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Problem 1

Consider a process A + B — C where two particles A and B annihilate each other and
create a third particle C. The corresponding 4-momenta are pa,pg and pc, respec-
tively. Show that pc cannot be lightlike if at least one of pa and pg are timelike. Hint:
Apply the appropriate Cauchy-Schwarz inequality.

Problem 2

Consider two particles with masses m; and m; and 4-momenta p; and p;, respec-
tively. We have p2 := n(pq,pa) = mic?. The 4-momentum P of the combined

system is given by the sum py + p».

Generally, if u is a unit timelike vector representing an inertial system, the energy of
a system with 4-momentum p in that system is E,, := cp - u. Apply this to the 2-
particle system and calculate the energy E.p, in the “centre-of-mass” system, where u
is proportional to p1 + P2, and also the energy E; in the “laboratory system”, where
one of system, say the second, is at rest, i.e. W is proportional to p;. Express E., as
a function E;. Observe how E.;,, grows as a function of E; for increasingly larger E,?
What conclusion do you draw from this?

Hint: The calculation will give you E., as well as E; as function of (py - p2) =
Nn(p1,p2), My, and my. This allows you to eliminate p; - p, and express Ey, through
Eg, mq, and myp.

Problem 3

A particle Py of mass mg decays into two particles Py and P, of masses m; and m;,
respectively. Show that the energy and modulus of 3-momentum ||p; || of P; in the rest
frame of Py are

g md—m3
Zmo

v/ [mg = (m1 +ms)2] [md — (my —my)?]

Ipill = o , (1b)

E; = , (1a)

and with indices 1 and 2 exchanged for particle P,. Note that the right-hand of side of
(1a) is non-symmetric under 1 < 2 whereas (1b) is symmetric. Why is that?

What are the magnitudes of the velocities of P; and P; in the rest frame of Py?
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Problem 4

This exercise is an extension of the previous Problem 3. Show that the magnitude of
the relative velocity 31¢ (in units of ¢) of Py in the rest frame of Py is

\/[m% — (my +my)?] [m§ — (my —my)?] ,
mj +mé —mJ @

Bio =

and similarly for (39 with indices exchanged, and that the relative velocity 312 (in
units of ¢) of Py in the rest frame of P, is

v/ [mg = (my +m2)2) [md — (my —my)?]
B]Z = mz_mz_mz (3)
0 1 2

which equals (327 Hint: The first equation follows from (1). For the second we recall
that the relative velocity between two states of motion (timelike normalised vectors)
wy and u; is the velocity of the boost in the plane span{u;, u,} that transforms one
into the other. Now, uy; -u; = y = 1/4/1— B2 In our case u; = p1/(myc),
uy = pz2/mye, and (moc)? = (p1 +p2)? = (Mie)? + (m2)? + 2(p1 - p2).

Problem 5

A particle of charge e moves in a constant electric field E = En. Here E is constant
and n is also constant and normalised ||n|| = 1. The Lagrangian is

[ 2
L(x, %) = —mc*/1— :—2 +eE(x-n). 4)

Solve the equations of motion with initial conditions x(t = 0) = x(t = 0) = 0.
Describe the graph of the function t — x(t) geometrically.

Foundations and Applications of Special Relativity, WS 2021/22 2/2
qig.itp.uni-hannover.de/~giulini/


https://qig.itp.uni-hannover.de/~giulini

