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Exercise 1: The Klein-Gordon equation in the non-relativistic limit

Show that the Klein-Gordon equation,
(

� + (mc
~

)2
)

Ψ = 0, becomes the Schrödin-

ger equation in the non-relativistic limit. (Hint: use Ψ = ϕe−imc2t/~, and consider E ′ =
E − mc2 ≪ mc2 where E is the total energy.)

Exercise 2: The minimal coupling/substitution

Show that the Hamiltonian function

H =

(

~p − q ~A(~x, t)
)2

2m
+ qϕ(~x, t) (1)

provides the correct equation of motion m~̈x = q( ~E + ~̇x × ~B) of a particle in the presence

of an electromagnetic field. The substitution H = p2

2m
−→ (~p−q ~A)2

2m
+ qϕ is the so-called

minimal substitution or minimal coupling, which we have employed at various points in
the theory lecture.

Exercise 3: Gauge transformation of Klein-Gordon and Dirac equations

Show that the minimal coupling leads to an invariance of both the Klein-Gordon
equation and the Dirac equation against gauge transformations, i.e. if we make a gauge
transformation A′

µ = Aµ + ∂µχ, if Ψ is the solution with Aµ, then Ψ′ = e−iqχ/~Ψ is the
solution with A′

µ.

Exercise 4: Dirac matrices

(a) Show that the 4 × 4 matrices

αj ≡

(

0 σj

σj 0

)

, where j = 1, 2, 3, (2)

and

β =

(

I 0
0 −I

)

(3)

fulfill the anticommutation relations {αj, αk} = 2δjk
I, {αj, β} = 0. As always σ1 ≡

(

0 1
1 0

)

, σ2 ≡

(

0 −i

i 0

)

, σ3 ≡

(

1 0
0 −1

)

are the Pauli matrices.

(b) Show that γ0 ≡ β, γj ≡ βαj satisfy {γµ, γν} = 2gµν
I.


