Hausiibungen FORGESCHRITTENE QUANTENMECHANIK Prof. Dr. Luis Santos
Abgabe am 26.04.2011 (vor der Theorievorlesung)

FEzxercise 1: The coherent state

Show that the expression of the coherent state |a) (recall the exercise in the Préisenz-
bungen) in terms of the number state |n) is given by

e}

o) = ez 3 j—;rn» (1)

n=0

Exercise 2: Number operator and Hamiltonian

Show, for bosons and fermions, that the particle-number operator N = > d}di com-
mutes with the Hamiltonian

1 .
H= Z (i|T|j)a; + 22 alal(ij|V|kl)aydy. (2)

ijkl

What is the physical meaning of [N , H ] =07
FEzxercise 3: The Hubbard model

Consider electrons on a lattice with the single-particle wave function localized at the
lattice point R; given by i, (x) = xopi(x) with ¢;(x) = ¢(x — R;). A Hamiltonian,
H=T+V con81st1ng of a spin- mdependent single-particle operator T = Z 1 to and a

two-particle operator V = 3 DN 28 V®(x,,%3) can be represented in the basis {goio} by

Z Z t” Wa]" +5 Z Z V;Jkla'w ]o”alaldk0'7 (3)

i,5,k,l 0,07

where the matrix elements are given by t;; = (i[t|j) and Vij = (ij|V @ |kl). If one assumes
that the overlap of the wave functions ¢;(x) at different lattice points is negligible, one
can make the following approximations:

w fori=y,
t;j = qt foriand jadjacent sites, (4)

0 otherwise

Vi = Vijbudy with Vi; = [Pz [ &Py (x))PVE (%, y)]e; (y)]* (5)

(a) Determine the matrix elements V;; for a contact potential

Z 5 - Xﬁ (6>
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between the electrons for the following cases: (i) on-site interaction i = j, and (ii) nearest-
neighbor interaction, i.e., ¢ and j adjacent lattice points. Assume a square lattice with
lattice constant a and wave functions that are Gaussians p(x) = 55777 exp {—x*/2A%}.

(b) In the limit A < a, the on-site interaction U = V}; is the dominant contribution.
Determine for this limiting case the form of the Hamiltonian in second quantization. The
model thereby obtained is known as the Hubbard model.

Exercise 4: The Bose-Hubbard model

Consider the Hubbard model for bosons

— —tZdT&j + = Z i (y — 1). (7)

(a) Show that the N —particle state

1 1 Niite A N
[Wy—o) = N <\/m Z aj) 0) (8)

for U = 0 is an eigenstate of H. How is the energy of this state? What is the physical
meaning of ﬁ S Meite 417(Hint: Think in momentum space.)

(b) Show that the state

szte

|¥1—o) H all0) (9)

for t = 0 is an eigenstate of H. How is the energy of this state?



