin, 6(2)']).
Now, using (4.8), (4.10) and (4.9).

(L, ¥ (2)] = (5 = 1)2" (Vg — ¥1)

m
2

+ (Zmﬂaz +(h+ %)(m + 1)zm) U+ (m+1)2"¢.

The only choice consistent with L_; acting as generator of translations, i.e.
derivative with respect to z is ¢, = ¢’ V4)!.. Since the N=1 algebra consists only
of L,,,G,, one obtains the complete set of superconformal transformations of a
NS superconformal logarithmic field.

The OPEs of the fields with the stress-energy tensor are given by:

h012 1 912
T [0} = ] —D, —0,, P
(z1)®(z2) 212)? (z2) + 521, % (z2) + 21232 (22)
h912 912 1 912
T o’ = o’ —& ——D, d —0,,d' .
(z1)®'(z2) (212)? (z2) + OBE (z2) + 521, % (z2) + 2123 ,'(z2)

The second term on the right side of the last equation is the consequence of
the fact that @’ is not a primary superfield but is the logarithmic partner of .

In state formalism the indecomposable state manifests itself in Jordan block
structure of the dilation operator acting on a two-dimensional column vector
with fields as components. From here, the OPE of the logarithmic field ®" with
T(z) can be deduced and it can be seen that it can be obtained from the OPE
of the ordinary field ® with T'(z) using the derivation trick.

4.4 Correlation functions in N=1 SCFT
and LSCFT

Therefore, the conformal Ward identities for primary fields and generators L_1,
Ly, Ly, G—%a and G%, respectively are given by:

(B, (Z1) By (Z2)- B, (Z0)) = Fi(Zy,Zs, .. 20)

> 0.,F, =0

1
Z <Ziaz,i + h; + 291891) F,=0

%
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1
Z (Z?a?:i + 22 (h; + 291‘%3&)) F,=0

i
> (06, — 0:0:,) Fr =0
Asin N=0, the first identity implies Fy = F5(z12, 01, 02) = F3((21—22), 61, 02).
The fourth one can be transformed via a change of coordinates 615 = 61 — 05 to:

(891 + 892 - (01 - 02)8212) F=0.

Any function of Z15 = 21 — 2o — 0105 satisfies this equation. Thus, G 1 implies
that the solution of the two point function depends on the superdifference Z15.
Proceeding with the usual reasoning, the first three Ward identities imply that
for the correlator to be non-zero, the conformal dimensions of the superfields
have to be the same number and:

(D(Z1)®(Z2)) = aZi".

Expanded around Z01_0§ , this relation reads:
1 2
a 2h91(92
D(Z1)P(Zy)) = 1 .
@282 = =y (14 222 )

The expansion is exact after the first term since 6165 is nilpotent. It can be

easily checked that this relation satisfies the remaining Ward identity for G%.
This is expected since G1 = [L1,G_1].
Consider a two-point function in LSCFT. In the following, we use techniques
analogous to those we developed in 3.2. The two-point function can be written
as a function of Z15 = 21 — 29 — 61605. Then the whole reasoning behind (3.14)
applies directly to the logarithmic case. One finds the term log(Z;2) which can
be expanded to log(z; — z2) — ;il_ez.

We can write:

(@:(21)®;(Z2)) = (Zua) " Y o dn—klog” (Z12)
k=0 ’

with:
klog(z12)91 92

lng(Z]Q) = 1ng(2§12) — >
12

(4.11)

The N = 1 ordinary three-point function was obtained in [42] and reads:

(@(Z0)®(Z2)®(Zs)) = TLiey Ziy ™" (a4 070) 12)
=Ziy T T W)

with b an undetermined Grassmannian constant and:
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01233 — 02213 + 03293 + 010203
(Z12Z13Z53)*

The first term of the super three-point function is (2.16) with z;; replaced
by Z;;. Expanding (4.12) in the Grassmann variables yields the expression:

W =

(D(Z0)B(Z2)B(Zs)) = (s12) "1~ h (2g5) P Fhahs ()i —hahs

. (a+ b(01223—02213+03212) + % (M + 0103 + 9293> + b919293(h1+h2+h3§)) .

1 1
(z12213223) 2 12 #13 #23 (z12213223) 2

It is satisfactory to see the different contributions from component fields.
The first term is just the ordinary CFT three-point function (2.16), the other
terms arise from the different contractions of the fermionic and bosonic compo-
nents. We will not write down the logarithmic counterparts to the three-point
functions, since their expressions are quite long and cumbersome. They can
be easily obtained by differentiating the three-point function of ordinary N=1
SCFT, treating undetermined constants as formal functions of h.

Considering the four-point function of superprimary fields, one needs to find all
invariants of the action of the algebra OSp(2|1). The expression:

Y = [[@y)"""
i<j
satisfies the action of the subalgebra generated by {Ly,Lo,G,1} on the su-

per four-point function. The first invariant is an obvious modification of the

anharmonic ratio:
219734

Z13Z5
There are three more invariants containing #; and z;. The four-point function
can be found to be:

X =

(P(Z1)P(Z2)®(Z3)P(Z4)) = Y (a + b1 Wazg + bsWi23 + V)

with a, ¢ undetermined constants and by, by undetermined Grassmannian con-

stants:

W, i =
i (ZijZinZjn)*

and:
0102734 0304715 01047293 0203714 0103 0204 30102030,

V= —
2137294 213794 2137294 213794 Zy3 Zoy 213794

We see that the nilpotency of  determines the four-point function completely
up to constants and functions of harmonic ratios. Again, the logarithmic coun-
terparts are determined by formally differentiating the fields and the constants
with respect to h (derivation trick).

4.5 Ordinary and Logarithmic N=2 SCFT

A N=2 SCFT contains two fermionic generators G. and G? of dimension 2.

_—Z

The second fermionic generator G2 is the superpartner to an additional U(1)-
current J,.. The operator product expansions between the T(z) and G12(2) of
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the theory read [77](using z;; = 2z — 2;) :

2 1
T(21)T(20) = Z% 2 T(e2) + - -0T() (4.13)
12 12

3 1
T(Zl)Gl"Q(ZQ) 2 Gl 2(22) + 7128G1’2(22)
212

T(21)J(22) = - (22) + -0 (z2)

12
C
J(21)J(22) = 1222
12
1
J(21)G(22)"? = Foo, G*'(22)
2c 2
1,2 1,2 “op
G (21)G % (22) 35 o (22)

G (21)G?(z) = %J(zz) + ;GJ(ZQ).

The super-stress-energy tensor T(z) = J(2) +0TG (2) + 0~ GT(2) + 6010~ T(z)
we have the following OPE with itself:

T(Zl)T(ZQ) - __c _ 912,1912,2T(Z )_|_ 9122,2?2,1 T(Zz)

2 Zi (4.14)
9122%52 2 T(ZQ) 012, 1912 2 322 ( )
Ziy =21 — 29 — 011022 — 02101 5. (4.15)

Superfields ®, 4(Z) satisfy the OPE:

T(Z0) g (Ze) = PR 2200 0 (Za) + P @ (Z2) = Pt @y (Zo)

%aﬁ@h,q(zﬁ 222 @y q(Z )

The centerless, classical algebra acting on the space of functions is given E)Zill g
Ly = —2™(20. + %(m +1)(0100, + 0205,)) (4.17)

bty = —2" (0100, — 92891) (4.18)

gl =2"" 2(298 — 209, + (r + )0989) (4.19)

A more convenient choice of basis for the fermionic generators is the U(1)-
diagonal basis:

6 = %(91 + i6;)
D* = %(D1 + Dy)
GE(2) = \%(Gl +iG?)

w
=~



J — —id.

It should be noted that for ordinary superfunctions, (4.18) implies that only
g € {-1,0,1} are allowed. However, we are considering a larger class of rep-
resentations where in principle every real value of ¢ is allowed, but not every
representation can be easily constructed.
The transformed generators of the centerless algebra (4.17)-(4.19) are:

Lo = —2" (20 + 3 (m+ 1)(0 g +0705-) (4.20)
tm = zm(ﬂ’é‘g- - 9+89+) (421)
gF = 273 (2050, — 20ps £ (r + %)HJFO*@@;). (4.22)

The operator product expansion of G™ and G~ with themselves is non-singular
and their OPE with J reads:

T(21)GE (29) = :I:%Gi(@)

2c 2
523 J(22) + TH(T(ZQ) +0J(22))

G+(2’1)G+(2§2) = G_(Zl)G_(Zg) = 0.

Analogously to the N = 1 case, the boundary conditions can be chosen to be
either periodic or anti-periodic, which on the complex plane corresponds to the
Neveu-Schwarz and the Ramond sectors, respectively. Introducing a parameter
A with A = 0 in the NS sector and A = 0 in the Ramond sector, the boundary
conditions and the mode expansions of the fermionic currents can be expressed
as:

G (21)G (%) =

Gi (627riz) — e)\TriGi (Z)

+oo
1 .
G(z) = Z §Gn+(17>\)/22 2+0/2

There is also a third sector in the N = 2 theory. The boundary conditions
of the current J can be twisted, that is chosen to have anti-periodic boundary
conditions. Then the current, expanded in terms of half-integer modes, reads:

J(e*™2) = —J(2)

The full (anti-)commutation relations of the NS-sector of the N = 2-extended
Virasoro algebra read:

in(n2 —1)0n,—m,

anLm: - Lmn
Lo Lon] = (0= ) Ly

1
[Ln7 G;:] = (in - T)Gr:irr
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1 1
§c(1"2 - 1)57"7_3

(G, GIY =205 — (1 — ) Jpps +
[Ln7 Jm} - _mJn+m
[Jna Jm} = écn(;m,—n
+ +
[J”H GT ] = :I:Gn+r'

In contrast to the N = 0 and N = 1 cases, the Cartan subalgebra of the
N = 2 theory is two-dimensional and is spanned by the generators Ly and Jy,
which means that these two operators are simultaneously diagonalizable and
the highest-weight representations are labeled by their eigenvalues h and ¢:

LO‘th> = h|h7 q>

J0|h’7 Q> = q|ha q>
Ln|h7q>:G§|h7Q>:Jm|h7Q>:O’ a, N, m>0
The global symmetry subgroup of the NS sector is therefore the orthogonal sym-
plectic group OSp(2]2), generated by {LO, Li1,Gyq/2,Jo, Jil}. The vacuum is

as usual the unique state which annihilated by all these generators in addition
to all the positively-moded ones:

Lal0) = Jo[0) = Gal0) =0, n>-1, a>—1/2.

From the OPE (4.16) one can extract infinitesimal variations of the superfield
generated by the modes of the super-energy tensor:

(L, ®(2)] = (h(m + 1)2™ 4+ £(m + 1)2" (0T 0p+ + 0~ p-)

(4.23)
42", + 401072 tm(m + 1))@/ (Z)

[T, ®(Z)] = (2ROFO~mzm"L + 2™ (070 — 07 0gs ) + q2z™)®(Z2)  (4.24)

[GE,(Z)] = (2" 2(r + 1) (2h £ )8 — 272 0ys + 2712050,

X (4.25)
£2772(r + 3)0107 07 ) (Z).

In [56] it was shown that irreducible unitary highest-weight representations with

respect to N=2 supersonformal algebra exist only for the minimal series:

3k

=—— keNg.
k+2 € Mo

c
One of the remarkable properties of the N=2 superconformal case is that the Ra-
mond and the Neveu-Schwarz sectors are equivalent . They are connected by the
spectral flow ), an automorphism of the superconformal algebra parametrized
by n € R [76] [78]:

a,(GE) = GE,
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2
an(Ly) =Ly —ndyp + 6%6”70
an(Jn) = Jn — én5n70~

For n = % the half-integer moded fermionic generators are mapped on the
integer moded ones and vice versa. This fact shows the obvious difference to
the N = 1 case, where the Ramond and the Neveu-Schwarz sectors are very
different. However, the spectral flow deforms the Verma modules, so that the
representation theory of the two sectors of the algebra is different. In [80] it
was shown that all rational representations of the N=2 Virasoro algebra are
necessarily unitary. For logarithmic superprimary fields with a degeneracy in h,
the generalization is straightforward. Consider a Jordan cell of rank 2. The

infinitesimal transformations are:

[Ly, ®(2)] = (h(m + 1)2™ + $(m + 1)2™ (0T 9+ 4+ 60~ 0p-) + 210,
+2010 2" tm(m +1))®'(Z) + 2™ (m + 1)®(Z)

(4.26)

(G, ®(2)] = (—2"+3 (r — 070:) + 27~ 5 (r + 5)((2h & q)0* (4.27)
01070 )) P (Z) + 2775 (2r + 1)0F0(2) '

[ ¥/(2)) = (20640 mam 4 27 (0700 = 0%0p) VD)

+2h0T 0" mz"19(2).

Now one can consider Jordan cells with respect to Jy. Define a two-dimensional
Jordan cell:
Jo|®') = q|®) + |®)

Jol®) = q|®).
Then the logarithmic superfield transforms, according to (4.23), (4.25), (4.24)
as:
(L, ®'(Z)] = (h(m+1)z™ + S(m + 1)2™ (0 9+ + 0~ 0p-) + 210,
+20T07 2" m(m + 1))®(Z) + 267672 'm(m + 1)®(Z)

(GE,@(Z)] = (=273 (9gr — 670.) + 2772 (r + §)((2h £ q)6*
01070y )) P (Z) £ 273 (r + 1)0F0(2)

[Jn, @' (2)] = (2hOT0 " m2™"L + 2™(07 09— — 01 0p+) + 2™/ (Z) + 2™ D(Z).

Although this kind of fields can be considered, we will see that Jy is always
diagonal. Even if one assumes an operator Jy with Jordan block, the corre-
sponding “logarithmic partners” decouple from the theory, in other words all
correlation functions containing “logarithmic partners” are trivial. We will show
this in the next sections.
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4.6 Correlation Functions in N=2 SCFT

The ordinary N=2 vacuum is invariant under the orthosymplectic group OSp(2|2).
The two point function is:

Fy = (8(Z21)3(Zs)).

It satisfies the following eight superdifferential equations corresponding to
L_1, Lo, L1, Jo, GT,, G~, GT and G7, respectively:
2 2 2 2

(LY + L? )Fy = (92, + 02,)Fa =0 (4.29)

(LY + L3)Fy = (hy + ha + 3 (91*% + 070y + 05 0y + 0;89;)
+21821 + 22822)F2 =0

(4.30)

(L% + L%) = (2h121 + 2hoze + 21 (9?8‘9? + 91_30;) + 22(9;(90; + 92_(99;)

(4.31)
(Jo + J5) 2 = (07 0 — efaej 0505 — 9;80; tote)R=0 (432)
(GF + G )P = (=0y- — 0y + 010, +050.,)F2 =0 (4.33)
(G:L + G:l)FQ = (7891+ - 60; + 01_821 + 02_822)F2 =0 (434)
(Gg + Gg)FQ = ((2h1 + ql)Gf =+ (2h2 + QQ)92+ — 21691— — 22692— (4 35)
+2101 0, + 2205 0z, + 0707 0y + 0505 95— )F2 =0
L+ GF = ((2h = )07 + (2hs — g2)65 — 210y —
(G2 + G2 )F2 ((2h1 q1)9 + (2h2 q2)92 2180?- 2289; (4 36)

+2107 0, + 2203 0z, — 0707 O+ — 0505 91 ) F2 = 0.

Since the two-point function depends on six coordinates it is fixed up to a
constant. It can be expanded around the four Grassmannian variables 67, 67,
05 and 6, , yielding sixteen components. One component is purely bosonic and
not conjugate to any 6. Four components appear as functions of z1, zo times one
of the Grassmannian variables. Another six are conjugate to 67 0;. 0765, 0165,
0505, 0705 and 07 05 , there are four terms coming with one of the combinations
of three 0’s (0607 65, 010,05, 070565 and 67 6565 ). Additionally, there is one
term proportial to the combination 6,67 656, . The components have to be of
same gradation, so the constants associated with combinations of one or three
Grassmannian coordinates are Grassmannian-valued as well.

Using (4.29) and (4.30) constraints the ansatz to:

Fy = 213" "2 (a + (0167 + boby + b305 + bafy )z,
(10707 + ol 0F + c307 05 + cafF 05 + 50705 + coby 05 )2y
(107 0705 + dobF 0705 + ds07 0305 + da0T 0507 )21,

+e0, 070505 215)

(4.37)
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where b; and d; are Grassmannian constants. Using (4.31) yields h; = ho.
Constants b; and d; are fixed to be zero. This is because for @y, 4 (Z1) =
é1(21) +07 Y7 (21) +07 0] (21) +67 07 g1(21), the correlators of some component
fields are zero:

(¢1(21)05 ¥3 (22)) = (¢1(21)05 ¥ (22))

(4.38)
= (0701 91(21)03 05 (22)) = (0707 g(22)03 93 (22)) = 0
and corresponding equations with exchanged lower indices. Remaining con-
stants satisfy ¢y = —aq1, ¢4 = aqa, ¢1 = —g2. Equations (4.35) and (4.36)
return ¢cg = ¢ = 0, ¢; = a(—h1 + ha — q1), 3 = a(2h1 + ¢1), ¢4 = aga) and
¢s = a(2hs+qo) for the components proportional to one anticommuting variable,
which in particular means:

(091 (20)03 ¥y (22)) = (Or 91 (21)03 93 (22)) = 0.

The only remaining constant is e and it can be fixed as e = h(h + 1) by
solving equation (4.35) for level three. Putting all constants together (4.37)
reads: . .

(@(21)(Z2) = (14 AT

12 4.39
+(2hfqz)0j'02_ I (2h+q2)07 65 i 2h(2h+1)01+9,;9;9;) ( )
Z12 Z12 23, :

Now the usefulness of the set of coordinates we call the superdifferences
Z5, 07, 07, for solving conformal Ward identities can be demonstrated. We
introduce a complimentary set of coordinates Wi, {TQ, &15 (which one might
call the “supersums”):

212 =21 — %2 — 0;»027 - 0;9; (440)
W12 =21+ 22 — 9?92_ — 91_9;_ (441)
o, =0 —05, o0,=0 -0 (4.42)
Eh =0 +05, ¢L=0 +06;5. (4.43)

Rewriting the conformal Ward identities (4.29)-(4.36) in the new coordinates
and simplyfing leads a set of equations which are more convenient to solve. In
particular, for the Ward identity corresponding to L_; one obtains:

OwFo =0 (4.44)

G7 and G7, annihilating the vacuum, produce the following set of simple equa-
2 2

tions that immediately imply Fy = F5(Z12,0)5,075):
Oer Fr =0 (4.45)
0= F> =0. (4.46)

This can be used to simplify the equation corresponding to Lg, producing;:

(h1 + ha + Z120z,, + (05505 + 0120, ))F% = 0. (4.47)
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We take the ansatz:
Fy(Z12,075,005) = f(Za2) + 05 f 4 (Za2) + 075 f— (Z12) + 05075 f+— (Z12)

to take the form:

—hi—ho—

1
Fy=aZ ™" 40,0527 1 b 60,7, R Y AT

Introducing the new version of Jy-action (4.32) first, using (4.45) and (4.46)
yields:
(g1 + a2 — 0305, + 0120, )F> = 0, (4.48)

Using the ansatz, we obtain three possible solutions:

@ t+g=by=0b_=0 (4.49)
Gu+e@+tl=a=b_=c=0 (4.50)
G1t+g@p—l=a=by=c=0. (4.51)

The action of L; on the vacuum results in the following equation:

(2(h1 — h2)(2Z12 + 075815 + 012615)
+2Z15(60505 + €120, ) — (01561 + 012612) (0130, + 0150, ) (4.52)
+2q2 (013615 + &5013)) Fa = 0.

This equation rules out (4.50) and (4.51) and fixes h; = hy and ¢ = age. Thus,
the two-point function is:

Fy=a(Zp" ™" + @bf0,Z2 . (4.53)
This result appeared in [73] as:

+ -
12912

0
<®(Zl)¢.(22)> = 21_22hleq2 f12 §h1,h26qu*q2' (454)

Gf leads to the following set of Ward identities:
2

(((h1 = ha) £ 5(q1 — 42))075 + (b1 + ha) £ (a1 + ¢2))435
+(&150% — Z12)0pz, + Z12€1502,,)Fa = 0.

which are not necessary due to [Lq, Gfl] = Gf. In the same way, (4.47) is not
2 2

necessary due to [L1,L_1] = 2Ly.
The three-point function F3 is dependent on nine variables:

F3 - FS(Zla 22, 2379;_7 01_3 0;_7 02_7 0;,05>§T7£1_a€;a£2_7£;7£5_) (455)
The superdifferences and supersums read:

Zij = Z; —Zj —0?9{ —9;9;_

Wij =2+ 2 —6Fe- —6‘;9;

)
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+ + +
0L = 0F — 0
+ + +
& =0 + 0.

The three-point function was found in [73]. For the purpose of this thesis, it is
necessary to re-derive this result using superconformal Ward identities to analyse
logarithmic behaviour of superfields. The three-point function depends on nine
variables, but spans a six-dimensional space. Since there are eight Ward iden-
tities, there must be a quantity R(Z12,Z31,Z23, 05, 05,053, 012, 03, 053) which
is invariant under the remaining differential operators. The general solution is
a special solution multiplied by an arbitrary function of the invariant. This
invariant is known [73] and reads:

015015 | 051031 | 03505
R 71 + Zor + Zos (4.56)

Although not obvious at the first glance, this invariant is nilpotent: R? = 0.
As usual, we first use translational invariance:

(L + L2, + L2 ) F3 = (0., + 0., + 0.,)F3 = 0. (4.57)

Using differences z;; = 2z;—z; and sums w;; = w;+w; we first realize that the
three differences are not linearly independent. Thus, to span the whole three-
dimensional space we must use one of the w;; to build a basis. For the choice
{#12, 231, w23} equation (4.57) returns Oy,, F5 = 0. This and other choices are
equivalent to the following differential equations:

Ow,, I = Owy, F3 = Ow,, F3 = 0.

Thus, translational invariance imposes the dependence on Zy2, Z31, Zog with-
out missing any solutions.

Because the differences span a two-dimensional space, dependence of the
three-point function on only two of the z;; is required, though we keep all three
of them to give the solution a more symmetric form. We use the identities
imposed by the invariance under Gf:

2

(GTy +GTY+ G Ry =

(4.58)
(=0p — Op — Dy + 07 0z, + 0502, + 050.,)Fs = 0

(Gl +G i+ G V)= (159)
(=0p+ — Oy — Oy + 010z, + 05 0., +050.,) F3 = 0. '

In terms of supersums and superdifferences these equations read:
(e, + gy, + 0 ) Fs =0 (4.60)

(35;r2 + 65;1 + (95 VF5 =0. (4.61)

"
23
Again, we can eliminate the dependence of two of the fi to obtain:

6§BF3 = 85;1F3 = 85;3F3 = 85;2F3 = 85;1F3 = 8§;3F3 =0.

41



Global dilation invariance implies:

(Lo + L§ + Lg) Fs =
(h1 + ha + hg + 3 (ajaﬁ + 07 0 + 05 Oy + 05 0y + 05 Dy + 9;69;)

+21821 + 22622 + 238Z3)F3 =0.
(4.62)
This translates to:

(Lo + Lg + LY Fs =
(h1 + ha + h3 + Z1207,, + Z310z,, + Z2307,,
1(p+ - + - + - _
+5(0020p1, + 0120y + 051051 + 03105 + 05305+ + 0530, ))F3 = 0.

(4.63)
Expanding the ansatz, one obtains sixty-four term with corresponding func-
tions of Z;;. Taking a closer look at (4.63), it is obvious that functions conjugate
n,m,k € {1,2} Grassmannian variables of the type 01i2, 93i1, 9% are of the form
Z—hl—hz—%+h3Z—hl—hs—%+hzz—h2—h3—%+h1
12 31 23 :

ated by Jp-invariance reads:

The differential equation gener-

(Jo +J5 + J5) Fs =
(07 0p— — 01 Oyt + 03 0y — 0501 + 050y — 030+ + a1 + a2 + g3) F3 = 0.
(4.64)
It translates to the new variables :
(Jo + J§ + J3)Fs =
(91_289;2 - 9;5691*2 + 92_389;3 - 9;38.9;3 + ‘93_189;1 - 9;189;1 + @ +q+q3)Fs=0.
(4.65)
This equation is satisfied for terms where a variable 6;;4 always appears
together with its counterpart variable 9;5 In this case, we have ¢; +¢2+¢q3 = 0.
The number of terms is reduced to eight.
(L% + L% + L?)Fg = (2h121 + 2hozo + 2h3z3
+21 (afaej + 91_69;) + 22 (0;89; + 92_69;) + 23(9;89; + 93_69;) (4.66)
+220,, + 230,, + 220, + @07 07 + q205 05 + q305 05 ) F5 = 0.

Substituting and simplifying, the Ward identity can be brought in the following
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form:
(Li+ L+ L} Fs =

(h1(W31 —Z31) + hz(W12 —Z12) + h3(Wa3 — Za3)

+5(Zi2&s + Wiabify + 5 (61 + 012)612075)9,
+%(Zl2§12 + Wiafpp + 5 (512 + 912)5129 2)8
+5(Zas&sly + Wasbify + 5 (&35 + 033)E5305; 3051,
+5(Z23€53 + Wasths + 5 (635 + 033)€5303) 0,
+%(231§31 + W319 (‘531 + 031)¢3 9 )8 (4.67)
+%(Z31§3_1 + Ws103, + 35 (531 + 031)&5165; )6

H(Wiz = 5(6501 + £12013)) Z1207,,
+(Waz — 5(33055 + €33033)) 2230z,
+(Wa1 — 5(641051 + €51041))Z3102,,
4 (& +01) (612 + 012) + (655 + 033) (€55 + 05)
+%3(£31 + 9?1)(5371 + 9:;1))F3 =0.

Using the ansatz:
Aij Zhj—th—hk

77(2) = ZfQAmZglAM 253A23

Fy =n(Z)o(Z,9)
where o(Z,0) is a function with dimension one, and writing:
(Ly + LY + L) F3 = (Lq + Ly + Lo, + Lo, ) F5 = 0

where Ly, Ly, Ly, and Lg, are terms containing g, h, derivatives with respect
to one of the €’s and Z’s, respectively, we can obtain a differential equation for
o. First we note that:
(Lo, + Ln)n = 0.
This leads to the equation:
L,o + Lg,0 + Ly,0 = 0. (4.68)

From the structure of this equation one might guess the suitable ansatz:

F3 _ Z;2A1227A31 Z*A23
exp(A12 121 12 +A 31 031 +A ng )

Indeed, this equation satisfies the Ward identity for Ly. Expanding o we
have:

03,95
12 D) .31 03, 23053
909—014;14 +9Ae 0% 67 o 2239 + 07 0% 0 (4.69)
+Ag Agg Hiag1aziaTan 4 A12A31% + Apg Ay P2adaada b

23731
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The next term disappears due to 8350505 = 0. All of the terms chancel in
(4.68) except for L, and terms containing Z;;0,=:
ij

L,o+ %(212553% + Zlgff{@% + 22355“380;3 + Zos€a30,.
+Z316510py, + Z318310p;, )0 = (4.70)
(Lg + Lzea, )o = 0.

Now it can be verified easily that (the index 7 on ¢ indicates the therm containing
¢ nilpotent variables):

0= Lzep,00
Laoo = —Lzcon2 (4.71)
Lyoo = —Lz¢,04
Loy = 0,
with following A;;:

q1 = Az1 — Az

q2 = Aj2 — Az

q3 = Az — Az

= q1+q2+q3 =0.

Thus, the complete ordinary N=2 three-point function reads:

_ —A127—A317—As3
Fy = Cra3Zyy 23" Zog

-exp(A 01201 + A 04,05, + A 9;39;3)(1—#04]‘1’)5 -0
plai2 Z12 31774, 237753 q1+q2+g3,0 — Y-

It is easy to see that multiplying by the invariant R is equivalent to addition
of a to the coefficients A;;. For completeness, we present the Ward identities
corresponding to ny which in new coordinates read:

2

(= (Zuz = €5500)05 — (Zos — 33033) 0y — (Za1 — £51641) Dy,
+£1i22128212 + 52%2238223 + €3ilz316231
H(EH A+ 05) (h £ D) + (&35 + 033) (ho £ 2) + (&5 + 05 (hs £ L)) F3 = 0.

The general n-point function in N=2 superconformal theory reads:

T AL " 00
Fn = H ZijA” exp Z A”% f(xh ...‘%‘3”,8)(52?:1 q;=0-+ (4.72)
i<j i<j *

Here, f(x1,...x3,—g) is a function of the 3n — 8 invariants and the constants
satisfy:

Aij = —Aji, Ay = A, Z Aij = —ai, Z Ay =20

=Lt i=Li#j
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4.7 Correlation Functions in N=2 LSCFT

There have been different approaches considering correlation functions in log-
arithmic field theory. We will mostly follow [45], this approach is very general
and whose notation is the most compact. For a one-form dz" on the Riemann
sphere, we can consider replacing h — hl,. The differential form acts on the
n-component vector, containing conformal fields of dimension h:

bo

¢n71

One can go further and try to generalize the one form by adding a non-
diagonal term hl — hl 4+ H, which represents the Jordan cell structure of the
dilation generator Lo (the unit matrix is going to be omitted from now on). This
matrix is obviously nilpotent of degree n: H' = 0. Using a® = exp (bloga), we
arrive at the following expression:

n—1

Hi(logdz)®
dzh e = g Z .
n=0

0!

Although there appears not to be a rigorous treatment of the somewhat
unusual quantity log dz in the literature, the differential form seems to be well-
defined and leads to the transformation law:

P'(z) = (‘Z)HH o(2).

In the next step, we change the description of ® from a vector bundle to
the associated G-bundle, which amounts to the replacement of vector ® by a
matrix. To write down the matrix explicitly, one has to fix the convention since
we have the choice between H of the form:

0 1 0

H - 9
0 1
0 0 0

0 0 0
1 0

H = ,
0 1 0

45



which is a lower shift matriz. By acting on a matrix with a upper (lower)
shift matrix literally shifts the components one row up (down) and replaces the
last (first) row with zeroes. Here, without loss of generality, we introduce non-
diagonalizable structure using upper shift matrices. Then the (quasi-)primary
fields are expressed as:

Ppn-1 Pn—2 - o
%o 1 0 e
P = : - &= H'¢pp 1=
i=0 L s
¢n—1
0 0 ¢n—1

The n-point function can be expressed as the vacuum expectation value of the
tensor product of the fields, with explicit dependence on H;:

Fn(Zl, ...,zn,Of, v O 0;, .0 Hl,...,Hn) =

Y n Y n

(0|® (21,607,607, H)) @ ... @ ®(2,,,0,, 0, , Hy)|0).

This matrix-valued correlation function contains all the information about
correlation functions between primary and quasiprimary fields which are or are
not part of a Jordan cell. The tensor product signs are going to be dropped
in the following. Let us turn our attention to the logarithmic version of the
two-point function. One can consider Jordan cells in correlation functions by
replacing:

h1 — Thy + J, ho — Thy + K

q1 %HQ1+P7 hg‘)th%’Q

The matrices J, K, P, @ take the off-diagonal action of Ly into account and
have rank M, N, R and S, respectively. They are nilpotent:

JM=KN=pPF=Q%=0
JMfl’KNfl’PRfl :7Q571 ;é 0.

Equations (4.44), (4.45) and (4.46) do not involve h, ¢ and are not modified by
off-diagonal action so we can formally write:

F2(21722301~_701_79;r792_7 JaKv PaQ) = F2(212791~_2701_23 Ja Ka PvQ)
Equation (4.47) now reads:
(h1+J 4+ ho + K + Z1207,, + %(9;539?2 =+ 9589;2))F2 =0.
This has the solution:

_ —hi—J—ho—K 4+ 5—h1—J—hy—K-1 — 5—hi—J—hy—K—3%
Fy = Al + B1013Z15 + B 01,7,

+COLOLZ e R
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Here, the coefficients are constant matrices which depend on the choice of the
Jordan cells involved. Equation (4.48) in the logarithmic case reads:

(@14 P+ a+Q — 059,5 + 6150, )F> = 0.
This returns following conditions on the prefactors:
(i + @2 +P+Q)C =0.
(@1 +g@+P+Q+1)By =0
(1+e@+P+Q—-1)B_=0

(1 +@+P+QA=0.

The matrix P + @ is per definition invertible because it is non-singular, so is
I(g1 + ¢2). Multiplying with the respective inverse matrices yields three non-
trivial (where not all the coeflicient matrices are zero) solutions:

@+a@=0==B.=B_=0, (P+Q)A=(P+Q)C=0
G1+¢p=1=A=B,.=C=0, (P+Q)B_-=0
@+@p=-1=A=B_=C=0, (P+Q)B;=0.

Finally, we use the logarithmic version of (4.52):

(2(h1 + J — ho — K)(2Z12 + 01565, + 012675)
+2212(§i~_2891+2 +&120,-) — (01561 + aﬁfﬁ)(eigaelg +01205-)
+2(q2 + Q015615 + €15015)) F2 = 0.
The only possible non-trivial solution remaining is ¢; + g2 = 0. Additionally,

one obtains C = A(g2 + @), hy = hy and (J — K)A = 0. Thus, the most general
logarithmic two-point function is:

F, = A(Zl_22hl_J_K + (q2 + Q)9;r29;22_2h1_J_K_l)(shl,hzélh,*lh (473)

(J—K)A=(P+Q)A=0.

It can easily be seen that logarithmic behaviour is reproduced for indecompos-
able Lg. For a two-dimensional Jordan cell of fields containing &' and ® with
P =@ =0, one can retrieve correlation functions:

(®h,qPh,—q) =0
(@), (P, —q) = a(Z3" + 005,25 )

(@, o @h _o) = 235" (1+ 203507527 1) (a + blog(Z12).

In theories with an extended Cartan algebra, one has to account for the even-
tually appearing indecomposable representations with respect to the additional
elements of the algebra. By introducing Jordan blocks by hand, one obtains a
large variety of possible transformation properties on the space of fields.
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Previously in the literature [45], it was assumed that the zero mode of
the affine U(1)-current J which appears in the N=2 theory is in general non-
diagonalizable and can account for a more complex logarithmic structure com-
pared with N=0 and N=1 cases. Although in general operators of an extended
algebra can posses non-diagonalizable structure, in case of supersymmetrically
extended algebras this turns out to be incorrect.

First of all, from the N=2 algebra we know that since Jy and Ly commute,
they are both simultaneously triangularizable. In correlation functions of de-
generate fields, logarithms appear when singular vectors in a Virasoro module
lead to Fuchsian differential equations, which solutions can not be expanded
in series but also posses logarithmic terms. A consequence of this is that the
OPE of two certain degenerate fields has logarithmic terms as well. Although
explicit, simple formulae for singular vectors are not known for N = 2 (some
progress was made in [72]), Fuchsian differential equations of second order do
not exist for nilpotent variables in general.

If one introduces indecomposable representations with respect to Jy, the
resulting logarithmic partners decouple completely from the theory. Let us as-
sume that Jy is non-diagonalizable, acting on a two-component field containing
®' and ®. Then from (4.73) we can extract the correlation functions of the
components:

<(I)h1»(11 (I)hz,(Iz> =0

< ;11,q1(I)h2,q2> =0
< ;11,511 ;127q2> = 2;22h(1 + QQ6E917221721)5h17h25¢11ﬁqz'

This result means that the two-point function of two logarithmic fields be-
haves exactly like a two-point function of two regular primary superfields. This
already leads to the conclusion that defining a Jordan cell for Jy has no effect
on the correlators of the theory if we set ® — ¥ and ® — 0, where ¥ is an
ordinary primary field. The correlation functions with respect to Ly behave
exactly as in N = 0, 1-theory. Replacing h; by h; + H; the ansatz HKJ. ZiAj” is
solved for:

n
20hi + Hi) = > Ay
J=2,i<j
Thus, for n > 2, the correlation functions can be obtained from ordinary ones
using the derivation trick.

4.8 N=3 SCFT

Generators of superconformal transformations closing to the N=3 super Virasoro
algebra act on the space spanned by one complex and three Grassmannian
variables. We will denote the nilpotent variables as 0',6% 63 and use lower
indices to designate the position. Schwimmer and Seiberg ([76]) found that
there are only two unitary representations of the N=3 algebra, which are labeled
by ¢ = %,h =0,g=0and c = %,h = i,q = % Obviously, the algebra turns
out to be very restrictive. We will discuss the N=3 in its full generality, making
use of this important result later.
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The most general infinitesimal transformation consistent with the conformal
condition reads (using the Einstein summation convention from now on):

1 o
z—z+a(z) + a;(2)0" + 50[1-]-(2)9193 + a123(2)016%63.
The eight classical generators of the superconformal transformations read:

I = —2" (20, + %(m +1)0°04:)

. L 1 ..
gy =2"72(20°0, — z0gi + (r + 5)6’916(9])
th = 2" (z€;,07 Opr — MmO 0200y )

1 1 o
Y. = —2""2(0'0%60%0, + 561']']@919]8%).

Additionally to g%, we have another odd generator v,. These transformations
give rise to following classical graded algebra:

s 1] = (m —n)lgn
{95, 97} = 20ilpts + €3 (r — $)tE,

i m i
[lmagr] = (7 - T)Qr-&-m

2
] . &
[t:n’ tgz] = _eij’ftm—i-n
[lmvt;] = 7ntin+n

[tin, gf‘] = 6ijm’(/)r+m - eijkgf-f-m

[lmvws] = _(% + S)wm-i-s

{971“’ ws} = ti’Jrs
[th,1s] = 0.

The set of operators annihilating the vacuum reads:
P i 1 1
X0)=0< X € {ln, g, t,Ys :n>—1,r> —g3m >0,s> 5}

The generators of the group Osp(2|3) are the closed subset of this set of opera-
tors:

{l—ly l07 llagl%vgl_%’té}7

containing twelve generators. This leads to twelve potentially useful Ward iden-
tities.

The gauge transformations that leave the z-coordinate invariant are ti ,
which satisfy a su(2) algebra. Thus, a representation of the N=3 supercon-
formal algebra carries an implicit su(2) index transforming under an operator
Jil 1

[Ji, Jj] = *iﬁiijk (4.74)
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so that the OPE of the stress-energy tensor:
(4.75)

1 o .
T(Z) = 0'0*0°L(2) + §eijk9193Gk(z) + 60T (2) + ¥(2)
with a superfield reads:
1 2 3 1 2 pn3
T(Z0)®(2s) = "2 0(Zy) + 2720020, (Zo)

100,09, DE 01, J;
0D §(7,) + 2L (Z,).

The covariant derivative is defined as:

D' = Opi + 9i82,

and the superdifferences read:
212 = (Zl — Z9 — 919%)
12 = (01 —03).
The infinitesimal transformations on primary superfields are:

[Lom, ®(Z)] = 2™ (h(m + 1) + 20, + %(m +1)0"0p: + Meijkaiejjk)qﬂ)

[GL,®(Z)] = —2°2 (h(s + )0+ 30720, — $209i + (s + 5)0°070y;
+(s+ 3)(€inb Je — L(s? — 11016263 J;)®(2)
[Tjn’ (I)(Z)] = Zm—l(mTheijkajek — geijkejagk + %91929389«;
(—t(s—1)010%0° + 1019%6%0,

[1hs, ®(2)] = 2" 2
+36i(0°070pr — 071;)(Z).

The OPE of the super stress-energy tensor with itself is:

61,602,063 61,602,063 in0i,09, Db
T(Z)T(Z,) = Zim g () + %&J(Zgwr%ﬂb).
12

This OPE gives rise to the quantum N=3 algebra (note the extra factors
of % appearing compared to the classical algebra, besides the usual central

extension):
[Lony L] = (M — ) Ly, — em(m? + 1)0m+n,0
; ; (51' i €4 1
{G1.GL) = T Lo + 55 (r = )T, — e(® = )brpsbiy

i m i
[LmaGr] = (5 - T)Gr+m
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[Tl T]] — _Eijka‘

myTn 2 m—+n

+medijOmtn,0
[LmaT:y,] = _nTrinJrn
. . 1
1,,,Gl] = 5(5ijmwr+m - EijkGI:+m)
{d)m ws} = 657“-‘:-8,0

[Lmvws] = _(% + S)"/]ers

. 1 .
(G} = 5T

[T ] = 0.

For representation theory, it is useful to make a coordinate transformation
map the generators to a diagonal su(2) basis. We define:

6 = 2(i0* — 6%)
0= = 2(i0* + 6%)
o7 = i3
The central charge is fixed:

k = —4c.

Although this basis turns out to be very convenient to work with, the algebra,
written down explicitly, becomes rather lengthy:

2
- 1)6m+n,O

k
[Lyy L) = (m —n)Lypyn + Zm(m
1
(G2 GHY = —32L,,, — 16k(r* — 1)5”5’0

1
{G;‘r, Gs_} = 16LT+S + 8k’(7"2 — Z)(SH_&O + 8(7" — S)Tﬁs

(GG} =8(r — s)T5

m +,H

[Lmv Gri’H] = (5 - T)Gr—}—m
[TT?,TT{—LI] = km(;m_,_n,o

H + +
[Tm I Tn ] = :tTern
TH T7]=2T2 4 2kmbpmino
m n m-+n 5

+,H] +,H
[LmaTn } - 7nTm+n

+ +
[Trg7 G'r ] = iCJT«Hn
[T, G = =211,
[Tnzsa G'II:I] = _QGi

m—+r
17, G = ~GF,

r4+m

+ Smw'ﬂrm

o1



k

hbm 7/13] = _157"—&-3,0

[Lmvws] = _(% + 5)¢m+s

{vs, G} = 2T,
{¥s, Gri} = ¥Tvi:ks
[T T ) = [T, 7] = {GF. G} = [T 7 4] = 0.
The twelve generators of superconformal transformations relevant for solving
super Ward identities, written in the new basis, read explicitly:

[L_1,®(Z)] = 8.9(Z) (4.76)
(Lo, ®(Z)] = (h + 20. + 1(07 0+ + 09— + 0" 9yu))D(Z) (4.77)
[L1,®(Z)] = (2hz + 2(20, + 0 0p+ + 07 0g- + 0 0yn ) (4.78)
+1ot0-gH + LoteH J- — 19=0H 1+)d(2) '
[GH, &(Z)] = —4(0H 8, + 0y )D(Z) (4.79)
[GH, ®(2)] = (—8hO™T — 407 20, — 420pm — 4070~ - (450)
— 40T 0+ Dy + 0~ T+ — 0+ T )D(2Z) '
[GE,,®(2)] = +(6%0. + 80y )D(2) (4.81)
[GT,®(2)] = (£2h0%F £+ 0520, + 820p+ + 070 Dp=
E (4.82)
+20H J* + 6+ JH)®(2)
(18", ®(2)] = (07 0p- — 0T 0+ + J)D(2Z) (4.83)
[T, 0(2)] = (¥30%0pn + 40" 0g= + J5)(2). (4.84)

We note that by constructing superfields from superfunctions, we can obtain
q = 0 and ¢ = 1 representations explicitly. Making use of three Grassmannian
variables, there are eight possible terms in the expansion of a superfunction.
One can regard the set:

{1,607 6% 0= 050" 60,070 070707}
as a basis of a superfield. The coefficients are functions of Z15 which are fixed
by Lg. Then the bases of the eigenstates of 72 and J are given by:

j=0,q=0:{1,0t6-0"}
j=1,q=1: {6+ 66"}
j=1,¢=0: {07,070}
j=1,qg=—1:{0",0-0%}.

(4.85)

Thus, it is easy to construct j = 0 and 7 = 1 representations in superspace
using ordinary functions containing nilpotent, anticommuting variables. Other
su(2)-representations require more complicated constructions.
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4.9 Indecomposable Representations
with Respect to su(2)-Operators

From the onset, it is not quite obvious how to introduce irreducible representa-
tions with respect to a given su(2) algebra and how they transform under ladder
operators. This was noticed in [45]. We will answer this question here.

There are two commuting (simultaneously triangulazable) operators 72,
JH . Naively, both of them can possess Jordan cell structure independently
from each other. The operators satisfy following commutation relations:

[Jis Ji) = —§€ijk=7k
(ZJl )
=2(iJ1 + Jo)

JH — 9 J,.

The highest-weight state with respect to J is mapped to:

4) > Sla).

The computation of the correlation functions is much more complicated in
N=3 theory due to the presence of su(2) generators. We will elaborate on that in
the next section. The representation theory of the su(2) subspace is completely
analogous to the quantum mechanical angular momentum. The generators in
the diagonal basis satisfy:

[(JE, JH) = 7% (4.86)

[J*,J7] =2JH. (4.87)
The diagonal operator 72 can be expressed as:
T2 =gty 4 (JH)2 - JH. (4.88)

Thus, primary superfields can be labeled by quantum numbers j, ¢ which are

eigenvalues of J?2 and J, respectively. From the action of (4.88) on highest-
weight states we know that action on corresponding highest-weight states is:

T2h,3.q) = 3G + )|k, j.q)

and that the highest-weight states have ¢ = j. Using J*|¢) = a™(q)|¢ + 1) and
J7lg) = a"(g)lg —1):

(qlJt T lq) = (gl(J )T lg) =a () =43 +1) —q(g— 1)
=a (¢) =i +1) —ql¢—1)

(glJ=J*g) = (gl(JT)N) I tg) = at(9)* =§(i+1) —a(g+ 1)
=at(q) =i +1) —qlg+1).

53



Thus, we obtain the usual action of the ladder operators on highest-weight
states, with J~|¢ = —j) = 0.
Preservation of commutation relations on a given indecomposable represen-

tation with respect to J” or J?2 determines the embedding structure under
ladder operators.

One could try to construct indecomposable 72 In this case JH must be
diagonal and the ladder operators have to mix between different representations
Jj to satisfy (4.88). However, it can be easily shown that in this case it is not

possible to satisfy (4.86). In fact, J 2, as a quadratic Casimir operator, exists
only on a given representation and is not part of the algebra, since an algebra
is equipped with a bilinear form only and the notion of multiplication is not
defined for elements of an algebra.

For a logarithmic pair with respect to J#, that is for a rank 2 Jordan cell
living in a representation j one has:

5,4y =13, d') + 15, @)
JHj,9) = dlj, @)
T2.q) = G+ D)
T2j.a) = 3G + Dla).

The state |j,¢) is assumed to be a regular su(2)-representation. Equation
(4.86) implies that the ladder operators act as lowering and raising operators
on the representation |¢’), obeying:

JH(TFg)) = TE (g £ D)) + la)). (4.89)

This equation suggests that the ansatz for the action of ladder operators on
components of the logarithmic pair is given by:

JE¢) = a*(q)|(g £ 1)) + b(q)*|q £ 1).
JEq) = c*(q)lq).-

Using this ansatz on both sides of equation (4.89) returns a™(q) = c*(q).
Equation (4.87), acting on |¢') returns:
a (ga’(¢g—1)=a"(ga”(¢+1)+2q (4.90)

a ()bt (g—1)+b (9)at(¢—1) = a ()b~ (¢ +1)+b"(9)a” (g+1)+1. (4.91)

Similar conditions can be obtained by acting on different states of the theory,
e.g. the logarithmic partner and highest- and lowest states of the theory. Since
|q) is assumed to be an ordinary su(2) representation, the action of J* on that
state is:

JEg) = a*|g) = V(G + 1) — alg £ 1)]q). (4.92)

A remarkable observation is that the derivation trick also works for logarith-
mic su(2) representations. In particular:

b*(q) = 9ga™(q).
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Thus, the action of J* on |¢') is given by:

—4F3
ViG+1) —alg£1)

JE ) =Vi(G+1) —qlg £ 1)|(g£ 1)) + g £ 1).

We obtain a logarithmic representation of su(2) with respect to J¥. The
unusual feature is that the ladder operators acting on logarithmic fields do
not produce a descendent of the logarithmic field alone but rather a linear
combination involving the logarithmic partner. For a rank two Jordan cell,
one obtains the following embedding diagram (the arrows indicate the action of
J7):

lg = 3) . e l¢'=3j)
U
lg=7—1) e e [=j-1)
U
: : (4.93)
Ll
lg=—j+1) e e |¢=-j+1)
U
lg = —7) J e [¢'=-j)

The derivation trick also holds for higher-dimensional Jordan cells, in which
case we obtain the embedding diagram (denoting the position of a field in the
Jordan cell by an upper index):

lg = j) (g =5D) (g =7)""1) (g =7)™)
! N I v Vg I v I
! N i VA4 b Ve I
lg=—j) (g =—5)D) (g =—j)"V) (g =—j)™)

The main result of this section is the fact that it is indeed possible to define
an arbitrary, non-diagonal J acting on a column of fields, which in turn can
be transformed to a Jordan cell form. However, the N=3 super Virasoro theory
does not contain such operators due to the mentioned fact that Fuchsian differ-
ential equations of second order in nilpotent variables would be required.

4.10 The Two-Point Functions in N=3 SCFT

As in N=2 theory, we perform yet another coordinate transformation to solve
the Ward identities. Again, the supersums and superdifferences turn out to be
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very convenient for this purpose:

o = g H _ gl

giH_eiH_"_eiH

Zij=2—z+ g(e;ej +60707)+ 0707

I _
Wi :zi+zj+§(9i 0F +06;6;)+6]0.

We note that the subgroup SL(2, C) acts on the space of functions in the
completely analogous way as in N=0 theory. We also know that the supertrans-
lations in direction of nilpotent dimensions GT’H eliminate the dependence on

2

§$H Taking these facts into account, the derivatives transform as (ignoring
derivatives with respect to W;; and §$H)
821 = 8212
822 = _8212
Ogr =0 103F8
ef: - 0?52 + g 2 VZys
LT
69% = 766‘%2 - gel 8212
Ogn = Ogu + 0510
g = Jgn + 03 07,,
H
392H = _89{-12 - 81 6212.

Since the transformation is straightforward and we discussed the details
explicitly in N=2 case already. We skip the technicalities and present the su-
perconformal Ward identities for the two-point function Fy(Z;2, 0, 01,,60%%) in
terms of supersums and superdifferences:

LY+ L F =0 (4.94)
1
(L + L) Fa = (ha + ho + 21207, + 501205y, + 0150, + 0120p)) Fo = 0

(Lt (1) + L(2 VFy =
(h1 (W12 + Z12 — ( & + 0560) — 015E) + ha(Wip — Z12)

%(512 + 9 )(512 + 912) L %(512 91+2)(£12 - 91H2)J27
%(512 + 012)(5]{{2 + 9{{2)‘]1 - %(512 - 912)(51% - eg)J;
+a5 (€02 +012) (§12 + 012) J{T + 35615 — 013) (€rp — 012) T4 (4.95)

+(Wi2Ziz — 35Z12(012615 + 01561) — 1Z12912 12)02,
+5(Zi2&ls + Waabiy + 75015605 (€ + 01) — 3015E(5(E75 + 07 2)) 0+
%(21251_2 + Wi, + ﬁ912§12(f12 +075) — 50150 (¢ + 912))8
+5(Za2&fh + Waabfh — F5 (015605 + 655 12)(512 + 01 2))0pn ) Fo = 0
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(G’f? i Gflg))Fg -0 (4.96)

(G + GO Fy = (—A((hn + ha)élh + (b — h2)015)
—3(&h + 0R) T — 5865 — 05)5 + 3(En + 02) T + 5 (& — 0n) 5
—4Z12€{307,, — 2(&{301, + 01 12)0p- — 2(& 1201, + 0% 12)89;;
_4(212 - Tlﬁ( 12512 + 912 12) 1(912 12)80H)F2 =0

(4.97)
(@ +6EP) R =0 (4.98)
(@ED + GEO)Fy = (i (6 + )  ha(6hs — 0)
(€15 + 012)J1 + (&3 — 05) 5 (4.99)
+3(605 +00) T + 365 — 05) 53" £6571002,,
+H(E8Z12 F 05675 — 4015¢15)0, + 5 (012615 + €50{2) gz ) Fo = 0
(" + T )P = 00y, — 080y, + I+ IR =0 (4100)

(T + Ty )y = (F 16350 + 40140,z + Ji + J3)F> = 0. (4101)

Equation (4.88) can be easily verified by consecutive application of genera-
tors on the right-hand side on one of four eigenstates of the su(2) algebra:

((%0+69H - 40H80—)(—%9_89H + 49H89+)
F(0F0g+ — 07 0g- ) (07 0+ — 0 0g-) — 1))@ =3(5 + 1)Pjq

= 2(9+89+ + 9_697 + 9H89H

(4.102)
—0+6~ 89 89+ - 9+9H69H(99+ -0 0H89H89 ) j.q = ](] + 1)(13

As a matter of fact, one can use this equation to generate another Ward
identity. We first assume that the superdifferences appear only with either
integer powers or powers which are products of h; with an integer. The Ward
identity for Lg returns the right functions associated with each element of the
basis. Thus, the ansatz for the two-point function is of the form:

+ot -0- HpH
F2 — a + b7, + b 01y b7 015
Z;L21+h2 Zh1+h2+% Zh1+h2+% Zh1+h2+%
e - N A 2 (4.103)
+C 01291 ¢ 0,01, 07,04, d012912‘9132
Rl Fhotl Ri+hotl Rl Fhotl B3
ZzP1Th2 Zzh1+h2 Zzh1+h2 hi+hot3
12 12 12 Z,

In [71], two solutions of the two-point function were presented. The author
solved the superconformal Ward identities by substituting terms involving J~
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into each other. The two solutions read (ignoring the constants and setting
hi = hy = h):

1
(Pg, By,) = 7o B = 2= 0 (4.104)
12
01,015
<CI)Q1©Q2> = Zgh+17 q1 + g2 = 17 q1, 492 7é 0. (4105)
12

We find that although correct, this picture is far from complete, since the
author of [71] failed to recognize the necessity of interpreting the eigenvalue
of JH as quantized superconformal isospin. Since we know that ¢ must be an
integer or a half-integer and both ¢ involved belong to highest-weight states,
the only possibility for the second solution is ¢; = g2 = % beginning from that,
we can derive all the other two-point functions of the theory.

It is an important observation that the quadratic Casimir operator J2 exists
in N=3 theory, generating an additional, although not independent Ward iden-
tity. To define a Casimir operator, one needs to consecutively apply operators
at the same superspace “points”. Since the points involve Grassmannian vari-
ables only, there is no problem with singularities and we don’t need to worry
about normal ordering. Consider a correlator of primary fields with ¢; = j; and
g2 = ja2. A Casimir operator can be defined as:

T? =7"T" +(T7)* + T". (4.106)

The first term annihilates the two-point function of primary fields and the third
term generates an already known Ward identity. The second term translates to:

(THWY2 4 oTHMTHE) 4 (THEN R, = 0. (4.107)
In terms of superdifferences, this relation reads (abbreviating g1 + ¢2 = x):
(—20150150y_ 0y + (1 = 22)01,0,1 + (1 +22)01,0,- +2°)F = 0. (4.108)

This Ward Identity holds for correlators of both lowest- and highest-weight
fields. The only nontrivial solutions are given by terms containing 65, 61565
for x = 1 and 0,, 0,0%, for x = —1. Since the terms containing one nilpotent
variable are already ruled out, we find one other candidate for a two-point
function, which indeed satisfies all the remaining Ward identities:

o_1d _ 00t 4.109
( -1 7%> T 72n+1C (4.109)
12
Using (4.97) on this function, we obtain conditions of the form:
- - 01501
((J @%)@%> + <(I>%(J (13%» = <(I)7%(I>%> + <<I>%(I),%> = 22%3"'1 (4.110)
_ _ 8
((J @%)q)%) — (<I>%(J (I>%)> = <<I>7%(I>%> - (@%@79 = 2770 (4.111)
from which we obtain mixed correlators:
01,01 4

(P_1®1) = 2272 (4.112)

= 721 2h
4775 VAL
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07,07, 4
2 (4.113)

(D1 D

10 y) =
Thus, all five non-zero two-point functions of the N=3 theory have been
found. There are two fields in the theory which give non-trivial correlation

functions: the identity I and a su(2)-doublet ® 1 These are the two fields
identified in [76] in the ¢ = % theory, where two representations in the NS sector,
labeled by h(g): 0(0) and 1(3) have been found. It is a very intriguing fact that
only ¢ =0, ¢ = %— states return non-zero two-point functions; presumably,
unitary N=3 representations for all ¢ = %k contain only fields with these two

values of q.

4.11 The N=3 n-Point Functions

n

1
For n-point functions, we have Z(n —a) = in(n — 1) coordinates labeled by
a=1
{(#,5)]1 <i < j<n}. We take as the general ansatz:
Fy = En(z)(’qhmv% (Z’ 0)

&.2) =]z,
i<j
The number of fields in the correlator with ¢; # 0 is k.
Acting on this ansatz with superdifferential Ward operators produces a set
of equations for oy, . 4,. We define o; ;, the o-part if the two-point function at
points ¢ and j, as:

1 g =q; =0
0,91 1 1
Zi; 4 2 4; = —3
9395 - _|_l o _|_l
o Zi; 4 = T3 4 = T3
Tid = 395 1 1
4+ 17Z;; 4 = —3 45 = +3
4_|_ % — +l . _1
az;;, 4= T3 q; = —3

0 otherwise.

The Ward identity for Ly, for example (from (4.77)) produces a linear su-
perdifferential equation for g, . 4.:

1 _
Loog,,...q = E (Zijazij + 5(9;'89; + gijaei—j + 95395))%1 ,,,,, a = 0. (4.114)
i<j '

From T} we have the condition:

76H0-917---7q1c = (Z(ai_jae;j - 9;;80;) + ijiH)Uql,---,qk =0. (4.115)

i<j
The three-point correlation function <<I>%<I> 1 P 1 ) is trivial, as is every correlator

containing an odd number of su(2)-doublets. Invariance under TOjE produces
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another equation:

1
%io-thww% = (Z(:F§9f]895 + 49589f]) + Z Jii)O-th-ﬂk =0, (4'116)
i

i<j

and invariance under G¥ leads to:
2

gi"ql,..»,qk = () (-42;;¢/ 07, — 2(&10;; + 011 i1)%:,
1<J

=2(€5 0 + 0565)05r — AZij — 15 (0085 + 035€1) — 5058)0) - (4117)

ij 7ij 1] 27147 Sig

+ D (05T 67T = 0.

Because of [GH,GH] = —32L, and [T55,GY] = —2G7, all the other Ward
identities are satisfied without returning new constraints.

Every o; ; satisfies (4.114)-(4.117), in that case the sum simplifies to one term
which is the part of super Ward identities acting on o; ;. With k=4 we have the
set of six coordinates labeled by {(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)}. There
are three pairwise contractions {((1,2), (3,4)), ((1,3), (2,4)),((1,4),(2,3))}. In
general, there are (k — 1)!! ways to perform pairwise contractions of k elements.
This cooresponds to the number of choices of g coordinates with uniquely dis-
tributed indices 1, .., k. If [ labels elements of the ordered set of possible pairwise
contractions of k fields, we write for a particular realization [ of pairwise con-
tractions:

(T 1

=8

(Gth,»wq;«)l = (o—i17j10—i21j2"'o—iggj%)l =

im < Gyt 7 iy # D1 F  F d

Every particular contraction is a solution of (4.114)-(4.117).
The general solution can be obtained from a contraction of pairs of su(2)-
doublets and a summation over all possible contractions:

k
2

Oqi,qie = I I(Uim,jm)l'
m

This is how it works in case n=4, k=4:

041,42,43,q4 = 41,420q3,q4 T 41,430 g2,91s T 041,440 g2,93-

We can give the ¢; particular values, for example to obtain the sum of all possible
contractions:

T( D)1, (=3)2,(3)s.(-1)a =

T(1)1,=(3)20(3)s,(3)a T T(3)1,(3)sT—(2)as(=8)a T T30, —(1)aT=(3)au(d)s =

ooy 0, 00 oo,
Zyo Z34 Zyy Za3
1 0501508005, | 91401405305, | 915615600405,

(4.118)
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Equation (4.117) is then satisfied:

G631, D)o (D)o~ ) =
(02 75 07 I0)0000 1) T b
0 (05T 07 T)0 00404
(68 I+ 6570903, ) T -,
o (0 5 = 0770030 40)
(03 75 407 T0)00000) b
0 (025 405 T5)0 1 30s)

(4.119)

H(03 Ty + 00T =0T =03 T5)0(1), (- 1an(3)a(— 1), = O

The equation is satisfied because acting with Jii on the right and comparing
different 6F we obtain contractions of different o4, 4, 45.., for example for 67

T 1 (= D233 (=32 = (=11 (=12 (s (- Ds T T(=1)1.(3)s7 (= D2, (~1)a
TO D1 (== D2 (d)s
After all this preparation, we can write the general n-point function (up to

functions in in(n — 3) independent cross-ratios), as:

2
- —Aij _
H Zij k=0
i<j
n (k=111 %
qisees Gn) ~ 4.120
@ > H ZiAj ’ Z H(Uim,jm)l k even ( )
1<j =1 m
0 k odd
D Aiy=2h (4.121)
i=1,i<j

Due to the low representation content in ¢, we were able to give all n-point
functions in N=3 theory as far as they are constrained by superconformal Ward
identities. Null vectors could be used to provide further constraints on functions
of invariants. In the context of the logarithmic theory, correlation functions with
fields indecomposable with respect to Ly can be obtained by using the derivation
trick.
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Conclusions and Outlook

An interesting aspect of the N=3 theory we found is that all representations with
q # 0, % seem to decouple from the theory. This is a strong indicator that the
representation content in the Neveau-Schwarz sector of a given N=3 theory is
limited to these values of q. We conjecture that a similar result can be obtained
in the Ramond sector. In [76], it was found that in the ¢ = % theory, there
are two representations given by h(g) = %6(0) (corresponding to spin fields X))
and 1573(%) Obtaining Ramond correlation functions is more difficult since spin
fields have to be inserted to get the right boundary conditions. A vertex algebra
representation would simplify this calculation. However, to the knowledge of the
author, no such representation has been found yet.

We used the method of assuming irreducible representations to obtain cor-
relation functions of supersymmetric (logarithmic) fields. It was shown that for
super Virasoro theories, logarithmic representations exist only with respect to
Lgy. Therefore, logarithmic theories might be encountered in supersymmetric
extensions of known N = 0 models. The most important question remaining is
which regular logarithmic representations “survive” supersymmetrisation (and
if they do at all). The correlation functions of logarithmic fields are given by a
product of some combination of superdifferences times the N = 0 logarithmic
correlation functions with differences z;; replaced by superdifferences Z;5.

During the course of writing this thesis, it became obvious that the super-
symmetric logarithmic field theory is much simpler then previously conjectured.
Not only are there no indecomposable representations with respect to operators
of additional gauge symmetries, we did not find any evidence for suggested
similarity between “nilpotent-variable”-description of logarithmic fields and su-
perfields, since their transformation properties are already very different. The
apparent similarity becomes even less visible for V = 2 and N = 3 fields, in
which case superfields contain two bosonic, two fermionic and four bosonic,
four fermionic components, respectively, as opposed to one bosonic field and
any number of bosonic fields in conjunction with nilpotent variables in the log-
arithmic case.

We hope that this work will contribute to a better understanding of the
regular N=3 theory and the N=2 and N=3 logarithmic theories. However, a lot
of work remains to be done in the future. Even regular, two-dimensional CFT
remains a vast and productive field with many open questions. The classification
of all rational theories alone is a problem, and it is still not clear if it is tractable
at all. Our present understanding of ordinary logarithmic theories is even less
far from complete. Even seventeen years after their discovery, they stand out
somewhat strange and obscure, although highly interesting and applicable area
in conformal quantum field theory.
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