Advanced Quantum Theory

Summer Semester 2026 - Homework 1
|

Exercise HO1: Angular momentum of a particle in a spherically sym-
metric potential

The (unnormalized) wave function of a particle in a spherically symmetric potential is given by

W) = (@+y+32) f(r), r=Val+yP+22.

a) Show that ¢ (7) is an eigenfunction of the squared angular momentum L2, and determine the value
of £ in

2 (7) = R26(0+1) (7).
b) With what probability W,,, do the eigenvalues im (where —¢ < m < 4/¢) of the z-component L, of

the angular momentum appear in ¢ (7)?

c) Determine the expectation value and the variance of L, in the state |¢), i.e.,
(L) = @I L= [9) /(wlw)  and  (AL2)* = (¥ L2 = (L2)* [0) / (¥l ) -

Hint: Represent the wave function 1 (7) in polar coordinates and express it in terms of the spherical harmonics Y.
Intermediate result: Wo = 9/11, Wy, = 1/11.
Using the probabilities W,,, determined in b) saves a longer calculation in c).

Exercise HO02: Sequential measurements

Consider two sequential measurements on a spin—% particle moving in the y-direction. One measurement
is a Stern-Gerlach apparatus in the z-direction, the other is a Stern-Gerlach apparatus rotated by the
angle 0 in the za-plane. The basis is defined by the z-direction and denoted by {|1),|])}.

a) What is the projector P » for the “spin-up state” | /) of the rotated apparatus? Do P; (the projector
onto [1)) and P » commute?

b) Assume a pure state,

1) = a|t) + B]L)  with |a)* +[B°=1.

What is the combined probability W3 » of finding the state |1) in the z-measurement and |,*) in
the subsequent “rotated” measurement (i.e., “spin up” for both measurements)? What applies to
the reverse order, i.e., what is W »; for the state [1))?

c) What are Wi »and W »4 if the system is in the mixed state
o = laf I + 8P| with [af + ]8> =1 ?

Hint:  To determine P », use either the representation in P1 for pure states, or the fact that a rotation around
the y-axis acts on the spinors via the matric explifo, /2]. The coefficients o and 5 are complez.



Exercise HO3: Measurements on spin-1 particles

A source emits a statistical mixture of spin-1 particles in the y-direction, each with probability 1/3 being
in the state |0) and in the states |+1) (this basis refers to the z-direction). The particles pass through two
Stern-Gerlach apparatuses: the first is oriented in the x-direction, the second in the z-direction. Behind
this, a detector plate is attached on which the 9 possible signals with intensities I, are observed. The
index m denotes the result of the first measurement, p that of the second. Provide the probabilities
Winp = Ip/Im, where I, = 3 y Imp- Which of the 9 spots disappears for an exactly orthogonal orien-
tation of the apparatuses?

Hint:  The angular momentum matrices for S =1 are:

L [0 10 L (010 10 0
Sp=— | 10 1|, S=—|i 0 —i ., S.=[00 o0
V2\ 0 1 0 V209 i o 00 -1

A rotation around the y-axis acts on the spinors via the matriz exp[ifS,].



