Graded Algebra (x, ϕ, +, ·, ∂, ∗) ϕ^iϕ^j = (−1)^{|ϕi|·|ϕj |}ϕ^jϕ^i =: (−)^{ij} ϕ^jϕ^i (1) |ϕ^i| = { 0 if ϕ^i is bosonic 1 if ϕ^i is fermionic , |ϕ iϕ^j | = |ϕ^i| + |ϕ^j| mod 2 , (2) O(λ_1A + λ_2B) = λ_1O(A) + λ_2O(B) , |O| = |O(A)| − |A| mod 2 , (3) w^′_M = O_M^N w_N , X^N_N = X^n_n + X^ν_ν + X_{ν̇}^{ν̇} , X^N_N = (−)^{|N|}X^{N̄}¯_N (4) u^{′M} = u^LO^{−1}_L^M = (−)^{(|u|+|L|)(|O|+|L|+|M|)}O^{−1}_L^M u^L , (5) v(AB) = (vA)B + (−)^{|v|·|A|}A(vB) , v = v^i∂_i , v^i = v(ϕ^i) , (6) ∂_iϕ^j = δ_i^j , |∂_i| = |ϕ^i| , ∂_i∂_j = (−)^{ij} ∂_j ∂_i , (7) (λ_1A + λ_2B)^∗ = λ^∗_1A^∗ + λ^∗_2B^∗ , (AB)^∗ = B^∗A^∗ = (−)^{|A||B|}A^∗B^∗ , |ϕ^∗| = |ϕ| , (8) O^∗(A) = (−)^{|O||A|}(O(A^∗))^∗ , (O_1O_2)^∗ = (−)^{|O1||O2|}O^∗_1O^∗_2 , (9) ∂_β θ^α = δ_β^α , θ̄^{α̇} = (θ^α)^∗ , ∂˙_β = (∂_β)^∗ θ_α = ε_{αβ}θ^β , ∂^{β̇}θ̄_{α̇} = δ^{β̇}_{α̇} , (10) {Tensors} ⊂ {Polynomials(ϕ, ∂ϕ, ∂∂ϕ, . . . )} , Δ_M : {Tensors} → {Tensors} , (11) (Δ_M ) = (D_a, D_α, D^{α̇}, δ_i, l_{[ab]}) , (Δ_M )^∗ = Δ¯_M , |Δ_M | = |M| , (12) (w^M Δ_M )^∗ = (−)^{|M|(|w|+|M|)}(w^M )^∗Δ¯_M = w̄^M Δ_M , (w^M )^∗ = (−)^{|w||M|}w̄^{M̄} , (13) [Δ_M , Δ_N ] = Δ_M Δ_N − (−)^{MN} Δ_N Δ_M = F_{MN}^K Δ_K , F_{MN}^K = −(−)^{MN} F_{NM}^K , (14) (F_{MN}^K )^∗ = (−)^{K(M+N)+MN} F¯_M¯_N^{K̄} , (15) ◯ ∑ MNP sign(MNP )[Δ_M , [Δ_N , Δ_P ]] = 0 , (16) ◯ ∑ MNP sign(MNP )(Δ_M F_{NP}^K − F_{MN}^LF_{LP}^K ) , (17)

d = dx^m∂_m , [∂_n, dx^m] = 0 , d^2 = 0 , (18) s = s^∗ , | s | = 1 , s^2 = 0 , (19) [s, ∂_m] = 0 , s(x^m) = 0 , {s, d} = 0 , (20) s T = −C^N Δ_N T , d T = dx^m∂_mT = −dx^mA_m^N Δ_N T , (21) ∂_m = −A_m^N Δ_N = e_m^aD_a − A_m^I δ_I , D_a = E_a^m(∂_m + A_m^I δ_I ) , (22) s C^N = − 1 2 C^K C^LF_{LK}^N , s A_m^N = ∂_mC^N − A_m^K C^LF_{LK}^N , (23) F_{ab}^N = E_a^mE_b^n ( ∂_mA_n^N − ∂_nA_m^N ) + A_a^I F_{Ib}^N − A_b^I F_{Ia}^N + A_a^I A_b^J F_{JI}^N . (24)

Bianchi-Identities

[D_A, D_B ] = −T_{AB}^C D_C + F_{AB}^iδ_i , torsion and field strength (25) [δ_i, D_A] = −G_{i A}^B D_B , representation matrices (26) [δ_i, δ_j ] = f_{ij}^kδ_k , structure constants (27)

0 = ◯ ∑ f_{ij}^lf_{lk}^m , [G_i, G_j ] = f_{ij}^kG_k , (28) δ_iT_{AB}^C = −G_{i A}^DT_{DB}^C − G_{i B}^DT_{AD}^C + G_{i D}^C T_{AB}^D , (29) δ_iF_{AB}^j = −G_{i A}^DF_{DB}^j − G_{i B}^DF_{AD}^j − f_{i k}^j F_{AB}^k , (30) 0 = ◯ ∑ D_AT_{BC}^D + T_{AB}^E T_{EC}^D − R_{ABC}^D , R_{ABC}^D = F_{AB}^iG_{i C}^D , (31) 0 = ◯ ∑ D_AF_{BC}^i + T_{AB}^DF_{DC}^i , A ∈ {a,_α,^{α̇}} , i ∈ {i, [a, b]} . (32) Identification and Constraints

D_a = E_a^m(∂_m − 1 2 ψ_m^αD_α − 1 2 ψ̄_{m α̇}D^{α̇} + 1 2 ω_m^{ab}l_{ab} + A_m^iδ_i) , (33) F_{ab}^N = E_a^mE_b^n ( ∂_mA_n^N − ∂_nA_m^N ) + A_a^I F_{Ib}^N − A_b^I F_{Ia}^N + A_a^I A_b^J F_{JI}^N , (34) R_{abc}^d = E_a^mE_b^n(∂_mω_{n c}^d − ∂_nω_{m c}^d − ω_{m c}^eω_{n e}^d + ω_{n c}^eω_{m e}^d)− − 1 2 ψ_a^αR_{αbc}^d − 1 2 ψ̄_{a α̇}R^{α̇}_{bc}^d + 1 2 ψ_b^αR_{αac}^d + 1 2 ψ̄_{b α̇}R^{α̇}_{ac}^d , (35) F_{ab}^i = E_a^mE_b^n(∂_mA_n^i − ∂_nA_m^i − A_m^j A_n^kf_{jk}^i)− − 1 2 ψ_a^αF_{αb}^i − 1 2 ψ̄_{a α̇}F^{α̇}_b^i + 1 2 ψ_b^αF_{αa}^i + 1 2 ψ̄_{b α̇}F^{α̇}_a^i , (36)

0 = T_{αβ}^γ = T_{ab}^c = T_{αβ}^c = T_{α̇}˙_β^c = T_{αb}^c = T_{α̇b}^c , T_α˙_β^c = 2iσ_α˙_β^c : (37) T_{ab}^γ = 1 2 E_a^mE_b^n((∂_m + 1 2 ω_m^{cd}l_{cd})ψ_n^γ − (∂_n + 1 2 ω_n^{cd}l_{cd})ψ_m^γ )− − 1 2 ψ_a^αT_{αb}^γ + 1 2 ψ_b^αT_{αa}^γ (38)

T_{ab}^c = 0 = E_a^mE_b^n(∂_me_n^c − ∂_ne_m^c) + ω_{a b}^c − ω_{b a}^c + 1 2 ψ_a^αT_{αb}^c − 1 2 ψ_b^αT_{αa}^c+ + i 2 ψ_aσ^cψ̄_b − i 2 ψ_bσ^cψ̄_a , (39) ω_{a bc} = ω̃_{a bc} + i 4 ( ψ_aσ_bψ̄_c − ψ_aσ_cψ̄_b + ψ_bσ_cψ̄_a − ψ_cσ_bψ̄_a − ψ_cσ_aψ̄_b + ψ_bσ_aψ̄_c ) , (40) ω̃_{a bc} = 1 2 ( η_{ad}E_b^mE_c^n + η_{bd}E_a^mE_c^n − η_{cd}E_a^mE_b^n )( ∂_me_n^d − ∂_ne_m^d ) . (41)

Spinors and Lorentzalgebra

η_{00} = 1 , η_{11} = η_{22} = η_{33} = −1 , a ≠ b : η_{ab} = 0 , (42) [l_{ab}, D_c] = −(η_{ac}δ_b^d − η_{bc}δ_a^d)D_d , [l_{ab}, D_γ ] = −σ_{ab γ}^δD_δ , [l_{ab}, D^{γ̇} ] = −σ̄_{ab}^{γ̇}˙_δD^{δ̇} , (43) [l_{ab}, l_{cd}] = −η_{ac}l_{bd} + η_{bc}l_{ad} + η_{ad}l_{bc} − η_{bd}l_{ac} , (44) σ^a_{αβ̇} : σ^0 = ( 1 1 ) , σ^1 = ( 1 1 ) , σ^2 = ( −i i ) , σ^3 = ( 1 −1 ) , (45)

ε^{αβ} = −ε^{βα} , ε^{12} = 1 , ε^{αβ}ε_{βγ} = δ^α_γ , ε_{α̇}˙_β = (ε_{αβ})^∗ , ε_{α̇}˙_β ε^{β̇γ̇} = δ_{α̇}^{γ̇} , (46) χ_α = ε_{αβ}χ^β , χ^α = ε^{αβ}χ_β , χ_{α̇} = ε_{α̇}˙_β χ^{β̇} , χ^{α̇} = ε^{α̇β̇}χ˙_β , X_α˙_β = X_aσ^a_{αβ̇} , (47)

σ̄^{a α̇α} = ε^{α̇β̇}ε^{αβ}σ^a_{ββ̇} , σ̄^0 = σ^0 , σ̄^1 = −σ^1 , σ̄^2 = −σ^2 , σ̄^3 = −σ^3 , (48)

G^{ab}_γ^δ = σ^{ab}_γ^δ = 1 4 (σ^aσ̄^b − σ^bσ̄^a)_γ^δ , G^{abγ̇}˙_δ = σ̄^{abγ̇}˙_δ = 1 4 (σ̄^aσ^b − σ̄^bσ^a)^{γ̇}˙_δ , (49) σ_{a αα̇}σ^a_{ββ̇} = 2ε_{αβ}ε_{α̇}˙_β , (50) 1 2 R_{AB cd} G^{cd}_{γδ} = R_{AB γδ} , 1 2 R_{AB cd} G^{cd}_{γ̇}˙_δ = R_{AB γ̇}˙_δ , (51) R_{A B γγ̇ δ}˙_δ = 2ε_{γδ}R_{A B γ̇}˙_δ − 2ε_{γ̇}˙_δR_{A B γδ} , (R_{A B γδ})^∗ = −(−)^{AB} R¯_A¯_{B γ̇}˙_δ , (52) ε^{0123} = 1 = −ε_{0123} . (53)

Index Pictures

0 = ◯ ∑ D_AT_{BC}^D + T_{AB}^ET_{EC}^D − R_{ABC}^D (54)

0 = T_{αβ}^γ = T_{ab}^c = T_{αβ}^c = T_{α̇}˙_β^c = T_{αb}^c = T_{α̇b}^c , T_α˙_β^c = 2iσ_α˙_β^c : (55) αβγ d : 0 = 0 , (56) αβγ̇ d : 0 = 0 , (57) αβc d : R_{α β γ̇}˙_δ = 0 , T_{δ γγ̇ α̇} = −2iε_{δγ} ε_{γ̇α̇}R̄ , R_{α β γ δ} = 4(ε_{αγ} ε_{βδ} + ε_{αδ}ε_{βγ} )R̄ , (58) αβγ δ : o.k. (59) αβ̇γ̇ δ : o.k. (60) αβγ̇ δ : T_{βγ̇ α δ} = T_{(αβδ)γ̇} + ε_{βα}T_{δγ̇} + ε_{δβ}U_{αγ̇} + ε_{δα}U_{βγ̇} (61) R_{β γ̇ α δ} = −2iT_{(αβδ)γ̇} + 4iε_{βα}U_{δγ̇} + 4iε_{βδ}U_{αγ̇} (62) αβ̇c d : R_β˙_{δ γ α} = −ε_{βγ} G_α˙_δ − ε_{βα}G_γ˙_δ , (63) T_{β γγ̇ δ} = i 4 (ε_{γδ}G_{βγ̇} − 3ε_{βγ} G_{δγ̇} − 3ε_{βδ}G_{γγ̇} ) , (G_α˙_β )^∗ = (G_{βα̇}) , (64)

R_δ˙_{β γ̇ α̇} = −ε˙_{βγ̇} G_{δα̇} − ε˙_{βα̇}G_{δγ̇} , (65) α̇β̇γ̇ δ : 0 = 0 , (66) αbc d : R_{α b c d} = i ( (σ_bT̄_{cd})_α + (σ_cT̄_{bd})_α − (σ_dT̄_{bc})_α ) , (67) α̇β̇c δ : D̄_{γ̇} R = 0 , (68) αβc δ : T_δ˙_{δ γγ̇ α̇} = −2 ε_{δγ}W̄_(˙_{δγ̇α̇)}− − 1 2 ε_{δγ} (ε_{α̇γ̇} D^βG_β˙_δ + ε_{α̇}˙_δD^βG_{βγ̇} ) + 1 2 ε˙_{δγ̇} (D_δG_{γα̇} + D_γ G_{δα̇}) , (69) αβ̇c δ : D_αR = D̄^{β̇}G_α˙_β , (70) α̇bc δ : D_αW̄_(˙_{βγ̇}˙_{δ)} = 0 (71) αbc δ : (72) α̇bc δ : (73) abc d : (74) abc δ : (75)

R = − 1 6 M , G_a = − 1 3 b_a , R = R_{abc}^bη^{ac} , (76) D^2M = −2R + 4iψ_{ab}σ^aψ̄^b + 1 2 ε^{abcd}(ψ̄_aσ̄_bψ_{cd} + ψ_aσ_bψ̄_{cd})+ + 4i D_ab^a − 8 3 M^∗M + 4 3 b_ab^a + 2 ψ̄_aψ̄^a M − 2 ψ_aσ^aψ̄_c b^c .

(77)

Multiplets

D_a = E_a^m(∂_m + 1 2 ω_m^{ab}l_{ab} + A_m^iδ_i) , (78)

s e_a^m = ie_c^m(ξσ^cψ̄_a − ψ_aσ^cξ̄) , (79)

s ψ_{m γ} = −2D_mξ_γ + i 3 e_m^a(−σ_aξ̄M + 2b_aξ − 2σ_{ac}ξb^c)_γ , (80)

s M = −ξ(2σ^{ab}ψ_{ab} − ib^aψ_a − iσ^aψ̄_aM) , (81)

s b_a = −ξ ( i 2 ψ_aM^∗ − σ^b(ψ̄_{ab} + i 4 ε_{abcd}ψ̄^{cd} + i 2 (b_aψ̄_b + i 2 ε_{abcd}b^cψ̄^d)) ) + c.c. , (82)

ψ_{ab} = E_a^mE_b^n(D_mψ_n − D_nψ_m) , ψ̄_{ab} = E_a^mE_b^n(D_mψ̄_n − D_nψ̄_m) , (83) s A_m^i = −i e_m^a (ξσ_aλ̄^i − λ^iσ_aξ̄) , (84)

s λ_β^i = −iξ_βD^i + (σ^{ab}ξ)_βF_{ab}^i + i 2 ξψ_a(σ^aλ̄^i)_β − i 2 ξσ^aλ̄^iψ_{a β} − i 2 ξλ^i(σ^aψ̄_a)_β+ + i 2 (ξσ^aψ̄_a)λ_β^i , (85)

s D^i = ξσ^aD_aλ̄^i + ξλ^i ( − 3 8 iψ̄_aψ̄^a + i 4 ψ̄_aσ^{ab}ψ̄_b)− − 1 2 ξσ^aψ̄^b ( η_{ab}D^i − F_{ab}^i + i 2 ε_{abcd}F^{cd i} ) + (86) + i 8 ξσ^aλ̄^i ( 4b_a + ψ^bσ_aψ̄_b − ψ_aσ_bψ̄_b − ψ_bσ^bψ̄_a + iε_{abcd}ψ^bσ^cψ̄^d ) + c.c.

s ϕ = √ 2ξχ , (87)

s χ_α = − √ 2ξ_aF − √ 2i(σ^aξ̄)_α(D_aϕ − 1 √ 2 ψ_aχ) , (88)

s F = − √ 2iξ̄σ̄^a ( D_aχ − 1 √ 2 ψ_aF − i 2 σ^bψ̄_a(D_bϕ − 1 √ 2 ψ_bχ) ) + + 2ξ̄λ̄^iδ_iϕ − √ 2 6 χσ^aξ̄b_a − √ 2 3 M^∗ξχ . (89)

Density Formula

D_α (D^2 + 4 3 M^∗) K = 0 , chiral projector. (90) E(L) = √ g ( − 1 4 D^2 + i 2 ψ̄_aσ̄^aD − M^∗ − ψ̄_aσ̄^{ab}ψ̄_b) L , D̄_{α̇}L = 0 , (91) δE(L) = ∂_m (√ gE_a^m(−2i ξ̄σ̄^aD + 4 ξ̄σ̄^{ab}ψ̄_b) L ) , (92) L = 3 8 (¯ D^2 + 4 3 M ) K(ϕ̄, ϕ) + g(ϕ) − 1 4 λ^iλ^jf_{ij} (ϕ) , (93)

L = E(L) + c.c. , (94)

L_{supergravity} = √ g ( 2R − ε^{abcd}(ψ̄_aσ̄_bψ_{cd} − ψ_aσ_bψ̄_{cd}) − 4 3 M^∗M − 4 3 b_ab^a ) . (95)