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=
� � � 0<� �$���
�	���	�

�
f (â; ây)
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�

= F?( �z; z) ;

�

A

)

+

T

�

C�7������

F?
������& D$��� ������#

F
F�� �����
0'��6�&9�
� ��7
� 6	�$# � �'��& ��&9�$� F�� ��7
� �������4�C�
��� �
�
6�� �����

Pf(� )
�����
����� �-��7
�  � �

�

��� ���"��7
� �
�$�
6	�$#%#>�����2��& D &9� � ���	�����$�

�
C�7
&9687 ���$��� ����&9��&9D�� �
��������#%&'�,�2� � & �

��&9D���� F��

p
det �

���
� ����7���� C�&���� �
�WE,�
��� �'�

(

���$���WG���# �
09�

(

&9�

"E��G?$

) �,�
����7
����#%�$���

(

��7
� � � #>F/�$0

TrH
&��!�,����� 7
�����1���%�
��������� ��7
�1������6	�1� D�������7
� �!&'09F �	��� ���
��6��2)

� �1��7 ���!7,��D$� �%F�& s �	6	��&9�$� ��� ��7
�1���$��#

(f ( �z; z); ?)  !
�

F̂ (ây; â); �
�

�

A

)

+�` �

�20'09��C�&'�
�-���4����&'��D�� ����&'�$�2��� �
���$F
09��# � �$�

�
� �
�	���$��#%��� ������0����,�26���D &'�-&9���4�^ ��&9D2��09�����"���$��#>�
0'�2��&9�$�

&9� ��7
� ���/�����2���$� ������#@��09& ��# &'������� �
�
6��	� 7������2)

� ��� &'( �%"'&'(�� � ��� & �" ����� � �

 ���$�������"��� �
���'� �	��0<�@���,��0<�� ��*E
��09����7����$��&'��� &9����7
���'� �	���2���$� ���$��#@��09&���# & � &��9����&9090/����6���������� �@���

&9������� �
��6�� �2�,��09�$�$�
������� �
����&9D2�2��&9D�� �1����� &9� �����$���2��&9�$� �$� ��7
� 09�	D���0����"���/�����2���$� ��) � 7��

D

� ���20<�

� ��� 0<#@�'� �

A

)

+ A �

���,�2F
0'��� �,� ����� �8�2���@��7
�@����0'09��C�&'�
� ����������������#@�2��&9�$��� �
���
��� ��7
�%����������&9��&'�$�

F/�	�tC ���	� �������4�C�
��� �
�
6��!���
� ���/����� ���$��������#@��09& ��# �

@�zi f � ! 1p
2 � i

�
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��0 � �����4� �(�
#%&'���6�C� & ������� � � � �/� � ��� �

�

������#

S3
6	�$����& � ��&9�
� �����2� &9� �����$����0 � D����

� 1;2 � [0; 1]
(

C�& ��7 ��7
���1G �����,��&9�$� eJ
&9� ����� � �$0'�2��&'�
� ��09�$�
� ��7
��&'�����	��D2��0

[0; 1]
F/�	�tC ���	� eJ = 0

�2�
� eJ = J
) �,�
����7
����#%�$���

(

��7
����� �'�,� �������1��7����$�	�
����&'6���090�� 35�$�������� � F
������? &9�
� 6	�$�����������>���
� �

������#

X
(

C�7
&9687 C�&90'0;F/��?2� ��� ����F
& ������� � ������&9�@�����<��7
�!#@��#@�	��� ���
� C�&90'0/�	D��������,�20'0<� �����
�����<��7
�

#%� �
��05&9�����	�$����F�0'�1���$� � � �	6�&'��0 687
�$&96�� �!���

X
)

: G �,���
��&'�
� ��7�� �����
�$� 6	�$�
�
�	6	��&'�$� &9� ������# � �2� ��7
�ME,�	0'��� �2�
� ��# �
09�A� &9�
� 6�� �$���
&9�,�2��� �

(x � ) := (t; x; y); � 2 f 0; 1; 2g
(

(xa) := (t; x; y; � ); a 2 f 0; 1; 2; 3g
(

C�� �$��� ��7
� �WG �
09&96�& �����$��#

S[�] = � 1
2

Z
dtdxdy tr � �� @� � y @� �

+ 1
3

Z
dtdxdy

Z 1

0
d� X a "abcd tr

�
~� y @b

~� ~� y @c
~� ~� y @d

~�
�

;

�

)

)

+ A �

C�7������ ��7�� �����8�20'0<� ������& �4� #%#%�	����&96 ���������$��&'�

1+3
�
&9#%������&'�$�,�-&��!����E,�
�	�'C�& ��7

"0123 := 1
)

 �NC �-����C D��2� � ��7
�-�26	��&9�$�kC�&9��7 �������/��6������

�
C �-�
�	���@��� �8��?2�-&9� ��� ��6	6��$��� � ��7����
��&9������& � �

�2� ��7
�lE
��09��� C�7�&'687�& �<��� F/�!6	�$��������D���� ���
�
���9�/�������
��F
�2��&9�$���	) 	 6��$��D$�	�
&9����� C�� �%�2�(�
��&'�
� ��7�& �

&�� ��� �/�������
��F

� � ! � ei � = �
�

� + i � � 1
2 � 2 + O(� 3)

�
;

�

)

)

+ ) �

����� ���$#%��7�����#%& ��&'���PE
��09�

�
) � 7��@D2����& �2��&'��� ��� ��7�� ��6���&9�$� �

)

)

+ A �

&�� ��7
��� ��������&9�$7������$� C �2���
0<�

6	�$# �
������� ���

� S[� ; � ] = � i
Z

dtdxdy tr
�

(� �� + X � " ��� ) @� (� y @� �)
	

�

+
Z

dtdxdy tr �
�

1
2 @� @� + � y @� � @� � X � " ��� � y @� � @�

	
�

+ 1
2

Z
dtdxdy tr �

�
(� �� + X � " ��� ) @� (� y @� �)

	
� + O(� 3) :

�

)

)

+

T

�

� � #@��?��%6	�$���8��6�� ��� ��7
� 6��$#%#%�$�
0<� 6	�$����&'�
�	���	� �/��� ���
��F,�2��&9�$���1�2� ��7
� ���$��#

� ! � + �
���$�

���$#%� ��#@��090

�
(

C � &9������� �����$# �

)

)

+ ) �

� = i � � � 1
2 � � 2 + O(� 3) =) � = � i � y � + i

2 � y � � y� + O(� 3) ;
�

)

)

+�` �

�2�
� ��7 ���IE,�
� ���$� ��7
�1D2����& �2��&'��� �2����7
� ��6	��&'�$� &9� ������# ����� ��7
&���� �	�����
��F,� ��&9�$�

� S[� ; � ] = �
Z

dtdxdy tr
�

(� �� + X � " ��� ) @� (� y @� �) � y
	

�

+
Z

dtdxdy tr � y
�

1
2 @� @� � 1

2 (@� @� �) � y � X � " ��� @� � (@� � y + � y @� )
	

�

+ O(� 3) :
�

)

)

+EH �
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� 7
�%�
�
& �8����&9� � 6��$���
&9��&'��� �
���ED &'��� � &'� ��7
& �-6��'���%� 6��$��� ������&'��� �$� ��7
� �/�������
��F
�2��&9�$�

�
����� &9���

7
����#%&9��& ��� 6��$�6s �
���2�����

(� + � )y(� + � ) != � =) � y = � � y � � y + � y � � y � � y + O(� 3) ;
�

)

)

+A� �

C�7
&9687 �20'09��C�� ���-��� �WG �
��� ���

� y &'� ��7
� D2����& � ��&9�$� F��

�
��� ��� ����F�&9�������4� �����
�	� ���
� ��7 ���1�$& D$���

� 6��$������&'F�����&9�$� ��� ��7
� ����6����
� �$���
��� D2����& � ��&9�$� ���

S
�����$# ��7
� ������# ��� E,��� � �����
�	� &'�

� y )

D

�2��7
��#@�2��&'6���0'0<� ���/����? &9�
�

(

��� 6��$# �
��������7
�!D2����& � ��&9�$�@���!����6	�$�
� �$���
���<&9����7
���/��� ���
��F,�2��&'�$��&9�

& � �
���9���

�

6�&9��������� 6	�$����&'�
�	�
�/��� ���
��F,�2��&'�$�,� &9�@��7
� �8�����$�����9���,�26��

� 2 T� U(n)
F
��� ���2��7
���<�$���

�
���	��� ��� &'��6�09�
�
� ��7
� 09������&'�
� 6	�$������6���&9�$� ������#%#%&'��� �����$# ��7
� �WG �/�$�
�	� ��& �20�#@�'� �$�����

U(n)
" A

T

$

�'� 6��2� F/� #@����� �WG �
09&'6	&9��0�� �����	� ������# ��7
� E
����� C�� � �����/��� ���
��F
&9�
�
)

�,���$# �	&9��7
�����$�
� ������7
����� D2����&'�2��&9�$��� ��7
� �_ �,�2��&'��� ����#%����&9�$� ���$� � �2���Nr ��687
&'����05#%� ����05&��

������� �?) �'�

(� �� + X � " ��� ) @� (� y @� �) = @x (� y @x �) + @y� t (� y @y+ t �) = 0;
�

)

)

+EB �

C�7
&9687 & � s ����� ��7
� ����#%� �6� &9� �

)

)

B �

) �,�
����7
����#@�����

(

C�� #�� � ����F_s ��6�� ��7
� E,�	0'� ��� � �����
�	����0

6�� �$����&'�,� ���1����������������#@�2��&9�$�

� � = � � (x) @� �
0'�����
&9�
�@���@�%687
���
�$� ��� ��7
� ��6���&9�$� F��

� S =
Z

tr
�
dtdxdy @(� � � ) T�� + X (� ) J ^ J ^ J

�
;

�

)

)

+�H �

C�7
�����

� = � � @�
) � ��&9��&'���

J = J� dx � (

� &9��09���!��7
� �������
�,����� �	�
�����'��� #%�$#%�������
# �����,���$�

T�� = tr
�
J� J� � 1

2 � �� � �� J� J�

�
:

�

)

)

A�G �

�,�$� � 687
��&'6	�-���

X
C�& ��7

X (@t )
(

��7��-��6���&9�$�@& � &'��D2����& ����� �
�
�
�	� ��&'#%������������0'�2��&'�$�,����������7 ��� ��7
�

���
�	���'� �����
6	��&'�$�
��0

E[�] = 1
2

Z
dxdy tr

�
@t � y@t � + @x � y@x � + @y � y@y �

�
:

�

)

)

A + �

& � 6	�$�����	��D����

"<+�+�H%$

)  � &�� ��0���� ? �
��C�� ��7
�2�1��7
� #%� �
��0"����E,�
�	� F�� �

)

)

H �

& � &9� �����$����F
09�%&'� ��7
�

���	����� �2� �/������� ����&'��� � 3 �6G�� �,�2&'� ���$��#>�
0'�2��&9�$� &9� ���
� ���
0�� & �

X
#@�	�	������7��>��F/�ED$� ���_ �
&9���	#%�����

X (@t )
"E)

T

( +�+EB (�`��%$

�����	� ��0�����687,�'�������

H �

) � � �����8��&9� ��7
&���&9������������F
&909&9� �&C�� C�&'090 �����$# ����C ���

�$�
0<� 6�������&9�
������7�� 6��'���bC�& ��7

X := dx ( ) (X a) = (0; 1; 0; 0) ;
�

)

)

A$A �

C�7
&9687 � &'�	0'��� ��7
� �$��&'�$&9�,��0�� ����� 687
&9���20 #%� �
��0 ����� 09����D$���4��7��

y
� ���
�

t
� �������,��0'�2��&9�$��� �
� F
����?����()��

�,�
����7
����#@�����

(

��7
& �"687��$&'6	� ���

X
F
������?�� ��7
��35�$�������� �$���$���

SO(1; 2)
�
��C�� ��� ��7
� 09&'�
�����"�$���$���

GL(1;
�

)
�$�	�
�����2���	� F�� F/� ��� ��� &9�

y
� ��&'����6	��&'��� )

� �16����
6�09�
�
� ��7
&�����6	6��$�
���!��� ��7
�16	�$#%#>�����2��& D$� � ����� #%� ����05F�� �
����&'6	&'���%��7,�2� ���$� ���8� ��&96

���$09����&'�$�,� 0'& D &'��� �$� ����#@�

�

���'����#@���
�
&'���

(

& ) ��)

� y = �
C � #@� � ����C���&9���-��7
�����
�	���'�@���
�
6���&9�$�,��0

�

)

)

A + �

���

E[P] = 2
Z

dxdy tr @i P @i P = 8
Z

d2z tr @zP @�zP ;
�

)

)

A') �

���
7&V�G/K

x �

BDKu9;7?3@= 9 BF2>A^7&3/S

� S �
R

J ^ J ^ J = 24� 2 n
HU2>BD0

n 2 � 3(U(n)) = �

S�HU0&G/KFG

� 3
V%G/7%A*BDGW3eBD0&G:BF0%2>KuV

0%A^REA;BDA^5 fXd*KFA*6%5 o �_q(r t
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C�7������ ��7�� E,�	0'� 7,�'�!F/����� �,������#%�	����&� ���� F�� � �
��� s ��6����$�

P = P2 = P y D & �

� = � � 2P
�����	�

�20 ��� ����6	��&'���

)

)

+ �

)<: G �
09�$& ��&9�
����7
� 6�� 6�09&96�& � � �2����7
�1�����26��

(

C � �
����&9D�� ��7
� �
��6	�$# � �'��& ��&9�$�

E = 4
Z

d2z tr f @zP P @�zP + P @zP @�zP P + @�z P @zP + P @�z @zP Pg

= 4
Z

d2z tr
�

F F y + G Gy
	

;

�

)

)

A

T

�

C�& ��7 ��7�� 6	�$��D$�	�
&'�	���1��F
F����	D &'�2��&9�$���

F := (@�zP) PG := (@zP) P :
�

)

)

A+` �

� � ��� 6	0'��������&9�����/��6���&9�$�'C � E,�
� ����&9�
�

P (@P) P = 0
��7,�2�

E = 8
Z

d2z tr P f @�zP @zP � @zP @�zPg + 16
Z

d2z tr F F y ;
�

)

)

A�H �

�2�
� F�����&'#%&90 �2�!�����'���$�
&9�
�

E = � 8
Z

d2z tr P f @�zP @zP � @zP @�zPg + 16
Z

d2z tr G Gy ;
�

)

)

A�� �

�����$# C�7
&9687 &9� ���$0'09��C�� ��7,�2����7
�-�	�
�����'����� �����2��&96-7
�	��#%& ��&'�������$09����&'�$�,��&�� F ���
�
�
�	� �����$# F/��09��C

F�� �%�  9� F �$���
� �6�

Q :=
Z

d2z tr P f @�zP @zP � @zP @�zPg
C�& ��7

E � jQj :
�

)

)

A�B �

� 7�� �'���/���2��&9�
� ����� ��0'�$��&'6���0 687,�����$�

Q
�2�
#%&9���

"�+�G&$

� �$�	�$#%�	����&96���0�&9� ����� �
�����8�2��&'�$��� ���
� ��7
�

�� 
� �$�������$�$#%�$09��� &5F/�$�
�
� �

)

)

A�B �

& ����� ���
���2���	� ���$� 6	�$�E,���
���2��&'���������2��& � � � &9�
����& ��7
�	�

F = (@�zP) P = ( � � P) @�zP = 0
� �  9��� �_ �,�2��&'�$�

�

�$�

G = (@zP) P = ( � � P) @zP = 0
� ������& �*�� 
��� �_ �,� ��&9�$�

�

:

�

)

)

A�H �

� 7�� ��� ����0'����&'�����<�
��E,��� C�7
�2�jC��IC�&90'0�7
���
6	�	���$� ��7@6���090����$0'& ������� ���
�@������& � ���$0'& �������

(

�������/��6���& D$��0<�

(

�2�
� & �!& � ��7
��# ��7,�2�!�$�
� �
&���6	������&'��� C�&'0905��� 6	�����$� &'� ��7
�1���$0909��C�&9�
� ��&9�
6�� ��7
� ���
��� D &9�
� &'�����	�4�

������&'�
� 6	�$�E,���
���2��&'�����*C�& ��7 �����/�$0'���$&'6���0 �$��&9�$&9� )  � �$����������� �����>��7,�2�$���$09����&9�$���!��� �

)

)

A H �

�2���

&9�
�
�	��� ��0 ��� ���$09����&9�$��� ���%��7�� � ����� #%� �
��05�^ �,�2��&9�$� ���4#%����&'��� �

)

)

+EB �#(

C�� ���WC���& ��� ��7
� 0'�2�������

����� ���8� ��&96 7�����#%& ��&'��� 6��$�E
�$�
��� ��&9�$����&'� ���	��# �!������7
� �
���6s ��6	���$�!�'�

@�zF y � @zF = 0 = @zGy � @�zG :
�

)

)

)$G �

�4&9�,��090<�

(

������� ��0���� ��7
�2�@&'� ��7
&��%6��$#%# ���8�2��&9D�� ���	����&'��� ���$0'& ������� C�&'090��$�
0<� ����&���� ���$� ���$� �

�2F �	0'&'��� �$���$�������
��6����!09&9?��1��) �
)

U(n)
(

SU(n)
�$�

O(n)
��090�C�& ��7

n > 1
��&'�
6	� ����7
�	� C�&����

Q = 0
)
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�	� ��� & ���
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��� ��6	���
�
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����7
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������� ��� � �
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T
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�
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13C-,@DE132+2+C?*-58,t&6Du&6(45a.ADFH/HvBj&013&)*?=�5w.A1�,)53SxQR5p9W*?C-Cy&6(+587)58Y[D�7)5a7)5JY[761�*?$zY[7)DFH{K+58$+D�&6*?$+`/K+587)*|=�1r&6*|=F5A,

13,t.ADFH/H}B4&013&)DF7),t1�$+Kz761r&6(+587~,@&)*-.0•:&6Du&)(+5€Y[DF7@HvB+C-13&)*-DF$z*?$N&6(45p,@&61�7•IL2+7)D>K+B+.J&~Y[DF7@HE13C-*?,)H<gj9W(45A7)5

&)(+5‚,@ƒ>HvXMDFC?,„137)5a&6(+5‚,)1�H/5}13,V*?$<&6(+5‚.AD�H:H}B4&01r&6*|=F5w,)58&@&6*?$+`+S^…

†

Y‡&65A7
7@58=>*-5J9W*-$4`v&6(+5Vˆ‰1rsbIŠ2+1�*-7xY[DF7@HvB+C-13&)*-DF$:D�YM&6(+5]QR1�7)K:H/DjK45AC�9~5W2+7@Dj.85A58KZX%ƒ/2+7)58,)58$b&)*-$4`

XMD>DF,@&)5AK‹,@&613&6*?.z,)DFC?*|&6DF$+,O9W(+*?.0(�1�7)5z`F*|=F58$�X%ƒGC?B+H/2+,/H/D_=j*?$+`P9W*?&)('1P.8DF$+,•&01�$%&/=F58C-D>.A*|&Šƒ'1�$+K

(45A$+.85<Y[5A13&6B47)5z$+DŒ,@.q13&@&65A7@*-$4`+S

U

DŒDFX4&013*-$‹H/DF7)5Z.ADFH/2+C?5Js‹,@DFC?B4&6*?DF$+,8g•&)(+5zK+7)58,),@*-$+`�1�2+247)D%1�.0(

13,p1�$Ž58•y5A.8&)*?=�5uH/5q1�$4,€&6DE`F5A$45A761r&65}&)*-H/5•IŠK+582y58$+K+5A$%&aH}B+C|&6*^IŠ,)D�C-*|&6DF$4,„*?,€&6(45A$�*?$%&67)D>K+B+.85AK‘S

U

(+5

5•s41�H/2+C-58,’&)D‹Xy5Œ`F*|=F58$“137)5ŒH:1�*?$+C?ƒ”.ADF$+.85A7@$+5AK•9W*?&)(–&)(+5—1�XM5AC?*˜1�$–.A1�,)5P*?$•.8DF$+,@*-K+587613&)*-D�$�D�Y

&)(+5™.8DFH/2�1�7@*-,@DF$�9W*|&6(�&)(+5Ž1�K+*-1�X�13&)*-.Ž1�2+2+7@D%1�.0(‘S

U

(45™K+*?,).8B+,),@*-DF$–*?,:š+$�1�C?C?ƒ‹Y[DFC?C-D_9;5AK”X%ƒ�1�$

5•sj2yDF,@*?&)*-D�$™D�Y›&6(+5‚,@.q13&@&65A7@*-$4`E2+7@DF2M5A7@&)*-58,]Y[DF7t&6(+58,)5wHvB+C|&6*^IŠ,@DFC?*?&)DF$+,AS
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U

DŒ2+7@Dl=�5NDFB+7v5q1�7@C-*?5A7u.8C˜13*-HÊ&6(�1r&v&6(45N5AËbB�13&)*-D�$GD�YWH/D�&6*?DF$–ÌTf4S-iqÍ>ÎaD�Y]&)(+5ZQR1�7)KRH:D>K+58C~K+D>5A,

*?$+K+585AK™1�7)*?,)5w1�,].8DFH/2�13&6*?X+*?C-*|&Šƒ<.AD�$+K+*|&6*?DF$’Y[D�7],)DFH/5‚C-*?$+5A1�7],@ƒ>,@&)5AH<g¬9~5‚*?$b&)7)D>K+B+.85v1�$’1�B>s4*?C?*˜1�7•ƒ

n� n
H:13&)7)*^s

 
K+582y58$+K+*?$+`�D�$‹&)(+5<.AD>DF7)K4*-$�1r&65A,

t; x; y
1�$+K'1Œ,)DrIŠ.q13C-C?5AK',)2M5A.J&67613C]2�1�7613H:5J&6587

� 2 Ï [ f1g
,)B4XjÐ•5A.J&„&6DO&)(+5‚7)5q13C-*|&Šƒz.AD�$+K+*|&6*?DF$

 (t; x; y; � )  y(t; x; y; �� ) = Ñ :
ÌÒm4S?i3Î

Ó

B+7•&6(+587)H/DF7@5�g+9;5wH:1qƒN*?H/2yD�,)5‚,)DFH/5w1�,•ƒjH/24&)D�&6*?.‚.ADF$4K+*?&)*-D�$+,wcemFfrnÉDF$z&6(+5pš+5AC?K

 
D3Y›9W(4*-.0(’9~5

9W*?C?CÉ$+5A58K

lim
� ! 0

 (t; x; y; � ) = � y + O(� ) ;
ÌÒm4SÔkbÎ

9W(45A7)5

�
*?,„1

U(n)
IÕ=31�C-B45AKŽš+5AC?K‘S

U

(+*?,p13,@ƒ>H/24&6D�&)*-.w.AD�$+K+*|&6*?DF$™*?,WB+,)58KŽ&6D:.AD�$+$+5A.J&

 
9W*?&)(Ž&6(45

QR1�7@KŽH/D>K+5AC‘,@DFC?B4&6*?DF$+,8S

Ö

DF$4,)*?K+5A7V$+D_9×&6(45aC-*?$+5q137V,•ƒ>,@&658H/,„D�Y»5AËbB�13&)*-D�$+,

�
A(t; x; y)
B(t; x; y)

�
= �  (t; x; y; � ) L(� )  y(t; x; y; �� ) ;

ÌÒm4Sef>Î

Ø•ÙlÚJÛÉÜÒÝeÞtßlàÔÝâáÝeãÒàÔäVåoæ
ç•àâÜTÚ~àeæ)ç6èJæéÚJê_ãÉãÕëlæ
ÜTãÕç•ÛÒì‡ÜTäqÞ•í�ÚJà�î|Ú8Û‘ãÒëlæ\Þ•êràïãÕÝeßlàÔÝâá•ç0ãÕÝeÚ8ðbñ
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	o¿MÂÒ¼‡Ã_¿MÄ��

9W(+5A7@5

L(� ) :=
�

� @x � @y+ t

� � @y� t � @x

�
=

�
(� � i) @z + (� + i) @�z � @t

� i (� � i) @z + i (� + i) @�z + � @t

�
;

ÌÒm4SïhjÎ

1�$+KZ&)(+5„H:13&)7)*?.A58,

A
g

B
DF$Z&6(45€C?58Y‡&~(�1�$+KE,)*?K+5a1�7@5€D�Yo&6(+5V,61�H/5„&Šƒ>2M5p1�,

 
X+B4&~*-$+K45A2M5A$+K+58$%&]D�Y

&6(+5W,@2y58.8&67)1�C�2�1�7)1�H/58&)5A7

�
ced�f4g%d3h3nÒS�Š$/YT1�.8&AgF&6(+*?,
C-*?$+5q137x,@ƒ>,@&)5AH .q1�$/XM5WDFX4&013*-$+58KOY[7)DFH &6(+5Vˆ‰1rs

2�1�*?7vD�Y;&6(+5E,)58C?Y ILK+B�1�C��;1�$+`rI��Ž*?C-C?,v58ËbB�13&6*?DF$ D�$��

2;2
cïm%kjg›mFf3n•X%ƒ—`%1�B+`�5JILšjs4*?$+`™1�$+KR*?H/2yD�,)*?$+`

&6(+5‚.8DF$+K+*|&6*?DF$

@3 = 0
S

U

(+5‚.AD�H:2+13&6*?X+*?C-*|&Šƒ<.ADF$4K+*?&)*-D�$’Y[DF7t&)(+5‚C-*?$+5A1�7W,@ƒ>,@&)5AH ÌÒm4SefbÎ;7)5A1�K+,

@xB + @y� t A = 0
1�$4K

@x A � @y+ t B �
�
A; B

�
= 0;

ÌÒm4S��bÎ

D�Yé9W(4*-.0(‘g¬H:1�•b*?$+`Z13$Ž13$+,613&��‚D�Y»&)(+5aY[DF7)H��

A = � y @y+ t �
1�$+K

B = � y @x �
ÌÒm4Sem>Î

&6(+5‚,@5A.AD�$+K™58Ë>B+13&6*?DF$’*-,W1�Bj&6DFH:13&)*-.A1�C-C|ƒz,)13&6*?,@š�58KŽ9W(+587)5A1�,]&6(+5aš�7@,@&VDF$+5a*?,]&67613$+,@Y[DF7@H/5AK<&6DO&6(+5

5AËbB�13&)*-D�$�D�Y\H/D�&)*-D�$™D�Y»&6(+5‚Q 137)K’H:D>K+58C~ÌTf4S?i_Í>Î0S

U

(+*?,„,)(4Dl9W,V&6(�1r&„*|&V*-,€*-$+K45A5AK™*-$+K4B+.A58K�X%ƒ’1

ˆ‰1rsbIŠ2�1�*?7
Y[DF7)H}B+C˜1r&6*?DF$z1�$+K:&6(bB+,8g+1�.8.ADF7@K+*-$4`v&6Dw&6(+5V`F*|=F5A$zK458š�$+*|&6*?DF$‘g>&6(+*?,~H/D>K+5AC¬*?,~*?$%&65A`�761�X+C?5�g

1�,a.AC-1�*?H/5AK‘S��W5q13K+*-$4`N&6(+*?,a,@&613&658H:58$%&v1NK4*?•y5A7@5A$%&‚9t1qƒ�9;5O,)585/&)(�13&pY[7@DFH«5A1�.0(P,)DFC?B4&)*-DF$

 
D�Y

&6(+5‚C?*-$45q1�7W,@ƒ>,•&65AH ÌTm4SÔf%Î•9W*?&)(Ž,@DFH/5

A
1�$4K

B
9;5}.A1�$’*-$4Y[587V1/,@DFC?B4&6*?DF$

�
&6DO&)(+5aQ 1�7@KŽH/D>K+5AC

5AËbB�13&)*-D�$GD�Y]H/D�&6*?DF$R=>*-1GÌÒmjSâkFÎ‚1�$+K ÌÒm4SembÎ6S��VDl9;58=�5A78g•*|&u*?,v$4D�&u2MDF,),@*-X4C-5Z&)D™,@*-H/2+C|ƒR247)5A,@.A7@*-XM5

,)DFH/5

A
1�$+K

B
,)*?$+.A5‚&6(+5JƒzK+582y58$+K™DF$z&)(+5‚,)DFC?B4&6*?DF$

�
&)(+5AH/,)58C?=�5A,8S

³‘´Òµ�´�� �z½lÆ �!�q¼TÄ#"�·+º»º›½l¿¬·%$3Å

U

(+5�*?$%&65A`�761�X+*?C?*?&Šƒ�D�Yp&)(+5™QR1�7)K�H:D>K+58C€58$b&61�*?C-,N,@DFH/5™2MD_9~587@Y[B+CV&65A.0(4$+*-ËbB+58,<D�Ya.AD�$+,@&)7)B+.J&6*?$+`

,)DFC?B4&)*-DF$4,E&6D—&6(+5ŽC-*?$+5A1�7E,•ƒ>,@&658H `�*?=�5A$–1�XMD_=F5Ž1�$+K�&)(>B4,E&6D—&6(+5’5AËbB�1r&6*?DF$”D�YaH/D�&)*-D�$�&6D—&6(+5

Q 137)K'H:D>K+58CÒS&Š$'&)(+*?,:.8DF$%&65•sj&:&6(45’K47)5A,@,)*?$+` 132+2+7)DF1�.0(�9W*?C-C]XM5<D�Y€`F7)5A13&:*-H/2MDF7@&61�$+.A5z&)D—B4,

,)*?$+.A5z*|&u247)D_=>*-K+58,O`F5A$bB+*?$+5NH}B+C|&6*^IŠ,)D�C-*|&6DF$G,@DFC?B4&6*?DF$+,v9W*|&6(R7)5AC-13&)*?=�5N=F5AC?D>.A*|&ŠƒFS'L&v*-,O1Ž7)5A.8B+7),@*?=�5

2+7)D>.A58K+B+7@5/&)Dz`F5A$45A761r&65O$+5J9�,@DFC-Bj&6*?DF$+,pY[7)D�H«1N`F*|=F58$�,@5A58K—,@DFC?B4&6*?DF$Œ&6D—ÌTm4SÔfbÎWX%ƒŒ1�$—1�$+,)13&(�vD�Y

&6(+5aY[DF7@H

� (t; x; y; � ) := � (t; x; y; � )  (t; x; y; � ) ;
ÌÒm4SÔdbÎ

9W(+5A7@5

 
*-,z1—,)DFC?B4&)*-DF$”&)D�&)(+5™C?*-$45q1�7N,•ƒ>,@&658H ÌTm4Sef>ÎuY[DF7:,)D�H:5™C-5JY‡&N(�1�$4K”,)*?K+5

(A; B)
S

U

(+5

K+7)58,),@*-$+`:YT1�.8&)DF7

�
*?,Ag+Y[DF7]D�B+7W2+B+7)2MDF,@5A,Ag�7@5A,•&67)*?.8&)5AK’&6D/&6(+5‚,)*?H/2+C?5}DF$45a2yDFC?5aY[DF7)H

� := Ñ +
� � ��
� � �

P ;
ÌÒm4SeÍ>Î

Y[DF7

� 2 Ï n
��13$+KE,@DFH/5W(+5A7@H:*|&6*-1�$:2+7)DrÐ•5A.8&)DF7

P
cÔd3frnÒS

Ö

DFH/2�1�7@5€13C-,@DZc|i_f4i3g�i_f%k>gbf�frn�Y[DF7x1‚H/DF7)5

`F5A$45A7613CÉ5Jsj2yD�,)*|&6*?DF$™D�Y›&6(4*-,V1�2+247)D%1�.0(oS

)�*›Ú•ãÒæ\ãÕërç0ãÉãÕëlÝâÜ‰ç•ðrÜÕç0ã,+\ÝÔÜÉá•ÚJÞtßrç0ãÕÝeíràeæxåÉÝeãÒë„ãÒëræ
çJÜÒäAÞtß_ãÕÚ•ãÕÝÔá\áÚ8ð.-_ÝeãÒÝÔÚJð�/10rñ 243oç•ð.-€ãÒë3ç0ã‰Ýeã‰ÝeÞtßlàÔÝeæ)Ü‰ç•à�5Jæ@ílÛLç0ì

è0ç•àÔêlæ�-

A
çJð.-

B
ñ
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���

Š$+,@5A7•&6*?$+`E&)(+*-,€1�$+,)13&(�‚*?$%&6DE&)(+5‚C-*?$+5A1�7W,@ƒ>,@&)5AH ÌÒm4Sef>Î
ƒ>*?5AC?K+,€&)DF`F58&)(+5A7]9W*|&6(’&6(+5‚7)5A1�C?*?&Šƒ<.8DF$jI

K4*?&)*-DF$RÌÒmjS-ilÎ

� ~A(t; x; y)
~B(t; x; y)

�
= � � (t; x; y; � )

� �
A(t; x; y)
B(t; x; y)

�
+ L(� )

�
� y(t; x; y; �� ) ;

ÌÒm4S��>Î

9W(45A7)5

~A
1�$4K

~B
1�7@5}D3Y\&6(+5},61�H/5w&Šƒj2M5u13,

A
1�$+K

B
S��€D�&)5}&6(+13&€&)(+5vC?58Y‡&€(�1�$4K�,)*?K+5A,€D�YvÌÒm4Sef>Î

13$+Kz&6(+5p58ËbB�13&6*?DF$Ž1�XMDl=�5‚1�7)5„*-$+K45A2M5A$+K+58$%&„D�Y

�
1�$+Kz&)(�13&t&)(+5A7@58Y[DF7@5p&6(+5

�
ILK+5A2M5A$+K45A$+.85aDF$N&6(+5

7@*-`�(b&V(�13$+KŽ,@*-K45A,VD�Y»&)(+5A,@5}58ËbB�13&6*?DF$+,W(�13,W&)D/K+7)DF2’DFB4&AS

³‘´Tµ�´	� 	‘¼ÒÀRº»Â[Æ’Ãl¼TÀRÆF¹6È›ÆbºxÆ>Ä»È‰Æ>ÄyÃ �A¿MÂÒÁÉÃl¼[¿MÄ��u·�Ä›È $F¿+¹0ÀR¿�
‰¼TÄ#" $F¿‘¿¬½rÈ»¼TÄ›·jÃ_Æ �

U

DP5Jsj5AH/2+C?*|Y‡ƒ'&)(+5zK+*?,).8B+,),@*-DF$�D�Y€&)(+5z2+7@5A.A58K+*?$+`R,@5A.8&)*-D�$‘g;9;5<`F*?=�5’1�$‹5q1�,•ƒ‹5Js41�H/2+C?5<Y[D�7u&6(+5

.8DF$+,•&67)B4.8&6*?DF$ED�YÉ1a&6*?H/5JIŠK45A2M5A$+K+58$%&t,)D�C-B4&)*-D�$‘S

Ö

DF$+,@*-K+587~1‚,)585AKN,@DFC?B4&6*?DF$

 0 := Ñ

g%9W(+*-.0(Z,)DFC|=F58,

&)(+5ZC?*?$+5q1�7w,@ƒ>,•&65AH ÌÒmjSÔf>Î€9W*|&6(

A0 = B0 = 0
1�$+K—&6(+5Z1�$+,)13&(�™ÌÒm4SeÍ>Î€Y[DF7w&)(+5:K+7)58,),)*?$+`�YT1�.J&6DF78S

U

(45w$4589�,)DFC?B4&6*?DF$

 = �  0

*?,t&6(+58$’.8DF$+,•&67)B4.8&658KŽX%ƒz5•sj2�1�$+K+*?$+`O&6(45a7)*?`F(%&@IŠ(+1�$+K<,)*?K+5aD�YaÌÒm4S��>Î

*?$%&6DZ1Eˆ‰1�B+7@5A$%&@IL,)587)*?5A,p137)DFB+$4K

� = �� �

13$+K™K+58H:1�$+K+*?$+`E&)(+5‚=�13$+*-,@(+*?$+`ZD�Yé2yD�C-58,V&)DZ1�C?CÉDF7@K+5A7@,AS

U

(4*-,Wƒ>*-58C-K+,W&6(45�����%IL&Šƒ>2y5‚.8DF$+K+*|&6*?DF$+,

( Ñ � P)( �� @x � @y+ t )P = 0
13$+K

( Ñ � P)( �� @y� t + @x )P = 0;
ÌTm4S?i��>Î

Y[D�7V&)(+5v2+7@D3Ð•5A.J&6DF7

P
S

U

(+5v58$+,)B+*?$+`NQR1�7)KŽH/DjK+58C»,@DFC?B4&6*?DF$™*?,€&)(+5A$ŽY[DFB+$+K’=j*-1E&)(+5v13,@ƒ>H/24&6D�&)*-.

.8DF$+K+*|&6*?DF$RÌÒm4SÔkbÎ;1�,

� = Ñ �
�� � �

��
P ;

ÌTm4S?iFi3Î

9W(4*-.0('*-,O,@*-H/*?C˜137O*-$ Y[DF7@H &)DP1�(+5A7@H/*?&)*˜1�$‹,•&013&)*-.z,@DFC-Bj&6*?DF$‹5Jsj.A5824&OY[DF7v&)(+5zK+58=>*-13&6*?DF$GY[7)D�H

2
D3Y;&)(+5OYT1�.8&)DF7‚*-$ŒY[7)D�$b&wD�Y

P
S

U

(+*-,w7)58$+K+587),‚&6(+5/,)D�C-B4&)*-D�$�$+D�$jIŠ`F7)1�,),@H:1�$+$+*-1�$—*-$—`F5A$45A7613CÒS

†

$

13$�1�C|ƒj,@*-,•D�YVÌTm4S?iFirÎ;ced�f4g>d�mln¬7)5J=F5q13C-,
&6(�1r&
5q1�.0(/š�$+*|&65•IŠ7613$+•u2+7@D3Ð•5A.J&6DF7

P
,)13&6*?,@Y‡ƒ>*?$+`<ÌÒmjS-i��%Î›*-$/&6(4*-,

9~1qƒ™ƒ>*?5AC?K+,w1N,)DFC?B4&6*?DF$�9W(+D�,)5/5A$+587)`�ƒ™K+5A$4,)*|&ŠƒŒ*-,„C-D>.q1�C?*1�A5AKŒ9W*|&6(P2M5q1�•’H/Dl=>*?$+`z9W*?&)(P.ADF$+,•&01�$%&

=�5AC?Dj.8*?&Šƒ

~v
`F*|=F5A$’X%ƒ

~v = (vx ; vy) = �
�

� + ��
� �� + 1

;
� �� � 1
� �� + 1

�
;

ÌTm4S?ilkbÎ

9W*|&6(’*?$b=�5A7@,)5v`�*?=�5A$™X%ƒ

� = �
vx + i

p
1 � ~v

1 � v2
y

2 Ï n
�

:
ÌTm4S?i_f>Î

U

(+*?,\,@DFC-Bj&6*?DF$v*?,»&)(>B4,é*?$b&)5A7@2+7)5J&65AK/13,éH/D_=j*?$+`pC?B+H/2u*?$}&)(+5 �ŽD_ƒF1�Cj24C˜1�$45;9W(+DF,@5;&)D�&01�Cb58$+5A7@`�ƒ

E[�]
7)5q13K+,

E[�] =

p
1 � ~v2

1 � v2
y

8� tr P =
�
1 � 1

2 v2
x + 1

2 v2
y + : : :

�
8� tr P ;

ÌTm4S?iqhjÎ

���‘ëlÝÔÜ‘ÝâÜ‘ÚJðràeä€ÚJðlæ\ß�Ú8ÜÕÜTÝÔílÝÔàeÝeã[ä��_ílêlã‰Ýeð„ãÒërÝÔÜ‰á@çJÜÒæxç;è8æ•ÛÕä]êrÜÒæî|êlàbÚ8ðlæJñ
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H:1�•b*-$+`EDFX%=>*-DFB4,W&)(+5wˆÉDF7)58$b&��‚,@ƒ>H/H:5J&67•ƒŽX47)5q13•>*?$+`+S

�>*-$+.85V&)(+5V,)DFC?B4&6*?DF$+,
Y[5q1r&6B+7@5€1‚.AD�$+,@&61�$%&;=�5AC?Dj.8*?&Šƒ�g4*|&~*?,
2yDF,@,)*?X+C?5€&6Dw,)(4*?Y‡&
&6D‚&6(45A*?7;7@5A,@&•Y[7613H:5

=>*˜1:1:C?*?$+5q1�7].8DjD�7)K+*?$�13&)5‚&)761�$4,@Y[DF7@HE1r&6*?DF$

(x; y; t) ! (w; �w; s)
`F*|=F58$™X%ƒPcÔd�m3n

w = �
h

1
2 t ( �� + 1

�� ) + 1
2 y ( �� � 1

�� ) + x
i

;

�w = ��
h

1
2 t (� + 1

� ) + 1
2 y (� � 1

� ) + x
i

1�$4K

s = : : : ;

ÌÒm4S?i �bÎ

9W(+5A7@5

� 2 Ï

*?,}&6DŽXy5E.0(+DF,@5A$‹C˜1r&65A7}1�$+K�&6(+5E,)(+*|Y‡&658K &6*?H:5•IŠ.8DjDF7@K+*?$�13&65

s
*-,vD�Y]$+D�7@5AC?58=31�$+.85

Y[DF7~&)(+5a,)DFC?B4&)*-DF$4,].ADF$+,@*-K45A7)58K‘S��€,)*?$+`O&6(45a.ADFH/HvBj&013&)*-DF$<7@5AC-13&6*?DF$+,

[x; y]? = i �
9~5pš+$+KzY[DF7~&6(45

$+589×.AD>DF7)K+*?$�13&)5A,]&6(45w,•&01�7IŠ.8DFH/HvB4&613&6*?DF$’7)5AC-13&)*-DF$

[w; �w]? = 2i � � ��

p
1 � v2

x � v2
y

1 � v2
y

:
ÌÒm4S?i_m>Î

�€D�&)5~&6(+13&é&)(+5~,@(+*?Y‡&WÌÒm4S?i �%Î‘*-,éH:58K+*-13&658KOXbƒv1„B+$4*?&61�7@ƒw&67)1�$+,@Y[D�7)H:13&6*?DF$

U(�; t)
5J•o58.8&)*-$+`‚1VXyD>DF,•&

9W*?&)(Ž=�5AC?Dj.8*?&ŠƒRÌÒmjS-ilk%Î6S

Ó

B+7•&6(+587)H/DF7@5�g+&6(45w.8DF$+K+*|&6*?DF$RÌÒm4S?i��%Î•*-,V`F*|=F5A$’*?$’&)(+5‚7)5A,•&WY[761�H/5w1�,

( Ñ � P) @�wP = 0
1�$+K

( Ñ � P) @sP = 0;
ÌÒm4S?ildbÎ

9W(+*?.0(�*-,W$+D3&6(+*?$+`ZX4B4&W&6(+5  � �’58ËbB�13&6*?DF$RÌÒf4SÔk �>Î;*?$Ž.8D3IŠH/D_=>*-$4`E.8DjDF7@K+*?$�13&658,€*|Yé&)(+5‚,)DFC?B4&)*-DF$’*?,

,@&613&6*?.Z*?$�&)(+*-,wY[761�H/53gé*TSe53S

@sP = 0
gé1�$+K�9;5E9W*?C?C
&)(+5A7@58Y[DF7@5Z.A1�C-Cx&)(+5A,@5Z,)D�C-B4&)*-D�$+,v,@DFC-*|&6D�$+,Agx13,

9~58C-CTS

U

(+5V`F5A$+587)*?.

r
IŠ,@DFC-*|&6D�$EH/D_=>*-$+`w9W*?&)(Z=F58C-D>.A*|&Šƒ:*-H/2+C?*?5AKNX%ƒ

�
*-,
&6(bB+,•2�1�7)1�H/58&67@*��85AKNX%ƒ/&6(45

2+7)DrÐ•5A.8&)DF7

~P(t) = U(�; t) P� Uy(�; t)
ÌÒm4S?i_Í>Î

9W(+5A7@5

P�

*?,}&)(+5N`F58$+5A7@*-.N,•&013&)*-.  � �R,)DFC?B4&6*?DF$–Ì[h+Sïh �bÎa5•sj2+7)58,),)58K‘g•(+5A7@5�gx*?$R&6(+5Z,@&0137•IŠ247)D>K+B+.8&

2+*?.8&6B47)5�S

U

(+5w,@&613&6*?.v,@*?&)B�13&)*-DF$Ž*-,V7)58.AD_=F587)58K�Y[DF7V&)(+5w.0(+DF*?.A5

� = � i
9W(+*?.0(Œ*-H/2+C?*-58,

v = 0
1�$+K

w = � (x + i y)
S

U

D:`�*?=�5v1�$<5•s+13H:24C-53g¬&)(+5‚,)*?H/2+C-5w7613$+•�iwH:D_=>*?$+`E,@DFC?*?&)DF$Ž.8DFH/2+B4&)5A,W&6D’cÔd�frn

� 1 ?(t; x; y) = 1 � 2
�� � �

��
e� 1

� jw(t;x;y )�
p

2 � � j ;
ÌÒm4S?i��>Î

9W(+*?.0(×7)582+7)58,)5A$%&),Œ1�,@Ë>B45A5 �85AK��‚1�B+,@,)*-1�$“H/D_=>*-$+`�*-$•&6(+5 �ŽD_ƒ%13Cw24C˜1�$45RXM5A.q13B+,)5

w
*-,<&6*?H/5

K+5A2M5A$4K+5A$%&qS �€D�&)5u&6(�1r&p58=�5A$P&6(+D�B+`F(Œ(+*?`F(+587a761�$+•’,)D�C-B4&)*-D�$+,aH:1_ƒŽY[5q13&)B+7)5v,)5A2M5A7)13&65OC?B+H/2+,‚*?$

&6(+5:5A$45A7)`3ƒPK+5A$+,@*?&Šƒ�DF$P&6(+5 �ŽD_ƒF1�C;24C˜1�$45/&)(+5A,@5ZH/D_=F5/9W*?&)(R58Ë>B+1�Cx=F5AC?D>.A*|&ŠƒR13$+K�&)(>B4,}K+D’$+D�&

7)582+7)58,)5A$%&E`F5A$bB+*?$+5<HvB4C?&)*|IL,)DFC?*?&)DF$+,/1�,u&)(+5zC-13&)&)5A7u&6587)H *-,O7@5A,)587@=�5AK‹Y[DF7uHvB4C?&)*|ILC-B+H/2',)DFC?B4&)*-DF$4,

9W*?&)(�H}B4&6B�13C-C|ƒ'K+*?•y5A7@5A$%&:=F5AC?D>.A*|&6*?5A,AS

U

(+5A,@5Ž9W*?C-CWXM5<&)(+5’,)B+XjÐ•58.8&ZD�YpK+*?,).8B+,),@*-D�$”*-$‹&6(45Ž$+5•s>&

,)58.8&6*?DF$‘S

†

,p*?$P&)(+5u,•&013&)*-.O.A1�,)5O*|&a*?,p9~DF7•&6(%9W(+*?C-5O&)DN*-$%=�5A,@&)*-`F13&65O&6(4*-,a,@DFC-Bj&6*?DF$P*-$�&)(+5ODF2M5A761r&6DF7VY[DF7•I

H:1�C-*?,)H<gx13,w9;5AC?CÒS��xH/2+C?Dlƒ>*?$+`�&6(45 �ŽD_ƒF1�C|IÕQR5Jƒ>C~H:1�2 ÌÒkjS?ilk%Î€9~5Z1�,),@Dj.8*˜1r&65/&6DŽ&)(+5Z.8D3IŠH/D_=>*-$4`

.AD>DF7)K4*-$�1r&65

w
1�$’1�$+$+*?(+*?C˜1r&6*?DF$ŽD�2y587613&)DF7

c
=>*-1

w $
p

2� c;
9W(+5A7@5

�
*?,W.0(+DF,@5A$�,@B+.0(Ž&)(�13& �

c;cy
�

= Ñ :
ÌÒm4SÔk �>Î
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�

µ

•ƒvK+5Jš�$+*|&6*?DF$‘g

c
1�$+$+*?(+*?C˜1r&65A,»&6(+5t.8D3IŠH/D_=>*-$4`„=31�.AB+B4H

j~vi
g�*TSï5�S

cj~vi = 0
gF1�$+Ku&)(+5 ����v58ËbB�13&6*?DF$

ÌTm4S?ild%Î;$+D_9×XM5A.8DFH/5A,

( Ñ � P) cP = 0;
ÌTm4SÔkji3Î

9W(4*-.0(‘g¬B+2MDF$’2�1�7)1�H/58&67@*��8*-$4`:&)(+5‚2+7)D3Ð•58.8&)DF7V1�`%1�*?$’1�,

P = jTi hTjTi � 1hTj
*?,W,)DFC|=F58K™*?$’&)(+5w1�XM5AC?*˜1�$’.q13,)5‚,)*?H/*-C-1�7]&6D/&6(+5a,•&013&)*-.w,)*|&6B+13&6*?DF$<X%ƒ

jT i =
�

jT1i jT2i : : : jTr i
� 9W*|&6(

jTi i := e� i cy
j~vi ;

ÌTm4SÔkFkbÎ

Y[D�7

� i 2 Ï

S

†

.0(+1�$+`F5

~v ! ~v 0
D�Y]&6(+5E=F5AC?D>.A*|&Šƒ D�Y]&)(+*-,v,)DFC?B4&6*?DF$G*?,uH/5AK+*-13&)5AK‹X%ƒ 1�$R*-$+(4DFH/DF`F5A$45ADFB+,

SU(1; 1)
,)ËbB+5A54�A*?$+`€&)761�$4,@Y[DF7@HE1r&6*?DF$‚`F*?=�5A$‚X%ƒ‚1],)B+.8.A58,),)*|=F5•&6*?H/5JIŠK45A2M5A$+K+58$%&»&)761�$+,@C˜1r&6*?DF$:ÌÕkjSÔk�f>Î��

Y[D�C-C?D_9~58K™X%ƒ<1O,)ËbB+585 �A*?$+`—ÌÒkjSâk�dbÎ
&67)1�$+,@Y[D�7)H:13&6*?DF$z9W*|&6(

c0 = S(~v 0) D(~v 0; t) cDy(~v 0; t) S(~v 0)
13,W9;5AC?C›1�,

j~v 0i = S(~v 0) D(~v 0; t) j~vi
ÌTm4SÔk�f>Î

13$+KŒ1�C?C».8D3IŠH/D_=>*-$4`Z=31�.AB�1Z1�7)5}`F5A$+587613&)5AK�*?$™&)(+*-,€9t1qƒ’Y[7)DFH

j0i
S

U

(+5v,@*-H/2+C?5O7613$+•

1
H/D_=j*?$+`3I

,@DFC?*?&)DF$Ž*?,]&6(bB+,V`F*|=F5A$’X%ƒ

� 1(t) = e� cy � �� c

�
Ñ �

�� � �
��

j~vih~vj
�

e� (� cy � �� c) :
ÌTm4SÔk3hjÎ

Q�5ZH:1qƒ—H:1�2R&6(4*-,},)DFC?*?&)DF$G1�`F1�*-$�X�1�.0•P&6D’&6(+5 �ŽD_ƒ%1�C;2+C˜13$+5ZB+,@*-$4`™&6(+5E*-$%=�5A7),@5 �ŽD_ƒ%1�C^ILQ�58ƒ>C

H:1�2RÌÕk>S-iqhbÎ•&6D/DFX4&61�*-$�ÌTm4S-i �>Î6S

œ••�� �Œ •©�¢��lªa¢;®•¢~¡€ªa¢~¡W¨ ©Œ²p¯�¨p ��r¥�±}¯» Ò¨„±}¡„¥

ˆÉ5J&<B+,<$+D_9 2+7@Dj.85A5AK &)D'H}B+C|&6*^IŠ,)D�C-*|&6DF$•,)D�C-B4&)*-D�$+,z9W*?&)(•$4DF$%&67)*|=>*˜13Cp&6*?H:5PK+582y58$+K+58$+.A5P9W(+*?.0(

H:1qƒ™1�C-,@DZXM5v`F58$+5A7)13&658KŒX%ƒŽ&)(+5vK+7@5A,@,)*?$+`<1�2+2+7@D%1�.0(�*?$%&67@DjK+B4.A5AKP13XyD_=F53S �Ž58$%&6*?DF$+*?$+`zDF$+C|ƒ<&6(+5

H/DF,•&V*-H/2MDF7@&61�$%&W7)5A,@B+C|&6,VD�Y‰&6(+5‚`F*|=F58$Ž7@58Y[5A7@5A$+.85A,V9~5‚7)58H:1�7)•Z&)(�13&V1O`F58$+5A7@*-.

U(1) r
IL,)DFC?*|&6DF$<*?,

.8DF$+,•&67)B4.8&658K™*?$™1OH:1�$+$45A7W,)*?H/*-C-1�7W&6DŽÌÒm4SÔkFkFÎ;=>*-1O7)D_9W,€D3Yé,•&013&)5A,

�
jT (k)

i i
� k=1 :::r

i =1 :::r k

;

2+1�761�H/5J&67)*1�A58K‹Xbƒ

(� 1; : : : ; � r )
1�$4K &6(bB+,OX%ƒ .8DF7)7@5A,)2MDF$+K4*-$+`Œ=�5AC?Dj.8*?&)*-58,

(~v1; : : : ;~vr )
S

U

(45A,)5

,•&013&)5A,€1�7)5a,@B+XjÐ•58.8&V&6DO&6(+5  � �<.ADF$+K4*?&)*-DF$4,

ck jT (k) i = jT (k) i � (k)
9W*|&6(

ck = S(~vk ) D(~vk ; t) aD(~vk; t)ySy(~vk)
ÌTm4SÔk �bÎ

�
ãÒëlæ\ßlÛÕæ@á•ÝÔÜÒæ�-_æ•ß�æ•ð.-læ•ðrá•æxÚJð€ãÒëlæ\ãÕÝeÞtæ

t
í3æ@Ýeð 5]ÞtÚ8ÛÒæxáÚ8ÞtßlàeÝâá•ç•ãÒæ�-
	�����
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1�$+K

r k � r k

H:13&)7)*?.A58,

� (k)
S

Ó

DF7O1ŒX�1�,@*-,/*?$G9W(+*-.0(

� (k)
*-,OK4*˜1�`�DF$�1�C~&)(+5z.AD�$+,@&)*?&)B+5A$%&6,:D�YV&6(+5

,)DFC?B4&)*-DF$Ž1�7@5w`�*?=�5A$™X%ƒ

jT (k)
i i = e� k

i cy
k jvk i

9W*|&6(

jvk i = S(~vk ) D(~vk; t) j0i :
ÌÒm4SÔk�m>Î

�€58$+.A5u&)(+5

jvk i
1�7)5w&6(+5v.AD3ILH:D_=>*?$+`Z=31�.AB+1E9W*?&)(�=F58C-D>.A*|&6*?5A,

~vk

S �jDFC?B4&6*?DF$+,p.8DF$+,•&67)B4.8&658KP*-$™&)(+*?,

9t1qƒPK+58,).87)*?Xy5

r
IL,)DFC?*|&6DF$P,)D�C-B4&)*-D�$+,w9W(45A7)5/5A1�.0(RC?B+H/2�H/D_=F58,w9W*|&6(R1zK+*?•y5A7@5A$%&‚=F58C-D>.A*|&Šƒ—*-$P&6(+5

$+DF$+.8DFH/HvB4&613&6*|=F5}2+C-1�$+5w1�$+K<9W(+*?.0(™K+D/$+D�&V,@.q13&@&65A78S

†

,W1�$<5Js41�H/2+C?5�g+&)(+5a5Js41�.J&V&Š9;D3IL,)DFC?*?&)DF$<,)DFC?B4&)*-DF$<D�Y›7)1�$+•E&Š9;D/*-$z&)(+5‚1�XM5AC?*˜1�$zQR1�7)K<H/D>K+5AC

7)5A1�K+,}cÔd�fln

� 2(t) = Ñ �
(1� � 1

�� 1
)j1ih2j2ih1j + (1� � 2

�� 2
)j2ih1j1ih2j

h1j1ih2j2i � � h1j2ih2j1i

+
� (1� � 2

�� 1
)j1ih1j2ih2j + � (1� � 1

�� 2
)j2ih2j1ih1j

h1j1ih2j2i � � h1j2ih2j1i

ÌÒm4SÔkFdbÎ

9W*?&)(

� = (� 1 � �� 1 )( � 2 � �� 2)
(� 1 � �� 2 )( � 2 � �� 1)

13$+K

j k i = S(� k) D(� k ; t) j� k i
Y[DF7

k = 1; 2:
ÌÒmjSâk�ÍbÎ

�€587)5�g

� k

2�1�7)1�H/58&)7)*1�A5W&6(+5VK+*?,@&6*?$+.J&~.8DF$+,@&61�$%&~=�5AC?Dj.8*?&)*-58,~D�Yy&6(+5]&Š9;Dv,)D�C-*|&6DF$4,;C?*-•35„*?$�ÌTm4S?ilkbÎ0g>1�$4K

� 1 6= � 2

137)5p&6(45A*?7V2MDF,@*?&)*-DF$4,€1r&

t = 0
S

U

(+5‚B+$+*|&01�7•ƒN&67)1�$+,•Y[DF7)H:13&)*-DF$4,

S D
XMD>DF,@&]&)(+5p=31�.AB+B4H

,@&613&653gÉ1�$+KŒ,@DZ&6(+5}&6*?H:5•IŠK+582y58$+K+58$b&w,•&013&)5A,

j k i
1�7)5€Ð•B4,@&p.8D3IŠH/D_=>*-$4`NY[761�H/5v=31�.8B�1EY[DF7V&6(+5v&Š9;D

C-B4H:24,AS

Š$z&)(+5‚,@&01r&6*?.aC-*?H/*?&

� i ! � i
&6(+5a.8DF$4š�`FB47613&)*-DF$�ÌÒmjSâkFd%Î
&65A$4K+,]&6Du&6(45w,•&013&)*-.a,@DFC?B4&6*?DF$RÌTh+Sïh �%Î

1�,OC?DF$+`P1�,

� 1 6= � 2

S

Ó

B+7@&)(+5A7@H/DF7)53g
Y[D�7vC-1�7)`F5N&)*-H/58,Agx&6(+5zD_=�5A7)C-1�2

h1j2i
K+*-58,:1_9~1qƒG1�$4K‹9;5

1�7)5vC-5JY‡&„9W*|&6(�9W*?K+5AC|ƒ�,@5A2M5A761r&65AKP,@DFC-*|&6D�$+,pH/D_=j*?$+`z*?$+K+582y58$+K+5A$%&)C?ƒŒD3Y
DF$+5O1�$4D�&6(+587„*?$�&6(+5}$+DF$jI

.ADFH/H}B4&013&)*?=�5u2+C-1�$+53S

U

(45v.AD�$+,@&61�$+.8ƒ’D�Yé&6(+5‚=F58C-D>.A*|&6*?5A,p*?H/2+C?*-58,„&6(�1r&V&)(+5}&Š9;DZ,@DFC?*?&)DF$+,„K4DZ$+D�&

,).A13&)&)5A7ND�••DF$45Œ1�$+D�&)(+5A7E,)*?$+.A5™,).q1r&)&6587)*?$+`R9;DFB+C?K C-5A1�K�&)D K+*|•o587)5A$%&N=�5AC?Dj.8*?&)*-58,z*-$�&6(+5ŽC-*?H/*?&),

t ! � 1
S��

U

(+*-,}*-,}1�C?,)DŽ58=>*-$4.A5AKGX%ƒ�1Ž$4D3ILY[DF7@.A5:2+7)D�2y587@&ŠƒPD�YtQR1�7@KR,)D�C-*|&6DF$4,AgéXMDF7@$+5ED�B4&vX%ƒ

&6(+58*-7W58$+5A7@`�ƒ’1�K+K+*|&6*|=>*?&Šƒ

�

E[� 2] = E([� 1(~v1)] + E[� 1(~v2)] :
ÌÒm4SÔk �>Î

Š$’YT13.8&qg›ÌTm4SÔkFd%Î•9~1�,W.ADF$+,•&67@B+.8&)5AK™X%ƒ<K+7@5A,@,)*?$+`PÌÒmjSâk3hbÎ•9W*?&)(™1O.AD�2bƒ�S

L&€*?,€2MDF,),@*-X4C-5w&6D:5Js>&658$+K™&6(45A,)5}.ADF$4,)*?K+5A7)13&6*?DF$+,„&)DE,@DFC?B4&6*?DF$+,€5Jsj(+*?X+*?&)*-$4`N,).A13&)&)5A7)*?$+`EXbƒ’58HOI

2+C?Dlƒ>*?$+`G1�$�1�$+,)13&(�RÌÒmjSâdbÎ}9W*|&6(�(4*-`F(45A7:DF7)K+587E2MDFC?5A,8S

U

(+*?,Z.q13$�XM5™13.0(+*-5J=F58K Xbƒ'.8DF$+,)*?K+587)*?$+`

&6(+5EC-*?H/*?&}D�Y].8DF*?$+.A*?K+5A$%&u=�5AC?Dj.8*?&)*-58,v*?$R&6(45Z1�XMD_=F5E,)58&@&6*?$+`+S

†

&6(+DF7@DFB+`F(�1�$�13C?ƒ>,)*?,vD3Yt&6(+*?,v*?K+5A1

cÔdrh+gWilkFdlnV*?$+K+585AK�ƒ>*?5AC?K+,N,).A13&)&)5A7@*-$+`�,)DFC?B4&)*-DF$4,Z*?$�&6(45Ž.A1�,)5ŽD�Y

U(n)
9W*|&6(

n > 1
9W(+5A7@5Ž&)(+5

C-B4H:24,/1�7)5ZY[D�B+$+K &6DŒ,@.q13&@&6587O13&O7)13&6*?DF$�1�C;1�$+`�C-58,

�
q

Y[DF7

q 2
�

S �j.q1r&)&6587)*?$+`Œ,)D�C-B4&)*-D�$+,/1�7)5ED�Y

2�1�7•&6*?.AB+C-1�7~*?$%&6587)5A,•&t&6DwB+,;,)*?$+.A5„&)(+5p13K+*˜13X�13&6*?.€1�2+2+7@D_sj*?H:13&6*?DF$N.8DF$+,)*?K+587)5AKz*?$E&)(+5„$45Js>&t.0(�1324&6587

ƒ>*-58C-K+,€,).A13&)&)5A7)*?$+`:D�Y»,)DFC?*?&)DF$+,W*?$’&)(+5

U(1)
.q13,)5�S

ˆÉ5J&WB+,]&6(+587)58Y[D�7)5‚5Jsj5AH/2+C?*|Y‡ƒz&6(+*?,W.ADF*?$+.A*?K+58$b&V=F58C-D>.A*|&Šƒ<C?*-H/*|&qg�DF7tY[B+,@*-D�$‘g�X%ƒz.ADF$4,)*?K+5A7@*-$+`:&6(+5

Y[B+,)*?DF$ D3Yt&6(+5Z1�XM5AC?*˜1�$�&Š9~D3IL,)DFC?*|&6DF$–ÌTm4SÔkFd%Î6S

U

(4*-,u*?,u13.0(+*-5J=F58K'X%ƒ—2+B4&@&6*?$+`

� 1 = � 2 = �
13$+K

� �‘ëlæéÜÒçJÞtæ»ç•Û,5JêrÞ~æ@ðAãyç•ßlßràeÝÔæ@ÜMãÒÚ•ãÒëlæ»ðlÚJðrçJí3æ@àeÝâç•ð€á•çJÜÒæ›ç8ÜMåoæ•àÔà�ç8Ü¬àÔÚJð 5~çJÜ¬ãÒëlæéàeêrÞ~ß€èJæ@àeÚ_áÝeãÒÝÔæ@Üyç•ÛÕæ#-_ÝâÜ[ãÕÝeð3áŠã@ñ
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�

�

,@5A$+K4*-$+`ŒXMD�&)(�=F58C-D>.A*|&6*?5A,}&6D��85A7@D+S�� Š$R&6(4*-,}C-*?H/*?&v1Ž$+5J9 &Šƒj2M5ZD3Yt&6*?H/5EK+582y58$+K+58$+.A5z58H:587)`F58,AS

�xB4&@&6*?$+`:*-$RÌÒm4SÔkFdFÎ

� 1 = � i + � ;
1�,]9~58C-C›1�,

� 2 = � i � �
9W*?&)(

� 2 Ï ;
*-$4š+$+*?&)5A,@*-H:1�C ÌÒm4Sef �>Î

13$+KŽD�X+,)587@=>*-$4`:&)(�13&}cÔd3fjgMd3h�n

S(� i � � ) D(� i � �; t) j� i = e�j � j2 t2=4� e� � � t=
p

2�
�
1 � ��tp

2�
ay + O(� 2)

�
j� i ;

ÌÒm4Sef4i3Î

9;5zC?5q1�7@$‹&)(�13&/13$bƒ�&6*?H/5zK+5A2M5A$+K45A$+.85’.8DFH/5A,/*?$ &6(+5z.8DFHvX+*?$�13&)*-D�$'D3Y

� t=
p

2�
S L&O*?,O.A7@B+.A*-1�C

&)DŽD�X+,)587@=F5:&6(�1r&w&)(+5/C-*?H/*?&),

� ! 0
1�$+K

jt j ! 1
K+D’$+D�&‚.8DFH/HvB4&)5�gé1�$+KR,@D’&)(+5:1�,@ƒ>H/24&)D�&6*?.

XM5A(+1_=>*?DF7WD�YwÌTm4Sâk�dbÎ•*-,WH/D>K+*?š+5AK’B+$+K+587VY[B+,@*-$4`+S

U

(+5‚7)5A,@B+C|&„*?,

e� 2(t) := lim
� ! 0

� 2(t) =
�

Ñ � 2j � ih� j
h� j� i

� �
Ñ � 2j e� ihe� j

he� j e� i

�
;

ÌTm4Sef%kbÎ

9W(45A7)5‚&6(45‚&)*-H/5‚K+582y58$+K+5A$4.A5v(4*-K+58,€*?$

j e� i = j� i � i t
q

2
� j� ?i

9W*|&6(

j� ?i = (ay � �� ) j� i
ÌÒm4SefFf>Î

XM5A*?$+`:DF7@&)(+DF`FD�$�1�Co&)D

j� i
S �ŽDF7@5w5•sj2+C-*?.A*|&6C|ƒFg

e� 2(t) = Ñ �
2

� + 2t2

n
2t2

�
j� ih� j + j� ?ih� ?j

�
� i t

p
2�

�
j� ih� ?j + j� ?ih� j

� o
;

ÌTm4Sef�hjÎ

9W(4*-.0(™13&

t = 0
H/DFH/58$b&61�7)*?C|ƒ<K+5A`F58$+5A7)13&658,V&)D

e� 2 = Ñ

S

�xB4&@&6*?$+`

� = 0
Y[DF7v,@*-H/2+C?*?.A*|&ŠƒFg\&6(45N5A$+587)`�ƒ—K+58$+,)*|&Šƒ

E
D3YNÌÒmjSÔf�h>Îp*?,v7@5q1�K+*?C|ƒR.8DFH/2+B4&658K &6D

XM5:cÔdrh3n

E[e� 2] =
4�

(� +2t2)2

n�
j0ih0j + j1ih1j

�
+

2t2

�

�
2 j0ih0j + j1ih1j + j2ih2j

�

+
4t4

� 2

�
j1ih1j + j2ih2j

� 2t2

�

�
1p
2
j2ih0j + 1p

2
j0ih2j

�

� i
23=2t3

� 3=2

�
j1ih0j � j0ih1j + 1p

2
j2ih1j � 1p

2
j1ih2j

� o

ÌTm4Sef �bÎ

9W*|&6(

E[e� 2] = 2� � TrH E = 16�
go13,€,@(+DFB+C?KŒXy5w,)*?$+.85v&6(+5}5A$+587)`�ƒ’*?,p1�K4K+*?&)*?=�5uB+$+K45A7„K47)5A,@,)*?$+`

13$+K–B+$+.0(�1�$4`F5AK–B+$+K45A7NY[B+,@*-$+`4S �xH/2+C-D_ƒ>*?$+`G&6(+5 �ŽD_ƒF1�C|IÕQR5Jƒ>Ca.ADF7@7)5A,@2yD�$+K+5A$4.A5�g€&6(+5Œ58$+5A7@`�ƒ

K45A$+,@*?&Šƒ’*?$<&)(+5 �ŽD_ƒ%1�C‰2+C-1�$+5a&61�•�58,V&)(+5aY[DF7)H«cÔd3h3n

E?[e� 2] =
16e� � 2=�

� (1 + 2t2=� )2

n � 2

�
+

�
1 �

� 2

�
+

� 4

� 2

� 2t2

�
+

�
�

� 2

�
+

� 4

� 2

� 4t4

� 2

�
� x2

�
�

y2

�

� 2t2

�
�

4y� 2t3

� 3

o
;

ÌTm4SefFm>Î

� �‘ëlæxÞtÚJÛÕæ�5Jæ@ðlæ•ÛLç•à%ÜÒÝïãÕêrç0ãÕÝeÚ8ð€ÚJîjÞtæ•ÛÕæ•àÔäWæ��AêrçJàbèJæ@àeÚ_á•ÝïãÕÝeæ)ÜyÝâÜÉÛÕæ•àâç0ãÕæ -€íAäVí3ÚqÚ8ÜTãÒÝÔð 5~ãÒëræ
áæ•ðAãÕæ•ÛÉÚ•î4Þ]çJÜÕÜ•ñ
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9W(+5A7@5

� :=
p

x2 + y2
S �€$4Y[D�7@&6B4$�13&658C?ƒ�g›&)(+*?,}58$+5A7@`�ƒ—K+*-,•&67@*-X+Bj&6*?DF$R*?,}*?$%=31�7)*-1�$%&vB4$+K+5A7w,)2+1�.A5•I

&6*?H/5€*?$%=F5A7@,)*?DF$<1�$+K:(�1�,;1‚7)*?$+`3IŠC?*?•�5V,@&67@B+.8&)B+7)5V*?$:&)(+5 �’DlƒF1�C¬2+C-1�$+5�g>C?Dj.A1�C-*1�A58KN13&
&)(+5€D�7)*?`F*-$:C?*-•35

1:XMDFB+$4K’,•&013&)5‚DF7WX+7)5A13&6(+587W,)DFC?B4&6*?DF$Ž1�,].q13$ŽXM5‚,)5A58$ŽY[7@DFH &)(+5‚`F761�24(+,WXy58C-D_9‚S

Ó

*?`FB+7)5Vm4S?i

�

�x$+5A7@`�ƒ/K+5A$4,)*|&Šƒ/D�YoX47)5q1r&6(+587•,@DFC?B4&6*?DF$OY[DF7

� = 1
13&

t = � 5
g

t = 1:5
g

t = 0
g

t = 1:5
1�$+K

t = 5
Ì‡Y[7)DFH C-5JY‡&W&6D/7)*?`F(%&8Î6S

�V5A$+.85�g%9;5]K+D‚$+D�&\š�$4KE13$bƒv,).A13&)&)5A7)*?$+`w,)DFC?B4&)*-DF$4,\9W*?&)(

r = 2
*?$/&)(+5]$+DF$4.ADFH/HvBj&013&)*?=�5

U(1)
Q 137)KzH/DjK45ACTS

U

(+*-,]H:1qƒFg4D�Y‰.ADFB47),)53g+XM5p1�$<1�7•&65JYT1�.8&~D�Y‰DFB+7t7@5A,•&67)*?.8&)5AK’1�$+,)13&(�3S

†

H/DF7)5„.q1�7@58Y[B+C

1�$�1�C|ƒ>,)*?,„X%ƒ’H/5q1�$+,VD�Yé7)5AC-1rsj*?$+`E&)(+5wš+7),@&€2+7@D3Ð•5A.J&6DF78gy13C-C?D_9W*-$+`:Y[DF7W(+*?`F(+5A7IŠ7)1�$+•z2+7@D3Ð•5A.J&6DF7@,„1�$4K

1�K+H/*|&)&6*?$+`/&6*?H/5JIŠK45A2M5A$+K+58$%&p.AD>5��:.8*-58$b&),Ag¬(+D_9;58=F587Agy1�C?,)D:C-5A1�K+,]&6D/$+D:,).A13&)&)5A7)*?$+`:,)DFC?B4&)*-DF$4,AS

�W5A.85A$%&6C|ƒO*|&x(�1�,xXM5A58$/5A,@&61�X+C?*-,@(+5AKŽc|i��4g%k �3n4Y[DF7»&6(+5].8DFH/HvB4&613&6*|=F5W.q13,)5t&6(+13&
1�C?CjQR1�7)K/H/D>K+5AC

HvB+C|&6*^IŠ,@DFC?*?&)DF$+,’1�7)5™DFX4&013*-$+58K”Y[7)DFH &6(45�DF$+5•IŠ,)D�C-*|&6DF$–.8DF$4š�`FB47613&)*-DF$4,PÌÒm4SÔk3hbÎ/X%ƒ”K+7@5A,),@*-$4`�1�$4K

Y[B+,)*?$+`ŒDF2M5A7)13&6*?DF$+,��O1�$+K *|&v&)(+5A7@58Y[DF7@5N,)585AH/,OK+DFB4X4&)Y[B+C
9W(+5J&6(+587/1�Xy58C-*-1�$ ,@.q13&@&6587)*?$+`Œ,)DFC?B4&)*-DF$4,

5Jsj*?,@&„13&V1�C?CÒS

Š$%&)5A7)58,@&)*-$+`�C?ƒ�gp&6(+5P$+DF$+1�Xy58C-*-1�$ QR1�7)K–H/DjK45ACa*?,<=�5A7•ƒ K+*|•o587)5A$%&Ž*-$ &)(+*-,<7@5A,)2M5A.J&™XM5A.A1�B+,@5

D�Yp*|&6,/C-1�7)`�5A7OH/DjK4B+C-*],@2�1�.85�S

Ó

B4,)*?$+`Œ&6(+5

U(2)
&Š9;D3IL,)DFC?*?&)DF$',)DFC?B4&6*?DF$�1�C?,)DPY[5q13&)B+7)58,:7@*-$4`3IŠC?*-•35

.ADF$jš�`FB+7)13&6*?DF$+,wX+B4&v1�C?,)D�13K+H/*?&),}H/D>K+B+C?*x.0(+DF*?.A5A,}9W(+*-.0(R2+7)D>K+B+.85E`F58$bB+*-$45

90�
,).A13&)&)5A7@*-$+`4gé*?$

&6(+5‚.8DFH/HvB4&613&6*|=F5Zc?ilk>i�g ��Í>g¬f4g � �3nÉ1�,]9~58C-C›1�,W*?$<&)(+5‚$+DF$+.8DFH/HvB4&613&6*|=F5ZcÔdrh�nÉ.q13,)5�S

�
�‘ëlÝâÜ‘ÛÒæ)ÜTêlàeãÉßlÛÕæ@ÜÒêlÞ]ç•ílàÔäWæ��qãÕæ•ð.-lÜoãÕÚtãÒëlæxðrÚJðrá•ÚJÞtÞ•ê_ãLç0ãÕÝeè8æéá@çJÜÒæJñ
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�*?5AC?KN&6(+58DF7)*?5A,;9W*?&)(z1v$+DF$%&)7)*|=j*-1�CM=�13.AB+B+H{,@&)7)B+.J&6B+7@5pD�Y‡&)5A$ZY[5A13&6B+7@5„,•&013&)*-.pC?D>.q1�C?*��85AKZš+$+*?&)5JI

58$+5A7@`�ƒ/,)D�C-B4&)*-D�$+,~13,•9~1�,•5Jsj5AH/2+C?*?š+5AKNY[DF7\&)(+5VQR1�7@KEH/D>K+5AC�*?$Z.0(�1324&6587;h+S

U

(+5A,@5„C?B+H/2+,;.A1�$:Xy5

XMD>DF,@&)5AKŽ&)DEH/D_=>*-$4`N,)DFC?*|&6DF$+,W9W*|&6(�.8DF$+,@&61�$%&€=�5AC?Dj.8*?&Šƒ�S

†

$™*?$%&6587)5A,•&6*?$+`z1�,@2y58.8&„*-$’&6(+*?,„13$�1�C|ƒj,@*-,

D3Y\&6*?H/5JIŠK45A2M5A$+K+58$%&a,)DFC?B4&)*-DF$4,„*?,€&6(45vËbB+5A,•&6*?DF$�D�Y\,)DFC?*?&)DF$™,@.q13&@&6587)*?$+`+gy9W(4*-.0(�*?$�H/DF,•&€&)(+5ADF7@*-58,Ag

(4Dl9;58=�5A78g€*?,N1�.8.A58,),)*?X+C?5ŒDF$+C|ƒ'$>B4H:587)*?.q1�C?C|ƒFS^…

†

C?&)5A7@$�13&6*|=F58C?ƒ�gV1�ËbB�1�C?*?&613&6*|=F5™B+$+K+587),@&61�$+K+*?$+`GD�Y

,@DFC?*?&)DF$Ž,@.q13&@&6587)*?$+`E.A1�$’Xy5w1�.0(+*?58=�5AK™Y[D�7],)H:1�C?CÉ7)5AC-13&)*?=�5w=�5AC?Dj.8*?&Šƒ<=>*˜1O&6(45}13K+*˜13X�13&6*?.‚DF7]H/DjK4B+C-*^I

,@2�1�.85ZK4ƒ>$�1�H/*?.A,u*?$%=F58$b&)5AK‹X%ƒ �™1�$%&6DF$�ceÍ �jg›ÍFm3n
9W(+DF,@5N1�2+24C-*?.q13&)*-D�$�&6D’&6(+5E$+DF$+.8DFH/HvB4&613&6*|=F5

QR1�7@KŽH/D>K+5ACo9W*?C?C›XM5aK+*?,).8B+,),@5AKŒ*?$<&)(+*?,€.0(�1324&6587AS
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H:1qƒNXM5„=>*-5J9~58K™13,t&6761lÐ•5A.8&)DF7)*?5A,]D3YÉ&6(+5p=31�7@*-DFB4,tC-B4H:24,V*?$N&6(45p.ADFH/H/DF$’1�H}X+*-58$%&W,)2�1�.85�S

†

X+X+7@58=>*˜1r&6*?$+`Z&6(45

r
.8DFH/2+C-5•sŽH:D>K+B+C?*ÉX%ƒ

�
g+9;5vK+58$+D�&)5w&)(+5},•&013&)*-.

r
IŠC?B+H/2Ž,@DFC-Bj&6*?DF$™X%ƒ

�( � )
S

U

Du5•sj&)761�.J&t&6(45„&6*?H/5pK+5A2M5A$4K+5A$+.85‚*-$Z&)(+5a1�.J&6*?DF$‘g>9~5pK45AC?*-$+5A13&65p&)(+5pC-13&)&)5A7;*-$<1v,@*-H/2+C?*|š�5AKzY[DF7@H

13,

S [�] = �
Z

dt TrH

�
� _� 2 + C(� ; � 0) _� � W(� ; � 0)

� ÌÕdjSÔkbÎ

9W*|&6(

� 0 := (
�
ay; �

�
;
�
a; �

�
)

S

U

(+5}1�K+*-1�X�13&)*-.aH/58&)(+D>KŽ*?H/2+C-*?5A,W&6(45}132+2+7)Dqsj*?HE1r&6*?DF$

�( t) � �( � (t)) ;
ÌÒdjSÔfbÎ

&)(bB+,€7@5A2+C-1�.8*-$+`:K4ƒ>$�1�H/*?.A,WY[DF7

�( t)
9W*|&6(’K4ƒ>$�1�H/*?.A,VY[DF7

� (t)
S\Q�5w1�7)5a*?$+,@&)7)B+.J&658KŽ&6D:.AD�H:24B4&65

S����� [� ] := S[� (� (t))]

= �
Z

dt
h

�
n

TrH (@� �( � ))2
o

_� 2 +
n

TrH C(�( � ); � 0(� )) @� �( � )
o

_�

� TrH W(�( � ); � 0(� ))
i

=:
Z

dt
�

1
2 g�� (� ) _� 2 + A � (� ) _� � V (� )

�

ÌÕdjSïhjÎ

&)DO7)5A1�KzD�•’&6(+5pH/5J&67)*?.

g
g4H:1�`F$458&6*?.„š�58C-K

F = dA
13$+Kz2yD3&65A$%&)*˜1�C

V
DF$N&)(+5pH/DjK4B+C-*y,)2�13.A5�S

†

,

H/58$b&)*-D�$+5AK/1�XMD_=F5•&6(+*?,éH/D>K+B+C?*j,@2�1�.A5;(�1�,é1€$�13&)B+7613C ����(4C-587»,•&67)B4.8&6B47)5�g39W(+DF,)5 � �3(+C-587»2MD�&)5A$%&6*-1�C

9W*?C?CM&)B+7)$EDFB4&~&)D}XM5„`�*?=�5A$NX%ƒ/&6(+5€K+58&)5A7@H:*?$�1�$%&]D3Yo&6(45„H:13&67@*|sED�Y‘.ADF(+587)58$b&•IŠ,•&013&)5„D_=F587)C-1�2+,ac h%frnÒS

Ó

B+7•&6(+587)H/DF7@5�gy9;5v9W*?C-C»,)585v&6(�1r&„&6(45A7)5v*-,€$+DNH:1�`F$+5J&6*?.uX�1�.0•b`F7@DFB+$+K�š+5AC?KP1�$+K�$+DZ2yD�&)5A$%&6*-1�C›*-$

&)(+5‚.q1�,@5}.8DF$+,@*-K+587)58K‘S

�

´��‘´�� �Nº›ºéÂT¼ $F·jÃl¼T¿MÄGÃ_¿�Ã_Å›ÆŒÄ‰¿MÄ�$F¿MÀ ÀPÁÉÃ_·4Ãl¼ 
MÆ<·��xÆ>ÂÒ¼[·�Ä�Ç ·+½rÈ”ÀR¿ÉÈ‰Æ>Â

ˆÉ5J&WB+,]*-H/2+C?5AH/58$b&V&6(4*-,]2+7@DF`F7)1�H Y[DF7;&6(+5a5•sj&)5A$+K45AK™K458Y[DF7@H:58K’1�Xy58C-*-1�$<,)*?`FH:1OH/DjK+58CÉ1�$+K<.8DF$jI

,@*-K45A7W&6(+5‚,)D�C-B4&)*-D�$ Ì[h+Seh�h>Î0S �xB4&@&6*?$+`

� i ! � i (t)
*?$b&)7)D>K+B+.85A,

t
IŠK+582y58$+K+5A$4.A5v*?$%&6D

j� i =
�
j� 1i ; : : : ; j� r i

�
� ! P� = j� i 1

h� j� i h� j � ! �( � ) = Ñ � 2P� :
ÌÕdjS��bÎ

Š$4,)5A7•&6*?$+`E&)(+*?,V*?$%&6D/&6(+5w1�.J&6*?DF$�ÌÒf4SefFm%Î;9;5‚H:1�•�5‚&Š9~D:*?H:2MDF7•&01�$%&VDFX+,@5A7@=313&)*-D�$+,AS

Ó

*?7),•&6C|ƒFg

S3[�( � )] �
Z

dt @t TrH
�

(a+ ay) P�
�

=
Z

dt
n

@� i TrH
�

(a+ ay) P�
� o

_� i + c:c:;
ÌÕdjSem>Î

)��‘ëlæ\ðlæ•å�áÚqÚJÛ -_ÝÔðrç0ãÕæ@Ü‘ç•ÛÕæéßlÛÒæ)áÝâÜTæ@àeä
5JÝÔèJæ•ð„íqä]ãÒëræ
Ü[ãLç0ãÒæ)Ü‘Ýeð�/��rñ � 43
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�

Ä›·+À ¼ $ �

9W(+*?.0(—7@58=�5q1�C?,p&6(+5vHE13`F$+58&)*-.v2yD�&)5A$%&6*-1�C›&6DNXM5v5•s+13.8&qg

A i = @� i 

S

U

(bB+,8g‘H:1�`F$+5J&6*?.vY[DF7@.A*?$+`N*?,

1�X+,@5A$%&qg

�

1�$+K

S��� �

*-,W*?$+K+582y58$+K+5A$%&„D�Y


S �>5A.AD�$+K+C|ƒFg�9~5w`F5J&

S2[�( � )] =
Z

dt TrH

h
� �

�
� _� (� )

�
�2

� 2�
�
�[a; �( � )]

�
�2

i

=
Z

dt
h

4� � TrH
_P2
� � E [�( � )]

i
:

ÌÕdjSÔdbÎ

~5A.A1�B+,@5

E[�( � )] = 8� r
*?,<.ADF$4,@&013$b&’*?$+,)*?K+5

M r

g€&6(45—,@5A.8DF$+K�&)5A7@H ƒ>*-58C-K+,Ž1�$–*?7)7)58C-5J=31�$%&

.ADF$4,@&013$b&€2MD�&658$b&)*˜13C

V
13$+K<.q1�$’Xy5‚K+7@DF2+2M5AK‘S

†

,V1/7@5A,@B+C?&Ag

S�����

7@5AK+B+.85A,W&6DO&6(45w•b*?$+58&)*-.w2�1�7•&WD�Y

S2[�( � )]
g+9W(+*?.0(™,@*-H/2+C?*|š�5A,W&6D

S��� � [�( � )] = 4� �
Z

dt TrH
_P2
� = 8� �

Z
dt TrH ( Ñ � P� ) j _� i h� j� i � 1h_� j

= 8� �
Z

dt tr r h� j� i � 1h_� j Ñ � P� j _� i

=:
Z

dt
rX

i;j =1

g�{j _�� i _� j ;

ÌÕdjSeÍ>Î

9W(+5A7@5

j _� i := @t j� i = ayj� i _�
9W*|&6(

� :=
K+*-1�`

(f � i g) :
ÌÕd>S �>Î

�€58$+.A53gy13X+X+7)5J=>*˜13&)*-$4`

@� j := @j

1�$+K

@�{ := @�� i

g+&6(45wH/5J&67)*?.‚DF$

M r

*-,W`F*|=F58$ŽX%ƒ

g�{j = 8� � TrH @�{P� @j P� = 8� � tr r h� j� i � 1 @�{� y h� ja ( Ñ � P� ) ayj� i @j � :
ÌÕdjS?i��>Î

�€,@*-$+`:&6(+5‚,@(+DF7@&)(�1�$+K’$+D�&613&6*?DF$

M = (M ij ) :=
�
h� j� i ij

�
=

�
h� i j� j i

�
=

�
e�� i � j

�
;

ÌÕdjS?iFi3Î

DF$+5‚.AD�H:24B4&658,

S��� � = 8� �
Z

dt tr r h� j� i � 1 _� y h� ja ( Ñ � P� ) ayj� i _�

= 8� �
Z

dt
rX

i;j =1

M � 1
j i

_�� i h� i ja ( Ñ � P� ) ayj� j i _� j

= 8� �
Z

dt
rX

i;j =1

M � 1
j i

n
M ij (1 + �� i � j ) �

rX

m;n =1

M im � m M � 1
mn �� n Mnj

o
_�� i _� j

= 8� �
Z

dt
rX

i;j =1

M � 1
j i

n
M + � y M � � M � M � 1� y M

o

ij
_�� i _� j ;

ÌÕdjS?ilkbÎ

� �‘ëlæ\ëlÚJàÔÚJðrÚJÞ•ä]ÚJî

A = A � d�
Þ]ç6ä]ä8æã‰í�æxðlÚJðAãÒÛÕÝÔèAÝâç•à˜ñ



�

´�� 	o¿MÂÒ¼‡Ã_¿MÄ�À�¿ÉÈ»Á›ÂT¼ �Aº›·%$FÆ�¾L¿¬½N· �xÆjÂT¼[·�Ä �q¼ "MÀR·PÀR¿ÉÈ‰Æ>Â �A¿MÂÒ¼‡Ã_¿MÄ#�

� �

9W(4*-.0(Ž7)58=�5q1�C?,W&6(+5‚(+587)H/*?&)*˜13$™H/58&)7)*?.

(g�{j )
D�$

M r

S\Q–*?&)(’&)(+5‚(+5AC?2™D3Y»&)(+5‚*-K+58$%&6*|&6*?5A,

@j M = � y M @j �
1�$+K

@�{M = @�{� y M � ;
ÌÒdjS?i_f>Î

*|&\*?,é,•&67)1�*-`�(b&@Y[DF7@9~1�7@Kv&6Dp.0(45A.0•}&)(�13&»&6(+*?,éH/58&)7)*?.t*?,é*?$+K+5A58K ����(+C?5A7\13$+KuK+587)*|=F5A,\Y[7@DFH×&6(45 ����(+C?5A7

2MD�&)5A$%&6*-1�C

K = 8� � ln det M = 8� � ln det
�
h� i j� j i

�
= 8� � ln det

�
e�� i � j

�
:

ÌÒdjS?iqhjÎ

U

(4*-,u7@5A,@B+C?&O1�`F7)585A,v9W*|&6(�&6(+5N`�5ADFH/58&)7)*?.N*?$b&)B+*|&6*?DF$

�

B+2R&)D™&6(+5E2+7)5JYT1�.8&)DF7vD3Y

8� �
g»&6(45NH/58&67@*-.

g�{j = @�{@j K
*?,‘&6(+5
$�1r&6B+7)1�CFDF$+5xD�$‚&)(+5��‚7)1�,),@H:1�$+$+*-1�$

Gr(r; H )
g_9W(+*?.0(v1�C?,)DV(�1�,‰13$w*?$%&6587)5A,•&6*?$+`

*?$%&6587)2+7@58&01r&6*?DF$Ž*?$<&65A7@H/,€D�Yé1O,@ƒ>,@&)5AH�D�Y».AC-1�,),@*-.A1�C‰*-K45A$%&6*?.q1�CÉ2+1�7@&)*-.8C-58,vc � �4g �>iAnÕS

�aC-D�X�1�Cé7@D�&01r&6*?DF$+,OÌÒkjSÔk �bÎV1�$4K�&67613$+,)C-13&6*?DF$+,OÌÕkjSÔk�fbÎ],)(+*|Y‡&a&6(+5�� �3(+C-587p2MD�&658$b&)*˜13CéX%ƒŒ1N`%13B+`F5

&)761�$4,@Y[DF7@HE1r&6*?DF$‘g

K � ! K + 8� �
rX

i =1

� �� � i + � �� i + � ��
�

;
Y[DF7

� 2 Ï ;
ÌÒdjS?i �bÎ

C?5q1q=>*?$+`}&)(+5€H/5J&67)*?.VB+$+.0(�1�$4`F5AK‘S

Ó

B+7•&6(+587)H/DF7@5�gyÌÕdjS?iqhjÎ»*?,
*-$%=31�7)*-1�$%&;B+$+K+587;2M5A7@HvB4&613&6*?DF$+,•D�YM&6(+5

� i

SxQ–(+58$Ž2+1�,),@*-$+`:&6D/.A58$%&65A7IŠD�Y ILH:1�,),V1�$+K’X�1�7•ƒ>.A5A$%&)7)*?.}.8DjDF7@K+*?$�13&658,

s = 1
r

rX

i =1

� i

13$+K

wi = � i � s ;
,)B+.0(’&6(�1r&

rX

i =1

wi = 0:
ÌÕdjS?i_m>Î

9;5‚&6(bB+,W`F58&W&)(+5‚K+5A.8DFH/2yDF,@*?&)*-D�$

K = 8� � r jsj2 + 8� � ln det
�
e�wi wj

�
;

ÌÒdjS?ildbÎ

9W(4*-.0(E,)(+D_9W,;&)(�13&x&)(+5WH:5J&67@*-.VK+5A2M5A$4K+,;D�$+C?ƒuDF$EK4*?•y5A7@5A$+.85€.8DjDF7@K+*?$�13&658,

� i � � j

S

�

$45VH:1qƒ:1�C?,)D

5•s>&67613.8&W&6(+5‚K+*-1�`FD�$�1�C
Ì‡Y[7)5A5lÎ;2�1�7@&]=>*-1

K = 8� �
rX

i =1

j� i j2 + 8� � ln det
�
e� 1

2 j � i � � j j2 + 1
2 ( �� i � j � �� j � i )

�
:

ÌÒdjS?i_Í>Î

Ó

7@DFH«&6(4*-,w5Jsj2+7@5A,),@*-D�$G*?&w*?,}5A1�,@ƒP&6D’,)585N1<.AC?B+,@&)5A7}K+5A.8DFH/2yDF,@*?&)*-D�$R2+7@DF2y587@&Šƒ

�

�V2yD�$R,)24C-*|&)&)*-$+`

&)(+5‚H/DjK+B4C-*É*?$%&6D/&Š9~D:`F7)D�B+2+,Ag

f � i g = f � 0
` ; � 00

mg
g�1�$4KŽ,@5A2�1�7)13&6*?$+`/&6(+58,)5‚&6D/*?$4š�$+*|&ŠƒFg

lim
j � 0

` � � 00
m j!1

K
�
f � i g

�
= K

�
f � 0

`g
�

+ K
�
f � 00

mg
�

;
ÌÒdjS?i��>Î

,@B+.0(�&)(�13&:&6(+5Ž2yD�&)5A$%&6*-1�CWK+58.ADFH/2MDF,)58,Z*?$b&)DR&Š9;DRK+*?,TÐ•DF*?$%&N2�137@&6,8S Š$�2�137@&6*?.AB4C˜1�78g]1�$�*-,@DFC˜1r&65AK

,@*-$4`FC-5’C?B+H/2”13&

� q

13,@ƒ>H/24&6D�&)*-.A1�C?C?ƒ‹.8DF$%&67)*?X+B4&)5A,:9W*?&)(

j� qj2
&)D

K
S

U

(+587)58Y[D�7)5�g•&6(+5’H/DjK4B+C-*^I

,@2�1�.85}H/58&)7)*?.‚Xy58.ADFH/5A,��¬13&]Y[D�7]C˜1�7@`F5‚HvB4&)B�1�CÉ,@5A2�1�7)13&6*?DF$+,8g

j� i � � j j ! 1
S

�ŽD�7)5w*-$%&6587)58,@&6*?$+`N*?,]&6(+5wC?*-H/*|&„D�Y».AD�*-$+.8*-K4*-$+`EC-B4H:24,AgM,61qƒ

� i ! �
Y[D�7

i = q1; : : : ; qr

S��jDFH/5

C?5A$4`�&6(%ƒ’1�C?`F5AX4761u&6(+58$Ž,@(+D_9W,V&)(�13&

K � ! 8� �
X

q` >q m

ln j� q` � � qm j2 + K 0;
9W(+587)5

K 0 = ln det
�
hTjTi

� ÌÒdjSÔk �>Î
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9W*?&)(Ž&)(+5aY[DFC-C?D_9W*-$4`:7@5A2+C-1�.85AH/5A$%&p*?$+,@*-K+5

jT i =
�

j� 1i ; : : : ; j� r i
�

�

�
j� q1 i ; j� q2 i ; : : : ; j� qr i

	
� !

�
j� i ; ayj� i ; : : : ; 1

(r � 1)! (a
y)r � 1j� i

	
:

ÌÕdjSÔkji3Î

U

(+5•.AD>DF7)K+*?$�13&)5
,)*?$+`FB+C-1�7)*|&Šƒ‚*?$ZÌÒdjSÔk �>ÎM.q13$}XM5
7)5AH/D_=F58KuX%ƒa2�1�,@,)*?$+`€&)DW$+589G.8DjD�7)K+*?$�13&)5A,Agr$�1�H/58C?ƒ

5AC?5AH/5A$%&61�7@ƒv,@ƒ>H/H:5J&67@*-.]2MDFC|ƒj$4DFH/*˜1�C?,\*?$

� q` � �
g39W(+*?.0(O.ADF7@7)58,)2MDF$+KO2+7@5A.A*?,)58C?ƒ}&6DV&6(+5;$+589',@&613&658,

*-$�ÌÕdjSÔkjilÎWÌ[,)5A5€1�C?,)Dw&6(+5VK+*?,).AB4,),)*?DF$z1r&;&)(+5WXy58`F*-$4$+*-$4`vD�Yy&6(+*?,~,@5A.8&)*-D�$yÎ0S

U

(+5V5Jsj2+7@5A,@,)*?DF$

K 0
247)D3I

K+B+.85A,€&)(+5w,61�H/5wH:5J&67@*-.v1�,

K
X+B4&V*?,€,@H:D>D�&)(™13&V&6(45w.8DF*?$+.A*?K+5A$4.A5uC?Dj.8B+,AS Š$Ž&)(+5}H/DF,•&„`�5A$+58761�C

,)*|&6B�1r&6*?DF$‘g

jT i
*?,O.ADFH/2MDF,)58K‹D�Y]=31�7)*?DFB+,OX+C?D>.0•>,OC?*?•�5z*?$•ÌÕdjSÔkji3Î6gxD�YWK+*|•o587)5A$%&/,@*��85A,

r
Ì[,)5A5<13C-,@D

&6(+5€`F5A$45A7613Cy,@DFC-Bj&6*?DF$ŒÌ[h+SehFf>Î@Î6gjX4B4&~&)(+5VY[D�7)HvB4C˜1}Y[D�7
&)(+5„,@H/DjD�&)( ����(+C?5A7•2MD�&658$b&)*˜13C

K 0
*-$ŒÌÕdjSÔk �bÎ

7)58HE13*-$+,V.AD�7)7)58.8&AS

�

•�� ��±wª‚²p¯›  �l¥�®+£ �W¢ ¨p¤]£��b¢ �~¨„±v¤€ ¢•¥ �‰±}¤ ¨��•± �r¥�±}¯» Ò¨„±}¡�¥ �~£\¨W¨„¢;¤„ ¡�

Ó

DF7
.ADF$+.87)5J&65A$45A,),8g+C?58&;B+,;K4*-,@2+C˜1qƒ/&6(45€,@*-H/2+C?5A,•&t$+DF$%&)7)*|=j*-1�CM.q1�,@5�g>*ÒSï5�S

r =2
SéQ�5„137)5]&6(bB+,;K+5q1�C?*?$+`

9W*?&)(u1W761�$4•p&Š9~D€,)DFC?*?&)DF$‘S

U

(+5;H/D>K+B+C?*b,)2�1�.85

M 2

D�Y4761�$+•FIÕ&Š9~D  � �w2+7@D3Ð•5A.J&6DF7@,»*?,»2+1�761�H/5J&67)*1�A58K

X%ƒ

f � ; � g � f � ; � g 2 Ï

2=S2

S��j*?$+.A5O&6(45uK+58&61�*?C-,a(�1q=�5:XM5A58$Œ`F*|=F5A$—*?$‹ceÍ4i8nÕgo9;5O.q13$ŒXy5O,@(+DF7@&

(+5A7@5�S

U

(45w,•&013&)*-.a&Š9;D3IŠC?B+H/2™.8DF$4š�`�B+7613&)*-D�$’*?,WK+5A7@*?=�5AK™Y[7@DFH Ì[h+Sïh �%Î~1�,

� �� = Ñ � 2P��

= Ñ � 2
j� ih� j� ih� j + j� ih� j� ih� j � j� ih� j� ih� j � j� ih� j� ih� j

h� j� ih� j� i � h� j� ih� j� i
:

ÌÕdjSÔkFkbÎ

QR7@*?&)*-$4`

� = s + w
1�$4K

� = s � w
1�,/9;5AC?C€13,

2w =: � ei '
g;&)(+5’.ADF7@7)5A,@2yD�$+K+*?$+` ����(+C?5A7

2yD3&65A$%&)*˜1�CÉ7@5q1�K4,

K = 8� � ln
�
e� �� + � �� � e� �� + � ��

�
= 8� �

�
2s�s + 2w �w + ln

�
1 � e� 4w �w

� �

= 8� � ln
�
2e2s�s sinh � 2

2

�
= 8� �

�
2s�s + 1

2 � 2 + ln
�
1 � e� � 2 � �

;

ÌÕdjSÔk�f>Î

9W*?&)(Ž&)(+5‚C-*?H/*?&),

K = 8� �
�
2s�s + 1

2 � 2 � e� � 2
+ O(e� 2� 2

)
�

1�$+K

K = 8� �
�
2s�s + ln � 2 + 1

24� 4 + O(� 8)
�

:

ÌÕdjSÔk3hjÎ

L&Wƒj*?5AC?K+,W&6(+5‚H/58&)7)*?.

d`2 = 16� �
�
dsd�s + 
 dwd �w

�
= 4� �

�
4dsd�s + 
( � 2) (d� 2 + � 2d' 2)

� ÌÕdjSÔk �bÎ

9W*?&)(Ž&)(+5‚.ADF$4Y[D�7)H:1�CoYT1�.J&6DF7


( � 2) = 1
4� � @� 2

�
� 2 @� 2 K

�
=

1 � 2� 2e� � 2
� e� 2� 2

(1 � e� � 2 )2
=

sinh� 2 � � 2

cosh� 2 � 1
;

ÌÕdjSÔk�m>Î

2yD�,),)58,),@*-$+`E&6(+5‚C?*-H/*|&6,


( � 2) = 1 + (1� 2� 2)e� � 2
+ O(e� 2� 2

) ;
1�,]9~58C-C‰13,


( � 2) = 1
3 � 2 � 1

90� 6 + O(� 10) ;

ÌÕdjSÔkFdbÎ
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�

µ

9W(4*-.0(Ž.q1�$Ž1�C?,)D:Xy5a,@5A5A$’Y[7)DFH{&6(+5aY[DFC?C?Dl9W*?$+`:`F76132+(‘S
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�

Ó

*?`FB+7@5wdjS?i

�

Ö

DF$4Y[DF7@H:1�C‘YT1�.8&)DF7tY[DF7]H/D>K+B+C?*|IL,)2�1�.85‚H:5J&67@*-.wD�Y»761�$+•Nk/,@DFC?*?&)DF$‘S

Ö

C?5q1�7@C?ƒ�g\&6(+5EH/58&67@*-.EXy58.ADFH/58, �¬13&wY[DF7

� ! 1
X+Bj&uK+5J=F5AC?DF2+,u1Ž.AD�$+*-.A1�C•,)*?$+`FB+C-1�7)*|&Šƒ—9W*?&)(

13$P1�$+`FC?5OD�Y

4�
13&

� = 0
S

U

(+5/C˜13&@&6587p*-,a7@5AH/D_=F58K�X%ƒŒ2�13,),)*?$+`z&6DN&)(+5O,@ƒ>H/H/58&)7)*?.E.8DjDF7@K+*?$�13&65

� = w2
g�*?$’&)5A7)H/,WD�Y›9W(+*?.0(™DF$+5aš�$4K+,

d`2 = 16� �
h
dsd�s + 
( � 2 ! 4

p
� �� )

4
p

� ��
d� d��

i

= 16� �
h
dsd�s +

�
1
3 � 8

45� �� + O((� �� )2)
�

d� d��
i

:

ÌÒdjSÔk�Í>Î

�

B+5™&6D�&6(+5ŽK+5A.8DFB+2+C?*-$4`GD�Yp&6(45™&67@*?=>*-1�C€.85A$%&6587•ILD�Y IŠH:1�,@,NK4ƒ>$�1�H/*?.A,Ag

M 2 = Ï � M ���	�

gt9W*|&6(

M �
�	� ' Ï

7@D�&013&)*-D�$�1�C?C?ƒŒ,•ƒ>H:H/5J&67)*?.�g\1�,@ƒ>H/24&6D3&6*?.q1�C?C?ƒ �¬1r&qg›1�$+K�D�Y~2MDF,@*?&)*?=�5Z.AB47@=313&6B47)5�g‰9W(+*?.0(

H:1qƒwXy5•.AD�H:24B4&658KvY[7)DFH×&)(+5•H:5J&67@*-.•&6D

R = 1
4� � [5

4 � 6
175� 4+ O(� 8)]

S �V5q1�K>IŠDF$},).q1r&)&6587)*?$+`„D3Y+&Š9~D

C?B+H/2+,•.ADF7@7)58,)2MDF$+K+,
&6Dw1‚,)*?$+`FC?5€7)1�K+*-1�C4&67)1rÐ•5A.J&6DF7•ƒ/*-$

M �
���

gb9W(4*-.0(E*-$/&6(+5W,@H:D>D�&)(E.8DjDF7@K+*?$�13&65

�
H}B+,@&„2�1�,@,„,@&)761�*?`F(%&V&6(+7@DFB+`F(’&6(+5wDF7)*?`F*?$‘S Š$Ž&)(+5�ÔK+D�B+X+C?5AK�.8DjDF7@K+*?$�13&65 �

w =
p

�
g�9;5}&)(+5A$Ž,)5A5

&Š9;D:,@&67)1�*?`F(%&V&)761rÐ•58.8&)DF7)*?5A,W9W*?&)(

90�
,).q1r&)&6587)*?$+`ZD3•�&6(+5‚,@*-$+`�B+C˜137)*|&Šƒ<*-$z&6(45 �’DlƒF1�C‰2+C-1�$+5�S

U

(+*?,~24*-.J&6B+7@5€2M5A7@,)*?,@&6,•Y[DF7\&6(45€,@.q13&@&65A7@*-$4`vD�Yy&Š9~D}.ADFH/2MDF,)*|&65VC-B4H:24,Ag>*ÒSï5�SbC?B+H/2+,;D�X4&01�*?$+58KZX%ƒ

Y[B4,)*?$+`

� i � ! �
Y[D�7

i = 1; : : : ; r 1
13$+K

� r 1+ j � ! �
Y[DF7

j = 1; : : : ; r 2 :

ÌÒdjSÔk �>Î

U

(45~K+58.ADFB+24C-*?$+`aD�Yj&6(+5;.A5A$%&)5A7•ILD�Y IŠH:1�,@,é.8DjDF7@K+*?$�13&653g�$+D_9GY[DF7

r = r1+ r2

g�*?,\13.0(+*-5J=F58KOXbƒ‚9W7@*?&)*-$+`

� = s+ r 2 w
1�$+K

� = s� r 1 w ;
,)B+.0(’&6(�1r&

� � � = (r 1+ r2) w =: � ei ' ;
ÌÒdjSef �>Î

13$+KŽD�$+5‚DFX4&013*-$+,

K = 8� �
�
(r1+ r2)s�s + r 1r 2

r 1+ r 2
� 2 + ln

�
1 � Pe� � 2

+ O(e� 2� 2
)
� �

� ! 0
� ! 8� �

�
(r1+ r2)s�s + c0 + c1 ln � 2 + c2 � 4 + O(� 6)

�
;

ÌÒdjSef4i3Î
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9W(+5A7@5

P
*-,€1E2MDFC|ƒ>$+DFH/*˜13C›*?$

� 2
1�$+K

c0

g

c1

1�$+K

c2

1�7)5w.ADF$4,@&013$b&),AS

†

,V*?$‹ÌÕdjSÔk3hbÎ0g�&6(+5}1�X+,@5A$+.85

D�Y
&6(+5

� 2
&65A7@H�ÌT1�$+K

c2 6= 0
ÎtC-5A1�K+,p&6DN1Z.ADF$jY[DF7)H:1�C›YT1�.8&)DF7


 � � 2
Y[DF7

� ! 0
1�$+KŽ&6(+5u,)1�H/5

.ADF$4*-.A1�C€,@*-$4`FB+C-1�7)*|&Šƒ‹Y[DF7:1�$%ƒ'=31�C?B+5’D�Y

r1

DF7

r2

S L&6,:7)58H/5AK4ƒ'X%ƒ'5AH/2+C?Dlƒ>*?$+` &6(45Ž.8DjDF7@K+*?$�13&65

� = w2
K+58H:D�$+,@&)7613&)5A,]&6(�1r&]&6(+5

90�
,).q1r&)&6587)*?$+`:1�$+`FC?5a*?,]B+$+*|=F5A7@,61�CÉY[DF7~(+5q1�K>IŠDF$zH/D�&)*-DF$oS

�

$4C?ƒ

Y[DF7tH/DF7@5a,)2M5A.A*-1�C‘,@*?&)B�13&)*-DF$4,t9W*?&)(’,@*-H}B+C|&01�$+58DFB+,W(+5A1�KjIŠD�$z.ADFC?C-*?,)*?DF$<D�Y

r (> 2)
,@DFC?*?&)DF$+,]DF$+5€9W*-C?C

`F58&

�
r

,@.q13&@&65A7@*-$4`+S

ˆÉ5J&
B+,x7)5J&6B+7@$/&)Dp&6(+5],@*-H/2+C?5W.q1�,@5]D�Y

r1 = r2 = 1
1�$+K/K+7@DF2u&6(45].A5A$%&)5A7•ILD�YyHE13,),
.AD>DF7)K4*-$�1r&65�S

U

(+5wH:D3&6*?DF$Ž*?$

M �
�	�

*?,W`F5AD>K+58,)*?.w9W*|&6(Ž.ADF$4Y[D�7)H:1�C‘YT1�.J&6DF7


( � 2)
`�*?=�5A$™*?$RÌÕdjSÔk�m>Î6S L&V.8DF$+,)587@=�5A,

1�$+`FB4C˜1�7WH/DFH/5A$%&)B+H�1�$+K<5A$45A7)`3ƒFg

l = 
 � 2 _' = v1 b
1�$+K

e = 1
2 
 _� 2 +

l2

2
 � 2
= 1

2 v2
1 ;

ÌÕdjSef%kbÎ

7)58,)2M5A.8&)*?=�5AC|ƒFgM9W*?&)(’&)(+5w1�,@ƒ>H/24&6D3&6*?.},@2y585AK

v1

1�$+K<&6(+5‚*?H:2+1�.8&V2�1�7)1�H/58&)5A7

b = l=
p

2e = � ���

�

q

( � 2

���

�

) ;
ÌÕdjSefFf>Î

9W(+5A7@5

� ���

�

K+5A$4D�&658,
&)(+5W,)DFC?*|&6DF$/K+*?,@&61�$+.A5V13&\.AC?DF,)58,@&~1�2+2+7@D%1�.0(‘S �€5A$4.A5�gb&6(45t&6761lÐ•5A.8&)DF7@ƒv*-,
`F*|=F58$

X%ƒ

d�
d'

=
� 2

b

p

 � b2=� 2 ;

ÌÕdjSef�hjÎ

1�$+K<9~5wDFX4&61�*?$<&)(+5‚,).A13&)&)5A7)*?$+`E1�$+`FC?5

�( b) = � � 2
Z 1

� ��� �

b d�

� 2
p


 � b2=� 2
;

ÌÕdjSef �bÎ

9W(+*?.0(•=31�7@*-58,NXy5J&Š9~585A$

0
Ì‡Y[DF7

b ! 1
1�$4K


 ! 1
Î:13$+K

�
2

Ì[Y[DF7

b ! 0
1�$+K


 ! 1
3r 2

Î0S

U

(+5A7@58Y[DF7@5�g‘*|Yx9;5vš4s

b
1�$+K™=31�7•ƒ

v1

gy&)(+5}&)761rÐ•58.8&)DF7@ƒ’*?,pB+$+.0(�13$+`F5AKoS

U

(+5v&)D�&013C›58$+5A7@`�ƒŽD�Yx&6(+5

r = 2
,@ƒ>,•&65AH�*?,

E ����� := E[�( � )] = 16� + 8� � e = 16� + 4� � v2
1 :

ÌÕdjSefFm>Î

�‚D>D>K 1�`F7@5A5AH/58$b&Z9W*?&)(”&6(+5™Y[B4C-CVš�5AC?KjIL&)(+5AD�7@ƒ�K4ƒ>$�1�H/*-.8,z*-,Z5Jsj2y58.8&)5AK–DF$+C|ƒ�Y[D�7Z,)H:1�C?C€=31�C?B+58,

D�Y

v1

S �€D3&65‚(+D_9~5J=F587Ag�&6(�1r&V&)(+5a&67)1rÐ•5A.J&6DF7•ƒ

� (' )
K+Dj58,W$+D�&VK+5A2M5A$4KŽDF$

v1

S

Ó

DF7€=j*?,)B+1�C-*1�q1r&6*?DF$—&)(+5O,).A13&)&)5A7@*-$+`’1�$4`FC-5

�( b)
*-,a2+C?D�&@&65AKPXM5AC?D_9 Y[DF7p&)(+5O.q13,)5A,

r1 = 1
13$+K

r2 = 1(
&67)*-1�$+`�C-58,

); 2(
K+*-1�H/DF$+K+,

); 4(
XyDqsj5A,

)
S

U

(+5:B+$+K+587)C|ƒ>*-$+`��	��
��������
������N.AD>K+5/*-,w`F*|=F5A$�*-$

1�2+2M5A$+K4*|s

†

Sâk
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�

�
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p€€€€
4

p€€€€
2

�

b

Ó

*-`FB47)5wdjSÔk

�

�j.A13&)&)5A7)*?$+`E1�$+`FC?5

�
=>,8SM*?H/2�1�.J&€2+1�761�H/5J&65A7

b
S

�

•�� �’±}©�®�£w¤„ Š¥�±v¡ �" Ò¨ ��¢��a£�~¨ ¥�±}¯»²W¨p Š±}¡„¥G£w¡„ª �W±}¡�V¯»²€¥¬ ±}¡

†

.8.ADF7@K+*?$+`}&)D‚&)(+5W`F5A$45A7613C¬1�7)`FB4H:58$%&6,•1�XMDFB4&x&6(45€13K+*˜13X�13&6*?.V1�2+2+7@Dqs4*?H:13&6*?DF$‘g%&)(+5WH:D>K+B+C?*^IŠ,)2+1�.A5

Kjƒj$+1�H/*-.8,~K+58,).A7@*-XM5AKZ*-$/&6(+5W2+7@58=>*?DFB+,~,@5A.J&6*?DF$Z,@(+DFB+C?KZ132+2+C|ƒO&6D‚&6(+5]9W(+DFC?5WYT1�H/*-C|ƒ

S

D3Y‘1�.J&6*?DF$+,

*?$ŽÌÒf4SefFm%Î0S

U

Dp&658,@&x&6(45]Ë>B+1�C-*|&ŠƒOD�Y¬&)(+5W1�2+2+7@D%1�.0(‘g%D�$+5t9~D�B+C-K:C?*-•35t&6D‚.ADFH/2�137)5t&6(45]H:D>K+B+C?*^IŠ,)2+1�.A5

,@.q13&@&6587)*?$+`z&6761lÐ•5A.8&)DF7)*?5A,p9W*|&6(Œ&)(+5v&6*?H/5O58=�DFC-Bj&6*?DF$PD�Yx&6(+5O58$+5A7@`�ƒ%IŠK+58$+,)*|&ŠƒŒH:1rsj*?HE1zD�Y
&)(+5u.AD�7•I

7@5A,@2yDF$4K+*-$4`™.AC-1�,@,)*?.q1�Cxš�58C-K�.ADF$4š+`FB+761r&6*?DF$+,AS �j*?$+.85:9W*?K+5AC|ƒ—,)582�1�761r&65AK�C-B4H:24,}7@D%1�H«58,),@5A$%&6*-1�C?C?ƒ

*?$+K+582y58$+K+58$b&)C?ƒŽD�Yé5q1�.0(ŽD�&6(+587Ag�9;5v1�C?7)5A1�K4ƒ<•b$+D_9"&6(45}C-1�7)`�5JIL&)*-H/5w1�,•ƒjH/24&)D�&6*?.A,

�

1ŽÌTHvB4C?&)*-2+C?*?.q1rI

&)*?=�5rÎ;,)B42y587)2MDF,)*|&6*?DF$<D�Y»,)58=�5A7)1�CÉDF$+5•IŠ,)D�C-*|&6DF$<.8DF$4š�`FB47613&)*-DF$4,]D�Y‰&6(+5pY[DF7@H

�( � ) = Ñ � 2P�

g�13Y‡&)5A7

132+2+C|ƒj*?$+`�*?$+K+*|=>*-K4B�1�C
&67613$+,)C-13&6*?DF$+,}1�$+K�XyD>DF,•&6,AS

U

DŽ,)*?H/2+C-*|Y‡ƒP&6(+5:K+*?,).8B+,),@*-DF$ogxC-5J&vB+,w.AD�$+,)*?K+5A7

Ð•B4,@&]&Š9;D:C?B+H/2+,]D�Y›7)1�$+•:DF$+5a5q13.0(‘g�*ÒSï5�Sj.ADFH}X+*?$+5a&Š9~D/.AD�2+*-58,]D�Y

� 0 = Ñ � 2j0ih0j
1�$4Kz.ADFH/H/5A$%&

D�$’&)(+5A*?7W,).q1r&)&6587)*?$+`:Xy58(�1q=j*?DF78S

Ó

DF7]C-1�7@`F5p&6*?H/5A,W9~5‚HvB4,@&€(�1q=F5

�( t ! �1 ) '
�

Ñ � (1� ei � 1 ) U1 j0ih0j Uy
1

� �
Ñ � (1� ei � 2 ) U2 j0ih0j Uy

2

�

' Ñ � (1� ei � 1 ) U1 j0ih0j Uy
1 � (1� ei � 2 ) U2 j0ih0j Uy

2 ;

ÌÒdjSef%dbÎ

9W(45A7)5

Ui = U(~v �
i ; ~� �

i ; t)
Y[D�7

i = 1; 2
13$+K

t ! �1
ÌÒdjSÔf�Í>Î

137)5xB+$+*|&0137@ƒ„&)761�$4,@Y[DF7@HE1r&6*?DF$+,É*?H:24C-58H:58$%&6*?$+`€&)761�$+,@C˜1r&6*?DF$+,ÉX%ƒ

~� �
i

13$+KaXyD>DF,•&6,‘9W*|&6(a=F58C-D>.A*|&6*?5A,

~v �
i*?$Ž&)(+5 �ŽD_ƒ%1�C›2+C-1�$+5�S �VD�&65‚&6(+13&W&6*?H:5•IŠK+582y58$+K+58$b&p,)DFC?*?&)DF$+,V$+5A58K�$+DEC-DF$4`F5A7VXy5w`F7)1�,),@HE13$+$+*-1�$‘g

13$+K�,@DR9~5ŽHvB+,•&z1�C?C?Dl9�*?$"ÌÒdjSef%dbÎ}Y[DF7:&)(+5’,)C?*-`F(%&)C?ƒ�H/DF7)5’`F5A$45A7613C€2+7@58YT1�.J&6DF7@,E9W*|&6('=F5AC?D>.A*|&ŠƒbI

K45A2M5A$+K+58$%&�2+(�13,)5A,

� i

ced�f4gWdrh�nÕS LY}&6(+5P,).A13&)&)5A7@*-$+`�1�$+`�C-5PK+*|•o587),<Y[7)DFH

�
gp*TSe53S]*?Yv$+DF$%&67@*?=>*-1�C

,@.q13&@&6587)*?$+`ED>.A.8B+7),8g�&6(+58$’&)(+5‚C˜13&)5p=F58C-D>.A*|&6*?5A,

~v +
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