Homeexercises Sheet 7 QUANTENMECHANIK I (SS08) Prof. Dr. Luis Santos
Hand in until 17.06.08 in the lecture. Please state name and sheet number!

Exercise 1: Deflected particle in the harmonic oscillator (3 Points)

A particle of mass m is moving in an one-dimensional harmonic oscillator with frequency
w. At t = 0 the state of the system is given by

W(t=0)) =e"""0),
where b is a constant and |0) is the ground-state of the harmonic oscillator.
1. Using the Heisenberg picture, calculate the expected value (z)(t) for ¢ > 0.

2. Consider |®) = e */"|¥)  and show that ®(x + b) = ¥(z) holds.

Note: This is why the operator e #/"|¥) = T, is the so-called translation ope-
rator (by a length b).
Hint: The Baker-Hausdorff lemma will be helpful.

Ezercise 2: Correlation function (2 points)

Consider a function known as the correlation function, which is defined by

c(t) = (&(t)2(0)),

where Z(t) is the position operator in the Heisenberg picture. Evaluate ¢(t) explicitly for
the ground-state of a one-dimensional harmonic oscillator.

Ezercise 3: Schwinger-Boson representation (3 points)

Consider two independent harmonic oscillators, whit Hamiltonian operators H, and H B,
and creation and annihilation operators (a,a') and (13, BT) respectively. The ladder opera-
tors satisfy the following commutation relations: [a,b] = [af, b!] = [a, bT] = [af, b] = 0.
Let’s to consider the operators j+, j_, J, defined as:

B

J. =nhbla, J_ =ha'b where Jp=J,+iJ, J.= 5(bfé —afa)

(this is the so-called Schwinger-Boson representation of the angular momentum operators).

1. Show that the operators ji, J, fulfill the same commutation relations of the angular
momentum operators, to do so, check the commutators [J,, Ji|, [J?, L], [J4, J_].

2. Consider the states |n4,np) such that

. 1 - 1
HA|nA,nB) = th <TLA + 5) |nA,nB> and HB|nA,nB> = hu)B <TLB + 5) |7ZA,TLB>.

Show that |n4,np) are eigenstates of J, and J?, where J? = J2 + j; + J2. Calculate
the corresponding eigenvalues, what plays now the role of the quantum numbers [
and m? (Continue next page)



Ezercise 4: Heisenberg equation of motion (2 points)

Consider the Hamiltonian Y

H=2 1 Vjcos? gz,
2m
where m, V and ¢ are constants. Obtain the Heisenberg equation for the operators p and

% and the equation of motion % =7 (without solving it).



