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Abstract

The Virasoro field associated to b, c ghost systems with arbitrary integer spin
λ on an n-sheeted branched covering of the Riemann sphere is deformed. This
leads to reducible but indecomposable representations, if the new Virasoro field
acts on the space of states, enlarged by taking the tensor product over the differ-
ent sheets of the surface. For λ = 1, proven LCFT structures are made explicit
through this deformation. In the other cases, the existence of Jordan cells is ruled
out in favour of a novel kind of indecomposable representations.
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I Introduction
It has become clear during the last decade that so-called logarithmic conformal field
theories are not just a set of pathological special cases but form a well-established
class of generalised conformal field theories with numerous applications. Logarith-
mic conformal field theories share many of the powerful properties with their ordinary
conformal field theory kinsmen, but feature, as their defining characteristic property,
indecomposable representations. The best known example for a logarithmic confor-
mal field theory has central charge c = −2. If realised in terms of the so-called θθ̄
ghost system of Zamolodchikov, this theory cannot do without logarithms, as was first
demonstrated in [Gur93] (see also [RS93]).

In recent years, many logarithmic conformal field theories turned out to be gener-
alisations of rational conformal field theories, i.e. they share many of the structures of
rational theories, or suitable generalizations of these. As such, we would prefer to re-
fer to such theories as ‘conformal field theories with indecomposable representations’.
The first example of a rational logarithmic conformal field theory was constructed in
[GK96b]. Actually, it also has central charge c = −2 and is again related to a ghost
system, the so-called symplectic fermions.

Logarithmic conformal field theory is now a research field on its own. For some
recent reviews, see [Flo03, Flo04, Gab03, Kaw03]. From a physics point of view,
logarithmic conformal field theories appear naturally in various models of statisti-
cal physics, for example in the theory of (multi)critical polymers [Flo96a, Kau95,
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RS93], percolation [FML05, Wat96], two-dimensional turbulence [Flo96b, RTR97a,
RTR97b], the quantum Hall effect [GFN97] and various critical (disordered) models
[CKT96, CTT98, dGNPR04, GL02, MS97, MARR05, PR04c, Rue02]. Above that,
there have been applications in Seiberg-Witten models [Flo98] and in string theory, in
particular in the context of D-brane recoil [KM96, KMW96, LLM03, PT96], and in
pp-wave backgrounds [BS02]. Logarithmic vertex operator algebras have recently at-
tracted attention in mathematics [CF06, Hua02, HLZ03, KZ02, Mil02, Miy04]. Most
examples that have been studied concern the c = −2 model, but logarithmic confor-
mal field theories have also arisen in other contexts, see for example [FFH+02, Gab01,
LMRS02, Ras05].

In many known logarithmic conformal field theories, Ward identities with respect
to the Virasoro modes L1, L0 become inhomogeneous, the action of the energy opera-
tor L0 exhibits Jordan cells. The above-mentioned θθ̄ system can be obtained naturally
from a b, c ghost system at c = −2 [Kni87] on a branched double cover of the Rie-
mann sphere [KF03]. This observation prompts the question whether c = −2 ghosts
on higher genus Riemann surfaces, or even ghosts with higher spin, can analogously
be extended to logarithmic theories. The main motivation for the present work is in-
deed the study of ghost systems on Riemann surfaces of higher genus which obey an
additional Zn symmetry such that the monodromies at all branch points can be diago-
nalised simultaneously. We thus follow the approach of [Kni87] to compute correlation
functions in ghost system CFTs on such Riemann surfaces by computing n-fold prod-
ucts of correlators on the sphere with certain additional insertions. Each such insertion
simulates the behaviour at a branch point, when the Riemann surface is modeled as a
branched covering of the sphere. As the insertions can move freely, so can in turn the
moduli of the surface vary freely, although restricted to the subspace of Zn symmetric
surfaces.

However, there arises a subtlety: In the original work of Knizhnik, the branch point
insertions were considered static in the sense that they were not assumed to run into
each other. Thus, the fact that the fields, which simulate the branch points, are pre-
logarithmic fields, i.e. that their operator product expansions yield logarithmic fields,
did not play a role. The problem is that the space of states of the original ghost system
cannot accommodate the logarithmic field, as there simply is no corresponding state
for it. The space of states must be enlarged which, in turn, forces a redefinition of the
energy-momentum tensor.1

We adress this question using a deformation technique similar to the ansatz of
[FFH+02]. Nevertheless, we make use of the properties of the algebra of modes rather

1Actually, Knizhnik considered string amplitudes which, in his approach, are given by appropriate
integrals over the positions of the branch point insertions. He noted that one of the conformal blocks
of the four-point function of four branch point insertions does exhibit a logarithmic divergence which,
however, does not cause problems in the integral over moduli space.

3



than those of the operator product expansion (OPE). For c = −2, the analogy turns out
to be perfect for all genera, as we show in the following. For higher spin ghost systems,
we rule out the pretty well-known Jordan-cell type representations. Instead, the action
and the form of L0 remains completely unaltered. In our framework, we show highest
weight representations as subrepresentations and Jordan cells to be mutually exclusive.
Nevertheless, we construct examples of ‘new’ indecomposable representations. After
formulating the general setup in II, we derive constraints on the deformation, in section
III.1. Then, we explore our possibilities to obtain Jordan cells in III.2, and prove the
existence of reducible but indecomposable representations in III.3. In IV, we pursue
to discuss some examples: First of all, we generalise the results of simple ghosts in
presence of �2 twists to the �n symmetric case in IV.1. Following that in IV.2, the
bilinear deformation, which is a well-defined theory if one sums over all sheet-labels,
is considered. We find an interesting peculiarity – a whole subalgebra can be rendered
to remain undeformed. After some remarks on multilinear ansatzes in IV.3, in IV.4
a quadrilinear deformation is discussed. In this context, we explicitly construct an
example of an indecomposable representation. The impact on the Ward identities is
commented on in IV.5. The paper closes with the summary V of our results.

Logarithmic Conformal Field Theory (LCFT) It was discovered in [Gur93] that
if the field content of a ghost system at λ = 1 (introduced later in the next paragraph),
is enlarged by a twist µ, correlation functions develop logarithmic divergencies. This
primary field µ has weight hµ = −1

8 and corresponds to an admissible representation
in the Kac table. The proof of the correlator 〈µµµµ〉 to have logarithmic divergencies
somewhere on the Riemann sphere simply used fundamental conformal field theory
features: The associativity of the operator product expansion, the behaviour of pri-
maries undergoing conformal transformations, in particular rotations, and monodromy
requirements. It was clarified by [Flo02, Gur93] that logarithmic divergencies corre-
spond to reducible but indecomposable representations. In contrast to the afore men-
tioned minimal models, in a logarithmic conformal field theory submodules do not
necessarily decouple from the rest of the module and thus cannot be divided out in all
cases. The term ‘indecomposable’ does not refer to irreducible representations for the
rest of this paper. Scale invariance is not broken by the occurence of logarithms in
the operator product expansion, because the appearing logarithms depend on the (scale
invariant) crossing ratios.

A characteristic of logarithmic conformal field theories is the existence of fields
being neither primaries nor descendants. Usually, these are the logarithmic fields, also
called ‘log-partners to some primary fields’. A further peculiarity is the existence of
prelogarithmic fields. These are primary fields, whose operator product expansions
yield logarithmic fields. The field µ is an example of a prelogarithmic field. To our
knowledge, it was conventional to assume logarithmic conformal field theories to con-
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tain only representations which comprise ‘standard’ Jordan cells, i.e. there is one pri-
mary field and r − 1 quasi-primary ‘logarithmic partner fields’, such that

L0

∣∣hψ, k〉 = hψ
∣∣hψ, k〉 + (1 − δk,0)

∣∣hψ; k − 1
〉

k ∈ {0, . . . , r − 1} .

Here, r denotes the rank of the Jordan cell. The Ward identities for logarithmic part-
ner fields containing L1,L0 (the differential operator obtained by acting with Lx on
correlators, x ∈ {−1, 0, 1}, is denoted by Lx) become inhomogeneous in this case

LxG(z1, . . . , zn) =
∑

i

(zx+1
i ∂i + (x + 1)zx

i [hi + δ̂hi])G(z1, . . . , zn) = 0, (1)

where G(z1, . . . , zn) =
〈
Ψh1,k1(z1) . . .Ψhn,kn(zn)

〉
. The conformal weight is denoted by

the first index hi, the second label ki denotes the position of the logarithmic partner
field in the Jordan cell, δ̂hiΨ(h j;k j) = δi jΨ(h j;k j−1), and δ̂hiΨ(h j;0) = 0.

Ghost Systems In space-time dimension two, the bosonisation procedure affords the
existence of anticommuting fields with integer conformal spin and weight λ.

The so-called b, c ghosts enjoy the mode expansions

b(z) =
∑
l∈�

blz−l−λ c(z) =
∑
l∈�

clz−l+λ−1,

and the modes satisfy the anticommutation relations

{bl, cn} = δn+l,0.

The modes b1−λ, . . . , bλ−1 are zero modes, i.e. they annihilate the in- and the out-
vacuum. Their conjugate modes, called c zero modes from now on, are creators to
both sides of a correlator. For correlators on the complex plane, the naive calculation
〈0|1|0〉 = 〈0| {bm, c−m} |0〉 = 〈0|bmc−m |0〉 + 〈0| c−mbm|0〉 = 0 for m ∈ {1 − λ, . . . , λ − 1}
shows that the vacuum is orthogonal to itself; hence one needs the non-trivial outstate
〈c1−λ . . . cλ−1| to get a non-zero result. For higher genus other modes have to be in-
cluded, see e.g. [AGMN86, AGBM+87, GSW]. This is not of interest in our context,
because we express higher genus correlators by correlators on the Riemann sphere with
additional insertions of twists. This is precisely possible when the non-trivial Riemann
surface possesses a global�n symmetry which allows to simultaneously diagonalise all
monodromies around any of its branch points. On the contrary, the non-trivial outstate
for g = 0 is the crucial fact allowing for our deformation to work (and it is believed,
that zero modes are linked to the existence of logarithmic conformal field theories in
general).

Ghost systems can be realised by a free field construction, the coherent states
:eiαφ(z): corresponding to b and c have charges α = 1 and α = −1 resp. [d’H99, Kni87].
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The ghost action (displayed here with locally flat metric), S λ =
1

2π

∫
Σ

d2z(b∂̄c + b̄∂c̄),
specifies the Virasoro field Tλ = (1−λ)(∂b)c−λb∂c with central charge cλ = −2(6λ2−

6λ + 1). It also reveals that ghosts match the definition of λ-, (1 − λ)-differentials resp.
[FK80, d’H99], and thus exist on any Riemann surface.

Recently, various applications were found for λ = 1 in condensed matter physics.
This system has amazing features and has been investigated very thoroughly by now.
These ‘simple ghosts’ are used to describe self-avoiding walks, the Haldane-Rezayi
fractional quantum hall effect, percolation, the abelian sandpile etc. Furthermore, they
are used to bosonise the supersymmetry partners of the reparametrisation ghosts.

Ghost system other than the b, c series play an important role in physics as well.
One can obtain the θθ̄ from the λ = 1 b, c ghosts by formal integration of the b field to
a spin zero field. This requires the introduction of additional zero modes, θ+0 as inte-
gration constant, and the conjugate θ−0 as an addend to the former c field. In presence
of �2 symmetry, it is possible to identify these new zero modes with the zero modes
from the other sheet [KF03]. Great success has been made by describing the abelian
sandpile within this model [MR01, PR04a, PR04b, PR04c, Rue02]. It describes the
surface of a sandpile in a simplified discretised manner. The field µ is used to simulate
borders.

One obtains a system with weights (1, 1), the symplectic fermions, which has been
considered by Kausch [Kau00], if instead the c field is formally differentiated to a spin
1 field.

II The Setting
As mentioned in the introduction, we have a particular motivation in mind when we
consider deformations of ghost systems, namely the special case of ghost systems on
non-trivial Riemann surfaces. It will turn out that the deformed theory actually is
based on a tensor product of such ghost system CFTs, as in our approach, Riemann
surfaces are treated as ramified covering of the Riemann sphere such that a copy of the
ghost system lives on each sheet. Of course, the whole construction can be performed
completely independent of this geometrical framework, and we once more stress that
the geometry only serves as our motivation in the spirit of the work of Knizhnik.

Ghost Systems with �n Symmetry In this paper, we investigate b, c ghosts on
algebraic curves with �n symmetry. Such curves can be parametrised by numbers
ai ∈ �; Li, n ∈ �, where i = 1, . . . , L, and can be expressed as the graph

Γ =

{
(y, z) : yn(z) =

L∏
i=1

(z − ai)Li

}
.
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Then g = (n−1)(L−1)/2 is the genus of the Riemann surface. If any Li , 1, the curve is
called singular. �n symmetry means that all branch points ai have the same ramifica-
tion number, L = nm, and implies that the monodromies around the branch points are
simultaneously diagonalisable. The monodromy group acts on meromorphic2 fields
ϕ(z) via the mappings

π̂aiϕ(z) = ϕ(e2πil(z − ai) + ai) l ∈ �.

We denote the covering map by z : Γ → ��1 and choose local coordinates y such that
z(y) = a + yn in the vicinity of a branch point a.

In [Kni87], a b c ghost system of arbitrary, fixed integer spin λ is considered on
each of the n sheets of the surface Γ.

The introduction of a new basis of fields

b(k) =

n−1∑
l=0

e−2πilqk b (l), c(k) =

n−1∑
l=0

e2πilqk c(l), (2)

qk :=
(k + λ(1 − n))

n
, (3)

instead of the old b (l), c(l), diagonalises the monodromy, namely, π̂ab(l) = e2πiqlb(l) and
π̂ac(l) = e−2πiqlc(l). Parenthetised upper indices are used to denote the n sheets of the
Riemann surface (from now on with diagonalised monodromy). The Virasoro field
and the current have the same shape in the new and in the original fields. Thus, we
have T (k)(z) = (λ − 1):(∂b(k))ck:(z) − λ:b(k)c(k):(z) with modes L(k)

n . We denote the ‘total
theory’, which lives on all sheets, by the supersrcipt tot, e.g. T tot(z). This notation
should not be confused with the full theory, composed out of left- and right chiral
parts. Forgetting our motivation for a moment, the total theory is nothing else than an
n-fold tensor product of ghost systems where we add special fields, described below,
which behave different in each of the copies. All these theories are always defined on
the Riemann sphere, and so is the total theory.

The quantity qk is the charge of the branch point with respect to the currents
j(k) = :b(k)c(k): = :b (k) c(k):, which are single-valued functions in the vicinity of the
branch points [Kni87]. In this work, it was concluded that the branch point can be
represented by an insertion of a primary field with charge qk, hence, that �n sym-
metric ghost theories can be represented by a free field construction. In this formal-
ism, the bosonised version of the branch point fields, also called twist fields, would
read Vq(a) = :ei

P
k qkϕk :(a) =: :eiqϕ:(a).Because the conformal weight of a coherent

state is quadratic in its charge, h =
∑

k hk =
∑

k(
1
2q2

k + (λ − 1
2 )qk), the coherent

2In the framework of conformal field theory, ‘meromorphic’ fields are allowed to have conformal
weights h, h̄ ∈ �/2.
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states with charges qk and 2Q − qk =: q∗k have the same conformal weight, where
c = 1 − 24Q2 = −2(6λ2 − 6λ + 1).

It was noticed in [KL98] that even for qk = Q there are two primary fields with
the same weight hQ. The second one is not a coherent state, but a so-called puncture
operator.

Two Views of Simple Ghosts in Presence of �2 Twists The twist field for �2 sym-
metry coincides for λ = 1 with Gurarie’s field µ at hµ = −1

8 , which is a prelogarithmic
field.3 Thus, some of the modules of this theory have to be indecomposable. These
indecomposable structures are somehow hidden in [Kni87], because the points of twist
insertions had been fixed to describe the geometry of specific non-singular Riemann
surfaces. When two branch points come close to each other, e.g. when the OPE is in-
serted, the represented Riemann surface gets a new puncture while the genus is reduced
by one.

As the �2 twist field is uniquely determined to be the primary field of conformal
weight h = −1/8 in the c = −2 CFT, it is an inevitable consequence that the c = −2
CFT including this field is logarithmic. Thus, two issues have to be dealt with when
one wishes to incorporate this fact into Knizhnik’s work.

1. Variation of the bosonised action with respect to the metric in the so-called twist
field formalism, yields an energy-momentum tensor, which acts perfectly di-
agonalisable on the space of states, which is in contradiction to the results of
Gurarie. If twists are present in the theory, a modification of the Virasoro field,
and, consequently, of the bosonised action, is needed to unveil the logarithmic
structure.

2. Knizhnik’s bosonisation formulæ do not mirror the facts proved by Gurarie. By
calculating the OPE of two of the bosonised twist fields, one immediately sees
that they, being constructed from ordinary coherent states, do not lead to loga-
rithms nor logarithmic partner fields

(z − z′)−qq∗Vq(z)Vq∗(z′) =
1

z − z′
+ j(z) + T (z)(z − z′) + reg(z − z′). (4)

This requires a redefinition of the bosonisation formulæ.

3To be precise, the twist field in Knizhnik’s work is a field in a c = −4 theory, which is built out of
a tensor product of two c = −2 ghost systems. However, in this particular case, the twist acts trivial, i.e.
as identity, in the second copy. The total theory still factorises after the simultaneous diagonalisation of
all monodromies in two single ghost system CFT. In one of these, we have in addition the field µ. More
generally, in the case of the λ = 1 ghost system on �n symmetric Riemann surfaces, the total theory
always factorises into one trivial c = −2 theory, and a non-trivial c = −2(n − 1) theory, as the twist field
always acts as the identity in one of the copies.
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This paper is concerned with the resolution of the first issue. For the second issue,
a mathematically well-defined bosonisation scheme of the (prelogarithmic) twist field
first had to be established. First attempts in this direction have been made via so-called
puncture operators, see [KL98].

Our Knowledge on Ghost Systems with Higher Spin or Higher Twists As shown
in [EFH98] the twisted sectors of different ghost systems are connected via a spec-
tral flow, which suggests common features of these models. Nevertheless, it is not
known whether ghost systems with λ > 1 are genuinely subtheories of logarithmic
ones. However, this question needs an approach completely different from that of
[Flo03, Gab03, Gur93] which is mainly based on the representation theory of the Vi-
rasoro algebra. The c = −2 ghost system with �n>2 symmetry are not accessible to the
analysis of Gurarie for the following reasons: In [Kau95, Kau00, GK99] it was shown
that for all twists theW(2, 3) algebra is contained in the extended symmetry algebra.
There are indications that the symmetry algebra is an extension of aW(An−1)-algebra.
In [Wan98b, Wan98a] the modules ofW(2, 3) were classified. There are no null vec-
tors which would yield differential equations allowing a reasoning similar to Gurarie’s
[Gur93]. However, in [Kau00] a co-multiplication formula of [GK96a] was exploited
to derive a differential equation on twist-correlators in the (1, 1)-symplectic fermion
model withW(2, 3) as symmetry algebra.

The ghost systems with λ > 1 do not contain any null vectors wrt the Virasoro
algebra alone. It is merely conjectured that these ghost systems are rational. These
maximally extended algebras cannot be in the set of the already classifiedW-algebras
[Flo94, KF03] and are unknown, as are the corresponding singular vectors.

III The Deformation
Recall that we use parenthetised upper indices as labels for the diagonalised sheets.
For improved lucidity, only the letters r, s, t label sheets from now on. By the same
token, we use the letters w, x, y in lower indices to indicate conformal weight of the Vi-
rasoro and the deformation modes, for the contributing b,c and β modes, the characters
l, k,m, h, i are in use as well.

III.1 Derivation of the Constraints
To find a way to do a similar analysis as Gurarie did, we investigate whether indecom-
posable structures could arise, if a deformed Virasoro field acts on enlarged spaces of
states. This techniqe was used in [FFH+02], and gave – in the case of the c = −2 model
– rise to a term, which resembles the extra term in the Virasoro field of the θθ̄ system.
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But in contrast to the approach used in [FFH+02], we demand the deformation to con-
sist out of ‘known’ modes, i.e. to have a mode expansion with values in the universal
envelope of the algebra of b(r)

x , c
(s)
y , with r, s ∈ �n and x, y ∈ �. It is denoted by Un , its

subsets, the universal envelope of the algebra of b(r)
x or c(r)

x modes, with r ∈ �n, x ∈ �,
are called Un b and Un c resp. The universal envelopes of the algebras of zero modes (as
above, but x, y ∈ {1 − λ, . . . , λ − 1}) are termed Un

◦
, Un
◦ b and Un

◦ c resp. We suppress the
obvious dependence on λ. The deformed L̃(s)

x and the original L(s)
x modes of the en-

ergy momentum tensor must fulfil Virasoro commutation relations to the same central
charge. This entails

U (r)
x+yδr,s = [L(r)

x ,U
(s)
y ] − [L(s)

y ,U
(r)
x ] + [U (r)

x ,U
(s)
y ] (5)

for the deformation modes
U (s)

x = L̃(s)
x − L(s)

x .

For the beginning, we assume
[
U (r)

x ,U
(s)
y

]
= 0 for all x, y ∈ � and all r, s ∈ �n.

This simplification covers the cases where β(r)
x ∈ Un b. This simplification is justified

further in the next subsection and it is an expedient ansatz, because the ground states
are obtained by application of elements of Un

◦ c on the vacuum. We put up U (r)
x :=∑

l P(λ, x, l, r)β(r)
l b(r)

x−l and attempt to find a functional P(λ, x, l, r) so that the new modes
β(r)

l can be identified with elements of Un b. In the next section III.2, we briefly comment
whether restraints are put on the representations by our simplification. In the appendix,
we discuss whether there actually are deformations with

[
U (r)

x ,U
(s)
y

]
, 0. Continuing

with our simplified ansatz, the single consistency condition splits into independent
ones. The conditions (5) then read

(x − y)
∑

l

P(λ, x + y, l, s)β(s)
l b(s)

x+y−lδr,s = (6)

=
∑

k,l

P(λ, y, l, s)(λx − k)b(r)
k

{
c(r)

x−k, β
(s)
l

}
b(s)

y−l ♣

+
∑

l

P(λ, y, l, s)(λx − x + l − y)β(s)
l b(s)

y+x−lδr,s ♠

−
∑
k,m

(λy − k)b(s)
k P(λ, x,m, r)

{
c(s)

y−k, β
(r)
m

}
b(r)

x−m ♣

−
∑

m

P(λ, x,m, r)(λy − y + m − x)β(r)
m b(r)

x+y−mδr,s. ♠

Rows marked by different suits contain linearly independent vectors of the universal
envelope of the b(r)

m , c
(s)
l , β

(t)
o algebra. Now we investigate what algebraic relations the
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β(t)
o and the b(r)

m , c
(s)
l modes might fulfil. Comparing coefficients yields

P(λ, y, l, s)(λx − x + l − y) − P(λ, x, l, s)(λy − y + l − x) (7♠)
= (x − y)P(λ, x + y, l, s) ∀l, x, y.

Insertion of y = 0 turns this recurrence relation into an explicit one,

P(λ, 0, l, s) · ((λ − 1) · x + l) = l · P(λ, x, l, s). (♠)

One finds that the solution factorises into one part for l, λ, s fixed and an up to now
unspecified part which could be a functional depending on l, λ, s. The recurrence
relation can thus be solved, provided P(λ, x, l, s) satisfies the condition

P(λ, x, l, s) = Aλ,l,s · ((λ − 1) · x + l). (♠♠)

Note that for λ = 1 this is independent of x, and allows for any dependence on l. In this
case, there is a solution independent of l. If then only l = 0 is allowed to contribute,
i.e. A1,l,s = A1,0,sδl,0, the deformation of L(s)

0 contains only zero modes of conformal
weight 0. For �2 twists, this yields the deformation suggested in [FFH+02]. As long as
λ > 1, L0 cannot contain terms, which consist out of modes with conformal weight 0
only, due to the additional factor of l = 0. Then, eq. (♠) reveals that the deformation
terms have to have exactly the same shape as the original Virasoro modes, with the c
modes replaced by β’s. One might be tempted to arrange them in the same manner as
the modes constituting the original Virasoro modes. This however leads to a recurrence
relation which does not decouple and thus seems not to be solvable in an acceptable
amount of time and effort. Instead, we deliberately ordered them the other way round
– and got a relation which is easily solved. Relation (♠) constitutes one of the main
results of this paper. Imposing the solution (♠♠) yields

Aλ,l,s
{

c(r)
m , β

(s)
l

}
+ Aλ,m,r

{
c(s)

l , β
(r)
m

}
= 0. (♣)

III.2 Restraints on the Representation Theory for λ > 1
The Virasoro constraints for the particular choice of modes

[L(r)
x ,U

(s)
0 ] − [L(s)

0 ,U
(r)
x ] !
= x · U (s)

x δr,s. (8)

reveal that Jordan cells are impossible for λ > 1 if

• only additive deformations of the Virasoro field by elements of Un are taken into
account, and

• the zero mode of the Virasoro field is required to act as energy operator.
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The following utilises the primarity of the b’s and c’s wrt to the old Virasoro modes
repeatedly. (Note that the improvement terms do not need to respect primarity, in
particular, of the c’s.) Thus, (8) is equivalent to

[L(r)
x ,U

(s)
0 ] !
= 0 ∀x. (9)

In case only the total new Virasoro algebra contains an energy operator,∑
r,s

[L(r)
x ,U

(s)
0 ] −

∑
r,s

[L(s)
0 ,U

(r)
x ] !
= x

∑
s

U (s)
x (10)

implies at least that

[L(r)
x ,U

tot
0 ] =

∑
s

[L(r)
x ,U

(s)
0 ] = 0 ∀x. (11)

In our framework, these sets of equations generically require U (s)
0 to be zero. Direct

calculation yields that exemptions are possible only for λ = 1. The relation

[L(s)
x , b

(r)
0 ] = ((0)x − 0)b(r)

x δr,s = 0,

affords a non-vanishing U (s)
0 for β ∈ Un

◦ b. The well known c = −2 LCFT deformation
is such an example.4 There are no further non-trivial and well-defined solutions to eq.
(11). Nevertheless, because the maximally extended algebra is not known, we cannot
decide whether U (s)

0 has to commute with its generators. Therefore we do not conclude
that Jordan cells are forbidden in a larger algebra, although there can be no Jordan cells
with respect to Ltot

0 , as long as it is required to measure the conformal weight correctly.

III.3 New Indecomposable Structures
Let us introduce an antilinear involution ‡ on Un which maps the subsets Un b to Un c and
vice versa via the prescription

U =
∑

l

al b(r1l)
i1l

. . . b(rml)
iml
∈ Un b with al ∈ �

×, then

U‡=
∑

l

1
al

c(rml)
−iml

. . . c(r1l)
−i1l
∈ Un c.

4This also implies that we cannot find other additive deformations of the Virasoro field which have
Jordan cells with rank greater than two, because the deformation of L(s)

0 then at least has to contain b(s)
0

as an overall factor. Otherwise the individual Virasoro algebras are either trivially deformed, or do not
commute.
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This offers a convenient way to show how indecomposable structures can arise and how
these are linked to the non-trivial vacuum structure and the zero modes. If a deforma-
tion mode U (r)

y , |y| <
λ(λ−1)n

2 , contains an element of Un
◦ b as an addend, (U (r)

y )‡ |0〉 =∑
i |ψ〉i is a sum of states, which comprises a ground state, e.g. |ψ〉 j. Therefore,

(U (r)
y )

∑
i |ψ〉i = m |0〉+descendants, where the positive integer m is the number of pure

zero mode products in U (r)
y . This shows that the irreducible (because all deformation

modes vanish on it) vacuum module is contained in the modules of those groundstates
which can be obtained by application of an U (r)

y )‡ on |0〉.
Under certain circumstances, the module of

∣∣∏
r∈�n

c(r)
1−s . . . c

(r)
s−1

〉
contains |0〉 as

a highest weight vector of a submodule, which cannot be divided out, because it is
not orthogonal to the rest. Then, it necessarily has to contain at least one further
submodule, because the deformation can only kill the c zero modes, and its conformal
weight differs from zero, such that the action of a single deformation cannot suffice.
An example is discussed at the end of section IV.2. Note that the indecomposable
structure becomes obvious only in the action of the L̃(s)

y with y , 0. To our knowledge,
this is a completely new kind of indecomposable structure, at least, in CFT or physics
applications. It was discussed in [Roh96] that for the ‘minimal’ series c = c1,q =

1 − 6 (q−1)2

q so-called staggered modules appear. The action of L0 on an ancestor of a
staggered module yields a descendant in another module. It was remarked that more
complicated structures could occur. In our case, the action of the other Virasoro modes
may yield ‘ordinary’ descendants plus highest weight vectors in a module different
from that the Virasoro modes acted on. In contrast to an LCFT with the usual Jordan
cells, such a Virasoro module in our deformed theories with λ > 1 is graded with
respect to the energy operators. However, in contrast to usual CFT, the representations
of the ghost charge do not coincide with the deformed Virasoro modules, because the
currents do not commute with the deformation.

IV Realisations of the Deformation

IV.1 The c = −2 Extended Theory with Additional �n Symmetry
We now investigate the ansatz A1,l,s = A1,0,sδl,0, or more precisely U (r)

x = β
(r)b(r)

x . The
action of the new Virasoro modes on the various ground states may result in additional
conditions if the matrix representation of L̃tot

0 is to contain Jordan cells. We denote the
ground states as

∏n−1
r=0 (c(r)

0 )Nr |0〉 with Nr ∈ {0, 1}. The ordering prescription is that
c(r) resides on the left of c(t) if 0 ≤ r < t ≤ n − 1.
With β(r) :=

∑n−1
s=0 Msrb

(s)
0 , the deformation acts as U (r)

0

∏n−1
t=0 (c(t)

0 )Nt |0〉 =

13



= −

n−1∑
s=r+1

Msr(−)
sP

t′=r
Nt′

δNr ,1δNs,1

∏
t=0

r,t,s

(c(t)
0 )Nt |0〉 +

r∑
s=0

Msr(−)
sP

t′=r
Nt′

δNr ,1δNs,1

∏
t=0

r,t,s

(c(t)
0 )Nt |0〉 .

In the last step, we ‘rearranged’ signs by raising the summation index in the exponen-
tial to avoid a space-consuming case discrimination. The summation is understood to
give the same result if upper and lower bound are interchanged.

Thus, if one denotes Prs := span{|ψ〉 =
∏n−1

t=0 (c(t)
0 )Nt |0〉 : Nr, Ns , 0} it follows that

Msr , Mrs ⇒ L̃tot
0 |ψ〉 < Prs. (12♣)

This assures rank-two Jordan cells in the action of suitable fields, regardless of the
number of sheets. All ground states are highest weight states with respect to the de-
formed Virasoro modes, L̃(s)

x

∏n−1
t=0 (c(t)

0 )Nt |0〉 = 0 for all x > 0, because only c0 modes
contribute. This shows that the extension of the energy-momentum tensor leads to
logarithmic divergencies in OPEs. The results above are in perfect concordance with
the results of [Kau00]. Considering weight (1, 1) symplectic fermions, Kausch could
prove that for all ramification numbers, the functional dependence of the four-point
function 〈µq1(∞)µq2(1)µq3(x)µq4(0)〉 with qi ∈ � on the crossing ratio aquires at most
one logarithm as a factor. This exactly happens if either q3 + q1 ∈ � or q3 + q2 ∈ �

or q3 + q4 ∈ �, the other sums are fixed by charge balance. In other words, the twists
have to be dual to each other.

IV.2 A Deformation by Free Fields
Apart from their nilpotent action, the new Virasoro zero modes have to act as energy
operators L̃(r)

0 |h〉 = h |h〉+ · · · . This implies that the conformal weights on the different
sheets of L̃(r)

0 vanish separately. This implies β(r) to have non-vanishing conformal
weights only on the rth sheet. The following deformation destroys the property of the
L̃(s)

0 to be energy operators, but as Ltot
0 remains undeformed, the sum over the different

theories is well-defined. The choice β(s)
l =:

n−1∑
r=0

Mrsb
(r)
l leads to the requirements

MrsAλ,l,s + MsrAλ,−l,r
!
= 0 (13♣)

by virtue of (♣).
If one allows Mrr to be non-zero on the rth sheet, Aλ,−l,r is fixed as well, Aλ,l,r = Aλ,−l,r.

A term of the form MrsAλ,l,s occurs with a prefactor of ((λ − 1)x + l) in U (s)
x for every x

and some l if any L(s)
y is to be deformed. The only possibility to deform T (s)(z) with-

out changing a distinct mode, say L(s)
w , is to demand Aλ,l,s = Aλ,(1−λ)w,sδ(1−λ)w,l, because

then U (s)
x reads

∑
s MrsAλ,(1−λ)w,s((λ − 1)x + (1 − λ)w)b(r)

(1−λ)wb(s)
x−(1−λ)w, which obviously
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vanishes if and only if x = w, provided Aλ,(1−λ)w,s and any of the Mrs are non-zero. Due
to eq. (13♣), U (r)

−x vanishes, but U (r)
x is forced to be non-zero. This implies in particular

that if on any sheet, say s, L(s)
y is to be deformed, there is another sheet, for instance

called r, on which the translation operator L(r)
−1 is deformed.

In the well-defined total theory, one can choose a whole subalgebra (spanned by
Ltot
±y, L

tot
0 ) of Vir for one y to remain undeformed. Because of this, one can even enforce

‘non-logarithmic’ Ward identities. Because of eq. (13), a non-zero Aλ,l,r Msr implies a
non-zero Aλ,−l,sMrs. For a term in an arbitrary deformation mode U tot

−y , one can find
exactly one second term with the same mode content, by inversion of the second index
in Aλ,l,s at y. This implies Aλ,l,sMrs and Aλ,y−l,r Msr to be prefactors of terms with the
same mode content in U tot

y . To abolish one specific U tot
y , fix Aλ,l,sMrs for one tuple

(l, s, r) and adjust other prefactors recursively, depending on the y chosen. This leads
to a series of constraints

−((λ − 1 − i)y + l)Aλ,l−iy,sMrs = ((λ + i)y − l)Aλ,(i+1)y−l,r Msr

−((λ − 1 − i)y − l)Aλ,−l−iy,r Msr = ((λ + i)y + l)Aλ,(i+1)y+l,sMrs

}
∀i ∈ �. (14)

By (13♣), every adjustment evokes a new term. This could be cancelled by further
adjustments, as denoted in the figure below. It depicts which prefactors have to be
equalled – those joined by vertical arrows – and which mutually imply each other –
those connected by horizontal arrows.

(l−y,s) 

(3y+l,s)

(−3y+l,s)

(y+l,s)

(2y+l,s)

(l,s) (y−l,r)

(2y−l,r)

(−2y+l,s) (3y−l,r)

(−3y−l,r)

(−2y−l,r)

(−y−l,r)  

(−l,r)

Generically, if these conditions are to be met, infinitely many terms have to contribute
to the individual deformation modes. This extends to terms which do not contain zero
modes any more and are mappings from excited states with negative ghost charge to
such with positive ghost charge. However, if the ‘initial’ value of l is zero, there is only
one condition in the first place. Furthermore, the sum terminates at (λ − 1)y = i. It
suffices to adjust all Aλ,(i′+1)y,r Msr with |i′| < (λ − 1)|y| to satisfy (14).

The choice of l to be zero implies that the equations emanate from each other by
permuting their sheet-labels. Only the prefactor Aλ,yλ,r has to vanish for all sheets r.
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However, eq. (13♣) then implies that this equation is still valid when the sign of y is
flipped. Thus, with a vanishing U tot

y , U tot
−y also vanishes. Choosing y , 1 leads to an

impact on the Ward identities as discussed in IV.5. A similar behaviour of an improved
�2 twisted c = −26 theory was noted in [KF03].

The action of the deformed Virasoro modes yields descendants and states with
ghost charge diminished by two, which are of the same level wrt the total theory.

When the ramification number is even, |0〉 is a singular vector in the module of∣∣∏
r∈�n

c(r)
1−λ . . . c

(r)
λ−1

〉
∝

n
2−1∏
t=0

(
U (2t+1)
−λ+1 U (2t+1)

λ

−1∏
m=−2λ+3

2λ−3∏
1

U (2t+1)
m

)‡
|0〉, because e.g.

|0〉 =

n
2−1∏
t=0

b(2t)
0 b(2t+1)

−λ+1 b(2t)
λ−1b(2t+1)

1

λ−2∏
i=0

1∏
i=−λ+1

b(2t)
i b(2t+1)

i+1

∣∣∣∣∣∏
r∈�n

c(r)
1−λ . . . c

(r)
λ−1

〉
∝

∝ U (2t+1)
−λ+1 U (2t+1)

λ

−1∏
m=−2λ+3

2λ−3∏
1

U (2t+1)
m

∣∣∣∣∣∏
r∈�n

c(r)
1−λ . . . c

(r)
λ−1

〉
.

As an example consider a λ = 2 ghost system with �2 symmetry. There is only
one summand in (U (1)

−1 )2U (1)
2 which is in Un

◦ b and it is characterised by l = 0, l =
−1 in the first two factors and l = 1 in the last. Thus, if A2,0,1, A2,−1,1 and A2,1,1

are non-zero, this combination of deformation modes maps
∣∣c(0)
−1c(0)

0 c(0)
1 c(1)
−1c(1)

0 c(1)
1

〉
to

4A2,0,1A2,−1,1A2,1,1 |0〉 ∝ |0〉. Note that this indecomposable structure may exist even if
y = 1 (14), i.e. even, if U tot

1
!
= 0 which implies that the Ward identities used in CFT

are valid. This is an example of an indecomposable structure, for which the highest
weight vector of a submodule is not orthogonal to the ancestor of the module. Thus,
even on hyperelliptic Riemann surfaces, such an indecomposable structure does not
necessarily have filtration length two [Roh96].

This should work analogously for other deformations, if the number of modes in
the deformation term is a divisor of the ramification number.

The deformation of reparametrisation ghosts on hyperelliptic surfaces found in
[FK03, KF03] is not an example of this type of deformation, although it is constructed
similarly. But this model is somewhat special, because the different Virasoro algebras
do not commute with each other. The identification of the additional zero modes was
made ‘cross-over’, such that a certain zero mode would act as an annihilator on one,
and a creator on the other sheet. It seems impossible to generalise this to higher twists.
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IV.3 A Bosonic Deformation with Adjustable Nilpotence Index
The choice

U (s)
y :=

∑
l

P(λ, y, l, s)A(s)
0 b(s)

l b(s)
y−l =

∑
l

P(λ, y, l, s)A(s)
0 B(s)

y ,

with A(s)
0 being composed out of modes whose sheetwise conformal weight adds up to

zero by pairs, leads to the requirements

Aλ,l,s = −Aλ,−l,s (15)

for all sheet labels s and all integers l. We set

A(s)
0 :=

∑
h>0

M(s, h)
∏
t,s

(
b(t)
−hb(t)

h

)N(s)
h,t

and find the conditions

Aλ,h,r M(r, l)N(r)
l,s = Aλ,l,sM(s, h)N(s)

h,r . (16)

which have to hold for all sheet labels r, s ∈ {0, . . . , n − 1} and for all integers l, h.
The nilpotency index of the deformation5 can be lowered without the need to re-

strict to a certain number of different contributing zero modes. This could be interest-
ing if one does not want quadratic contributions of the deformation in normal ordered
products of the new Virasoro modes, e.g. if one tries to keep generators of an extension
to aW-algebra.

IV.4 A Quadrilinear Deformation
Of particular simplicity is the similar ansatz

A(s)
0 =

∑
m>0,t

Mts
mb(t)
−mb(t)

m ,

which yields
Aλ,l,sMrs

m = Aλ,m,r Msr
l Aλ,l,s = −Aλ,−l,s (17)

for all l,m ∈ {0, · · · , λ − 1} and all sheet labels r, s ∈ {0, . . . , n − 1} . We observe that
if the Aλ,l,s are chosen to be the same on all sheets, Mrs

m is a symmetric matrix for all
m > 0. Furthermore, if any Mrs

m , Aλ,m,r are non-zero, then Aλ,l,s = 0 ⇔ Msr
l = 0. This

implies that some translation operator gets affected by the deformation. The impact of
5The nilpotency index of the deformation is the least number q such that (U(s)

y )q = 0
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this on the Ward identities is investigated in the next section. The above, in particular
eq. (17) implies that we have n2( j−1)2+n( j−1)

2 independent deformation ‘directions’. (We
can choose one independent coefficient for any pair of tuples (r, s,m, l) , (s, r, l,m) , the
entries r, s, l,m in the same ranges as above, and one for each (r, s,m, l) = (s, r, l,m).)
By eq. (15) the value l = 0 cannot be chosen. The set of indices l to be summed over
then had to be infinite. This had as a consequence that summands in the deformation
term altered the ghost charge of excited states, while vanishing on the corresponding
ground states. Above, we excluded such implicitly by restricting to Aλ,l,s = 0 if |l| ≥ λ.

IV.5 New Logarithmic Ward Identities
One may now ask whether there are highest weight states or states corresponding to
quasi-primary fields except for the vacuum. We restrict our examination to states which
originate from the action of br

x and cs
y on

∣∣0〉
. Thus we do not look at the representations∣∣h〉

, h < �, e. g. the represetations corresponding to the twist fields. With respect to
the total old Virasoro algebra, only the sl(2,�)-invariant vacuum is a highest weight
state. It is easy to see that every state, which satisfies the condition that

Nls = 1⇒ N(l+1)s = 1 (18)

for all of its occupation numbers, is quasi-primary with respect to the individual old
Virasoro modes Vir

(s)
old.

To investigate which states |ψ〉 are quasi-primary with respect to the new Virasoro
modes, L̃1 |ψ〉 = 0, it suffices to look for states, which satisfy eq. (18) and remain
invariant under the deformation mode U (s)

1 . Because the deformation lowers the mode
content, both the Virasoro and the deformation term with conformal weight −1 have to
vanish separately on these states. Evidently, U (s)

1 vanishes on states |ψ〉 which cannot
be written as (U (s)

1 )‡ |ψ′〉.
In case of a quadri- or multilinear deformation this happens if U (s)

1 does not contain
those suitable pairs of c modes, c(s)

−l and c(s)
l−1. Thus, a state is quasi-primary with respect

to the new Virasoro modes, if it contains only modes with conformal weights ≤ 0 on
the relevant sheet and satisfies condition (18).

Now consider a corresponding U (s)
−1. By the same reasoning as before, it vanishes

on all states which do not simultaneously contain c(s)
−l and c(s)

l+1. But while the product of
modes c(s)

0 c(s)
1 vanishes under the action of U (s)

1 , it could give a non-zero result under the
action of U (s)

−1, even in suitable Virold quasi-primary combinations with other modes. On
the contrary, there are no inhomogeneities possible in the Ward identity correspond-
ing to L̃0. Furthermore, there could exist quasi-primary fields satisfying homogeneous
differential equations derived from L̃−1. These necessarily satisfy homogeneous differ-
ential equations with respect to L̃1. The inverse of the last statement is not true. There
are quasi-primary fields, i.e. which enjoy homogeneous Ward identity involving L̃1 but
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have inhomogeneities wrt L̃−1. An example is a field corresponding to
∣∣ ˆ(s)

〉
⊗

∣∣c(s)
0 c(s)

1

〉
,

with
∣∣ ˆ(s)

〉
containing at least one pair c(r)

−i c
(r)
i with r , s, and Aλ,l,sMrs

i , 0 for at least
one l. Even more astonishing, for the bilinear deformation, one encounters indecom-
posable respresentations, while CFT Ward identities are valid.

To summarise, the indecomposable structures one runs across here have the prop-
erty that L0 is unaltered (and thus blind with respect to the indecomposable structure),
and suitable states are annihilated by L̃1, but not by L̃−1 at the same time. In particular,
the indecomposable structure becomes visible in the action of L̃−1, or U−1, respec-
tively. This is a completely different and new kind of indecomposable representation
(to LCFT), since the ordinary Jordan-cell-type representations are distinguished by
the feature that L−1 remains undeformed. This shows that some of the conditions in
[Flo02] were indeed necessary, to generalise the Ward identities in such a simple and
elegant way to eq. (1).

V Summary
Indecomposable representations are predicted by [Gur93, Kau00] for the�n symmetric
c = −2 ghost system, but not seen in the action of the Virasoro field. To resolve this
problem, we introduce additional ‘deformation’ terms U (s)

y :=
∑

l∈�P(λ, y, l, s)β(s)
l b(s)

y−l.
Our deformation ansatz works for all ghost systems of integer spin λ, not only for
c = −2, i. e. λ = 1. The new modes β(s)

l were taken from the universal enveloping
algebra Un b of thealgebra of modes b(r)

m ,m ∈ �, r ∈ �n. We derived constraint equations
and found the general shape of the solution

P(λ, 0, l, s) · ((λ − 1) · x + l) = l · P(λ, x, l, s) (♠)

Aλ,l,s
{

c(r)
m , β

(s)
l

}
+ Aλ,m,r

{
c(s)

l , β
(r)
m

}
= 0 Aλ,l,s := P(λ, 0, l, s). (♣)

These equations were also used to prove that if one demands the Virasoro zero mode
L0 to remain an energy operator under the deformation and λ , 1, Jordan cells are
impossible for our deformations, the deformation zero mode has to vanish. This state-
ment was made using the primarity of the b’s and c’s wrt the old Virasoro modes and
therefore is made only for β ∈ Un . The new Virasoro modes cease to commute with
the currents. Thus, their respective representations do not coincide. We showed inde-
composable representations to exist: The modes Ln,0 yield the usual descendants plus
highest weight vectors from other modules. Under certain circumstances, this even
happens though the whole global conformal group remains unaltered. In section IV.1,
we constructed a logarithmic extension of the c = −2 model for arbitrary twists by
adding U (r)

m := :β(r)b(r)
m : to the Virasoro modes as a straightforward generalisation of

the construction in [FFH+02]. We explicitly investigated the action on the space of
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states of the ansatz β(r) :=
∑n−1

s=0 Msrb
(s)
0 . The action of the modified energy operators

L̃(r)
0 , r ∈ {0, . . . , n − 1}, on the space of ground states shows the desired rank 2 Jordan

cells.
We showed that the simple ghost system (λ = 1) is the only fermionic ghost sys-

tem that allows for this construction. Rank 2 Jordan cells for energy operators L̃0 could
furthermore be shown to be possible if and only if β ∈ Un

◦ b. We scrutinised a bilinear
deformation, for which L̃tot

0 = Ltot
0 is an energy operator, and constructed an explicit

example of an indecomposable representation. Without affecting this indecomposable
structure, one can adjust a whole subalgebra L̃tot

0 , L̃
tot
±y of Vir to be undeformed. With

multi- and quadrilinear deformations, we found examples of deformations which are
well-defined (L̃(r)

0 = L(r)
0 ∀r) even on the individual sheets. For the quadrilinear defor-

mation, there are quasi-primary states
∏λ−1

i=1 |c
(s)
i 〉|C

c(s)〉 which vanish under U (s)
1 , but not

under U (s)
−1. Here, |Cc(s)〉 denotes an arbitrary state with insertions of c zero modes from

sheets other than s. Thus, the global conformal Ward identities have to be altered fur-
ther for the general case. Hence, the specific conditions, under which the LCFT Ward
identities could originally be derived, were necessary indeed. In the appendix the most
general ansatz is commented on.

VI Outlook
A very interesting question arising from our considerations is whether the deformations
found above are consistent with different extensions of the Virasoro algebra. This could
be the maximally extendedW-algebra, or a superextension. It is unclear whether for
λ > 1 there could be extended algebras which admit Jordan cells for the zero modes of
other generators.

Furthermore, it remains to be investigated whether the indecomposable structures
found for higher spin λ, which lack Jordan cells, lead to logarithmic singularities in
correlators. A possibility to verify this would be to find a modified current (r)(z) which
is consistent with T̃ (r)(z) = 1

2 : (r) (r) :(z)+ (1
2 − λ)∂ (r)(z). If one were able to show that

0 had Jordan cells, the theory would clearly exhibit logarithmic divergencies. Also,
if the zero mode of this current were to commute with all Virasoro modes, 0 would
respect the L̃0-grading of the Hilbert space. This would imply that L0 maps states to
sums of states which reside in different superselection sectors. This also would be
a proof for the theory to be logarithmic. Further examination of the anomaly of the
current j and, if found, the deformed current  seems to be necessary.

Another interesting question would be to explore the antiperiodic sector, and, in
particular, the Ramond sector of the fermionic ‘ghost’ systems with half-integer spin
λ. It is as yet unclear whether the twist remains primary with respect to the modi-
fied Virasoro modes. Because it has no mode decomposition except in the bosonic
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language, which proved not to be trustworthy by [Gur93], one would have to use the
twisted Borcherds identity of [EFH98] to decide that. Particularly exciting would be a
bosonisation scheme of the twists which is compatible with the OPE. Then, one should
investigate the indecomposable structure with respect to the maximally extended chiral
symmetry algebra. For example, it is known that the c = −2 LCFT model is rational
with respect to the triplet W-algebra W(2, 3, 3, 3). As we have seen, this model is
given by the �2 symmetric case of the spin λ = (1, 0) ghost system. However, there
exist consistent CFTs for the �n symmetric case for all n. The spectrum of the twist
fields of these theories can be found in the Kac tables of W-minimal models of the
WAn−1 series at c = −2. Interestingly, the value c = −2 for the central charge ap-
pears in the respective minimal series of all these models. At precisely this value, the
correspondingW-algebras collapse to one common object, the so-called unifyingW-
algebra [BEH+94]. Recently, the representation theory of the �n symmetric case was
investigated in [Abe], and it would be interesting to see how this relates to the minimal
models of theWAn−1 series.

Finally, nothing is known about whether the deformations of �n symmetric (λ, 1 −
λ) ghost systems, λ > 1, which we constructed in this work, possess extended chiral
symmetries. This is in so far an important issue, as these models clearly are not rational
with respect to the Virasoro algebra alone. The corresponding twist fields do not even
appear as degenerate representations in the Kac table at the central charges cλ. Thus, if
our models, which show indecomposable structures, are rational models, this must be
entirely due to the extended chiral symmetry. Otherwise, they might yield examples of
non-rational logarithmic conformal field theories. In any case, these models presum-
ably will yield a new class of logarithmic theories, as their indecomposable structure
is of an as yet unknown type.
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A General Considerations on the Deformation Modes

A.1 Constraints for Deformations which Contain c Modes
The question arises whether all possible deformation terms in Un are in Un b. We dis-
play our incomplete reasoning, which could be used to rule out specific deformations,
though we could not answer this question in general yet. As soon as β is regarded as
an element of Un , one has to demand that [U (r)

x ,U
(s)
y ] vanishes separately. Two normal

ordered products of modes are obviously linearly independent if they comprise differ-
ent numbers of factors. It seems to be impossible to find modes β(r)

x ∈ Un \ Un b which
match the requisite conditions. Counting factors reveals that

• :[U (r)
x ,U

(s)
y ]: has to vanish for all r, s, x, y

•
(
[U (r)

x ,U
(s)
y ] − :[U (r)

x ,U
(s)
y ]:

)
has to vanish or to contain the same number of b(t), c(t)

modes as U (r)
x and U (s)

y for all r, s, x, y, t. In the second case, this contributes to
the rest of (5).

The non-trivial second case (of the second item) and the first item imply that exactly
one half of the factors of U (r)

x are conjugate modes to the ones of U (s)
y . Furthermore, the

commutator has to contain the same mode twice, if this has no conjugate, and at least
two different modes twice, if one of them has a conjugate in the product. Besides, one
expects that the zero mode content would be less than zero. (Nevertheless, nilpotent
products of N b modes and N c modes, e.g. b2b3c−1c−4, are possible). Sadly, we cannot
rule out the β(r)

x to reside in Un \ Un b. Then, by normal ordering, the analogue to eq. (6)
would be a whole hierarchy of equations with different mode contents.

If β is a linear combination of b’s and c’s, the commutator vanishes. Because a
linear combination β(r)

l :=
∑

s Msrc
(s)
l would otherwise alter the central charge, Mss = 0

for all s. Therefore U (r)
x+yδr,s ≡ 0 and the old and new Virasoro modes are the same.

A.2 Some Remarks on the Constituents of the Field β for λ > 1
The following considerations might prove useful for someone who wants to construct
a specific deformation. The most general form of β allowing for

[
L(s)

0 ,U
(r)
x

]
= −xδr,s is

β(r)
l =

n−2∑
i=0

∑
I,r<I

∏
j∈I

WI(l, r)A( j)
0 (l, r)B(r)

l

We now use B(s)
l , A

(k)
0 (l, s) to denote products of b modes from the sth and kth sheet

resp. (Polynomials can be obtained by linear combination.) The symbol
∑

I denotes
the sum over all possible subsets I of {0, . . . , n − 1} with i elements. Insertion into
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(♣) reveals the following three equations (we shuffle any normalisation into the factor
WI(m, s) without loss of generality) for all m, l ∈ �, r, s ∈ �n

A( j)
0 (m, s) = A( j)

0 (l, r),

if the index j is taken from the same set I on both sides,

B(s)
−m =

(
b̂(s)
−mA(s)

0

)
,(

Aλ,m,sWI(m, s) − Aλ,l,rWI′(l, r)
)
δI\r,I′\s = 0.

These equations put severe constraints onto product ansatzes. Any deformation can
thus be written as a sum of atomic deformations satisfying

U (σ(a))
x =

∑
m

((λ − 1)m + x)Aλ,m,a

∏
i∈I,i,a∈I

A(σ(i))
0 B(σ(a))

m b(σ(a))
x−m .

(By the previous equation, the factors WI(m, s) can be absorbed into Aλ,m,s. The per-
mutation σ of i elements accounts for the fact that fixing a deformation on one sheet
fixes all others contributing to the atomic deformation.)

Furthermore, if the deformation term is to have physically sensible ‘hermiticity’
properties (because of the non-trivial vacuum structure, hermiticity is merely a formal
concept), the A(s)

0 have to resemble those of the quadri- or multilinear ansatz or to
consist of summands of the form

∏
i∈J

(
did′−P

k∈J
k ± d−id′P

k∈J
k

)
where J is an arbitrary proper

subset of � and d, d′ ∈
{

b(s), c(t) : s, t ∈ �
}

. Above that, this fixes Aλ,m,s = −Aλ,−m,s,
and we have (U (s)

x )† = (±) j −Aλ,−m,s
Aλ,m,s

U (s)
−x, where j denotes the number of elements of J.

Thus, hermicity can also depend on the number of contributing sheets in contrast to
the cases analysed in the main part of this paper. The deformation characterised by
P(1, x,m, s) = A1,0,sδm,0, complies with (U (s)

x )† = −U (s)
−x. The other deformations (the

bi-, quadri- and multilinear ones), satisfy (A(s)
0 )† = A(s)

0 . If Aλ,m,s = ±Aλ,−m,s, and thus
P(λ, x,m, s) = ∓P(λ,−x,−m, s), for all s ∈ �n,m ∈ �, then this entails (U (s)

x )† = ±U (s)
−x.
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