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Hodge-Duality

1 Exterior product and algebra

Let V be a real n-dimensional vector space, V* its dual space and TPV* =
V*®---®V* its p-fold tensor product. We will follow standard tradition to
define forms, i.e. the antisymmetric tensor product on the dual vector space
V* rather than on V. Clearly, all constructions that are to follow could
likewise be made in terms of Vrather than V*.

TPV* carries a representation 7, of S}, the symmetric group (permutation
group) of p objects, given by
wp Sy — End(TPV™), mp(o) (041 K- Oép) = Qp1) @ @ ag(p) (1)

and linear extension to sums of tensor products. On TPV* we define the
linear operator of antisymmetrisation by

Alt, = l' Z sign(o) mp , (2)
p

T o€ES)

where sign : S, — {1,—1} = Z is the sign-homomorphism. This linear
operator is idempotent (i.e. a projection operator) and its image of TPV*
under Alt, is the subspace of totally antisymmetric tensor-products. We

write »
m(TPV*) = \V*. (3)
Clearly
wlie)(f i
We set

AV* ;:é/\v*. (5)
p=0

Let « € APV* and g € A7V*, then we define their antisymmetric tensor
product

p+q
+q)!
a/\ﬁ::%Al’cpﬂ(a@ﬁ) e ANV*. (6)
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One easily sees that
aNpf=(-1DPIFANa. (7)

Bilinear extension of A to all of A V* endows it with the structure of a real
2"-dimensional associative algebra, the so-called exterior algebra over V*. If
ai, -+ ,qp are in V*, we have

A Aoy = Z sign (o) QA1) @ @ Qg(p) 5 (8)
oES)

as one easily shows from (6) and (7) using induction.
If {#',-.- 6"} is a basis of V*, a basis of AP V* is given by the following
(;;) vectors

{0 N N0 [1<a1 <ax<---<a,<n}. 9)

An expansion of a € AP V* in this basis is written as follows

0=t gy 00 A A6 (10)

using standard summation convention and where the coefficients g, ...q, are
totally antisymmetric in all indices. On the level of coefficients, (6) reads

|
(a N /B)al"'“p+q = (Zqu') a[al"'apﬁap+l'“ap+q} ’ (11)

where square brackets denote total antisymmetrisation in all indices enclo-
sed:

1 .
Qlay-ap) = Ij Z sign(o) Qa1 to(p) - (12)
T oESy

2 Inner products

Every non-degenerate bilinear form n : V x V — R on a vector space V
defines an isomorphism 7, : V' — V* to its dual space V* via the requirement
N, (v)(w) := n(v,w) for all v,w € V; in short, v — n,(v) := n(v,-). Its inverse
map is g, : V¥ =V, n = (m)fl, which in turn defines a non-degenerate
bilinear form on the dual space, n7! : V* x V* — R, via the requirement
n 1 a, B) :== a(n(B)) for all a, B € V*. On component-level this reads as
follows: Let {eq | 1 < a < n} be a basis of V and {6 | 1 < a < n} its dual
basis of V*, so that 6%(e;) = di. Then, writing v = v%e,, we get n,(v) = A
with

Vp 1= V" qb (13)

and 74 := n(eq, €p). Similarly, writing o = a,0%, we get n,(a)) = a’e, with

a® = n%a, (14)
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and 7% := 171(6%,6%). Note that in (13) it is the first index on 7, that
is contracted with v, whereas in (14) it is the second index on n?% that
is contracted with ap. This is important for consistency in case 7 is not
symmetric.

The previous equations imply

N*Noc = N Neb = 0 (15)

and
1 = 1°n""Meq (16a)
Tab = nCdncandb- (16b)

This explains why 7, and 7, are called the operations of “index-raising” and
“index lowering”. Sometimes the images of 7, and 7, are indicated by the
musical symbols 4 (sharp) and b (flat) respectively, i.e., one writes 1. (a) = of
and 7, (v) = ©v”, which makes sense as long as the bilinear form 7 with respect
to which these maps are defined is self understood. We shall also employ this
notation.

We stress once more that up to this point we did not assume n to be sym-
metric, so that all formulae apply generally. In particular, they will apply
to antisymmetric n which occur in spinor calculus. However, for the rest of
these supplementary notes we will assume n to be symmetric.

The symmetric inner products on V and V* naturally extend to symmetric
inner product on tensor-product spaces, just by taking products slotwise. In
particular, we have on TPV*

p
<(X1®"'®ap7/81®"'®/8p> = anl(aa,ﬂa) (17)
a=1

and bilinear extension:
(Qayeay 07 @ @ 0%, By, 0 @ @ 0%) = qgya, B (18)

On each subspace AP V* C TPV we have

p
(ar N Nag, BLA-ABp)yi=pl > sign(o) [ n(ea: Bo)  (19)
oES) a=1

and hence

<§!aa1...%ea1 Ao N0 LBy 0P A A ebp> — Qgy.a, B . (20)
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In the totally antisymmetric case it is sometimes more convenient to renor-
malise this product in a p-dependent fashion. One sets

<" '>n0rm‘/\pV* = Z% <" '>‘/\pV* (21)
so that

<I%aa1...ap0“1/\---/\9“1’, I%Bbl...bpﬁbl/\---/\ﬁbp> T )

norm

3 Hodge duality

Given a choice o of an orientation of V* (e.g. induced by an orientation
of V), there is a unique top-form ¢ € A" V* (i.e. a volume form for V),
associated with the triple (V*,n7!, 0), given by

e=0 A N0, (23)

where {0 --- 6"} is any n~!-orthonormal Basis of V* in the orientation

class 0. The Hodge duality map at level 0 < p < n is a linear isomorphism

P n—p
i AVE—= N\ VE, (24a)
defined implicitly by
aAxpf=ce{a, f)norm - (24b)
This means that the image of f € AP V* under %, in A"?V* is defined
by the requirement that (24b) holds true for all & € AP V*. Linearity is
immediate and uniqueness of x, follows from the fact that if A € A"7PV*
and aAX =0 for all @« € AP V*, then A\ = 0. To show existence it is sufficient

to define %, on basis vectors. Since (24b) is also linear in « it is sufficient to
verify (24b) if « runs through all basis vectors.

From now on we shall follow standard practice and drop the subscript p on
*, supposing that this will not cause confusion.

Let {e1,---e,} be a basis of V and {#',---,0"} its dual basis of V*; i.e.
6% (ep) = 0. Let further {6;,--- ,0,} be the basis of V* given by the image
of {e1, - €,} under 1, i.e. 6, = ne8°. Then, on the basis {#g, A+ Abq, |
1<a; <ap <---<ap,<n}of A\PV* the map % has the simple form

*((9171 VANCIERWAN Gbp) = ﬁebl'“bp Api1--an PPt Ao NG (25)

This is proven by merely checking (24b) for « = 0 A --- A 0% and =
Oy, A -+ A0y, Instead of (25) we can write

SO A MO = ot g P A A G
1 ai--a n
:W € pap+1"‘an Oertt A N OY ) (26)
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which makes explicit the dependence on ¢ and 7.

fa= %!aal...apﬁal A+ AB%, then xa = ﬁ(*a)bl...b%p@bl Ao NGO,
where

(5t = & Q€ g (27)
This gives the familiar expression of Hodge duality in component langua-
ge. Note that on component level the first (rather than last) p indices are

contracted.

Applying  twice (i.e. actually x(,_p) © %) leads to the following self-map of
NP V*:

*(* (B A A G))

_ 1 ai--ap ap+1°n bi A .. A pb
= € api1-an€ by-w-by OV N - NP

)PP g1 apapra b b

= (—1)P"P) (e, ) norm 09 A - A

(28)

Note that

(€, norm = 0™ Pt ey b, = (E12-n)/ det{n(eq, )} . (29)

This formula holds for any volume form ¢ in the definition (24b), indepen-
dent of whether or not it is related to 7.

Since the right-hand side of (24b) is symmetric under the exchange « +» 3,
so must be the left-hand side. Using (28) we get

(a0, BYnorm € = a Axf = B Axa = (—l)p(”_p) *a A B

-1

1 (30)
= <57 €>norm *x Nk = <57 €>n0rm <*a’ */8>n0rm g,

hence
<*O£, *B)norm = <57 5>norm<aa ﬁ>norm . (31)

From this and (28)) it follows for & € AP V* and g € A" P V*, that
(e, %B)norm = (€, €)norm (0, %% Bhnorm = (=117 (xat, Bhnorm - (32)

This shows that the adjoint map of x relative to (-, norm is (—1)P(*7P) .

Formulae (28), (30)(31), and (32) are valid for general ¢ in the definition
(24b). If we chose ¢ in the way we did, namely as the unique volume form
that assigns unit volume to an oriented orthonormal frame, as does (23),
then we have

(€, €norm = (=1)"~ (33)

where n_ is the maximal dimension of subspaces in V restricted to which 7
is negative definite; i.e. 7 is of signature (n4,n_). Equation (31) then shows
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that % is an isometry for even n_ and an anti-isometry for odd n_ (as for
Lorentzian 7 in any dimension).

Finally we note the following useful formula: If v € V let i, : TPV* —
TP~1V* the map which inserts v into the first tensor factor. It restricts to a
map i, : AP V* — AP~ V*. Then, for any a € AP V*, we have

iy ko= *(a AV”). (34)

where v” := 7, (v). It suffices to prove this for basis elements v = e, of V
and a = 6% A--- A O% of APV*, which is almost immediate using (26).
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