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What is (not) wrong with scalar gravity?
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Abstract
On his way to General Relativity, Einstein gave several argpts as to why a
special-relativistic theory of gravity based on a masstesdar field could be
ruled out merely on grounds of theoretical considerati®s.re-investigate his
two main arguments, which relate to energy conservationsantke form of the
principle of the universality of free fall. We find that suckh&ory-based priori
abandonment not to be justified. Rather, the theory seemsaftyr perfectly
viable, though in clear contradiction with (later) expegims.
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1 Introduction

General Relativity (henceforth ‘GR’) differs markedly iremy structural aspects from
all other theories of fundamental interactions, which dfdoamulated as Poincaré
invariant theories in the framework of Special Relativityeceforth ‘'SR’). The char-
acterisation of this difference has been a central thememigtfor physicists, but also
for philosophers and historians of science. Einstein hiihesephasised in later (1933)
recollections the importance of his failure to formulataable special-relativistic the-
ory of gravity for the understanding of the genesis of GR.

Any attempt to give such a characterisation should cleatjude a precise de-
scription of the constraints that prevent gravity from digting into the framework
of SR. In modern terminology, a natural way to proceed wowddoconsider fields
according to mass and sﬂirdiscuss their possible equations, the inner consistehcy o
the mathematical schemes so obtained, and finally theirriexpstal consequences.
Since gravity is a classical, macroscopically observahiel long-ranged field, one
usually assumes right at the beginning the spin to be integihithe mass parameter
to be zero. The first thing to consider would therefore be astaas scalar field. What
goes wrong with such a theory?

When one investigates this question, anticipating thatesbimg does indeed go
wrong, one should clearly distinguish between the follaywo types of reasonings:

1. The theory is internally inconsistent. In a trivial sertBis may mean that it
is mathematically contradictory, in which case this is thd ef the story. On
a more sophisticated level it might also mean that the theimiates accepted
fundamental physical principles, like, e.g., that of egargnservation, without
being plainly mathematically contradictory.

2. The theory is formally consistent and in accord with bgdigsical principles.
However, it is refuted by experiments.

Note that, generically, it does not make much sense to claitn shortcomings si-
multaneously, since ‘predictions’ of inconsistent thesrshould not be trusted. The
question to be addressed here is whether special-retatitheories of scalar gravity
fall under the first category, i.e. whether they can be refute the basis of formal
arguments alone without reference to specific experiments.

Many people think that it can, following A. Einstein who ased scalar theories
to

a. violate some form of the principle of universality of friedl,
b. violate energy conservation.

The purpose of this paper is to investigate these statenmemtstail. We will pro-
ceed by the standard (Lagrangian) methods of modern fietahythend take what we
perceive as the obvious route when working from first prilesp

1 Mass and spin are the eigenvalues of the so-called Casimiatips of the Poincaré group, that label
its irreducible representations.



2 Historical background

As already stressed, the abandonment of scalar theoriesafygby Einstein is in-
timately linked with the birth of GR, in particular with hisonviction that general
covariance must replace the principle of relativity as usesR.

I will focus on two historical sources in which Einstein cdaips about scalar
gravity not being adequate. One is his joint paper with Mla@®ssman on the so-
called ‘Entwurf Theory’ ([10], Vol. 4, Doc. 13, henceforthalted the ‘Entwurf Paper’),
of which Grossmann wrote the “mathematical part” and Eingtee “physical part”.
Einstein finished with 7, whose title asks: “Can the gravitational field be reduoeal t
scalar ?”(German original: “Kann das Gravitationsfeld eimien Skalar zurtickgefuhrt
werden ?"). In this paragraph he presented a Gedankenmgugrbased argument
which allegedly shows that any special-relativistic sc#f@ory of gravity, in which
the gravitational field couples exclusively to the mattea the trace of its energy-
momentum tensor, necessarily violates energy conservatid is hence physically
inconsistent. This he presented as plausibility argument gravity has to be de-
scribed by a more complex quantity, like thg, of the Entwurf Paper, where he and
Grossmann consider ‘generally covariant’ equations ferfitst time. After having
presented his argument, he erfdé (and his contribution) with the following sen-
tences, expressing his conviction in the validity of thegiple of general covariance:

Einstein Quote 1. Ich mul freilich zugeben, dafirf mich das wirksamste Argu-
ment daifir, dald eine derartige Theorie [eine skalare Gravitatidesirie] zu verw-
erfen sei, auf detJberzeugung beruht, daR die Relatiinicht nur orthogonalen
linearen Substitutionen gegéoer besteht, sondern einer viel weitere Substitutions-
gruppe gegeinber. Aber wir sind schon desshalb nicht berechtigt, digsggiment
geltend zu machen, weil wir nicht imstande waren, die (aflgmste) Substitution-
sgruppe ausfindig zu machen, welche zu unseren Gravitgt@aosungen ge’tbrt@
([10], Vol. 4, Doc. 13, p. 323)

The other source where Einstein reports in more detail oednier experiences
with scalar gravity is his manuscript entitled “Einigeseildie Entstehung der All-
gemeinen Relativitatstheorie”, dated June 20th 1933jmil in ([3], pp. 176-193).
There he describes in words (no formulae are given) how theioos’ special-
relativistic generalisation of the Poisson equation,

AD =4nGp, (1a)

together with a (slightly less obvious) special-relatigcigeneralisation of the equation
of motion,
d?X(t)
dt?
lead to a theory in which the vertical acceleration of a testigle in a static homoge-
neous vertical gravitational field depends on its initiatibontal velocity and also on
its internal energy content. In his own words:

= -—VO(X(t)), (1b)

2 To be sure, | have to admit that in my opinion the most effeciigument for why such a theory
[a scalar theory of gravity] has to be abandoned rests on theviction that relativity holds with
respect to a much wider group of substitutions than just iteglr-orthogonal ones. However, we are
not justified to push this argument since we were not able teraene the (most general) group of
substitutions which belongs to our gravitational equasion
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Einstein Quote 2. Solche UntersuchungeiiHrten aber zu einem Ergebnis, das mich
in hohem Mal3 miRtrauisch machte. GHinder klassischen Mechanik isamlich
die Vertikalbeschleunigung einesikpers im vertikalen Schwerefeld von der Hori-
zontalkomponente der Geschwindigkeit uridaifig. Hiermit langt es zusammmen,
daf die Vertikalbeschleunigung eines mechanischen Sybism dessen Schwerpunk-
tes in einem solchen Schwerefeld urgatngig herauskommt von dessen innerer kinetis-
cher Energie. Nach der von mir versuchten Theorie war abeiUutiablangigkeit der
Fallbeschleunigung von der Horizontalgeschwindigkeit.bder inneren Energie eines
Systems nicht vorhanden. Dies paf3te nicht zu der alten Enfighdal? die Krper alle
dieselbe Beschleunigung in einem Gravitationsfeld edahrDieser Satz, der auch
als Satziiber die Gleichheit der #igen und schweren Masse formuliert werden kann,
leuchtete mir nun in seiner tiefen Bedeutung ein. Ich wuedarch im lbchsten Grade
Uber sein Bestehen und vermutete, daf3 in ihm deiiSsl @ir ein tieferes Versindnis
der Tragheit und Gravitation liegen ésse. An seiner strengenif@igkeit habe ich
auch ohne Kenntnis des Resultates debsem Versuche vondgos, die mir — wenn
ich mich richtig erinnere — erst gper bekannt wurden, nicht ernsthaft gezweifelt. Nun
verwarf ich den Versuch der oben angedeuteten Behandlusgsdavitationsprob-
lems im Rahmer der speziellen Relatitstheorie als inadquat. Er wurde offenbar
gerade der fundamentalsten Eigenschaft der Gravitatiamhtngerecht. [...] Wichtig
war zuréchst nur die Erkenntnis, daf3 eine vénftige Theorie der Gravitation nur von
einer Erweiterung des Relatigitsprinzips zu erwarten Wr(Einstein, 2005, pp. 178-
179)

Einstein’s belief, that scalar theories of gravity are duteit, placed him—in this
respect—in opposition to most of his colleagues, like Ntighs, Abraham, Mie, and
Laue, who took part in the search for a (special-) relaiwigteory of gravity. (Con-
cerning Nordstroms theory and the Einstein-Nordstrotaraction, compare the beau-
tiful discussions by Nortori [8][9]. Some of them were notdaoed, it seems, by
Einstein’s inconsistency argument. For example, evem &t was completed, Laue
wrote a comprehensive review paper on Nordstroms themeyeby at least implicitly
claiming inner consistency [7]. Remarkably, this paper afi¢’s is not contained in
his collected writings.

On the other hand, modern commentators seem to be conténtavdiscussion
of the key role that Einstein’s arguments undoubtedly @thin the development of

% These investigations, however, led to a result which raisgatrong suspicion. According to classical
mechanics, the vertical acceleration of a body in a vertigalvitational field is independent of the
horizontal component of its velocity. Hence in such a gediohal field the vertical acceleration of a
mechanical system, or of its centre of gravity, comes owprddently of its internal kinetic energy.
But in the theory | advanced, the acceleration of a fallinglypavas not independent of its horizontal
velocity or the internal energy of the system. This did nawifibh the old experience that all bodies
experience the same acceleration in a gravitational fielthisBtatement, which can be formulated
as theorem on the equality of inertial and gravitational malsecame clear to me in all its deeper
meaning. | wondered to the highest degree as to why it shoolldl dnd conjectured that it be the
key for a deeper understanding of inertia and gravitationdid not question its rigorous validity,
even without knowing about the beautiful experiments byds) of which—if | remember correctly—
| became aware only later. | now abandoned my attempt as ouste to address the problem of
gravitation along the lines outlined above. It obviouslultbnot account for the most fundamental
property of gravitation. [...] The important insight at thistage was that a reasonable theory of
gravitation could only be expected from an extension of threiple of relativity.



GR and, in particular, the requirement of general covagana fact, already in his
famous Vienna lecture[([10], Vol. 4, Doc. 17) held on Septen#8rd 1913, less than
half a year after the submission of the Entwurf Paper, Einstdmits the possibility
to sidestep the energy-violation argument given in thelait one drops the relation
between space-time distances as given by the Minkowskiienatr one hand, and
physically measured times and lengths on the other. Emslistinguishes between
“coordinate distances” (German original: “Koordinatesi@nd”), measured by the
Minkowski metric, and “natural distances” (German oridirfaatirliche Abstande”),
as measured by rods and clocks {[10], Vol. 4, Doc. 17, p. 498g relation between
these two notions of distance is that of a conformal equinaddor the underlying met-
rics, where the “natural” metric is obtained from the Minlgkivmetric by multiplying

it with a factor that is proportional to the square of the acgravitational potential.
Accordingly, the re-publication in January 1914 of the EutinPaper includes addi-
tional comments, the last one of which acknowledges thisipiity to sidestep the
original argument against special-relativistic scalaotiies of gravity ([10], Vol. 4,
Doc. 26, p.581). This is sometimes interpreted as a “retnaitby Einstein of his
earlier argument|([10], Vol. 4, Doc. 13, p. 342, editors coemtr{42]) though Einstein
himself speaks more appropriately of “evading” or “sidppiag” (German original:
“entgehen”). In fact, Einstein does not say that his origargument was erroneous,
but rather points out an escape route that effectively oemtige hypotheses on which
it was based. Indeed, Einstein’s re-interpretation of egiane distances prevents
the Poincaré transformations from being isometries otesgane, though they for-
mally remain symmetries of the field equations. The new jpr&tation therefore
pushes the theory outside the realm of SR. Hence Einstefigial claim, that a
special-relativistic scalar theory of gravity is incornei#, isnot withdrawn by that re-
interpretation. Unfortunately, Einstein’s recollectodo not provide sufficient details
to point towards a unique theory against which his origidaine may be tested. But
guided by Einstein’s remarks and simple first principles cexe write down a special-
relativistic scalar theory and check whether it really stdffrom the shortcomings of
the type mentioned by Einstein. This we shall do in the maihybaf this paper. We
shall find that, as far as its formal consistency is concertiedtheory is much better
behaved than suggested by Einstein. We end by suggestitigeamationale (than vi-
olation of energy conservation), which is also purely mgit to the theory discussed
here, for going beyond Minkowski geometry.

3 Scalar gravity

In this section we show how to construct a special-reldtiviheory for a scalar grav-
itational field, @, coupled to matter. Before we will do so in a systematic manne
using variational methods in form of a principle of statipnaction, we will mention
the obvious first and naive guesses for a Poincaré invagemgralisation of formulae
(@) and point out their deficiencies.

Our conventions for the Minkowski metric are ‘mostly minughat is,n,, =
diag(1,—1,—1,—1). Given a worldline x*(A), whereA is some arbitrary parameter,
its derivative with respect to its eigentime,is written by an overdoty" := dx"/dr,
wheredt = ¢! VM (dx®/dA)(dxY/dA) dA. ¢ denotes the velocity of light in




vacuum (which we do not set equal to unity).

3.1 First guesses and a naive theory

There is an obvious way to generalise the left hand sidé _gf (lamely to replace
the Laplace operator by minus (due to our ‘mostly minus’ emrion) the d’Alembert
operator:

2 22 @2
A= 4 & L9
o2 Tyl T a2 ,
2 22 2 1 92 92 @
— a2 oz a2 2oz T N axnax

This is precisely what Einstein reported:

Einstein Quote 3. Das einfachste war nétlich, das Laplacesche skalare Potential
der Gravitation beizubehalten und die Poisson Gleichunghilein nach der Zeit dif-
ferenziertes Glied in naheliegender Weise so zéamzgn, dall der speziellen Rela-
tivitatstheorie Geige geleistet Wurdﬁ.(Einstein, 2005, p.177)

Also, the right hand side of (1La) need to be replaced by aldaitralar quantityg
is not a scalar). In SR the energy density istbecomponent of the energy-momentum
tensorT*¥, which corresponds to a mass den3it{)/c2. Hence a sensible replacement
for the right-hand side of (1a) is:

p = T/CZ = nFWTm//CZ ) (3)
so that[(Th) translates to

O0 = —«T, where «:=4nG/c?. (4)

The replacement]3) is not discussed in Einstein’s 1933llestimns, but mentioned
explicitly as the most natural one for scalar gravity in E@ngs part of the Entwurf Pa-
per ([10], Vol. 4, Doc. 13, p. 322) and also in his Vienna leet([10], Vol. 4, Doc. 17,
p.491). In both cases he acknowledges Laue as being the dnavtdis attention to
T/c? as being a natural choice for the scalar potential’s source.

The next step is to generalise [1b). With respect to thislprotEinstein remarks:

Einstein Quote 4. Auch muf3te das Bewegungsgesetz des Massenpunktes im Gravi-
tationsfeld der speziellen Relatizistheorie angepalit werden. Der Weg hienvar
weniger eindeutig vorgeschrieben, weil ja diade Masse einesdfpers vom Gravi-
tationspotential abéingen konnte. Dies war sogar wegen des Satzes von dghdit

der Energie zu erwartdﬂ.(Einstein, 2005, p.177)

4 The most simple thing to do was to retain the Laplacian scptatential and to amend the Poisson
equation by a term with time derivative, so as to comply wittcgal relativity.

5 Also, the law of motion of a mass point in a gravitational fietl to be adjusted to special relativity.
Here the route was less uniquely mapped out, since the ahenss of a body could depend on the
gravitational potential. Indeed, this had to be expectedymunds of the law of inertia of energy.



It should be clear that the structurally obvious ch@ce,
XM (1) =n*V,0(x(1)), 5)

cannot work. Four-velocities are normed,

N XP%Y = 22 — %2 — P2 — 22 = 2, (6)

so that
M XMXY = 0. @)

Hence [(5) implies the integrability conditiott'(t)V @ (x(T)) = dD(x(T))/dT = 0,
saying that® must stay constant along the worldline of the particle, wihders
(®) physically totally useless. The reason for this faillies in the fact that we re-
placed the three independent equatiéns$ (1b) by four equsatibhis leads to an over-
determination, since the four-velocity still represenil/dhree independent functions,
due to the kinematical constrainf (6). More specificallys ithe component parallel to
the four-velocityx of the four-vector equatiori5) that leads to the unwantettice
tion. The obvious way out it to just retain the part[of (5) pergicular tox:

xH(1) = P*(T)VL O (x(T)) (8a)
whereP*Y (1) = n¥*PH (1) and
PE(T) := 8% — XM (1)xy (1) /c? (8b)

is the one-parameter family of projectors orthogonal tofthe-velocity x(t), one at
each point of the particle’s worldline. Hence, by constiargt this modified equation
of motion avoids the difficulty just mentioned. We will calie theory based onl(4)
and [8) thenaive theory We also note thaf[8) is equivalent to

d
7

wherem is a spacetime dependent mass, given by

m(x(1)) x*(1)) = m(x(1) "V @(x(1)) (9)

m = moexp((® — o)/c?). (10)

Heremy is a constant, corresponding to the valueroft gravitational potentiad,
e.g.,.®y=0.

We could now work out consequences of this theory. Howeearb doing this,
we would rather put the reasoning employed so far on a moteragsic basis as pro-
vided by variational principles. This also allows us to dis€ general matter couplings
and check whether the matter coupling that the field equdlprexpresses is con-
sistent with the coupling to the point particle, represéritg the equation of motion
(8). This has to be asked for if we wish to implement the edeivee principle in the
following form:

Requirement 1(Principle of universal coupling). All forms of matter (including test
particles) couple to the gravitational field in a universatfion.

® Throughout we writé7,, for 3/9x*".



We will see that in this respect the naive theory is not quiterect. We stress
the importance of coupling schemes, without which therecidagical relation be-
tween the field equation and the equation of motion for (fdsidies. This is often
not sufficiently taken into account in discussions of sc#taories of gravity; com-
pare [1][12][5][2].

3.2 A consistent model-theory for scalar gravity

Let us now employ standard variational techniques to dstatifoincaré-invariant
equations for the scalar gravitational fietll, and for the motion of a test particle,so
that the principle of universal coupling is duly taken cafeWe start by assumigg the

field equation[(#). An action whose Euler-Lagrange equatdd) is easy to guess
1
Stield + Sint = 3 J d*x (30,0 — kOT) , (11)

where Sieig, given by the first term, is the action for the gravitationaldiandSiy;,
given by the second term, accounts for the interaction wilten

To this we have to add the action for the mat&aner Which we only specify
insofar as we we assume that the matter consists of a poititipasf rest-magsm
and a ‘rest’ of matter that needs not be specified further fiorparrposes here. Hence
Smatter = Sparticle + Srom (rom = rest of matter), where

Sparticle = _mCZJ dt. (12)
We now invoke the principle of universal coupling to find therticle’s interaction

with the gravitational field. It must be of the fordT,, whereT, is the trace of the
particle’s energy momentum tensor. The latter is given by

T (x) = me Jx“(T)xV(T) §W(x —x(71)) dr, (13)
so that the particle’s contribution to the interaction ténn@l1) is
Sieparice = ~m | O(x(x)) dr. (14)
Hence the total action can be written in the following form:

Stot = — mczj(1 + ®(x(1))/c?) dt

+ Jd“x (18, 03"D — kDTrom) (15)

Kkc3
+ Srom -

" Note that® has the physical dimension of a squared velogityhat of length-over-mass. The pre-
factor 1/kc> gives the right hand side df{lL1) the physical dimension oketion. The overall signs
are chosen according to the general scheme for Lagrandistic minus potential energy.

8 We do not need to indicate the rest mass by an additional Spb&csince in the sequel we never need
to distinguish between rest- and dynamical mass. From now ovill always refer to rest mass.



By construction, the field equation that follows from thigiae is (4), where
the energy momentum-tensor refers to the matter withoutebieparticle (the self-
gravitational field of @estparticle is always neglected). The equations of motion for
the test particle then turn out to be

M1 = P (T)avd(x(T)), (16a)
where  P*Y(1) = n*Y — x*(1)x"(1)/c? (16b)
and ¢ = cIn(14+ @/c?). (16¢)

Three things are worth remarking at this point:
e The projectoP*Y now appears naturally.

e The difference betweenl(8) and {16) is that in the latter ibisather than®
that drives the four acceleration. This (only) differencdfte naive theory was
imposed upon us by the principle of universal coupling, Wwha&s we have just
seen, determined the motion of the test particle. This miffee is small for
small®/c?, since, according td (I6ch ~ ®(1+ ®/c2+---). Butit becomes
essential if® gets close te-c?, whered diverges and the equations of motion
become singular. We will see below that the existence of titiead value® =
—c? is not necessarily a deficiency and that it is, in fact, theettieory which
displays an unexpected singular behaviour (cf. Settign 4.2

e The universal coupling of the gravitational field to mattelyanvolves the trace
of energy-momentum tensor of the latter. As a consequentkedfraceless-
ness of the pure electromagnetic energy-momentum tehsoe is no coupling
of gravity to thefree electromagnetic field, like, e.g., a light wave in otherwise
empty space. A travelling electromagnetic wave will notridfuienced by gravi-
tational fields. Hence this theory predicts no deflectiorghfttrays that pass the
neighbourhoods of stars of other massive objects, in déemgent with exper-
imental observations. Note however that the interactiothefelectromagnetic
field with other matter will change the trace of the energyameatum tensor of
the latter. For example, electromagnetic waves trappednmaterial box with
mirrored walls will induce additional stresses in the baxalls due to radiation
pressure. This will increase the weight of the box corredpanto an additional
massAm = E,/c?, whereE 4 is the energy of the radiation field. In this sense
boundelectromagnetic fielddo carry weight.

Let us now focus on the equations of motion specialised tmwsiduations. Thatis,
we assume that there exists some inertial coordinate systemith respect to which
@ and hencep are static, i.e.Vo® = Vb = 0. We have

Proposition 1. For static potentials[(16) is equivalent to
(1) = (1= B*(1) VO(R(t)), (17)

where here and below we write a prime féydt and use the standard shorthands
\—)’

=X/, =V/c, p =B, andy = 1/4/T— B2



Proof. We write in the usual four-vector component notatiat; = cy(1, 6). Using
d/dt =vyd/dt anddy/dt = y3(d - v/c?), we have on one side

=yt (a- B, @ +ydL), (182)
with @ := dvi/dt. &) := B 2(f - @) andd, := d — d are, respectively, the spatial

projections ofd parallel and perpendicular to the velocity On the other hand, we
have

MOV /e? = B V)T, B, (18b)
n*Vyd = (0,~-Vd), (18c)

so that . .
(™ —x%"5Y/cA)Vyd = —¥2(B- Vo, Vb +v 2V 1d), (18d)

whereV == p~2B(f - V) andV, := V — V| are the projections of the gradient
parallel and perpendicular forespectively. Equating (I8a) arid (18d) results in

a-p=-vy’B-Vo, (18e)
d=—vy?2Vo. (18f)

Since [(18k) is trivially implied by (18f)[(1Bf) alone is dgalent to [16) in the static
case, as was to be shown. O

Einstein’s second quote suggests that he also arrived guetien like [17), which
clearly displays the dependence of the acceleration initketobn of the gravitational
field on the transversal velocity. We will come back to thishia discussion section.

We can still reformulate (17) so as to look perfectly Newamn(i.e. md equals a
gradient field). This will later be convenient for calcutafithe periapsis precession
(cf. Sectiong 5]1 and 5.2).

Proposition 2. Letm be the rest-mass of the point particle. Then (17) implies
md =—-V(X(t)) with ¢ = (mc?/2)v,% exp2d/c?), (19)
wherey is an integration constant.

Proof. Scalar multiplication of_(1]7) witl¥ leads to

(Iny +¢/c?) =0, (20)
which integrates to
Y = Yo exp—d/c?), (21)
wherey, is a constant. Using this equation to eliminate¥hé on the right hand side
of (I7) the latter assumes the form[19). O
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4 Free-fall in static homogeneous fields

We recall that in Quote 2 scalar gravity was accused of viged particular form of
the principle of the universality of free fall, which Einstecalled “the most funda-
mental property of gravitation”. In this section we will estigate the meaning and
correctness of this claim in some detail. It will be instivetto compare the results for
the scalar theory with that of a vector theory in order to higdt the special behaviour
of the former, which, in a sense explained below, is just sfipdo what Einstein ac-
cuses it of. We also deal with the naive scalar theory for ammpn and also to show
aspects of its singular behaviour that we already mentiahede.

4.1 The scalar model-theory

Suppose that with respect to some inertial reference franth woordinates
(ct,x,y,z) the gravitational potentiap just depends on. Let at timet = 0 a body
be released at the origi, = y = z = 0, with proper velocityyy = zo = 0,
X0 = cpy, andty = v (S0 as to obey[{6)). As usuaP = v = xo/to is the ordi-
nary velocity andy := 1/4/1 — 2. We take the gravitational field to point into the
negativez direction so thatp is a function ofz with positive derivativep’. Note that
z(¢p' o z) = d(¢ o z)/dt for which we simply writed with the usual abuse of notion
(i.e. takingd to meand o z). Finally, we normalisep such thatp(z = 0) = 0.

The equations of motiof (16a) now simply read

t = —tdp/c?, (22a)
X = —xd/c?, (22b)
i =-yd/c?, (220)
i =—(1+z%/c?)’. (22d)

The first integrals of the first three equations, keeping indrthe initial conditions,
are

(t(0), (1), (1)) = (1,¢B,0) v exp(—d(z(1))/c?) . (23)

Further integration requires the knowledgez6t), that is, the horizontal motion cou-
ples to the vertical one if expressed in proper ﬂﬂnléortunately, the vertical motion
doesnot likewise couple to the horizontal one, that is, the rightdhaite of [228) just

depends or(T). Writing it in the form

3z/c?

/2
Tz e (24)
immediately allows integration. Fa(t = 0) = 0 andd(z = h) = 0 (so that
d(z < h) < 0) we get
2= —cJexp(—2p/c2) — 1. (25)

From this the eigentime;, for dropping fromz = 0 to z = —h with h > 0 follows
by one further integration, showing already at this pomirnidependence of the initial
horizontal velocity.

° In terms of coordinate time the horizontal motion decouples/dt = x/t = cp = x(t) = cpt.
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Here we wish to be more explicit and solve the equations ofandbr the one-
parameter family of solutions t61(4) fdr = 0 and a® that just depends ony namely
® = gz, for some constang that has the physical dimension of an acceleration.
As already announced we normali€esuch that®(z = 0) = 0. These solutions
correspond to what one would call a ‘homogeneous gravitatibeld’. But note that
these solutions amot globally regular sincep = c2In(1+ ®/c?) = c?In(1+gz/c?)
exists only forz > —c?/g and it is the quantityp rather than® that corresponds to
the Newtonian potential (i.e. whose negative gradientgjifie local acceleration).

Upon insertion of®d = gz, (Z5) can be integrated to giwgt). Likewise, from
(@5) and[[ZB) we can formdz/dt = z/t anddz/dx = z/x which integrate ta(t) and
z(x) respectively. The results are

z(t) = _¢ {1 —-\/1——(Tg/c)2} , (26a)

g
2c?
z(t) :-—:;sm%gprq, (26b)

ZCZ . 2
z(x) = —?smz(gx/ZB”yc ). (26¢)

For completeness we mention that direct integratior_of (@®s for the other com-
ponent functions, taking into account the initial condiga(0) = x(0) = y(0) = 0:

(t(1),x(1),y(1)) = (1,¢B,0) (ve/g) sin ' (gt/c). 27)
The relation betweemn andt is
T = (c¢/g)sin(gt/yc). (28)

Inversion of [26R) and (26b) leads, respectively, to th@erdime,t;,, and coordinate
time, ty, that it takes the body to drop from= 0toz = —h:

m:%%@@ﬁ¥ ~ V2hg, (29a)

y%ﬂﬂ@@W&%%V 2h/g. (29D)

The approximations indicated by refer to the leading order contributions for small
values ofgh/c? (and any value ofy). The appearance of in (Z98) signifies the
guadratic dependence on the initial horizontal velocitye greater the inertial hori-
zontal velocity, the longer the span in inertial time forpjpong fromz = 0toz = —h.
This seems to be Einstein’s point (cf. Quiote 2). In contréire is no such depen-
dence in[(29a), showing the independence of the spagigertime from the initial
horizontal velocity.

The eigentime for dropping into the singularityzat —h = —c?/gis T, = c/g.
In particular, it is finite, so that a freely falling obsenetperiences the singularity of
the gravitational field-V ¢ in finite proper time. We note that this singularity is also
present in the static spherically symmetric vacuum satu@igr) = —Gm/r to (d),
for which ¢(r) = c?In(1 + ®/c?) exists only for® > c¢?,i.e. r > Gm/c?. The
Newtonian acceleration divergesiaapproaches this value from above, which means

th

12



that stars of radius smaller than that critical value careast because no internal
pressure can support the infinite inward pointing grawtal pull. Knowing GR, this

type of behaviour does not seem too surprising after alleNwdt we are here dealing
with a non-liner theory, since the field equatiohs (4) becowreliner if expressed in
terms of¢ according to[(16c).

4.2 The naive scalar theory

Let us for the moment return to the naive theory, given[By () ). Its equations
of motion in a static and homogeneous vertical field are abthirom [22) by setting
¢ = gz. Insertion into [[Z5) leads te(t). The expressions(t) andz(x) are best
determined directly by integratindz/dt = z/t using [25) and{27). One obtains

2

C

z(T) = — r In(cos(gT/c)) , (30a)
CZ

2(t) = = In<cosl’(gt/yc)) , (30b)
2

z(x) = _CE In(cosl’(gx/fi”ycz)) ) (30c)

The proper time and coordinate time for dropping from 0 to z = —h are therefore
given by

Th = 5 cos™! (exp(—hg/cz)) ~ +/2h/g, (31a)
th = %y cosh™! (exp(hg/c2)> ~ v+v2h/g, (31b)

where~ gives again the leading order contributions for sn@aiycz The general
relation betweerr andt is obtained by insertind (30a) into the expression (23)tfor
and integration:

2c _
=" {tan "(explgt/yc)) — 7[/4} . (32)

Note that [[31R) is again independent of the initial horiabmelocity, whereas
(310) again is not. Moreover, the really surprising featofd313) is thatty, stays
finite forh — oo. In fact,to, = c7t/2g. So even though the solutiap(z) is globally
regular, the solution to the equations of motion is in a @ert®ense not, since the
freely falling particle reaches the ‘end of spacetime’ intérproper time. This is akin
to ‘timelike geodesic incompleteness’, which indicatesgaiar space-times in GR.
Note that it need not be associated with a singularity of tta@itational field itself,
except perhaps for the fact that the very notion of an infipiggtended homogeneous
field is itself regarded as unphysical.

4.3 \Vector theory

For comparison it is instructive to look at the correspogdproblem in a vector
(spin 1) theory, which we here do not wish to discuss in dettik essentially given

19 To see this use the identity coS(x) = tan™ ' (vx~2 —1).
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by Maxwell's equations with appropriate sign changes twant for the attractivity
of like ‘charges’ (here masses). This causes problemsthieof runaway solutions,
due to the possibility to radiate away negative energy. Betgroblem of free fall in
a homogeneous gravitoelectric field can be addressed, vwsicdnmally identical to
that of free fall of a charge and massn in a static and homogeneous electric field
E = —E&,. So let us first look at the electrodynamical problem.

The equations of motion (the Lorentz force law) are

mzH = en*VF,\2", (33)

whereFy3 = —F39 = —E/c and all other components vanish. Hence, writing

£ :=ekE/mc, (34)
we have
ct = - €z, (35a)
x =0, (35b)
=0, (35¢)
7 = —Ect. (35d)

With the same initial conditions as in the scalar case we idiately have

x(T) =cPpyt, vy(t)=0. (36)
(354) and[(35d) are equivalent to
(ct£2) =FE(ct+2), (37)

which twice integrated lead to
ct(t) £z(t) = AL exp(FET) + B, (38)

whereA ,A_, B, andB_ are four constants of integration. They are determined by
z(0) = z(0) = t(7) = 0 andct? — x? — y? — 22 = ¢?, leading to

t(t) = (vy/€) sinh(&T) (39)
and also
z(1) = — (2cy/€) sint(E/2). (40a)
Using [39) and[(36) to eliminatein favour oft or x respectively in[(40a) gives
2(t) = J%( 1—1—(t5/y)2—1> , (40D)
z(x) = — 2%‘: sink?(xE/2Byc) . (40c)

Inverting [40&) and (40b) gives the expressions for the sparigentime and inertial
time, respectively, that it takes for the body to drop from 0toz = —h.

T = (2/8) sinh™ (VEr/2ve) ~ vV y/am/ec, (41a)
th = (v/E)\/ (1 +Eh/ye) —1 ~ yHV/2 /2h/Ee. (41b)
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This is the full solution to our problem in electrodynamio$which we basically
just used the Lorentz force law. It is literally the same ireater theory of gravity, we
just have to keep in mind that the ‘chargeis now interpreted as gravitational mass,
which is to be set equal to the inertial mass so thate/m = 1. Then&c becomes
equal to the ‘gravitoelectric’ field strengih which directly corresponds to the strength
g of the scalar gravitational field. Having said this, we caeciy compare(41) with
(29). For small field strength we see that in both casés larger by a factor of than
Th, Which just reflects ordinary time dilation. However, umlika the scalar case, the
eigentime spany, also depends om in the vector case. The independencergfon
the initial horizontal velocity is therefore a special i@&t of the scalar theory.

4.4 Discussion

Let us reconsider Einstein’s statements in QUbte 2, in whéctiismisses scalar gravity
for it predicting an unwanted dependence on the verticatlacation on the initial
horizontal velocity. As already noted, we do not know exaictiwhich formal context
Einstein derived this result (i.e. what the “von mir versiechTheorie” mentioned in
Quotd 2 actually was), but is seems most likely that he airatean equation like (17),
which clearly displays the alleged behaviour. In any case,diminishing effect of
horizontal velocity onto vertical acceleration is at mdstoadraticorder inv/c.

Remark 1. How could Einstein be so convinced that such an effect didexait?
Certainly there were no experiments at the time to supp@st #hnd yet he asserted
that such a prediction “did not fit with theld experiencdmy italics] that all bodies
experience the same acceleration in a gravitational fiefl” Quotd 2). What was it
based on?

One way to rephrase/interpret Einstein’s requirementigs tihe time it takes for
a body in free fall to drop from a height to the ground should be independent of its
initial horizontal velocity. More precisely, if you drop twotherwise identical bodies
in a static homogeneous vertical gravitational field at tame time from the same
location, one body with vanishing initial velocity, the ethwith purely horizontal
initial velocity, they should hit the ground simultanegusl

But that is clearly impossible to fulfil iany special-relativistic theory of gravity
based on a scalar field. The reason is this: suppdged = (0,0,0,—g) is the grav-
itational field in one inertial frame. Then it takes exacthg tsame form in any other
inertial frame which differs form the first one by 1) spacetitnanslations, 2) rota-
tions about the: axis, 3) boosts in any direction within they-plane. So consider a
situation where with respect to an inertial frankepody 1 and body 2 are simultane-
ously released at time = 0 from the origin,x = y = z = 0, with initial velocities
vi = (0,0,0) andv, = (v,0,0) respectively. One is interested whether the bodies hit
the ground simultaneously. The ‘ground’ is representegatstime by the hyperplane
z = —h and *hitting the ground’ is taken to mean that the word-lim¢he particle in
guestion intersects this hyperplane. Let another ineraahe, F’, move with respect
to F at speed along thex axis. With respect té¢’ both bodies are likewise simultane-
ously released at tim€ = 0 from the origin,x’ =y’ = z’ = 0, with initial velocities
Vi = (—v,0,0) andVv} = (0,0,0) respectively, according to the relativistic law of
velocity addition. The field is still static, homogeneousd avertical with respect to
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F'2 In ¥’ the ‘ground’ is defined by’ = —h, which defines thesamehyperplane

in spacetime ag = —h. This is true sincéd andF’ merely differ by a boost ix—
direction, so that the andz’ coordinates coincide. Hence ‘hitting the ground’ has an
invariant meaning in the class of inertial systems consdéere. However, if ‘hitting
the ground’ are simultaneous eventsfithey cannot be simultaneous & and vice
versa, since these events differ in theoordinates. This leads us to the following

Remark 2. Due to the usual relativity of simultaneity, the requirertnein‘hitting the
ground simultaneously’ cannot be fulfilled in any Poincem&riant scalar theory of
gravity.

But there is an obvious reinterpretation of ‘hitting thegnd simultaneously’, which
makes perfect invariant sense in SR, namely the conditiohittihg the ground after

the same lapse of eigentime’. As we have discussed in déiaiea the scalar theory
does indeed fulfil this requirement (independence_ofl(2@a fy) whereas the vector
theory does not (dependence[of (41a)9dn

Remark 3. The scalar theory is distinguished by its property that ilgergime for
free fall from a given altitude doe®t depend on the initial horizontal velocity.

In general, with regard to this requirement, the followihgsid be mentioned:

Remark 4. Einstein’s requirement is (for good reasons) not implieduy of the mod-
ern formulations of the (weak) equivalence principle, adtw to which the world-
line of a freely falling test-body (without higher mass-tipble-moments and without
charge and spin) is determined by its initial spacetimet@oid four velocity, i.e. inde-
pendent of the further constitution of the test body. In cast{ Einstein’s requirement
relates two motions witldifferentinitial velocities.

Finally we comment on Einstein’s additional claim in QuUdté¢fat there is also a
similar dependence on the vertical acceleration on theratenergy. This claim, too,
does not survive closer scrutiny. Indeed, one might thirfiksttthat [17) also predicts
that, for example, the gravitational acceleration of a bd&diwith a gas decreases
as temperature increases, due to the increasing velooitit®e gas molecules. But
this arguments incorrectly neglects the walls of the boxcWgain in stress due to
the rising gas pressure. According o (4) more stress means weight. In fact, a
general argument due to Laue [6] shows that these effectssphg cancel. This has
been lucidly discussed by Nortdn [9] and need not be repduedss

5 Periapsis precession

We already mentioned that the scalar theory does not pradicteflection of light

in a gravitational field, in violation to experimental retsul But in order to stay self
contained it is also of interest to see directly that theesysgiven by the field equation
(@) and the equation of motion for a test particlel (16) viedagxperimental data. This

11 This is a special feature of scalar theories. For exampla\viector theory, in which iff the field is
static homogeneous with a vertical electric component anchagnetic component, we would have
a static homogeneous and vertical electric componeht,ibut also a static homogeneohsrizontal
magnetic component ig-direction.
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is the case if applied to planetary motion, more preciselyhto precession of the
perihelion.

Recall that the Newtonian laws of motion predict that the lof apsides remains
fixed relative to absolute space for the motion of a body intam@l with 1/r—falloff.
Any deviation from the latter causes a rotation of the lin@pdides within the orbital
plane. This may also be referred to as precession of thepsesjathe orbital point
of closest approach to the centre of force, which is calledpigrihelion if the central
body happens to be the Sun . Again we compare the result ofcalarsheory with
that of the naive scalar theory and also with that of the \rettmorﬂ

There exist comprehensive treatments of periapsis priecessvarious theories
of gravity, like [14]. But rather than trying to figure out vahi (if any) of these (rather
complicated) calculations apply to our theory, at leastleading order approximation,
it turns out to be easier, more instructive, and mathemtiozore transparent to do
these calculations from scratch. A convenient way to comthe periapsis precession
in perturbedl /r—potentials is provided by the following proposition, winestablishes
a convenient and powerful technique for calculating théspsis precession in a large
variety of cases.

Proposition 3. Consider the Newtonian equations of motion for a test plero€ mass
m in a perturbed Newtonian potential

U =— =+ AU, (42)

wherex > 0 and AU(r) is the perturbation. The potential is normalised so that it
tends to zero at infinity, i.eAU(r — oco) — 0. Let2t+ A denote the increase of the
polar angle between two successive occurrences of pesiapsenceAe represents
the excess over a full turn, also called the ‘periapsis gbéit revolution’. Then the
first-order contribution ofAU to A is given by

Ap =2 2—mrr2( \LE) AU(r.(@;1,E)) d (43)
(P - aL L 0 * (pv ) * (pv ) (P .

Here @ — r.(¢;L, E) is the solution of the unperturbed problem (Kepler orbitjrwi

angular momentunih and energyE. (As we are interested in bound orbits, we have

E < 0.) Itis given by

P

(g LE) = ———— 44
rele ) 1+ ¢ cose (442)

where
LZ

= — 44b

P % (44b)
2EL?

= 4/1 . 44

€ 2 (44c)

Note that the expression in curly brackets on the right hadd ef [43) is understood
as function ofL andE, so that the partial differentiation is to be taken at comst&.

12 The scalar theory discussed by DowKer [2] was just devisgilothe correct (i.e. GR-) value for the
precession of the periapsis. Since the coupling to mattestidiscussed, it makes no statements about
light deflection, redshift, etc.
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Proof. In the Newtonian setting, the conserved quantities of gnargl angular mo-
mentum for the motion in a plane coordinatised by polar cioates, are given by

E = Imlr?+1%) + Ulr), 45)
L = mrle’, (46)

where a prime representg-lerivative. Eliminatingp’ in (45) via [46) and also using
(48) to re-express-derivatives in terms of-derivatives, we get

2 _
% <(dr/d(p)2—|—r2) :z%. (47)

This can also be written in differential form,

+drL/r?

d(p = )
\/Zm(E - U(r)) —L2/r2

(48)

whose integral is just given bl (44).
Now, the angular change between two successive occurrehpesiapsis is twice
the angular change between periapsigs, and apoapsiS;, ..

Tmax 2
A(p-f—ZTt:ZJ drl/r
Tmin \/Zm(E —u(r)) — L?/r?

) % {Jm dr \/2m(E () - Lz/rz} ,

Tmin
where the term in curly brackets is considered as functiob @fid E and the partial
derivative is for constarit.

Formula [49) is exact. Its sought-after approximation isaoted by writing
U(r) = —a/r + AU(r) and expanding the integrand to linear orderAbl. Tak-
ing into account that the zeroth order term just cancel2then the left hand side, we
get:

(49)

A ~ 9 sz - e
oL i /2m (E + a/r) — 12/r2 (50)

o [2m [T 5 . :

In the second step we converted théntegration into an integration over the azimuthal
angle. This we achieved by making use of the identity that one abtéiom [48)
with U(r) = —«/r andr set equal to the Keplerian solution cumg ¢; L, M) for the
given parameterk andE. Accordingly, we replaced the integral limits;,, andr,,., by
the corresponding angles = 0 and¢ = 7w+ Ag/2 respectively. Since the integrand
is already of ordenU, we were allowed to replace the upper limit py= 7, so that
the integral limits now correspond to the angles for the maliand maximal radius
of the unperturbed Kepler orbit, (¢; L, E) given by [448). O
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Let us apply this proposition to the general class of casesavill = A,U+AzU
with

AU(T) = 82/17%, (51a)
AsU(r) = 83/73. (51b)

In the present linear approximation U the effects of both perturbations e
simply add, so thallp = A, + Az@. The contributionsA;¢@ andAz@ are very
easy to calculate froni(#3). The integrals are trivial ana gid, and7td3/p respec-
tively. Using [44b) in the second case to exprpsas function ofL, then doing the
L-differentiation, and finally eliminating again in favour op using [44b), we get

Arp — —2m [M] ~ nm [%} , (52a)
P a(l—e?)
53/ 63/

were we also expressedin terms of the semi-major axis and the eccentricity via

p = a(1 — ¢?), as it is usually done. Clearly this method allows to caluia a
straightforward manner the periapsis shifts for generdupeationsA,,\U = 6., /7™

For example, the case= 3 is related to the contribution from the quadrupole moment
of the central body.

5.1 Scalar model-theory

All this applies directly to the scalar theory if its equatiof motion is written in the
Newtonian form[(IB). The static and rotationally symmesatution to [4) outside the
point source isD(r) = —GM/r, so that

GM)?
— TC—2> . (53)

d(r) = (mc?/2)y,? (1

In order to normalize the potential so that it assumes theevaéro at spatial infinity
we just need to drop the constant term. This leads to to

® = v,°GMm, (54a)
GM
62 = Z—Cz N (54b)

so that

2
A(PZAZ(PZW[GM/C } !

- | =—2A
a“*EZ) 6 GR(p> (55)

whereAgro is the value predicted by GR. Hence scalar gravity leadsrétragrade
periapsis precession
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5.2 Naive scalar theory

In the naive scalar theory we hagdr) = —GM/r in (19) and therefore

d(r) = (ch/Z)ygz exp(—2G M/czr)

N GM GM\? 4 /GM\? (56)

Again we subtract the constant term to normalize the paikst as to assume the
value zero at infinity. Then we simply read off the coefficgen}d,, andos:

« = 2(GM/c?) (mc?/2)vy?, (57a)
52 = 2(GM/c?)? (me?/2)v, 2, (57b)
83 = —3(GM/c?)? (mc?/2)y, 2. (57¢)
Hence we have
Ap =720 + Az, (58a)
where
B GM/c?
GM/c2 1°

Recall that[(5R) neglects quadratic and higher order tenmdli. If we expandAU
in powers ofGM/c?r, as done in[{56), it would be inconsistent to go further tran t
third order becausAl starts with the quadratic term so that the neglected caoret
of order (AU)? start with fourth powers ir6M/c?r. Hence [(5B) gives the optimal
accuracy obtainable with (#3). For solar-system appbicetlGM /c?a is of the order
of 108 so that the quadratic terf (38c) can be safely neglected.p@dson of [58b)
with (B8) shows that the naive scalar theory gives a valuee\ss large as that of the
consistent model-theory, that is]] /3 times the correct value (predicted by GR).

5.3 Vector theory

We start from the following

Proposition 4. The equations of motiof (B3) for a purely ‘electric’ field, ev@Fq; =
—Fio = Ei/c and all other components &f,, vanish, is equivalent to

(Y)R'(1) = cE(R(Y), (59)

where again the primé denotesd/dt, y(t) := 1/1/1 — [|X'(t)]|?/c2, and € =
eﬁ/mc.

Proof. We haved/ds = vy d/dt, dy/dt =v3(f - B/). Now,
it =cy (v, (vB)'), and (e/m)Fiz¥=cy(£-B,E), (60)
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so that[(3B) is equivalent to

—

=v3(3-B"), (61a)

EB =7
= (vB)' =v*B| + VB, (61b)

Gy L

where| and L refer to the projections parallel and perpendiculaBteespectively.
Since [61b) implied(61a), (83) is equivalent to the former. O

We apply this to a spherically symmetric field, whe = —V with ¢(r) =
—GM/r. This implies conservation of angular momentum, the magloluwhich is
now given by

L=ymrie’. (62)

Note the explicit appearance ¢f which, e.g., is not present in the scalar case, as one
immediately infers from[{17). This fact makes Proposifibmod immediately applica-
ble. We proceed as follows: scalar multiplication [ofl(59)wii = X" andm leads to

the following expression for the conserved energy:

E=mc(y—1)+U, (63)

wherelU = md¢. This we write in the form

E—U\?
v = (1 + 2 ) . (64a)

On the other hand, we have

2
V2= 14+ (By)? = 1+ (v/c)2(r"2 4129 2) = 1+# ((dr/d@)z +T2> , (64b)

where we used_(62) to eliminatg’ and convertr’ into dr/d¢, which also led to a
cancellation of the factors of. Equating[(64ia) and (64b), we get

12 E-—U

where
E == E(1+E/2mc?), (66a)
U == U(1 + E/mc?) — U?/2mc?. (66b)

Equation [[(6b) is just of the forni {#7) with and U replacingE andU. In particular
we have folll = m¢ = —GMm/r:

U(r) = 7 + 20 (67)
with
x = GMm(1 +E/mc?), (68a)
GZM2m
by =55 (68b)
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In leading approximation for smalfl/mc? we haved, /o ~ —GM/2c?. The advance
of the periapsis per revolution can now be simply readloffif52

GM/c?

Ap=m [aﬂ —&2)

] = %AGR(p' (69)
This is the same amount as in the scalar model-theory (ca{B8)) but of opposite
sign, corresponding to prograde periapsis precession of 1/6 the value predicted by
GR.

6 Energy conservation

In this section we finally turn to Einsteins argument of thevidnf Paper concerning
energy conservation. From a modern viewpoint, Einsteildgrcof the violation of
energy conservation seems to fly in the face of the very carddfoincaré invariance.
After all, time translations are among the symmetries ofRbancaré group, thus giv-
ing rise to a corresponding conserved Noether charge. ftsecgation is a theorem
and cannot be questioned. The only thing that seems logiga#istionable is whether
this quantity does indeed represent physical energy. SodooMd Einstein arrive at
his conclusion?

6.1 Einstein’s argument

Einstein first pointed out that the source for the gravitalofield must be a
scalar built from the matter quantities alone, and that thly such scalar is the
trace T\, of the energy-momentum tensor (as pointed out to Einsteitidye, as
Einstein acknowledges, calling, the “Laue Scalar”). Moreover, foclosed sta-
tionary systemsthe so-called Laue-Theorem] [6] for static systems (lalighty
generalised to stationary ones) states that the spacerahtefy T*Y must van-
ish, except fory = 0 = +v; hence the space integral af equals that
of T®, which means that the total (active and passive) gravitatiomass of
a closed stationary system equals its inertial mass. Hawedfethe system
is not closed, the weight depends on the stresses (the IspatignonentsTY).
His argument proper is then as follows (compare [Rig. 1):
consider a boxB, filled with electromagnetic radiation of
total energytE. We idealise the walls of the box to be in- ﬁ
wardly perfectly mirrored and of infinite stiffness, so
to be able to support normal stresses (pressure) withput || B Lot ||
suffering any deformation. The box has an additional ver-

tical strut in the middle, connecting top and bottom wallg,
which supports all the vertical material stresses that €oun ¢
terbalance the radiation pressure, so that the side walls
merely sustain normal and no tangential stresses. The
box can slide without friction along a vertical shaft whosggyre 1: Sliding box
cross section corresponds exactly to that of the box. TiRd with radiation in a
walls of the shaft are likewise idealised to be inwardly p&dravitational fieldg.

fectly mirrored and of infinite stiffness. The whole system

shaft

«Qy
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Figure 2. Lowering Figure 3: Raising the

the box in the gravita- box in the gravitational
tional field with side field with side walls
walls attached. taken off.

of shaft and box is finally placed in a homogeneous staticigtanal field,g, which
points vertically downward. Now we perform the followingopess. We start with the
box being placed in the shaft in the upper position. Then wie i down to the lower
position; see Fid.]2. There we remove the side walls of the-beithout any radia-
tion leaking out—such that the sideways pointing pressaresnow provided by the
shaft walls. The strut in the middle is left in position tothr support all the vertical
stresses, as before. Then the box together with the detaaeedalls are pulled up to
their original positions; see Figl 3. Finally the systeneiassembled so that it assumes
its initial state. Einstein’s claim is now that in a very geasdeclass of imaginable scalar
theories the process of pulling up the parts needs less \warkwhat is gained in en-
ergy in letting the box (with side walls attached) down. Hehe concluded that such
theories necessarily violate energy conservation.

Indeed, radiation-plus-box is a closed stationary systefoaue’s sense. Hence
the weight of the total system is proportional to its totaémgy, E, which we may
pretend to be given by the radiation energy alone since theibations from the rest
masses of the walls will cancel in the final energy balancéhaiowe may formally set
them to zero at this point. Lowering this box by an amaduim a static homogeneous
gravitational field of strengtly results in an energy gain &E = hgE/c?. So despite
the fact that radiation has a traceless energy-momentuwortémppedradiation has a
weight given byE /c2. This is due to the radiation pressure which puts the waltbef
trapping box under tension. For each parallel pair of siddsathe tension is just the
radiation pressure, which is one-third of the energy denSib each pair of side-walls
contributeE /3c? to the (passive) gravitational mass (over and above thsirmass,
which we set to zero) in the lowering process when stressatizaro in the raising
process when unstressed. Hence, Einstein concluded,ish@met gain in energy of
2E/3c3 (there are two pairs of side walls).
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But it seems that Einstein neglects a crucial contributmithe energy balance.
In contrast to the lowering process, the state of the shaftanged during the lifting
process, and it is this additional contribution which justders Einstein’s argument
inconclusive. Indeed, when the side walls are first remometie lower position, the
walls of the shaft necessarily come under stress becaugendve need to provide
the horizontal balancing pressures. In the raising proteasstress distribution of
the shaft is translated upwards. But tltEtescost energy in the theory discussed
here, even though it is not associated with any proper tahsg the material the
shaft is made from. As already pointed out, stresses malkediva contribution to
weight, independent of the nature of the material that stipgbem. In particular,
a redistribution of stresses in a material immersed in aigigonal field generally
makes a non-vanishing contribution to the energy balanem & the material does
not move. This will be seen explicitly below. There seemsdmbly one paper which
explicitly expresses some uneasiness with Einstein’smaeg, due to the negligence
of “edge effects” ([12], p. 37), however without going intayadetails, letting alone
establishing energy expressions and corresponding lmaémeations.

6.2 Energy conservation in the scalar model-theory

There are 10 conserved currents corresponding to Poimoza@ance. In particular,
the total energy relative to an inertial system is conserved. For a partiolgpted to
gravity it is easily calculated and consists of three cbations corresponding to the
gravitational field, the particle, and the interaction+tgiyeshared by the particle and
the field:

1 -
Egravity = W J d3X ((act(D)z + (V(D)z) ) (70a)
F—particle = TTLCZ’Y(V) ) (7Ob)
Einteraction = my(v) d) (Z(t)»t) . (70C)

Let us return to general matter models andlJg} be the total stress-energy tensor
of the gravity-matter-system. It is the sum of three contigns:

Tt't;'t:; - Tg';"a’\\;ity + Tn';;;er_k Tir';t?:actiom (71)
wheréd
1
T, = K_Cz(aucpa”cp — M0, 09MD) , (72a)
THY,, = depending on matter model (72b)
Tir';tL;:action = T]l/w(d)/cz)—rmaner- (72C)

Energy-momentum-conservation is expressed by

a},L—l_totallrv = FV

external)

(73)

13 We simply use the standard expression for the canonicagmeomentum tensor, which is good
enough in the present caseSIf= [ L dtd3x, itis given byT¥ := (3L/8® )@ + — 841, which here
(generally for scalar fields) gives rise to a symmetric tgnBb” = TVH.,
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whereF}......iS the four-force of a possiblexternalagent. The 0-component of it (i.e.

energy conservation) can be rewritten in the form

total

. d
external power supplied= — J a3x TR + J T%n, dQ, (74)
D oD

for any bounded spatial regidn. If the matter system is itself of finite spatial extent,
meaning that outside some bounded spatial redi L., vanishes identically, and if
we further assume that no gravitational radiation escapieginity, the surface integral
in (74) vanishes identically. Integratinlg {74) over time then get

external energy suppliegd= AE iy + AE mager + ABinteractions (75)
with
Einteraction: J d3X ((D/CZ)Tmattera (76)
D

and whereA(something denotes the difference between the initial and final value
of ‘something’. If we apply this to a process that leavesititernal energies of the
gravitational field and the matter system unchanged, fangi@a processes where the
matter system, or at least the relevant parts of ityigidly moved in the gravitational
field, like in Einstein’s Gedankenexperiment of the ‘radiatshaft-system’, we get

external energy suppliec: A{J d3x ((D/cz)Tmaﬁe,} . (77)
D

Now, my understanding of what a valid claim of energy nonsswwation in the present
context would be is to show th#tis equation can be violated. But this m®t what
Einstein did (compare Conclusions).

If the matter system stretches out to infinity and conduc&sgnand momentum
to infinity, then the surface term that was neglected aboxesg non-zero contribution
that must be included in(¥7). Then a proof of violation of ggyeconservation must
disprove this modified equation. (Energy conduction to itfias such is not in any
disagreement with energy conservation; you have to praaetiiey do not balance in
the form predicted by the theory.)

6.3 Discussion

For the discussion of Einstein’s Gedankenexperiment time (€8) is the relevant one.
It accounts for thaveight of stressPulling up a radiation-filled box inside a shaft also
moves up the stresses in the shaft walls that must act sidewdnalance the radiation
pressure. This lifting of stresses to higher gravitatigg@ential costs energy, accord-
ing to the theory presented here. This energy was neglegtétinstein, apparently
because it is not associated with a transport of matter. Eladad it in the lowering
phase, where the side-walls of the box are attached to theubdxmove with it, but
neglected them in the raising phase, where the side wallseptaced by the shaft,
which does not move. But as far as the ‘weight of stresseeerned, this differ-
ence is irrelevant. What (V6) tells us is that raising see$s an ambient gravitational
potential costs energy, irrespectively of whether it ioagded with an actual transport
of the stressed matter or not. This would be just the saménéotransport of heat in
a heat-conducting material. Raising the heat distribusigainst the gravitational field
costs energy, even if the material itself does not move.
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7 Conclusion

From the foregoing | conclude that, taken on face valueheeiof Einstein’s reason-
ings that led him to dismiss scalar theories of gravity ptibeing checked against
experiments are convincing. First, energy—as defined bythéos theorem-is con-
served in our model-theory. Note also that the energy of itbe gravitational field
is positive definite in this theory. Second, tagerime for free fall in a homoge-
neous static gravitational fieid independent of the initial horizontal velocity. Hence
our model-theory serves as an example of an internally stargitheory which, how-
ever, is experimentally ruled out. As we have seen, it ptedid /6 times the right
perihelion advance of Mercury and also no light deflectioot lo mention Shapiro
time-delay, gravitational red-shift, as well as other aately measured effects which
are correctly described by GR).

The situation is slightly different in a special-relatiwtsvector theory of gravity
(Spinl, mass0). Here the energy is clearly still conseradirf any Poincaré in-
variant theory), but the energy of the radiation field is tiggadefinite due to a sign
change in Maxwell's equations which is necessary to makedharges (i.e. masses)
attract rather than repel each other. Hence there existvaynaolutions in which a
massive particle self-accelerates unboundedly by radiategative gravitational radi-
ation. Also, the free-fall eigentime now does depend on tirezbintal velocity, as we
have seen. Hence, concerning these theoretical aspeales; gravity is much better
behaved.

This leaves the question unanswered why Einstein though¢dessary to give
up the identification of Minkowski geometry with the phydigeometry, as directly
measured with physical clocks and rods (cf. the discussigdheaend of Sectidn 2).
Einstein made it sound as if this was the only way to save gnawgservation. This,
as we have seen, is not true. But there may well be other redas@ontemplate more
general geometries than that of Minkowski space from c@maitbns of scalar grav-
ity as presented here, merely by looking at the gravitationtaraction of models for
‘clocks’ and ‘rods’. A simple such model would be given by dectromagnetically
bound system, like an atom, where (classically speakinglestiron orbits a charged
nucleus (both modelled as point masses). Place this systargravitational field that
varies negligibly over the spatial extent of the atom and dive time of observation.
The electromagnetic field produced by the charges will béfectad by the gravita-
tional field (due to its traceless energy momentum tensooyvever, [15) tells us that
the dynamics of the particle is influenced by the gravitatidield. The effect can
be conveniently summarised by saying that the masses of paiticles scale by a
factor of 1 + ®/c? = exp(¢/c?) when placed in the potentigh. This carries over
to Quantum Mechanics so that atomic length scales, like tte Badius (in MKSA
units)

€0 hz
= 7
40 e (78)
and time scales, like the Rydberg period (inverse Rydbemquiency)
8e2h3
Tpi=—2— 79
R me4 y ( )

change by a factor exp-¢/c?) due to their inverse proportionality to the electron mass
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m (his Planck’s constant, the electron charge, ang the vacuum permittivity). This
means that, relative to the units on which the Minkowski et based, atomic units
of length and time vary in a way depending on the potentiaan$porting the atom
to a spacetime position in which the gravitational potérditiers by an amouniAd
results in a diminishment (iA¢ > 0) or enlargement (iAp < 0) of its size and
periodrelative to Minkowskian unitsThis effect is universal for all atoms.

The question then arises as to the physical significanceed¥inkowski metric.
Should we not rathedefinespacetime lengths by what is measured using atoms? Af-
ter all, as Einstein repeatedly remarked, physical notafrspatial lengths and times
should be based on physically constructed rods and clockshveine consistent with
our dynamical equations. The Minkowski metric would thenreheturn into a re-
dundant structure with ndirect observational significan@. From that perspective
one may indeed criticise special-relativistic scalar gyalor making essential use of
dispensable absolute structures, which eventually sHmikliminated, just like in the
‘flat-spacetime-approach’ to GR; comparel[11] and SectirgZ]. In view of Quotd 1
one might conjecture that this more sophisticated point befsnd Einstein’s criti-
cism. If so, it is well taken. But physically it should be dyaseparated from the
other explicit accusations which we discussed here.

Acknowledgements:| thank two anonymous referees for making various suggestio
for improvements and John Norton for asking a question #thtd the remarks in the
second part of Sectigh 7. | am also indebted to Olivier Dalrigr pointing out that
the argument leading to Remaitk 2 in Secfion 4.4 does not gksesto vector theories
of gravity, as originally proposed in an earlier versiontogtpaper; cf. footnofe 11.

14 Note that we are extrapolating here, since our argumentsecban the Lagrangian for the specific
context. We have not shown that the Minkowski metric can lomirhated in general. ‘Clocks’ and
‘rods’ not based on atomic frequencies and lengths scatesl@arly conceivable. Moreover, episte-
mologically speaking, eliminability in a specific contexded not imply unobservability in that very
same context. For example, as is well known, the electradiméield can be altogether eliminated
from the description of the dynamics of interacting chargeiht-particles[[13]. But, surely, this is not
saying that the field of one point particle cannot be meashbyeghother one.
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