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Insights imply Corrections

The algebra of the Covariant String disallows physical states.

The algebra of the Lightcone String has no domain. It does not exist.
Concrete Contradictions: 0 = i, massless SO(D — 1) multiplets.
Interaction leaves all Lorentz generators unchanged.

Interaction changes the invariant mass: M’ = Q. MQ7' | M/, M] # 0
Wightman distributions are insensitive to interactions.

Hilbert space does not allow for a massless vector field.

Antiparticles not by CPT but by internal symmetries and local fields.



The Covariant String has no Physical States

P™ PY =0 =[X;, Xsi] , [P™ Xl =i0™, €79 e =X, — apy,

Stone-von Neumann Theorem (1931)

(P™)(p) =p™¥(p), (Xa¥)(p) = —i=—Y¥(p),

W @) = Jd%w(p)cb(p) |

Algebra acts on Schwartz space S(RP) C £4(RP), [p*0s¥(p)| < Cupw.
Spectrum of P™P™n purely continuous, no eigenvalues .

Constraints for Physical One-Particle States: (PmPn mn — MZ(N))thyS L0
Restricts Support of Wy to have D-dimensional measure zero: W, = 0
The covariant string has no physical states.

Schrodinger eq. determines not states but paths in JH{, 0 not an operator in JH.



Devastating Contradiction

V€ Hopys : 0— 0 = (Y[P™X,(P* — MHY) — ((P* — M*)Y[P™X, W)
= —2i (Y|P"P,¥) = —2i (P™Y|P W)
(P"WIP™"W) =0 = |P™W| =0, Hilbert space = P™W¥ =0
0 — 0= (YX,P™W) — (P™"WX,¥)
= —i1d™ (W|¥) , Hilbert space
0=1i
Hohys C Fstring = HHeisenberg @ Vindefinite NO help.

Culprit X°, X known to exist for massive states.

Can a community of theorists err for a long time?



Acceptance does not Prove Consistency or Usefulness

Historic Example: Ptolemaic System

Shared by the whole scientific community

Blocked progress for 2000 years by misleading intuition
Not even wrong in General Relativity

The Heisenberg Picture gives no intuitive understanding of scattering.

Does the Lightcone Gauge show the Consistency of String Theory?

The Hare and the Hedgehog



Garding Space

Garding space of group-smoothened states (f smooth, of compact support)
Y, = J d}ig f(g) UQ\P , U.g‘i"f = W]cogq . smooth
G

requires U : g — UyzW¥ measurable YV i.e. U, strongly measurable (very weak)
Garding states W are smooth objects of differential geometry.

Smoothness is a property of ¥, not encoded in its arguments [p1,S7...Pn, Sn)
The Garding space of a unitary representation of a Lie group is dense.

It is the domain of the algebra of the generators and invariant under all U,.

Sweet poisoned gift: justifies algebraic calculations but disallows poles.



The Algebra of the Lightcone String has no Domain

m? + P2
pt

P XT=i, M*=P'P~—P; P =
Dubious: P~ not smooth, P~8§(R”~') € §(RP~)

Ve=e ™" WVWW=VoT,, Tp(lpr,p") = (p1,p" +Db),

Y £ 0 — |(m* 4+ p3)¥ (p7,b)| > € a.e. insome U = T,U
T

€2

(pt)?

There is no common, invariant domain of P~ and the generator X~ of V4.

0.0

(P"V,¥ P™V,Y) > J dpTdP?p
U

As the algebra of the lightcone string has no domain, it does not exist.
The calculation of D = 26 is as meaningless as continuous helicity.

Though the points with P™ = 0 have measure 0, the singularity matters.



Concrete Contradiction: Massless SO(D — 1) Multiplets

It the lightcone string represented rotations with generators My;,
then X = (Xj,...Xp_1) existed together with P = (P! ... PP-1).

They are Heisenberg pairs and vectors under both My; and Lj; = X;P; — X;P;.
So Si; = My; — Lij commutes with X; and P; and therefore with L

Lij and My; = Ly; + Sy satisfy the angular momentum algebra of SO(D — 1)
= Sj; satisfies the angular momentum algebra of SO(D — 1).

Massless states of the lightcone string are only helicity multiplets of SO(D — 2)!

The massive and the massless shells are not homeomorphic.

No excitations (o) (p) = W/(f(p)), f: My <> M,

Wigner's Conjecture: Massless spin multiplets have no position operator X.
Proof: Lorentz generators not smooth at p = 0, breaks translational invariance.



The Lorentz Generators
Generators of Poincaré group B on wave functions ¥ of u =p/m, m > 0,

(PW)(u) =u"M¥Y(u), MY=m¥ , v =1,
(—iMij\lj) (LL) — —(uiaw- — ujaui)\ll(u) =+ I}j\lf(u) y

M _ 120 W |
(—iMoi¥) (u) V1+1 au\P(u)—I—ﬂ)] A ﬁz‘if(u)

Irreducible if m, s discrete, purely continuous M-spectrum for scattering states

Interacting representation of Poincaré transformations: dispensable
Min # XinPrn — XiPm + Tan (&) (Covariant String)

Algebra acts on Schwartz space $(H3) C £%(H?), Ti; spin matrices so(D — 1)



MOZSZXR:R3

Massless Representation p° =

p| >0

— {0}, stabilizer E(2) £50(3), no exercise for students.

States: not functions but sections of a complex line bundle over Mj ,h helicity,

northern patch Uy = {p : p° = | B/, p,
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>—p°), A ={p=17I(1,0,0,—1))
= — (px0p, — PyOp, ) ¥n(p) —ihWn(p) ,
— — (P20, — PxOp,)Wn(p) —ih ‘ﬁ,pj ¥(p)
= —(p20p, — PyOyp.)Yn(p) +ih ‘ﬁlpjpz\m (p)
= [F10p, Wn(p )—m‘ﬁ,pjpzwmv) ,
= 510, Wn(p )+1h‘ﬁ‘i"pzwmp) ,

|]D‘apij]\j (]9) .



Southern Section

Outside A_ the generators My satisfy the Lorentz algebra for each value of h.

YN not smooth and nonvanishing at A _ else (M3WnIMi3WN) = 0.

Ys(p) = eZih(P(P)\yN(p) ’ ol®(P) — (py + jpy)/\/p% —|—]312J 2h e Z

(—iM12¥) (p) = —(PxOp, — PyOp, ) ¥s(p) +1h Ws(p)
(—iM31¥)(p) = — (P2Bp, — Pxdp,) Ws(p) —ih ,ﬁf_”pzws(p) ,
(—iM32¥) ¢ (p) = — (P20, — PyOp,)¥s(p) +ih W‘D_szws(p) ,
(—iMor¥)(p) = [0, ¥s(p) +ih ‘ﬁ,ﬂvpzqfs(p) ,
(—iMo¥)¢(p) = IF1d,,Ws(p) —ih ‘ﬁ|p_xp;1’s(19) ,

(—iMos¥)

(p) = P10y, ¥s(p) .

o)



Noncommutative Geometry

pi
Di = 0, Ai s
AT R
S ih - 1h
AN(P) = =75 Px | , Aslp) = = —Px
pl(pl + p2) "y PI(Pl —p2) | 0
o | | pk
[pl) p)] — 0 , [Pl) Dj] — —61)- , [Di> Dj] — Fi)- — apiAj — aiji — iheijk@

Momentum space geometry of massless particles with h % 0 is noncommutative.

. - Pk - -
—iMy = —(P'D; — P'Dy) —ih ey, —iMor = [PIVDyIPITE

Lorentz algebra Vh, skew hermitian only if h € 27Z, [p*0s¥(p)|/IP|™ < Capnw

|
Momentum Space Monopole: —J F=ih
47t g2



Goethe

Wer das erste Knopfloch verfehlt, kommt mit dem Zuknopfen nicht zu Rande.

(If you start to button your shirt wrong you will not end correct.)



Naive (Reed Simon) Scattering: N-Particle States, N > 2
Product rule < free time evolution: (P™W)"(p1,p2) = (P + p3") YV (p1, p2)
Unitary group of motion has no limit! At best: lim_ o (U.(t)\lfout—U’(t)‘if) = 0.

Wour = lim U)W (Y = Q¥ , Qu(H,H') = slim elft g 1H't

t—Fo0

R . _. ] , , _. / L u n
S=0,07"= slim e M tHte=HY 4n 5roduct basis ~ cross section
t,t/—o00

HO, = Q. H’, [H,H] #£ 0, H' not reconstructible from Wightman distributions



Clarifying Language
Not the states but their time evolution is interacting (Schrodinger picture).
World lines of states do not constitute a Hilbert space.

In, out and interacting are relations not properties of states. W, is the initial
state of the future asymptote of [y not a state with all momenta outwards.

j_Cin — j_Cout — j_CNZZ
States are just states, they determine probabilities of results.
Interacting fields, interacting representation, ... dispensable concepts.

Transformations U, transform states and consequently all paths irrespective of
their time evolution: Generators M ,;;, P are independent of the coupling.

Claim: H = u’M/, P* = u"M, M = VP2, [u™, M'] =0, [M’, U,] =0
rather than P’* = P' P’0 £ PO Mi = My, Mg # Mo .

Axiomatic Quantum Field Theory (Haag's Theorem)? Canonical Quantisation?



Center Variables

(ph---pn)H(L%qh---Qn)izqi:O

1

w= P (S g e

m

Py =(pi-wWu, piL=pi—Pi, di= (L)) 'piL ER’,

> » 1 + 12 u- i
pi= /Ml + @ut Lygi = /m} + @ (¢ ’ ) (a. (a-m)a)
u h 1+4/ 14112

— - - m; 4+ my)i?  G?
\/1+u2(\/m%+q2+\/m%+q2):m1+m2 | m 5 2 ISHI

A (u,q) — (Au,W(A,u)q) , Wigner rotation W(A,u) = L/_\L/\Lu cS0O(3)



Factorisation of Momentum

lim (ei 1+ﬁ2Mte—iH’t\y) (u,q) = lim (eth’e—iH’t’/\/HﬁZ\y) (1, q)

t—00 t'—o0

H’/v/1 4+ 12 hermitian, if [H,u’] =0= H' =u'M’' = P'™ = u™M/'

. IMt —in/Toa2M Mt M
QL(H,H) = slim VITWEMtmVITEME — o iy oMtg=IME — 5 (M, M)

t—Foo t—Foo
M'=M+YV, [V,M] # 0, V translational and rotational invariant () qi = 0),
Invariance Principle: f 7 = Q. (M, M') = Q. (f(M), f(M')).
Relativistic and Nonrelativistic scattering and binding analogous.
Eigenvalues and eigenstates of M and M have to coincide (adapt M to coupling).
Scattering states belong to the continuous spectrum of H and H'.
Each hermitian H is completely determined by its spectrum (up to a basis).

Suitable pairs H, H’ with the same spectra define QO (H, H').



Further Results

Particles not localisable to the forward and backward cone of a compact domain.

Boosts transform states (# fields) nonlocally by convolution.

Dirac field is not a position wave function.
V= fd4x f(x) D(x)Q, O(x) a local field, are not localised to support of f.

Hilbert space does not allow for a massless vector field:

omom

A :_(ﬂm“ | ) iy iJ d'p e

(271)* p2 — m? + i€

m2 e—0+

The 1/m?-term is not canceled by adding a gradient, ®'™ = ®™ + ad™,

omon | J d4p eipx
) lim 1 (

/m /m — _ [ymn 2
(TO™(x) ®™(0)) = —(n™" + (1 + a)—) lim 27 p? — m? + e

BRST-Symmetry no luxury of a massless vector field but a necessity



Continued List

Antiparticles coincide in mass not because of CPT (in Axiomatic QFT proven
only for massive theories) but because in field theory representations D of internal
symmetries must be real,

UgCDUE] = [A)jCD for fields @, which are mapped to each other by conjugation.
D=D+D*or D =D

So each field theoretic model contains with each charged particle (eigenstate of a
chosen Cartan subalgebra) the oppositely charged particle of equal mass.



Conclusion

Though Wigner's fundamental paper on unitary representations of the Poincaré
group celebrates its 80 birthday basic questions are still unresolved, e.g. the
relation of M’ to L;,: and the calculation of bound states (hadron, hydrogen)
from first principles.



