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1 Gamma matrices

1.1 Useful properties

Let v° = in%y!9243 and P = puy". Using those definitions and the algebra
{v*, 4"} = 29, without any explicit matrix forms, prove the following state-
ments:

a) Tr(y#) =0

b) Tr(y"y") = 4n"”
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£) Tr(p,.-p,) = 0if n is odd

g) Yupyt = —2p

D) Yy p,7" = Apr -2

It is also true that
Te(p, pop,p,) = A(p1 - p2)(p3 - pa) + (p1 - pa)(p2 - p3) — (p1 - p3)(p2 - pa)] (1)

and
T (VP Pyl y) = 4i€upoPi P5DEPS.- (2)

Feel free to try to show those if you’d like.



1.2 Construction in any dimension

For this part let us work in d dimensions and use the Fuclidian signature such
that {v%,77} = 26% (to obtain these we just need to redefine the gamma matrices
that square to —1 with an extra factor of —i). Let 01,02 and o3 be the usual
Pauli matrices. We can always use them to construct d |d/2] x |d/2] gamma
matrices that form a representation of the algebra.

a) For d = 4, take v = 01 ® 1 and 7 = 05 ® 1. Find 7® and ~*.

b) Add one more tensor factor and extend the above idea to guess how
to generate the gamma matrices for d = 6. Then generalize it for any even
dimension, d = 2n, and write the expressions for the gamma matrices.

c¢) Finally, let us construct the representations for any odd d. Find how to
add one more matrix v2"*1 in the set {v!,...,¥?"} that represents the algebra
for d = 2n such that the set {7, ...,7?", v?" "1} represents it for d = 2n + 1.

2 Covariant Derivative of a Dirac field

The Lagrangian for the free Dirac field reads

Lo = B(i7"8, — m)v. 3)

This Lagrangian has a global symmetry with 1) — e~ (and ¢ — e"1)), for ¢
and X € R, forming a global U(1) symmetry group.

a) Check if the Lagrangian is invariant by a local U(1) transformation, that
is, with ¢ — e~ @)y,

As you were able to check, if we want to impose a (gauge) local U(1) sym-
metry we need to make other changes such that the Lagrangian becomes sym-
metric. The way to do this is to insert a vector field A, (x), defining a covariant
derivative operator D, = 0, + iqA,(x). This is similar to what we do in Gen-
eral Relativity when we use the Christoffel symbols (connection) to define a
covariant derivative operator.

b) Find how the connection/vector field A,(x) transforms as a function of
A() such that D,y — e~ ®) D ¢y (which makes the Lagrangian symmetric).

¢) Write the Lagrangian £; including in £, the kinetic term associated with
the vector field A, (z). Can we insert a mass term for A,(z) as well while
preserving the gauge symmetry?

d) Use the action associated with £; to find the equations of motion for both
fields.



