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Problem 1

In the lecture we discussed the projection covering homomorphism p : SU(2) —
SO(3) that satisfies
A(X- AT = (RX) - & (1)

where o, are the Pauli-matrices. Let il € R3 be normalised.

Show that )
A(f, 8) == exp <— %eﬁ- a’) )

projects to a SO(3)-rotation by an angle 0 in the oriented plane (i.e. the sign matters)
whose normal is 7. (Hint: You might find it useful to decompose X into its parts
parallel and perpendicular to fi.)

Problem 2
Show that any element A € SU(2) is of the form
a b
A= <—6 a) 3)

where a,b € C satisfying |a>+|b[> = 1 and an overbar denotes complex conjugation.
Argue that SU(2) is connected and simply connected.

Problem 3

Let V be a real vector space and w a non-degenerate bilinear form. We have seen that

O(V,w) := {A € GL(V) : w(Av,Aw) = w(v,w),YVw,w e V}, 4)
Lie(O(V,w)) = {X € End(V) : w(Xv,w) + w(v,Xw) =0,¥v,w € V}. (5)

There are two linear maps T and # from End(V) to itself, defined by

w(Xv,w) = w(v,Xw), (6)
wv, Xw) = w(X*v,w), (7
forallv,w € V.
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1. Show that each of these maps is the inverse of the other on all of End(V) and
that on the subsets O(V, w) C End(V) and Lie(O(V, w)) C End(V) they
coincide and are hence involutions. If w is symmetric or antisymmetric, the two
maps coincide on all of End(V)

2. Assuming that w is symmetric or antisymmetric, show that the two linear maps
P4 :End(V) — End(V)

(X £ X ®

N —

Pi(X) =

are idempotent, i.e. P+ o P+ = idgnq(v) and satisfy P+ o P = 0.

3. Let w; : V= V*, v = w(v,-) be the usual isomorphism induced by w and
wq : V* — Vits inverse. Show that if w is either symmetric € = 1 or antisym-
metric € = —1, then

wlT =ew| and wTT = ewr, 9

where T indicates the usual transposed map. (Recall: If f : V — W is a linear
map between vector spaces, then f' : W* — V* given by f(«) := « o f is the
transposed map. Note that only for W = V* are these maps between the same
vector spaces.)

4. Show that, irrespectively of any symmetry assumptions on w, we have

Xt =wroX owyp, (10)
and hence
O(V,w) = {A€GL(V):wjoAowr=(A"""}, (11
Lie(O(V,w)) := {X € End(V) : w; o Xowy =—X"}. (12)
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