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Exercise 1: Properties of the γ-matrices

(a) Show that ∆τ = −i
4

σµν∆ωµν with σµν = i
2
[γµ, γν ] fulfills

[γµ, ∆τ ] = ∆ωµ
ν γν , (1)

Tr∆τ = 0 (2)

where ∆ωµν = −∆ωνµ.

(b) Show that (γµ)† = γ0γµγ0.

Exercise 2: Plane wave solutions

(a) Show /p · /p = m2c2.

(b) Let

{

Ψ+
r (x) = ur(p)e−ipx/~

Ψ−
r (x) = vr(p)eipx/~

show that

(/p − mc)ur(p) = 0 (3)

(/p + mc)vr(p) = 0 (4)

(c) Show that

ur(p) = N(/p + mc)ur(0), (5)

vr(p) = N(/p − mc)vr(0), (6)

where N is a normalization constant, ur(0) =

(

χr

0

)

, vr(0) =

(

0
χr

)

, and χ1 =

(

1
0

)

,

χ2 =

(

0
1

)

.

(d) Calculate (/p + mc)ur(0) and (/p − mc)vr(0).

(e) Impose ūr(p)ur(p) = 1; v̄r(p)vr(p) = 1, and find the normalization constant N .

Exercise 3: Density

Calculate the density ρ = j0/c for the solutions of the Dirac equation in free space.
Why is it not Lorentz invariant? Relate it to the idea of Lorentz contraction.

Exercise 4: Equivalent representations of the γ-matrices

Let M be an arbitrary non-singular matrix. Show that MγµM−1 is also a possible
representation of the γ-matrices, i.e. it fulfills {γµ, γν} = 2gµν

1.


