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#2HB M bQH(MIBQMb, 9j
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8XjX8 TTHBHXIBQMHKE X X X

X X X
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X

X X
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eXj ai #BHBiv M HvbBb, bi' Q#Qb+QTB+X X XMX 6HR [XYXi X? XQX vV
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Chapter 1

Introduction

h?2@/BK2MbBQM H /2d&SBiTiB Wil M2BKTQ i Mi "QH2 BM ;" pBivX Ai Bb
i?7°22 UIQTQHQ;BOHE¥ B2ZIKbMM G2K Wi'2 Q#2'ibQM q HF2  U6G _qV
i?7 1+ MKQ/2H ?2QKQ;2M2Qmb M/ BbQi QTB+ mMBp2 b2 HBF2 Qm'b
JTb2+VX h?Bb ? b TQbBiBp2 ;HQ# Hb+ H  +83@pTm2 QD i R2QMM 2"
7QHB iBQMV i? i Bb +QMbBbi2Mi rBi? i?72 Q#b2 p2/LTQh&rBp2 +QbKQ
energyi? i Bb ";m2/iQ #2 Tm2HBM; i?2 ++2H2" i2/2tT MbBQM Q7 Qm "™ m
i1 Qm° mMBp2 b2 Bb bvKTiQiB+ HHv /2 aBii2  r?B+? K2 Mb BM i?2
2M2 ;v /QKBM i2b-Qm mMBp2 b2 rQmH/ #2+QK2 /2 aBii2 X

:m;2 i?22Q°v- BM T "iB+mH ~u M; JBHHDb i?72Q v- Bb Q7 +2Mi° H BKTC
/2b+ BTiIBQM Q7 7mM/ K2Mi H7Q +2b Q7 M im 2 HBF2 2H2+i QK :M2iE
7Q +2bX *H bbB+ Hu M; JBHHb i?72Q°v HbQ ? b TTHB+ iBQMb BM (
Z*. +QM}IM2K2Mi Q7 ?B;? 2M2 ;v T?vbB+b M/ bTBM@Q #Bi BMi2" +iB
T?vbB+bX 1p2M ;" pBiv+ M#2 mM/2 ' biQQ/ b ; m;2i?22Q vX AiBb-i?Z
bOHMIBQMb Q7 u M; JBHHDb i?2Q°'vQM 7Qm @/BK2MbBQM H /2 aBii2"
i?72 +QM7Q 'K H "@% iBIPMIBMFQrbFBYH-TB4dm "Mb Qmi i? i 2p2M #2HB

uM; JBHHDb i?72Q°v F 2H2+i"QK ;M2iBbK bim/B2/ QM i?2 7Q K2 ? b N\
i?2 bQHMiIBQMb + M #2 TmHH2/ # +F iQ JBMFQrbFB bT +2 UQ7 Qm"

+QM7Q 'K HBMp "B M+2 Q7 i?2 u4i®;/ BBHMbBBEQMbD X BM

1.1 Electromagnetic knots

h?2Q 2iB+ H /IBb+Qp2'v Q7 2H2+i QK ;M2iB+ FMQib / iRb+®M®BiQ RN 3
bi'm+i2/ i?2K mbBM; i?2 >QT7 K TX h?2b2 }MBi2@2M2 ;v }MBi2@ +iB
J tr2HH6b 2[m iBQMb "2 +QMbi"m+i2/ 7°QK T B QUQ+@W TH2t b+ H °
A@/BK2MbBQM HbT +23@KZ r?2 Rbi2D KT irB)i2/iiA2 //BiBQM Q7 TQBMi
i BM}MBivX h?2b2 bQHmMIBQMb ‘2 i?mb +? * +i2 'Bb2/ #v iQTQHQ:B+
BM/2t Q7 i?2 7TQHHQIBAVE QI 8K T U

h: ! &, fw,g 7! fxq,Xz X0 (1.1.1)
(22°%- "BbBM: 7 QK i?2 +QKT +iB}+ iBQM @7 P?B +QRTHM T2b M2
b iBb7xBME+x2= 1-i? i "2 +QMbi m+i2/S7 *@QQi?BM,i2b iBb7VvBM;
w2+ wi+ w2+ w2=1- b 7QHHQrb
X1 = 2(WiWa+ WaWg) , X2 = 2(Wiws  Wawa), X3 := (wZ+ w3)  (wi+ w3). (1.1.2)

h?2 H2p2H +m p2b Q7 i?2b2 +QKTHM®@® p MB2AMiBY2iBEIMBH2+i B+ M
K ;M2iB+}2H/ HBM2bX a2p2° HQi?2  TT Q +?2biQ +QMbi m+ibm+? 2

IThere are 3 types of FLRW spacetime viz. Minkowski space (k=0), de Sitter space k= 1), and Anti-de
Sitter space k= 1) according to the global topology of the backgroud 3-space (labelled by k).



*2 Ti2° RX AMi"Q/m+iBQM 2

#22M /2p2HQT2/ bBM+2i?22M bm+? b " i2K M6b +QKTH2t 1mH2  TQi2M
M/ S2M Qb2 irBbiK) 7MQUbZMHH “2pB2rVX

T i 7°QK i?2b2 i?2°2 2tBbib MQi?2 rv Q7 +QMbi ' m+iBM; i?2b2 FMQ
}2H/b pB i?2 +QM7Q K H +Q "2bTQM/2M+8¢2MR2ABMEQ@BIFB bT +2
R13- r?BH2 T bbBM; i?2°Qm;? }VB@+GRABMPDPXB M r b j)XQAM BM b
K2i?Q/- QM2 Q#i BMb +QKQHDIR+7? RBIRvi QK ;M2iB+ FMQii2/ +QM};
i? i "2 H #2HH2/ rBi? 2vT2 bT? ¥ 3+QH PIBIQIMPRIDX h?2 /2 aBii2  bT +:
2MDQvVb H ;2 bvKK280(1,20m Q BMb m#SOMNT (SU(2) SU(2)/ Z»

Bb K /2mb2 Q7 BMi?Bb +QMbi m+iBG\@#wHBMERVX rB1?2iM?2 2KTHQV
"B;?2i@ +i8WIM Q72 ;°QmMT K MBYQAIMQF@bT?2°2iQ r'Bi2 /QrMi?2; m;2
}2H/ BM i2 Kb Q7 i?2 H27i@BM$* XBh M2 QM@ TBRMKE Q2HH6b 2[m iBQM
bQHpP2/ M HvViB+ HHv M/ "2 i?2M TmHH2/ # +F iQ i?2 JBMFQrbFB bT
K TX h?Bb 6/2 aBii2 6 K2i?Q/ Q7 +QMbi'm+iBQM ? b /p Mi ;2 Qp2 i?2
SO(4) +Qp "B Mii"2 iK2Mi Q7 J tr2HH i?2Q vX

EMQii2/ 2H2+i QK ;M2iB+ }2H/b KB;?i #2+QK2 BKTQ i Mi 7Q  7mim~2
i?72B° mMMB[m2 iQTQHQ;B+ HT QT2 iB2bX Ai Bb-i?2°27Q°2- BKTQ i
iBM;b iQ ;2M2" i2 i?7Qb2 }2H/b M/ iQ bim/v b+2M "BQb rBi? i?2KX A'p
9 /Bb+mbbi?2 ;2M2" iBQM Q7 FMQii2/}2H/b mbBM; G ;m2 "2 : mbbB |
i2MiB H TTHB+ iBQMbBM iQKB+ T "iB+H2i> TTBM;-i?2K MBTmH iB¢
?2HB+Biv BMD2+iBQM 7Q°  TH bK +QM}M2K2Mi- M/ BMi?2 ;2M2" iBQ

MQMHBM2 ~ K2/BmKX JQ 2Qp2 - H b2 #2 Kb rBi? FMQii2/ TQH "Bx
"2+2MiHV 2KTHQV2/ iQ T'Q/m+2 bQK2 bBKTH2 FMQii2/ }2H/ +QM};m" |
rBi? };nBR@ QHQ;v BM&X2 H # (

1.2 Cosmic SU(2) Yang—Mills elds

6BM/BM; M HviB+ bQHMIBQM iQ i?2 1BMbi2BM u M; JBHHb bvbi2K Q7
7QHHQrBM:; +iBQM UrBi?QmiRFVQHQ;B+ H i2 K
Z Z
S= Su+ Sen = 1 d4xp7(R+2L)+i TT(F* F) (1.2.1)
M H 2k M g Y ’ -
r?2°2 Bbi?2 +QbKQHQ;BkgH 12 KQMTHBM:; +QMbi Mib- Bb MQi TQbbB#t
h?2°2 Bb- ?2Qr2p2 - QM2 b+2M 'BQ r?2'2 bm+? bQHMIBQM + M #2 Q#Ii
+QbKQHQ:;vX >2'2 i?2 u M; JBHHb 2[m iBQM /2+QmTH2 7°QK 1BMbi:
+QM7Q 'K HBMp 'B M+2 Q@ /iBR ZNDb R @ VB MBXT h®BIBK2 Mb i? i ;Bp2M
bQHMIBQM Q7 u M; JBHHb 2[m iBQM BM QM2 Q7 i?2b2 6G_q bT +2iBK
7 +iQ° + M #2 Q#i BM2/ pB 6'B2/K MM 2[m iBQMbX am+? bQHMiBQN
+iBQM /Q 2tBbi 7Q  i?2 /2 aBii2" + bSU(®) ;21?2 rE)mIpe
crucial BM ;" 2/B2Mi Q7 i?2 ai M/ "/ JQ/2H Q7 +QbKQHQ;v+ HH2/ BM~ iB(
rBi? 2QKQ;2M2Qmb M/ BbQi'QTB+ MQM®@ #2HB Mu M; JBHHb }2H/b B
iB HHv ~ iV6G _q# +F;"QmM/ BM i?2Q°B2b Q7 ; m;2@~ iBQM Q" +? QK
(N 7Q° '2pB2rVX MQi?2° KQ'2 KBMBK HBbiB+ TT'Q +? iQr /b i +FH
+2MiHV Tmi 7Q i? #v . MB2H>62 BZYMWBB/2'b +QmTH2/ 1BMbi2BM u M; J
bvbi2Kr?2'2 *~ TB/Hv Qb+BISH(2)BMn RblQH QBIIB4#BHBXx2b i?2 bvKK2i B+ >
p +mmK BM /2 aBii2  ivT2 UbT iB HHv +HQb2/V 6G_q bT +2iBK2X

" b2/ QM i?2b2- Bi Bb QMHV M im > HiQ M Hvx2 i?2 bi #BHBiv #2? pBQ
JBHHD }2H/b6 mM/2  ;2M2 B+ HBM2 ~ T2 im # iBQM Q7 i?2 u M; JBHH

2|n the sense that any given nite-energy rational Maxwell solution can be expanded in terms of these
basis con gurations.
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' m;2@~ iBQM b+2M 'BQ bm+? M M HvbBb ? b #22M /QM2 #27Q 2- #
i72°2 QMHvV 2tBib "2pm0Hi BO QUTIBHEBR;, m;2 }2 HBX(

AM HB:?i Q7 i?Bb-r2 T'2b2Mi ?2°2 +QKTH2iSU@R#BOB iwiB\Q MW Q7
+HQb2/6G_g mMMBp2'b2X h?Bb M HvbBb Bb BM +QMi> birBi?i? i Q7 i?
+QM7Q K HBMp "B M+2 Bb # QF2Mc Qm" ?2QKQ;2M2Qmb M/ BbQi QTE
iQ BM?QKQ;2M2Qmb u M; JBHHb }2H/b QM ~ i 6G_q bT +2iBK2X 6Q  i?
F22T i?2 # +F;"QmM/ K2i B+ }t2/ BM i?Bb T2 im # iBQM M HvbBbX q?I
Qm> M HvbBb Bb biBHHT “iB H-r2+ M ;m27Q i?2 "2H2p M+2 Q7 Qn

U WM@/BK2MbBQM H bT +2iBK2- i?2 ; m;2 }2H/b /2+QmTH2 rBi? i?2
h?2°27Q 2- ~m+im iBQM Q7 i?2 H ii2" /Q2b MQi z2+ii?2; m;2 }2H

U#XW?22 ~m+im iBQM Q7 i?2; m;2}2H/b Bb 2ti'2K2Hv ™ TB/r?2M +QKT °
Q7 i?2 # +F;"QmM/ K2i'B+ M/ Bib bm#b2[m2Mi ~m+im iBQMbX h?2
MQi 2tT2°'B2M+2 Mv bB;MB}+ Mi 2z2+i/m2iQ bm+? bHQr K2i "B+ ~1

h?2 QMHvV FMQrM 7 KBHv GU(MB N @M kWb }2H/ +QM};m" iBQM QM
bT +2iBK2 "2 Q#i BM2/- BM M 2{+B2Mi K MM2 - #v 2KTHQVBM: i?2 7Q|
bTQM/2M+2 #2ir22M /2 aBii2  bT H2 SH/7iQ2=(0H8 M /2?Bb +QM7Q K H
KT "Bb2b pB i2KTQ  H 2T * K2i'Bx iBQWMyM)-q2vH “2b+ HBM; (

ds?, = dt?+ “ZcostPldWE = — 5 dtZ+ dW3
sin’t (1.2.2)
7QY2( ¥,+¥), t2(0,p),

r?72°@w,>2 Bb i?2 "QmM/ KSi-BM/QBW i?2 /2 aBii2” ° /BmbX g2 Q#b2 ' p2 i? i
"2H iBQM #2ir22M i?2 +QMMQ+R GIKBKBMBMBK 2t2b i?2 +QbKQHQ;B+ H
+QMbi MiS®2X ii?Bb TQBMi-r2 + MB2@BWHKQU2iMB+ Mb ix 7Q  i?2 ; m;:
}2H/ #v MQIiBSU(2PBb i?2 ;°QmT K B7ZRHMBWWVB2H/b MP.17Q bQK2 b+
7TmMM+yBRPM ° K2i'Bx2/ #vi?2 +QM7Q K HiBK2-i? iBbMQi?BM; #mi L2
7Q° +H bbB+ HTQBMIi T "iB+H2 mM/2  i?2 BM~m2M+2 Q7 /Qm#H2@r

V(y) = 3(y? 172%. (1.2.3)

h?2bQHMIBQM 7Q " i?2b2 M? "KQMB+ Qb+BHH iQ'b "2r2HH FMQrM BN
iBQMbi? i/2T2M/ QM iBK2X Hi?Qm;?i?2b2bQHmMiBQMb 2tBbib7Q" H
bT iB HHv +HQb2/ QM2 /KBib MBbQi QTB+ bQHmMIBQM mM/2  i?2 #Qr
6Q /2 aBii2 ivT26G_qbT +2iBK2r2 ? p2

dg?2 = dt?+ a(t)2dW2 = a(t)? dt2+ dws? (1.2.4)
7Q12 (Otk ) , t21 (0,79, o
r?2°2r2 BKTQb2 #B;@# M; BABiB-Hh@QMIiBiBQM
dt = ac(’tt) rBi? t(t=0)= 0 M/ t(t=tg ()=:T< ¥ . (1.2.5)

h?2 HB7RdBIQZ i?2 mMMBp2 b2 + M #2 B MB¥2VUZBINBT2 U#B; + mM+7?-
altk )=0VX JQ 2Qp2 - #QmM+BM; + RXKQ KD BAR HBKRr2/ #mi rBHH MQ
Tm bm2/ 222X

g2 MQiB+2 i? i i?2 +QMi B#S0Q@bQRK2ZB2 u M; JBHHDb }2H/b- M/ i
bi'2bb@2M2 ;v i2MbQ - BM i?2 QM2@r v +QmTHBM; rBi? i?2 # +F;°Qm
pB 6°B2/K MM 2[m iBQM U b /Bb+mbb2/ #27Q 2V Bb bm+? i? i Bi QMH:
a(t)X Ai Bb r2HH FMQrM i? i i?2 2[m iBQM Q7 KQiBQM ;Qp2 MBM; i?Bb
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L2riQM6b 2[m iBQM rBi? i?2 7TQHHQIBM; U+QbKQHQ;B+ HV TQi2MiB F
W(a) = 3¢ La*, (1.2.6)

r?B+? Bb MQi?2° M? "KQMB+ Qb+BHH iQ U Hi?Qm:? BMp2 i2/VX

h?2 T B Q7 b@QHaiBQMBRbTQM(BM; iR/(1.2.6 vB2H/b M 2t +i +H bbB+ H
1BMbi2BM u M; JBHHb +QM};m" iBQMX h?2 +QEMBQypR2 K222 MB+ H :
b K2 BEfZX@ pB i?2 q?22H2° .2qBii +QMbi’ BMi

EC= eE; E := %y2+ V(y) M/ E°:= %a2+ w(a) , (1.2.7)

r?2°2i?22 Qp2'/Qi /2MQi2b /2 Bp iBp2 rBi? "2bT2€i/2T 2IDNV7T@MK H iB
+QmMTHBM: +QMbi MibX

PM2 + M HbQ BMi Q/m+2 +QKTHE2tBoM iR2 7BM/bK2MiI H alUkV 2T 2b
i iIBQM iQi?2ai M/ "/ JQ/2H Q7 +QbKQHQ;v rBi? >B;;b TQi2MiB H

u(t) = 312 8% L2 2, (1.2.8)

r?Z‘Q/pi Bb i?2 >B;;b pRp BM/i?2 >B;;b K bbX Ai im"Mb Qmi i? i BKTQI
SO(4) @BMp "B M+2 K F2b i7%2 >B;rBB2R/T QpB/2b mb rBi? /2}MBi2 TQt
+QbKQHQ;B+ H+QMbi Mi Q7

L = kU(0) = ikI&*, (1.2.9)

r?2°'Bb i?2 ;> pBi iBQM H+QmTHBM;X h?2 7mHH 1BMbi2BM u M; JBH
/ /I MQi iBQMV -
z p__n 0
S = d* g 4R+ 8%ZtranFm” Dof 'D™  U(f) , (1.2.10)
“2/m+2b BM i?2 aPU9V@BMp "B Mi b2+iQ iQ

Zto n 0
Slay,L] = 12p? , dt & 122+ W(a) +2T}12 vz V() (1.2.11)

re2'@Bb i?2; m;2 +QmTHBM; X

A7 i?2 uM; JBHHBD BM® ;vy2 2MQm;? Bi +QmH/ T QT2H M 2i2°M H 2tT
MMBp2' b2 i? i Bb ++QKT MB2/ #v °~ TB/ ~m+im iBQMb Q7 i?2 ; m;2 }z
i?Bb u M; JBHHb }2H/ rBi? i?2 >B;;b }2H/ bi #BHBX2b0?Ri®P2KK2i "B+ p
HQ+ HK tBKIMKRQIYmM;? T ~ K2i'B+ "2bQM M+2 22k M Qb HQIMH b, 2X
1p2Mim HHw 22\ /b + BiB+ Hp Hm2 Q7 2H2+i Q@r2 RiywKK2i'v #° 2
i?2 >B;;b }2H/ rBHH #2;:BM iQ "QHH /QrM WQri? bbb # B MFBHM K?Q7aP U9V
bvKK2i'vX h?2 +Q "2bTQNM/BBMBIKRD i?72 2H2+i Qr2 F T? b2 i MbBIiB(
2 "HvmMBp2 'b2X h?BbBb " i?2 " mM+QMp2MiBQM Hb+2MyBQ Tmi7Q

1.3 Outline and summary of results

AMi?2 M2tiirQ +? Ti2 br2 2pB2ri?2 K i?2K iB+ HT 2HBKBM 'B2b i? i
Q vX AM *2kT22r 2b2Mi # B27 #mii?Q Qm:? "2pB2r Q7 i?2 K i?2K iB+b
'2QK2i°vbm+? bK MB7QH/-}# 2 #mM/H2b- 2i+X M/ bvKK2i v BM T?vk
GB2 H:2# M/ i?2B  "2T 2b2Mi iBQMjpX2 L2piBBM?*2 QMbi m+iBQM (
© m:2i?2Q v pB T BM+BT H#mM/H2 7Q K HBbKX
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AM*? T922 /IBb+mbb i?2 ;2QK2i'vQ7 MB&@BHFMHIMBIQMA?QK /2KQMbi ™ i
BM; i?2 +QM7Q K H 2[mBp@HR2MHBMQZ iPRi? JBMFQrbFB bT +2X 2 i?2]
uM; JBHHDb 2[m iB@N@ DVKKISURHFu M; JBHHD i?2QSV @MW HRM/2"

M/ /IBb+mbb Bib irQ HBKBiBM; + b2b r?2°2 M HviB+ bQHmMiBQMb + M ¢

g2 T 2b2Mi i?2 +QMbi m+iBQM Q7 2H2+i QK ;M2iB+ FMQii3/ }2H/ +QM
M/ bim/v i?2B° bvKK2i'v 72 im 2 M/ Qi?2 T QT2 iB2bX g2 M Hvx2 i
aBii2® ;"Q0(T4) - BX2X i?2 BbQK2id%- @QWi?QF2 bQHMIiBQMbX hQ i? i 2N
[2KQMDbi > i2 i?2 2K2 ;2M+2 Q7 i? 2SOQUBM @R ;7 Q@QBD(1,4 BM i?2
HBKBi¥ X q2 Q#b2 ' p2 i? i QMHvV i3Q3IPBH; v QHKQM BM i?2 irQ + b2bX

g2 i?2M T Q+22/- HbQ8BM*PQKIZmi2 HH i?2LQ2i?2 +? “;2b bbQ+B i2
+QM7Q K HSOR4ph PBxX 2M27;v- KQK2MimK- M;mH ~ KQK2MimK- #QQEk
M/ bT2+B H+QM7Q K Hi® Mb7Q 'K iBQMb Ua*hV 7Q° HBM2 ' +QK#BM
+Q2{+BI2Mib Q7 i?2b2 # bBb@FMQi +QM};m"” iBQMbX h?2b2 +QMb2 p2.
2p Hm i2/ QM /2 aBiie=bMm22 +QMbB/2° #H2 bBKTHB}+ iBQMb Q++m" /
i?72 mb27mHM2bb Q7 i?Bb 6/2 aBii2™ K2i?Q/6X q2 }M/ i? ii?2 IBH i iB(
b+ H  a*h +% Bb T°'QTQ iBQM H iEX72@2m2MW2";KQ 2- iK ¢ MBbid

M/ i?2 p2+iQ  a*h ¥? "22D°QTQ ' iBQM H iQ iPX KOK2\ibiBM Hv- 7Q" i?:
p2+iQ " +7? ;2 /2MbBiB2b pBxN ;KOK2KIQK2MI p2+iQ " g*t2 }M/

i?1i?22 QM2@ 7 QUK -+2QXM»i m+i2/ QM i?2 RY iBRHEIBHBFQRTQ iBQM H
iQ bBKBH "QM2 QM /2 aBii2" bT +2X h?Bb +Q "2bTQM/2M+2 HHQrb
+? "2, pg.pr) #V i?2 +iBQM Q7 bm+? QM2@7Q Kb QNME I XB+ H p2+i
i j=0 Bi im"Mb Qmii? ii?2°2 "2 QMHv 7Qm  BM/2T2M/2MiMQM@x2 Q
M/ KQK2MX h?2 bBim iBQM 7Qj BR; KD BTHBMTHB+ i2/- #mi bQK2 Q7
+QKTQM2Mib Q7 i?2 +? ";2bBM DbT?2 B+ H+QQ /BM i2hpX R?20mM/ iQ |
+iBQMIQ)7;2M2" iR QM i?2 BM/Bk2b+QM 2 bBHv #2 Q#i BM2/ 7Q"  }t2/
QrBM; iQSO¢® BbQK2i'vX h?Bb HHQrb 7Q° M +iBQM Q7 i?2b2 ;2M2" iC
6Q  Ui?2 * "i2bB M +QKTQM2Mib Q7V i?2 p2+iQ " +? ";2b i?Bb +iBQM
Q' B;BNB)HGB2 H;2#° B+ bi'm+im'2- b2tT2+i2/X q2 HbQ +QKTmi2i?2 A
Loopn +Q 2bTQM/BM; iQ irQ BMi2 2biBM; ;2M2° HBb iBQMb Q7 i?2 >QT}
"i2K MO6b +QMbi mIBQBBM KHHQr mb iQ p HB/ i2 Qm ™ ;2M2 B+ 7Q K
+? ;2bX g2 HbQ /2KQMbi™ i2i?2 "2H iBQMb?BT Q7 2M2 ;v rBi? i?2 +(

6mM’i?2 KQ 2- BM&8T2 ¥i2~ +i2°'Bx2 i?2 KQ/mMHB bT +2 Q7 MmHH bQHmMIB
Qmi iQ #2 +QKTH2i2@BMi2 ' b2+iBQM T ' QD2+iBp2 +QKZJHXt p B2iv Q
g2 HbQ /2KQMbi® i2 ?2Qri?22M2 ;v~mtBb /B i2/iQ BM}MBivrBi? M
Bb +QM+2Mi" i2/ HQM; i?2 HB;?i+QM2 bBim i2/ ii?2 Q' B;BM Ub2H2+i
M HHv-r2 bim/vi?2i° D2+iQ B2b Q7 KmHiIiBTH2 B/2MiB+ H +? ~;2/ T il
i?2b2 # bBb FMQi +QM};m” iBQMbX q2 2KTHQV b2p2° HBMBIiB H +QM/I
iB+H2b M/ }M/ BMi2 2biBM; 72 im 2b Q7 i?2i D2+iQ B2bHBF2 +Q?2":
++2H2" iBQM Q7 T "iB+H2b bi "iBM; 7°QK "2bi M/ [mB+F +QMp2 ;2MH+
72r M TTQr +QM2b bvKTiQiB+ HHv 7Q  bm{+B2MiHv ?B;? p Hm2 Q7 i?

AM *? TeE22 } bi "2pB2r i?2 +H bbB+ H(ALQINMY ;BWM iBQMWbQ7 L2riQMB M

bQHMI(BAMDQ " i?22 M? "KQMB+ QU+ BHNK Q' iT2B BMp2biB; i2 “#Bi' v
bK HH T2 im # iBQMb Q7 i?2 ; m;2 }2H/ /2T "iBM; 7°QK i?RhWBK2@/2T?2
T K2i'Bx2/ #v i?2 6; m;EXM2i2v6QM r2 HBM2 "Bx2 i?2 u M; JBHHb 2
*QmM/ Bi M/ /B ;QM HBX2 i?2 ~m+im iBQM QT2 iQ iQ Q#i BM bT2+]
Mim®> H7 2[m2M+B2bX hQ /2+B/2 #Qmii?2 HBM2 " bi #BHBiv Q7 i?2 +
“iBQMbr2? p2iQ M Hvx2i?2 HQM;@iBK2 #2? pBQ Q7 i?2 bQHmMIiBQI
i?72b2 MQ K HKQ/2bX hQi? i2M/-r2 2KTHQVE6HQ[mM2ii?2Q viQH2 "M
Bb /2i2"KBM2/ #v i?2 bi Q#Qb+QTB+ K T Q" KQMQ/ " QKv-r?B+? Bb 2 b
+ HHv 7Q° Mv ;Bp2M KQ/2X g2 /QbQ 7Q° MmK#2 Q7 HQr@7 2[m2M+\
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r?2M p "vB-MM Hi2°M iBM; b2[m2M+2 Q7 bi #H2 U#QmM/2/V M/ mMbi
; QrBM;V ~m+im iBQMbX h?2 mMbi #H2 # M/b "Qm;?Hv +Q "2bTQM/iQ
7°2[m2M+B2bX gBi? ;QrBM; 6; m;2 2M2 ;v6 i?2 mMrv T2 im # iBQM
T QKBM2Mi- M/ bQK2 Q7 i?2K T2 bBbi BM i?2 BM}MBi2@2M2 ;v HBKE
b HM im> H7 2[m2M+B2b M/ KQMQ/ " QKB2bX bT2+B H "QH2 Bb TH
~m+im iBi@MK®/2- r?B+? K2 '2Hv b?B7ibEIQZ T?2 W2+F;, QmM/X q2 i 2 i
Bi 2t +iHv M/ #2vQM/ i?2 HBM2 * "2;BK2X h?Bb 6bBM;H2i6 KQ/2 im N
bi #H2- BX2X Bi? b p MBb?BM; Gv TmMQp 2tTQM2MiX Aib HBM2 " ;¢
#v MQMHBM2 " 2z2+ib Q7 i?2 7mHH ~m+im iBQM 2[m iBQM-r?Qb2 M |
#2 i #2? pBQ X

6BM HHvV 2 T°2b2Mi # B27 bmKK "vQTU@ QM TIQDREM?2 7mam 2 QmiHQ (
g2 HbQ +QHH2+ib2p2° H 2H2p Mi/ i BMp "BQmb TT2M/B+2b M/ T 2
i?2 +vHBM/2> M/ JBMFQrbFBbT +2pB * "i2° S2M"Qb2i  Mb7Q K iBQN
/2iQm - BM TTRM/Bt



Chapter 2

Geometry & Symmetry

hrQ Q7 i?2 KQbi BKTQ i Mi +QM+2Tibi? iTH v 7mM/ K2Mi H QH2 BM "
i'vQ7# +F; QmM/bT +2 M/i?2T 2b2M+2 Q7 bvKK2i'B2bX h?2v ? p2r
2K iB+ H7QmM/ iBQM BM /Bz2 2MiB H ;2QK2i'v M/ GB2 ;"QmTbf H;?2
r2 T°2b2Mi b?Q i 2tTQbBIiBQM Q7 i?2b2 K i?2K iB+ HiQTB+b i? i Bb 2
BM; i?72 bm#b2[m2Mi u M; JBHHb i?2Q vX h?2 7TQHHQrBM; +QMi2Mib
K i?2K iB+ Hbi'm+im 2b HBF2 p2+iQ " bT +2b-;"QmTb M/ iQTQHQ;B+
#2 TOQMMRPMgR 27 BM 7°'QK T 2b2MiBM; T QQ7b Q7 i?2 bi i2K2Mib B
bm;;2bi i?2 "27TRRMHER (?B+? "2 i?22 bQm +2 7Q° KQbi Q7 i?2 +QMi2l
+? Ti2 X 6Q° /2i BHb QM GB2 ;:'QmTbf H;2# b M/ i?2B" "2T 2b2Mi iB
i2tibR(B M/RINX

2.1 Manifolds

Remark 2.1.1 h?2 B/2 Q7 J MB7QH/ ;2M2° HBx2b i?2 MQiBQM Q7 /Bz2"
T'2+Bb2Hv + R¥*mBIVMnb?QM K2 r v b hQTQHQ;B+ HbT +2 HHQrb QM2
MQiBQM Q7 +QMiBMmBiv BM KQ'2 #bi® +ir vX AMi?Bb i?2bBb-r2 rB
UIMBi2@/BK2MbBQM HV bKQQi? K MB7QH/b- M/ bm#b2[m2MiHv- bKQ
Denition 2.1.1 M M@ /BK2 MiaBfQdMVHBb iQTQHQ ;B R2HBTF2/ rBi? M
iHb+QMbBbIBMY @) bth+bi? i
e U '2QT2Mb2ib M/ f?2R AQK2QKQ T?BbK #MMiDDM2 QT2M # HH
BR"- M/
e i ? 2ransition mapsf » fll: fi(U\ Up) ! fo(U\ Upy) Bb BMIMBi2HV /Bz2 2MiB #
7Q° Mv irQ (8yfi) MAUzf>2) X
Example2.1.1 MB+2 2t KTH2 Q7 bKQQi? K MBY@HBTBD 2?22 "QmM/

"= fx2R™jx x=1g (2.1.1)
2K#2//2/ M i? i “2[mB 2b irQ U@ =i¥,f (0,0,...,9g MMUs:= S
£(0,0,..., 1)g- HOQM:@rBi? i?2B" "2bT2+iBp2 bi2 2Q:" T?B+ T QD2+iBQM
fN(X) = e T T e M/ 212
fg(x) = ﬁﬁfﬂﬁ”ﬂ
rBi®%ne1=1 x2 x3 ... x3X

Denition 2.1.2 :Bp2M K MBI7QKI/Tf: M ! R Bb + HH®DHQTY¥ B7 Bi Bb
BM}MBi2HvV /Bz2 2MiB #H2X h?2 b2i Q7 HH bm+«F@WQAQi? K Tb "2 /2M

1Some required technicalities like paracompactness and Haussdorffness have been assumed.
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De nition 2.1.3 Diffeomorphism f: M I N #2ir22M Mv irQ K MB MJMH /Bb
#BD2+iBQM bm+®? iM/i #Qi2bKQQi?X h?2b2i Q7 HH /Bz2WK® T?BbKb
Bib2H7 7Q Kb ;" RQfffMXHH2/

Remark2.1.2 LQiB+2 ?2°2 i? ii?2 /Bz2 2MiB #BHBIiv IQ# B+ MbBM; HQ+ H
+? ib, 2X;X ;Bp2M,f)+BMi +QMi BMBWM; M/ MQi?2 (y)iBMN

+QMi BMBRY- QM2 + M /Bz2 2MiByi2fiX2nBBM; bi M/ */ + H+tmHmbX
+ m+B HMQIiBQM BM /Bz2 2MiB H ;2QK2iv Bbi? i Q7 i M;2Mi p2+iQ
/2YM2/ BM i2 Kim@®QM K MB7QH/X

De nition 2.1.4 cuves : ( e R! M QM K MBY@®HW//2}M2/ b bKQQi?
K T7 QKbQK2 QT2M BMi2'p H M7Xi?2 "2 HHBM2iQ

Denition 2.1.5 h? pull-backofamap ffv MQi?2 fKBD /2}M2/ b

ffo=ff. (2.1.3)
Denition2.1.6 i M;2Mi iQ +smip2T QBMis(0) QM K MBW®H/2}M2/ b
i72 K T
sq) : c¥(M)! R, sYt=0)[f] := %(s ) o (2.1.4)

h?Bb B/2 + M #2 ;2M2° HBx2/ b 7QHHQrbX

De nition 2.1.7 tangentvector i TQBW2 M Bb KVf: C*(M)! R i? i
b iBb}2bi?2 7TQHHQrBM; T'QT2'iB2b

* Vm[f+ 0] = vm[f]+ vm[g] 8 f’920¥(M) -
s vplaf] = avy[f] 8 a2 R & f2C¥(M) - M/
« vm[fgl = f(p)vmlg]+ g(p) vm[f] 8 f,g2 C¥(M)X

Denition2.1.8 h?2 b2i Q7 HHbm+? i M;®R& MpBbi DM riM tamgehBspace
im M/ Bb /2MQTgM#w?B+? 7Q Kb p2+iQRbXT +2 Qp2°

Remark 2.1.3 h?Bb p2+iQ  bT +2 Bb bT Mlv@a/m#vﬂg,gngzmi Y2072
+QQ /BM i2 7TmM+iBQMIUBY QMR Bid BMR0) = (x5 x3,....x") M/
r’Qb2 +iBQMb Bb /2}M2/ #v

q o Tff ¥
L= Tl 8 f2cr(N). (2.1.5)

h?2 IBK2MbBMMBQ7i?2°27Q 2- 2[m HiQ i?2 /IBK2MHKBQM Q7 i?2 K MB7

Denition2.1.9 :Bp2M K TM! N #2ir22M irQ K MB7RM/bM/ p2+iQ"
V2 TyM - i?@ush-forwardQV #vj Bb /2}M2/ #v

j Vv[f] := v[f f] 8 f2C¥(N). (2.1.6)

Remark2.1.4 LQi2 i? ii?2 Tmb?@7Q"r "/ BM/m+2b K T #2ir22M 7QHHQrBN
f @ TaM ! TymN (2.1.7)

7Q° K MBMQMM X

Denition2.1.10 h?2 p2+iQ~ bT +2ZI4ikh Blbi @ IlddteRdgent spaceM/ Bb /2MQi2/ #v
T M X

Remark2.1.5 h?2 p2+iQ  B,M+Rb bT MM2/ #v +Qp2AHARMB/ b

hdx'jm, vi = V[xX'] 8 v2 TaM (2.1.8)
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M/ ? bi?2Db K2 /BK2MMBQM b

De nition 2.1.11 h? dull-back Q7 +Qp@RiQYN #v K T:M! N #2ir22M irQ
K MB7QIHMMN Bb /2}M2/ #v

hi w,vi ;= hw,j vi (2.1.9)

rBia=j(m)X

2.2 Fibre bundles

Remark2.2.1 h?2 i?2Q v Q7 #mM/H2b ? b T Qp2/iQ #2i?2 +Q "2+ir v Q7 bi
; m;2i?72Q°'B2b HBF2 ;2M2° H "2H iBpBiv M/u M;@JBHHb i?2Q vX >2 2
iQ #mM/H2b +QMbi " m+i2/ QMfrBi? K MB7QH/bX

Denition 2.2.1  bundle Bb i HEM2p) +QMbBbiBM; Q7 E-EkaiBZ QH /2|

bT +2- K MMB7QHP2 # b2 bT +2- M/ +QMiBMm QEib M rak®iZ2iB QM
E

T°QD2+iBQM K TX Ai Bb /2MQi2/ /B ;‘lng iB+ HHv b

M

De nition 2.2.2 #mM/(EM,p) Bb + HBbundlerBi? ivTB+ H B# R?2 BMp2 b2
BK ;2 QP2HWHMM/@'Bb BbQKQ T?B+ i FlBXRX(pf=+H2X ABb p2+iQ°
bT +2 i?2M i?2EMVPHR2 + Q K dctor bundleX

De nition 2.2.3 TB Q7 }# 2 #(EMVIHRbM/(E,,e) 2 + HisbtorphicU b

#mM/H2bV B7 i?2°2 2tBbi T B® Q7EBzBQN®@ TMBbMKbbm+? i? i

B j=y p Mhp j =y ! X .B; KK iB+ HHv i?Bb K2 Mb i? i i?2 7QH
E-l e

/B ;> K- M/ Bib BMpz‘bz-FQKKFiZb

M —L

De nition 2.2.4 p2+iQ #mEMR) rBi? ivTB+ I B 2 HoebBytrivial B7 7Q°

MU M i?2 BI\/I/m+2/€4pm]|VU)—,|l2,pjp 1)) Bb BbQKQ ' T?B+iQ i?2 T Q/m+i #m
(U FU,p)-r?22® Bb i?2 T°QD2+iBQM BM i?2 }(W,i )}¥HEDi X Mh@ 2Mb 24

local trivialization Q7 i?2 p2+iQ° #mrMaH2XM/H2 Bb QM2ZrM2'R M/
p=p1X
Remark2.2.2q2 b? HHQMHvV /2 HrBi? HQ+ HHvV i 'BpB H #niBIMH®b 222X p2
rBHH- bQK2iBK2b- #2 bBKTHWH/ DMB+22t KTH2 Q7 #mM/H2 i? i Bb MQi
i'BpB HBbi?2 7TQHHQrBM;X

Example 2.2.1 J°#Bmb b(EBTp) rBi? }#[021] Bb HQ+ HHv BhQ KZ2 TBRH8 H
#mMB2 [0,1,S,p1) X h?2 7Q K2 - ?2Qr2p2° - Bb MQi i'BpB H bi> MbTQ il
+'Qbb HQQT VB2H/b i?2 +Q "2bTQM/BM; p2+iQ  BMp2 i2/X

De nition 2.25 :Bp2M }# 2 #(EMIIPP rBi? ivTIB+ HF}ML2 T B Q7 HQ+ H
i"BpB HBXUj,BQMM/U;,j;) rBi®;[ U 6 0 QM Bi- r2 QeransBidn functions

gij(x) rBix2 Ui\ U; Q7 i?2 p2+iQ UtmW¥/HR2#v "2 HBxBM; 172(XNV) =

(X, gj(X)v) 7Q° Mv p22iRX h?2 b2i Q7 bm+? i° MbB)BQ MKk +i;BQMD

G End(F) + HH 2/str@acure groupX

2Notice, here, thaty = Idy.
SMeaning that they share local trivialization (U,j ) forany x 2 U.
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De nition 2.2.6 UHQ settiohs U7Q" bQK2 HQ+ H i(WBpBY HEx iBIQM#MM/H2
(E,M,p) Bb bKQQiIBZK(O)M! E bm+? ip is = (Idy)ldyX h?2 b2i Q7 HH
bm+? UHQ+ HV ;HQ# H b2 {®B@Mp FIMAENQiR?2 ;HQ# H b2+iBQM Bb H
/2MQi2/ KQ 2 bBX(EHX b

2.3 Lie groups

Remark 2.3.1 h?2 MQiBQM Q7 bvKK2i'v BM KQ/2 M T?vbB+b Bb M Hvx2/ r|
i72i?2Qv Q7 GB2 ;°’QmTb M/ GB2 H;2# bX g2 rBHH QMHvV +QMbB/2°
BMr? i 7TQHHQrbX

De nition 2.3.1 Liegroupdka+QMiBMmMQn&bBbHGFMTY ;" QmT M/ bKQQi?- }MBi
/IBK2MbBQM H K MB7QH/ r?2°2 i?2G @GNT®TDd riBHHMb i?2 BMp2 bBQN
K T-1:G! G b iBb7yBMg=g g'=e89g2 G rBi? B/2MiBiv 2H2KR2Mi
bKQQi?X

Remark 2.3.2 q2 rBHH QKBi i?2 ;"QmT KmHiBTHB+miBBMiBVvK# M2 #Hv
rBi@ 7Q  i?2 K i'Bt GB2 :°QmTb UiQ #2 +QMbB/2 2/ #2HQrV 7°QK MQr C

Deniton2.3.2 GB2 :°QmT ?QKQKQGT?Bb#2ir22M GB2 G QMiT 1B b
bKQQi? K Ti? iBb HbQ :"QmT ?QKQK|Q#22BIKKRY h BKQIKQ T?BbK B7
Bb #BD2+iBp2 Mj BiBBMPQQDiZc i?2 GBMHQIMIM #2+QK2b BbQKQ T?B +

De nition 2.3.3 positive-de nite inner productBb #BHBMR,i WTVI R 7Q°
p2+iQ bW 3hQy i? i Bb

U bvKK2i By = hy,xi -
U#VQbBiBp2@k2iMBi2, M/

U+tMQM/2;2M2° ikx,BXDXTQ7yHH x=0X
A, xi® 0i?2M i?2 BMM2" T Q/indeinBeoX+ HH2/

Remark 2.3.3 JQbi Q7 i?2 BKTQ i Mi GB2 ;"QmTb BM T?vbB+b 2K2 ;2b b K
#v +QMbB/2'BM; BMp2 iB#H2VHBM D QK2TIMBi2 @/BK2MbB@M H p2+iQ"
i?7 i T°2b2 p2b ;Bp2M BMMW2X & m@eferaliliggdt groups "2 /2 M QGR(V) X
6m i?2 ' KQ 2-i?2b2 "2 G'BQ7iMR2; D2 bH G B M2(n, R) QLM C)
+QMbBbiIBM; Q7 BMp2 iB#H2 HBRQCKR2PT QMPR2ZHYXIBRBb #2+QK2b 2p
r?22M r2 +QMbB/2° _B2K MMB M K MB7QH/b r?B+? +Q@XM&XBMb K2i B+ L

Example2.3.1 h?2 bT2+B H HBMPEN R) WPEV MIL(n,C) UQE2V 12 n
BMp2 iB#H2 K i'B+2b rBi? mMBi /2i2 "' KBM Mi BX2X

SL(n,R/C) = fA2 GL(n,R/C)jdetA= 1g. (2.3.1)

Example2.3.2h?2 IMBi "v;UQT2 i iM2 n+QKTH2t@p Hm2/ K i'B+2br?Qb2 B
Bbi?2b K2 b Bib+QMDm; i2i° MbTQb2 BX2X

U(n) = fA2GL(N,C)jA 1= AT Alg. (2.3.2)
h?2 bT2+B HmMBi v ;"QmT Bb /2}M2/ b

SuU(n) = fA2U(n)jdetA=1g. (2.3.3)

4ALie subgroup H  Gis a subgroup as well as a submanifold of G. It turns out to be a Lie group in itself.
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Remark2.3.4 h?2 bT2+B H mMBBU), @@d2d p2b i?2 bi M/ "/ BMM2> T"Q/m+
C"3xy ;Bp2M #v

X, yic = a XiYi (2.3.4)
M/ HbQ i?2 MQ K Q7 :Bp2M p2+iQ  UBM/m+2/7 QK i?Bb BMM2" T Q/

Example2.3.3h?2 Q i?Q; QM HkhpmTiAR+n) (k+n) K i'B+2bi? iT 2b2 p2
i?72 7TQHHQrBM; BMWW22 RF*OVm +i U

b, yign = X1y ..o XkYkt XeraYke1t oo F XeenYien - (2.3.5)

PM2 + M b?QAiBbiB(Mn) B7 M/ QMHv B7

AThkWA = pkn) (2.3.6)
r?2 8% Bb Dmbi i?2 /B ;QMiag1K.i1Btl,..., 1) X h?2 bT2+B H Q i?Q;QM F
.°QmT Bb /2}M2/ b
SO(k,n) := fA20(kn)jdetA= 1g. (2.3.7)

h?2 Qi?Q;QM ®(O,nPBEF /2MQ(®/ M/ Bb KQ 27 KQmbHv /2}M2/ b
o(n):=fA2GL(N,R)jA 1= ATg. (2.3.8)

JQ2Qp2 -i?2bT2+B H Q SDM;0) \B tH/ 2 DQiBA(n X

Remark 2.35 h?2 ;"Q8&0(n) +QMbBbib Q7 "Qi@BX2MBBQMb M/ Bb i?mb FM
b BbQK2i'v ;" Qmir@d7T 1222 h?2 ;@] +QMbBbib Q7 Qi iBQMb b r2H
"2~2+iBQMbX hSQX1,3Q nVIRD(2,49 FMQrM- “2bT2+iB p&ehtz-graup?i /

i? Zonformalgroup "2 Q7 bT2+B H bB;MB}+ M+2 BM T?vbB+bX MQi?2 BKT

B b i@eSitter group SQ1, 4) X

Example 2.3.4 h ? 2Poincaré groupQ ~ i 2thomogeneous Lorentz group 1$03) +QMbBbib Q7
GQ'2Mixi° Mb7Q 'K iBQM iQ;2i?2 rBi? i’ MbH iBQMb M/ Bb /2}M2/ b

1SO(1,3) := fIxA j A 2 SO(1,3)g, (2.3.9)
r?2°2i?22i° MbH iBOMbM :Bp2M PR} Qb
Ixy = X+vy. (2.3.10)
Remark2.36 Ai + M #2 b?QrM i? i iS¥4) @mOQKTQb2b BMiQ iSY(@QTB2b Q7
M/i? ii?2°2 22Bb?QKQKQ T?BbK
SU(2) SU@)!? ' so4) . (2.3.11)

h?Bb Bb "~ i?2  ;2M2 B+ 7 +ii? i "Bb2br?2M QM2 S{lnMpB222WbTBM @ ;
r?B+? T'QpB/2 mMBE® bQK2QpQmSOUR X2X2VX hQ i?Bb 2M/- r2 MQi2 /Qr
i72 7TQHHQIrBM; "2H2p Mi 7 +ib 22°2,

Spin(4) = SU(2) SU(2), Spin(3) = SU(2) , and Spin(1,3) = SL(2,C) . (2.3.12)

5This is a topological term that refers to a connected, simply connected group that projects down to the
given group G via a smooth surjection p such that any open U 2 G lifts to a disjoint union p 1(U) whose

members are isomorphic to U.
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Denition 2.3.4 h?2eftactonQ7 GB2 GQmMA HR@ +iBQMV @MBbbh2}iM2/
#v i?2 K T
ji1: G M! M, (gm)7'j,(gm) gm (2.3.13)
i? ibiBb}2bi?2 7TQHHQrBM; T QT2 iB2b,
eem= m7Q  i?72B/2MiBie282K2 pam2 M- M/

o gi(gom) = (gig2)m 7Q  gH#®2 G MmMm2 M X

h?2 bMiBb FMQr kbmwgeneousspacé? i bTHBibd@dllsgaceyM G Q7 2[mBp H2M+2
+H bb2b Q7 Q #Bib
Om = fn2Mj9g2G:n=j,(gmg. (2.3.14)

De nition 2.3.5 h ? 2eft translations Q left multiplications Q7 GB2 G@mBib /IBz2QKQ @
T?BbKIBXDXT(G) M/ Bb /2}M2/ #v

lg: G! G, h7! gh. (2.3.15)

Remark2.3.7 M 2[mBp H2Mi M@Qti&®M/QYM 2/ #Ng,m):=mg HbQ 2tBib M/
Bb Q7 T°'BK2BKTQ i M+2 TB@ #PeMTHR2MW+BTIH2 rBHH /Bb+mbb BM i?2 M2
Ai Bb BKTQ'i MiiQ MQi2 ?2'2i? i QM2 + M BMQK+2;BpR;Mi@2 Fi@QMBQI
j1 b 7QHHQTrb,
jr(gm) = ji(gtm) 8 m2M. (2.3.16)
aBKBH "Hv-r2 ? p2i?2 MQiBQM Q¢ 78:7i?Z2 &B2&, HPGMD rBHH QMHYV
/2 HrBi? H27ii° MbH iBQMb ?2 2X
Denition2.3.6 h? 2Zosetspace/G1 7Q° GB2 GOQWTBib bm#H Q@& Bb /2} M2/

b
G/H = fgHjg2 Gg where gH := fghjh2 Hg. (2.3.17)

Remark 2.3.8 h?2 2 2tBbi M ingG@+HBQM U M/ ?22M &2 -+ i BHZZENVHQ M
[2YM2] #v
jii(®gH)= g%gH 8 g,¢°2G. (2.3.18)

De nition 2.3.7 H2Gi@ +iB QW BbW+ HéeB/7- 7Qn2 MHgm= m BKTHB2b i? i
g=eX h?2 +iBQM r@anditive#B7 7QmnfA M i?22°2 2tBRBi6G bm+? i? i

m= gmPX

Remark 2.3.9 A7 i?2 H27i 6BRMMVMBD77 22 i?2M 2p2,BQ /BERQKQ T?B+ iQ
i?72 GB2 ;GXmT

De nition 2.3.8 h ? Ztability/isotropy subgroup @ Q7 HZ@i +iBOQWM3QM7Q"~ GB2

; QnGTBb Bib +HQb2/ bm#;, " QmT /2}M2/ #v

Gm = fg2Gjgm=mg. (2.3.19)

Theorem 2.3.1 6Q° i MbBiB®®@ H2BQM i?2°2 2tBbi M G/GERKQMT?BbK
#2ir22M i?2 +Qb@/iGT M2i?2 2QKQ:2M2Q/mbQDT M2 M :Bp2M #v

jp: GIGp! M, 9gGy 7! gp. (2.3.20)

Remark 2.3.10 6Q° GB2 :GQMT Bib +HQb2/ HMm#2XGHVIi?2 2QKQ;2M2Qmb
bT €2H + M #2 + MQMB+ HHv 2M/Qr2/rBi? i?2bi' m+im 2Q7 bKQQi?K

6Some technicalities like G be locally compact and M be locally compact and connected are required.



*?2 Ti2 " kX :2QK2i'v avKK2i'v 13

i72°2 2tBbi + MQMB+ H TG Q@S2 H i BEPM M #¥K

Po: G! G/H, g7/ gH. (2.3.21)

Example2.35h?2 "Qm@bTB2RBRb /IBz2QKQ T?B+iQi?27QHHQrBM; ?2QKQ ;2]
S" = SO(n+1)/ SO(n) . (2.3.22)

AM T “iB+mH - r23 p80(3)/iSO(3) X
Example2.3.6 (2n+1) @bT?2°'2 + M #2 "2 HBx2/ b ?2QKQ;2M2Qmb bT +2,

1 = su(n+1)/ SU(n) . (2.3.23)

bT2+B H %62SBI®) - r?2°2 i?2 ;3QTBb i BpB HX

2.4 \ector elds
De nition 2.4.1 h ? 2angent bundle(TM,M,p) Qp2° K MBI7TBMHMQi?BM; #mi mMBQM
Q7 i M;2Mi bT +2b i HH TQBMi Q7 i?2 K MB7QH/ BX2X

™ = | M, (2.4.1)

p2M
r?2°2i?22 T°QRP2BiMBQNB+Fb Qmii?2 # b2 TQBMi TWX ;Bp2M p2+iQ° BM

Remark2.4.1 h?2 /BK2MbBQM Q7 i?2 i M;2N@#BN2ZMBEQM M2{-MB7QH/ Bb
Bib K2K#2 h@2BK2MbBQM HV pINQHb#QA MK i?22 +Q@ i nBINH 2% U
Q7 i72 # b2 pR2XABX |

De nition 2.4.2 vector eld Bb bKQQi? b2+iBQM Q7 i? ZTIMVYNI2A X#mPN2/ H 2

b2i Q7 HH bm+? p2+iQ" }2HXEM) 2= /@'NTQMRX b

Remark2.4.2 :Bp2M p2+iQX23XM) M/ bKQQi? 7nfM €FEQM QM2 + M
b?2Qr i?Xf /2}M2/ #v
Xt(p) = Xp[f], (2.4.2)

r?722°X,2 TpM- Bb HbQ bKQGi2 G*XRXX h?2 b2i Q7 p2+XQM)}2® /b

MQi 7Q K p2+iQ" bT +2 " i?2° KR/MHZ Qp2  i?2 HC#M)'X7 bKQQi?
L2p2 i?2H2bb- QM2 + M +?2QQb2 #%BmiQDMbm(‘Z}EIIQ/{UHj)F? i

rBi? +QQ /BM i2 XnmMRiB QMb ' F kX RXX2ix(M)B 2

X = & Xx' . (2.4.3)

Deniton2.43 h?2°2 Bb r2HH /2}M2Lidb@cBQMbQ#B i2/ rBi? p2+iQ " }2H/b
/2YM2/ b
[X,Y]f = X(Yf) Y(Xf), (2.4.4)

r?B+? b iBb7vi?2 7QHHQrBM; T'QT2 iB2b
« #BHBMZ,|BiX(M) X(M) X(M)-
« MiB@bVvKRRY]w [Y,X]- M/

7An algebra is just a vector space V equipped with a multiplication operation V V| V, which for
functions is just composition. A module over an algebra is the same thing as a vector space over a eld.
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C +Q#B B/PMMBIY+[Y,[Z, X]]+[Z,[X,Y]]= 0O-
7Q° XHHZ 2 X(M) X

Remark 2.4.3 AM ;2M2° H- Bi Bb MQi TQbbB#H2 iQ BM/m+2 Tmb?2@7Q " r */
#2ir22M p2+iQX(MB/¥ MIX(N)3Y Q7 irQ K MBWQMI/NorBi? ;Bp2M

KT :M! NUBirQ FBB7 /IBz2QKQ T?BbKVX L2p2 i?2H2bb- Bi Bb mb27
7TQHHQrBM; "2H iBQMX

De nition 2.4.4 p2+iQ PREK(M) Bb + HKRtediQ MQi?2 p2+YQ XY\MB/

BX2Xj X B7 7TQPp2MHr2 ? p2i? i

I Xp = Yi(p - (2.4.5)

Remark 2.4.4 AX;

MX, Bb 2@ "2HYi2MiN) "2bT2+iBp2HyXz2BW ?@ "2H i2/
i Y1, Y2l 7Q° X Mo, Y1,Y22 X(M) BX2X

j [X1,X2] = [Y1, Y] .

(2.4.6)
Denition2.45 :Bp2M p2+iQX 223 X{M) Biibtegralcurvei? Qmp2 M Bb +m ™ p2
sx: ( ee)! M, (2.4.7)
bm+? i? i
sx(0) = p M/ s{t) = X (2.4.8)
7Q tHH ee) X

Deniton2.4.6 A7 i?2 BMi26g H M #2 2ti2M/2/ iQ RPDPI2 IFM i?2M
i?2 p2+iQ  }2H/- M/ HbQ i?2 mM/2 HvEMpkte B7QH/- Bb + HH2/

Remark2.45 S 2b2M+2 Q7 bBM;mH "BiB2b U2X;X #H +F?QH2V QM K MB
g2 rBHH QMHV +QMbB/2" +QKTH2i2 K MB7QH/b BM i?Bb i?2bBbX

2.5 Lie algebra

De nition 2.5.1 left-invariant p2+iQ° RHAQ™ GB2 G@wT2}M2/ b i?2 p2+iQ°
}2H/ r?B+g@1RH i2/ iQ BibHG BR2XHH

lg X = X or lgXgo= Xgg (2.5.1)
7Q" gfeHG X

Deniton2.52 h?2 b2i Q7 HH H27i@BMp "B Mi p2+iQ  }2H/bL(B)p2+iQ  bT

iQ;2i?2  rBi? i?2 GB2 #BXE®),[,]) Bb FMQrM Lie alg@raQ @® X
Theorem2.5.1 q2 ? p2

GB2 H;2# BPQRKR[TPBHKG),[,]) /2}M2/ #v
AT7Uj(A) LA,

j: TG! L(G), (2.5.2)
r?2°2i?22 H27i@BMp "B LMiB2 #4222 HY

Ly = lg A2 TG

8Remark 2.4.4 is crucial here.

(2.5.3)

91t is an invertible map that preserves the Lie algebraic structure.
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Remark 2.5.1 LQi2 i? i i?2 GB2 # T&FBb@W/m+2/ 7°QK iZ@) @82 iQ ™
K Tj BX2X
[A.B] = j YLALP] = g 1 [LE,Lg] (2.5.4)

7Q° §AGX h?Bbi F2bi?27QKQ7 mbm HK i'Bt +QKKmi iQ  7Q" K i Bt
r2 "2/2 HBM; rBi?X q2 i?mb ? p2 ie@GV=+IBRG #B/IB & X

Example 25.1 g2 MQi2 /QrM #2HQr BMPR #3822 HTRE QW bQK2 Q7 i?2 GB2

; QmGh? ir22M+QmMi2 2/ #27Q 2X

G | TG |
GL(n,R/C) | M(n,R/ C) := The setofn n real/complex matrices
SO(n) sqn) = fA2 M(n,R)jAT= Ag
Su(n) suin) :=fA2M(n,C)jJA= A&trA=0g

TABLE 2.1: Alist of Lie groups and their Lie algebras.

Theorem 252 GB2 ;"QmT ?QKQKQ G?BBK#2ir22M GB2 & QW/Rb
BM/m+2b GB2 H:2# ?QKQKQ T?BbK

dji j : TG! TH, ie. j[AB =[] Aj B]. (2.5.5)

Remark2.5.2 :Bp2M #fEB.b.,E,g QE(G) = TG 7Q n®/BK2MbBQM BGB2 ;°QmT
Bib bi'm+im™2 #£Q'Mb2 MiM2/ #v

n
[E.E] = & f; “Ex. (2.5.6)
=1

=

Example 252 h?2 bi'm+im 2 +QMbi Mib 7Q3u(2)2 Gz3;z3p|£;mj¢#‘v 2#”.'<-
r?2°2% Bb i3@/BK2MbBQM H G2pB@*BpBi bvK#QHX
Theorem253 H27i@BMp "B MiYZMQ GBR/GC@h FQKTH2i2X

Remark 2.5.3 +QMb2[m2M+2 Q7 i?2 #Qp2 i?2Q 2K Bb i? ii?2°2 2tBbi
+m p2
t 7! s a(t) (2.5.7)

7Q tBR M/ H27i@BMp "B Mip2@NbiJ2HI2/ 7 QK2 TBpRMi?2 GB2
. Q nBIX

De nition 2.5.3 h? 2xponentialmap7 Q° GB2 G@mT2}M2/ #v

exp: TG! G, AT7!exp(A) := sa(t=1). (2.5.8)

Remark 254 h?2 2tTQM2MiB HK T Bb HQ+ HHvV /Bz2QKQ TI®BA X 6m i?2 K
+QMM2+i2/ +QK GQUMIMW NDZ€M2 /M@ Bb  bm D2 +GBROM+IPRM +iX

De nition 2.5.4 one-parameter subgrou®@ 7 GB2 ;GQBWT bKQQi? ?QKQKQ T?BbK
m: R! G7 QK i?2 //BiBpR BQ®&DB X2 X

m(ty + t2) = m(ty)(tz). (2.5.9)
Theorem 254 AM:R! G Bb QM2@T ° K2i2" Gmi®:2 KQm7TQRR+H

mt) = exp(tA) rBi?A = m$ (2.5.10)
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Remark 255 h?2 #Qp2 i?2Q 2K b?Qrb i? i i?2°2 2tBbi QM2@iQ@QM2 +Q
ir22M QM2@T ~ K2i2 bm#; QmEb \/7Bi6 BB 2 FHEXKH"

Denition2.55 :Bp2M p2+iQX 3 XEM) QM2 /2}M 2dwidgeRerated by X b i?2
QM2@T ~ K2iXj¢ RO r?2 2 1?72 b2i Qi KMTIb M "2 MQi?BM; #mi i?2
BMi2;" H+m p2b

jt(m) = s(t). (2.5.11)

PM2 + M /2} MR derkative of Y along X 7@ 2 X(F) - #v
LxY = g(' bH(y) (2.5.12)
XY= gid t=0 o
Remark2.5.6 Ai + M #2 b?QiMYi2[iX,Y] X

2.6 Tensor elds

De nition 2.6.1 (p,g)-tensor P9(V) 7Q° p2+iQ VbTM+Bib /vh Bb i?2 bT +2 Q7
KmHIBHBM2 ~ 7mM+iBQMb ;
f:V vV VvV VI R (2.6.1)

M/ Bb- Hi2 M iBp2Hv- /2MQi2/ mbBW: i2MVQ VT Q7/m¥iX b
Remark2.6.1 LQi2 i7T9%V):=RX JQ'2Qp2'-r2 ? p2i?2 7TQHHQrBM; "2bmHib

TOYV) = Vv M/ TY(V) = (V) =V (2.6.2)
7Q° Mv }MBi2@/BK2MbBQMK H 2 KXMPB(WF2 M #2 2 bBHv 2tT M/2/ BM
i2°Kb Q7 ;Bp2MV# KIBb?Q7™Q "2bTQM/BM;VmXH # bBb Q7

De nition 2.6.2 (p,q)-tensor bundl TP9M,M,p) Qp2° K MBIZ7@H/i?2 TQHHQrBM;
/BbDQBMi mMBQM Q7 i2MbQ b,

TPAM = TPYT M) (2.6.3)

m2M

r?2°2i?22 T°QP2HhiB@M i2b i?2 #nb2M QBMi;Bp2M p ZPiQ XBM
Remark 2.6.2 h?2 i M;2Mi #TM B2BbQKQ THPM+ iQBH2 i?2 AMM/BB
BbQKQ T?B+ iQ i?¢eothr@ent bkt ™M /2}M2/ M HQ;QmbHvV iQ .2}MBiBQM
#27Q°2X
De nition 2.6.3 h ? 2xterior algebraQ p 2" p2+iQVb/‘I2N|Qi2/V\b Bbi?2 HP2#
12M2° 02/ #v i?2 bQedgaprd@uct b iBb7vBM;

vitvy = vy (2.6.4)
7Q° vH¥W 2 VX  bm#bT Y QGDMbBbiBM; Q7 HBM2 "k+ DEHBWM IRQMb Q7
T'Q/m+ib Q7 p¥+B® /2 BIQ®/) X
2.6.1 Differential forms

De nition 2.6.4 k-formw Bb (0,kl @i2MbQwW}2 B7(M,T°*M) bm+? i®pmi 2
K(TmM) 7Q " mHHM X

Remark2.6.3h?2 bT +R@77Q Kb BbW(MPX2UQi2 iP(M) := C¥(M) M/ i?2
QMHV K2K#2(MQUmMTiQ iQ b+ H > KmHiBTHDUMEDQr®b b2ikA®i2/

10pJainly speaking, it is a linear combination of all possible ( nitely many) anti—symmetrized tensor prod-
ucts of vectorsin V.
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QdV X h?2 bTWKR) bTHBib BMiQ irQ 2[mB p[ra Rvh+@ #BH 2bitP2b 2H iBQM
m nP/2}M2/ the ImO bm+? iMm2i[m] BI7>0 Mm2[m] BI7< 0X

Remark2.6.4 PM +?(Ui,j) QM rBi? +QQ /BWh)i=px%, ..., X)) QM2 + M 2tT M/
k 7QW b

 dxitA A dxix (2.6.5)

r?2°2i?2 +Q2{w;B2Ni6*(M) "2 iQi HHv MiB bvKK2i B+ BM Bib BM/B+2b

De nition 2.6.5 h ? 2xterior derivatived Bb i?2 HBM@: WKM)  WKL(M) /2}M2/-
7Q° WHHAK(M) - #v

n . . .
dw = % é i (wi, ik) dxi A dxitA LA dxik, (2.6.6)

i]_ ..... Ik—l

F?2°2i?22 7T 'iB H/Z ' Bp iBF2M rBi? "2bT2+i i X QQ+/ BIMHBQ #2 /2}M2/
BM +QQ /BM i2 BM/2T2MMM.i Xpq 2@(MHH b

k+1 ) R
dW(Xl,...,Xk+1) = _é. ( 1)|+1Xi(W(Xi,...,Xi,...,Xk+1))

i=1 (2.6.7)

+ & ( DMIw(X, X1 X, X X, Xis 1)
1 i<j n
r72°2i?2 +B +mK~2t K2 Mb i? ii?2 bvK#QH #2M2 i? Bi Bb QKBii2/X
Remark2.6.5 h?2 +iBQM Q7 2ti2 BQ " /2gr&dedilRpRizAQeHHQr
d(a® b) = da*b+( 1Pa”db (2.6.8)
7Q° aHHWP(M) M/b 2 WI(M)X JQ 2Qp2 - Bi + M 2 bBHvV #2 b?QrM UmbBM
/2}YMBiBQM #Qp2V i? i
d> d d=0. (2.6.9)
Denition2.6.6 6Q° KjT:M! N M/ k@ 7 & XWK(N) Bidull-backj w 2 WK(M)
Bb /2}M2/ #v
(] W)m(Xl,...,Xk) = WJ (m)(j Xl,...,j Xk) (2610)
7Q" X H. X2 X(M) X
Remark 2.6.6 Ai + M #2 b?QrM i? i i?2 2ti2 ' BQaturdr BEARpRiEBb +QKT iB#H?2
rBi? i?2 TmMmHH@# +F,
i (dw) = d(j w), (2.6.11)
7Q° M2W(M)X 6m i?2 'KQ 2- QM2 + M T ' Qp2i? i

j@b)=jarjb M/I(j [Hw=j( w). (2.6.12)

De nition 2.6.7 h ? Zie derivative ofv along X- 7@ 2 WK(M) M/X 2 X(M)- + M #2
/2}M2/ M HQ;QmbiQ .2}MBiBQM kX8X8,

Lxw = c?t(j D (w) o (2.6.13)
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Remark2.6.7 h?2°2 2tBbi MB+2 7Q ' KmH #v UHB2* i M7Q i?2GB2 /2 Bp
7Q Kb ;Bp2M-X72X(MIv #v

Lx = d ix+ix d, (2.6.14)
r?72°2i?2 HBMZ WP(M) WP (M) Bb iimrior product /2} M2/ #v
(xW)( X1, Xp 1) = W(X,Xq,...,Xp 1) (2.6.15)
7TQV 2 WP(M) MKXq,..., Xp 12 X(M) X

2.6.2 Metric

De nition2.6.8  metric g Bb(0,2 @i2Mb Qg 3 BHT°M) r?22 @, 7Q " 2p22W
/[2}M2b M BMM2 T°Q/m+i QMTiyA\2 X 2+ QP BWTBHEM 2™ T Q/m+i Bb TQbBiBp
i?2M i?2 K MB7QHRi@anniadH V7 i?2 KRP B+ M mM/2 " HVBM; BMM2" T Q/1
i? i Bb BM/2}MBi2 i?2M i?2 K paddidcRimBrinia¥ HH 2 /
Remark 2.6.8 K2i'B#QM m™@/BK2MbBQM WM KBMBIZT@HH +QQ /BM i2b + M
r'Bii2Mm ]

g= & gdx dx rBi?g;:= go(T. 1) (2.6.16)

i=1

#2B M ;metdc componenty Q" i?2 # bBb p2%iR2XIM)X P7i2M iBK2b BM T?vbB+1|
HBi2' im 2i?2i2MbQ  T°Q/m+i bB;M BbgBB MM MX2h 2@ 7" +RiR2 Mb i? i
i?2 K i'@t+ M#2 BMp2'i2/iQ vB2H/ g\AlQriE?iZ?‘KQiKBQg,\{llzzl\Agb i? i
BMim M /2IMA@i2MbQ" }2H/ nddde@meRiX h?2b2 + M #2 mb2/iQ > Bb2 Q
HQr2  BM/B+2b Q7 Mv i2MbQ  +QKTQM2Mi 2X;X

Td¥ = giogl"g*T, 8 T2 G(M,Ti2Mm) . 2.6.17)

Example2.6.1 bi M/ */ 2t KTH2 Q7 _2BK MMBRMrBiM K2Q HB/+B b
g = (dxb)Z+ ...+ (dxM?2. (2.6.18)
T'QKBM2Mi 2t KTH2 Q7 Tbm2/Q @ _ B\ikkomisWi Bpadd¥-"M B 7QKI2 iBB +

g = (dxbH)2+(dx?%+ ...+ (dxM?2. (2.6.19)

Denition 2.6.9 h? 3ignature Q7 Tb2m/Q@ _B2K MMMB,)N & 7MBKQ M/MbEBQ M
+QmMi Q7 i?2 MmK#2" Q7 TQbBiBp2 M/ M2; iBg2 M/;BMp2NIM2B/Q7 i? 2
b M@ mTH2 7 X 4@/BK2MbBQM H GQ '2MixB M K MB7QH/ ? b QM2

/IBz2 2Mi 7' QK i?2 "2bii? 22X

Example2.6.2h?2 bB;M im 2 Q7 i?2 JBNREQIWOFBRDbEZMiI2/ ¢ Qp,2BH -

M/ Bbi?mb GQ 2MixB M K MB7QH/X

Denition2.6.10 hrQ UTh2m/Q@V_B2K MM gW) KM B ORQ)H /12 + Hddr2/
formal B7 i?2B" K2i'B+2b "2 "2H i2/ #v bQW220®Q\Qi? 7mM+iBQM

av = Wogy . (2.6.20)
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De nition 2.6.11 H Q + dithkbnormal basisQJ?@?Qf‘d*gbU‘F +Q7° K2WnrR.i?n
7Q° n®/BK2MbBQM H _B2K NMMB i BIbk W B RHWHM) -
g(d,é) = ¢i=d . (2.6.21)
aBKBH "Hv- QM2 /2}M2b HQ+ HHvV Q i?QMQ 'K H # b8h.QX.®2+iQ" }2H/
#v /2K M/BM; i? ii?2v b iBb7v
gj = 9(X;,Xj) = d (2.6.22)
7Q° XHK 2 X(M) X

2.6.3 Maurer—Cartan form
De nition 2.6.12 k@7Q RW(G) QM GB2 G@rhTb Blefi@ariant B7- 7Q° HH
g2 G-
lgw = w, Qe lg(wg) = wy1087°2G. (2.6.23)
h?2 b2i Q7 HH H27i@BMp BBWI /IQMBDE@EFH R Kb QM

Remark 2.6.9 6 QK _2K "F kXeXe r2 w2Bbh?H2BVv@BMp B Mi i?2M bQ Bb Bib
/2°Bp iBp2,

lg(dw) = digw . (2.6.24)

Remark2.6.10 aBKBHj QQh?2Q 2K kX8XR-i?2 2 2tBbi M BB.QKRQ/T?BbK #2
L (G),

j: T.G! L(G), wT7!jw) 1%, (2.6.25)
r?2°2i?2 H27i@BMp "BEWBRQMI®ZRQ Kb
1% = 1y 1(w) 2 TG (2.6.26)

LQiB+2 i? i1®@bQ Kb 2 /m HiQ i?2 H27i@BMpP 7TRARTEg2 BX@X}2H/b
WY LATg = hw,Ai (2.6.27)
7Q° gRKE X

Remark 2.6.11 6Q " # bHEHE;Q.7,Eng QIL(G) rBi? /IBKk n Ub22 2K "F kX8XkV r2
+ M /2}M2 i?22 Imful# . bBy QIZ (G) #v

hw! Ei = d, (2.6.28)
r?B+? b iBb7vi?2J m'2° * i M 2[m iBQM

dw' + %fjki wi A wk (2.6.29)

Denition 2.6.13 h?2 J m 2" * 1@V QVKBb iR(B) @p HI@7Q G QMi 7Q"
MW 2 T,G ;Bp2b H27i@BMp "B Mip2+iQ  }2H/ b 7QHHQrb

HW, Al == g (g1 A) (2.6.30)
7Q° 2 GX
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Remark 2.6.12 Ai Bb KQ 2 mb27mH iQ +QMbB/2'1@ZQ Ki® #2 pMm2/ BM
TG=L(G)- r?B+? vB2H/b MB+2 “2bmHi,

W, LA = A. (2.6.31)

Ai + M #2 b?2QrM i? i i?2 J ml@7@*Kii W2b i?2 7QHHQIrBM; 2tTHB+Bj 7¢C
Ki'Bt GB2 ;"QmTb i? ir2 +QMbB/2 22 2,

>

W = § (g H*dg¥, (2.6.32)
k=1
r?2°@ "2i?2+QQ /BM i2b QM i?2 KG'BMGBRp2®@mMm?P "iX

2.7 Integration

De nition 2.7.1 K MB7QH/b + ldri¢@ableB7 Bi Bb 2[mBTT2/rBi? MQr?2 2 p ME
pPQHMK2 X " Hdrientation Q¥ "272°b iQ +?2QB+2 Q7 QM2 Q7 i?2 i?2 irQ 2[i
+H bb2b Q7 _2K "F kXeXjci?Bb Bb mbm HHv +?Qb2M iQ #2 i?72 TQbBIiB

Example27.1h?2 bi M/ / pQHMKRT-QrxB@™MBb M Q' B2Mi2/ K MB7QH/- Bb ;
m= dx~...Adx". (2.7.1)

J°#Bmb bi " BT T ' QpB/2b +H bbB+ 2t KTH2 Q7 MQMQ B2Mi #H2 K MB"

De nition 2.7.2 Integration Q7 + QKT +iHv bmTTQ " i2 mMpBX2K2BiQ KIBb?2b Qmi
bB/2 Q7 +QKT +i MW#RZiI Q7Q B2Mi2/MKiMB BPHY¥Qp2 2/ rBi? +? "ib
(U, f1),...,(UnfN) + M #2 /23M2/- mbBM; T "iBfBRMbQ7 mMBiv

z N Z
m= § (fF. Y (fim . (2.7.2)

i=1 f(UI)
Remark2.71 Ai + M #2 b?QrMi? i i?Bb /2}MBiBQM Q7 BMi2;" iBQM Bb BM/2

Q7 +? "iX

Theorem2.71 6Q° M Q B2Mi2/ M ME?FQMMM VU i? i BM?2 Bib M BM/m+2/
Q' B2Mi iBQWV7iZRKBMi2;  H Q7 +QKT HH{)@vw & W2 A(M) Bb
"2H i2/iQ M BMi2;" HQ7 Bib 2dw2"BQ" /2 Bp iBp2

z z

dw = W . (2.7.3)
M M

Remark 2.7.2 h?Bb Bb i?2 Btdckgshtheoredd LQiB+2 i? i B7 i? MK?MBMQH/
#QmM/ "vi?2Mi?2 #Qp2 BMi2;" Hp MBb?2bX

Deniton2.7.3 6Q° M@/BK2MbBQM H- Q'B2Mi2/- _B\K) N'MEBerkark MB7QH/
nian volume formBb ;Bp2M #v

q__
m = jgidx*”r A dx", (2.7.4)

r?2° @ = jdet(gj)j 7Q° K2i B+ +Q&XQ2Mib
Remark2.7.3 AMi2;" iBQM QM _B2K MMB M K MB7QH/b 2 T™KQ K2/ mbB

)t is a set of smooth functions f; 2 C¥ (M) that vanish outside of U;, lies within [0, 1], and satis es the
condition: 3N, fi(m) = 1.
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2.8 Hodge duality

Remark 281 PM M@/BK2MbBQM H Tbh2m/Q @ _ B(MKgM @B 2M+ KM VEEVF /QriH-/2
M BMM2 T QWKM) QM2 i2/ #k@7TXQFdkb”  » dxikg rBif,...,ik2
fl,....,ng-i? i Bb ;Bp2M #v

D E
dxitA A dxikdxita A dxde = gt gl (2.8.1)

r?2°@ := g(dx',dx) X

De nition 2.8.1 h ? Hodge star operator : WK(M)!  W" k(M) Bb HBM2 ~ K T i? i

Bb /2}M2/ QM M Q@BRKI2ZMbBQM H Th2m/Q @ _ BERIKg)MB B? M KKHMBE2Q H /
TQ M ;Bp2M #v
a” b = ha,bim (2.8.2)

7Q" atb2 W{(M) X >2°"R Bb + HH Rodge2lual Q& X
Remark2.8.2 6Q° ™M@/BK2MbBQM H Q' B2Mi2/ Th2m/ Q@& .gB 2Bi MIMEB, @ K MB"
M im(25.2, ,+,1.5.24) i?2 7TQHHQIrBM; +QM/BiBWKMIQH/b i m2 QM

2 = (1P PEs, (2.8.3)

Example 2.8.1 6Q" i?2 JBMFQrbR® bBi? DB M(imF2,+) - +QQ /BM i2b
(X0, x5 x%,x3) =: (t,x,y,2) M/ pQHmMKAV O UK  dx*dyr"dzr2 ? p2i?2 7TQHHQrBM,;
2bmHib,

dz = dtMdx"dy, dtrdx = dy~dz, dtrdy = dx”~dz,
dtrdz = dx”"dy, dx™dy = dt~dz, dx™dz = dt”Mdy,
dy”dz = dt”dx, dt ™ dx” dy dz, dt dx~dz = dy,
dtrdy”rdz = dx, dxMdy~rdz = dt, dtMdx~Mdy~rdz = 1.

2.9 Representations

De nition 2.9.1 representation ofaLiegroup 8b GB2 ;°QOmT ?QKQKQ T?BbK
P:G! GL(V) (2.9.1)

7Q° }MBi2 /IBK2MbBQMWXp2+iQ  bT +2

De nition 2.9.2 representation of a Lie algebga 7Q° }MBi2 /I BK2MbBQMVH p2+iQ~ bT
Bb GB2 H;2# ?QKQKQ 'T?BbK

p:g! al(Vv), (2.9.2)
r?2°@(Vv) := End(V)*¥? X
Example 2.9.1 h ? Ztandard representatio37 GB2 GQmBB(g)= g M/ Q7 GB2
H;#83 X Bp(X)= X X
Example29.26Q K i Bt GB2 G Bn7TI65B2 Hg-2B adjoint representationBb i? 2
7QHHQIrBM; 2QKQKQ ' T?BbK

Ad: G! GL(g), g7!Adg, (2.9.3)

12The endomorphism of V denoted End(V) is the space of linear mapsV! V.
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r?2°2 iadointmapAda Bb /2}M2/ #v

Adg:d g, XT7!'Adg(X) := gXgl. (2.9.4)

Remark2.9.1 Ai + M #2 b?QrM i? IA®PBK/M+2b Ub22 h?2Q 2K kKX8XKV i?2 7
HB2 H;2# ?QKQKQ T?BbK

Ad ad: g! gl(g), X7!ady, (2.9.5)
r?2°2i?2 +iBQM Qadi?® Kl #2 b?QrM iQ #2 i?2 7TQHHQIBM;
adx : g! g, Y 7Vady(Y) = [X,Y]. (2.9.6)

h?Bb Bb FMQ rijoint iéesentationQ 7 }MBi2@/BK2MbBQAXH GB2 H;2#"

2.10 Maxwell equations

Remark 2.10.1 6Q" i?2 MEK+®B7QH/b i? i r2 "2 BMi2 2bi2/ BM i?Bb i?2bBb |
i?2Q°v #QBHb /QrM iQ +?QB+2 Q7Ai?2?Bm?BBIQRNIBM i?22 K MB7QH/>

Denition2.10.1 6Q  JBMFQrbFB'bM2+¥2}M2 i?2 ; m;2 TAiZMIiB H
A = Apdt+ A;dx', (2.10.1)

M/ i?2 }2H/ biR¥yi?
F:= dA = Edx'~dt+ %Bi#jkdxj’\dxk (2.10.2)

rBi? 2H2+i B+ NM2HK/;M2iB+BpRH/
Remark2.10.2 h?2 bQm +2 7°22 J tr2HH 2[m iBQMb pBxX

rr- B=0 M/r E+1‘T"?:O (2.10.3)

"2 ;Bp2M #v
dF = 0. (2.10.4)

LQiB+2 i? i-/m2iQ _2K "F kXeX8-i?2 #Qp2 +QM/BiBQM Bb i'BpB HHvV
Remark2.10.3 h?2 Qi?2  irQ J tr2HH 2[m iBQMb rBi? bQm +2 pBxX

r E=r M/r B 'HT'tE:J (2.10.5)

r Bi@harge density M turrentdensityJ Bb ;Bp2M #v
dF = j rBi?j = rdt+ Jdx' 2 WR), (2.10.6)

r?2° 2 ieddifferentiald:= d X

Remark 2104 M BKTQ'i Mi 72 im 2 Q7 i?2 J tr2HH i?2Q v Bb i? i Bi TQl
bvKK2i'v BX2X i?2i° Mb7Q K iBQM
Al A+ df (2.10.7)

13Here it means a connected and simply connected manifold.
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7Q° fRKC¥(RY®) H2 p2b i?2 }2H/ BIBMY;iB MiX h?2 2 "2 K MvrvbiQ }ti?
2/mM/ M+v #v i?2bQ + HH2/; m;2@}tBM;X PM JBMFQrbFB bT +2 r2 +
bQ + HH2/ 6i2KTQ  H ;ApsDoUrP2227? Ti2 ReEOQX (

Remark 2.105 LQiB+BM¢@i2 i d2 =0 M/ TTHWBMM i?2 J tr2HH 2[m iBQMb
rBi? bQm > +2 r2 ""Bp2 i iedtih@tHdd@@tianM ;
qr

0= ®F=d =) ﬁ+r J=0. (2.10.8)
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Chapter 3

Gauge theory

HHi?2270m FMQrM 7Q +2b Q7 M im 2 pBxX ;” pBiv-2H2+i"QK ;M2iBb
7Q°+2b+ M#2 /2b+"B#2/U iH2 bi+H bbB+ HHvVBMi2 ' KbQ7 ; m;2i?.
; m;2i?22Q°v "2[mB ' 2bi?2MQIiBQM Q7 T°'BM+BT H#mM/H2b M/ bm#b2][r
BiBbTQbbB#H2 iQ bim/v HQi Q7 T?vbB+b-BM+HmM/BM; u M; JBHHb i?.
HQM2- 2X;K¥-b BI(Q7 /22T T?vbB+b "BbBM; 7' QK i?2 mM/2 "HVBM; iQ
K MB7QH/ + M MQi #2 7TmHHv TT 2+B i2/ rBi?Qmi K FBM; "272°'2M+2
g2 2pB2r BM i?Bb +? Ti2 i?2 +QMbi m+iBQM Q7 ; m;2i?2Q v 7 QK T E
#Qi?2 ' BM; #Omi T°QQ7b Q7 i?2 bi i2K2MibkyXBs«¥ + VWB2F Q2mpB2B 1
uM; JBHHDb i?72Q v QM2 RWQ27™MBi€2( 2pB2r "iB+H2 #v . MPB2H M/ 0B

3.1 Principal G-bundles
De nition 3.1.1 #mM/HP2M,p) Bb + Hiinciple G-bundle M/ /2MQi2/ /B ;- K@

G—2sp
K iB+ HHv b [, B7i?2°2 2tBbi 722 'B;?i +iBQM QMi7/GB2 ;' Qm’
M

B7 i?2°2 2tBbi #mM/H2 BbQK(@ M, pBbM (P2RIB20Y) rBi? i?2 + MQM@

P—L .p

B+ H T Q3+QBIQiM2 +Qb2P/IG- K2 MBM; i? i i?2 /Eip;‘ K [po

M — 5 P/ G

+QKKmi2bX

Remark 3.1.1 LQiB+2 i? i i?2 bi'm+im 2 ;"QmGRBMIPBD2+KIR Bhi?2 }# 2

p (fmg) 7Q° M2 M Bb /Bz2QKQ ' G2?Bmi®i /Q2b MQi ? p2 + MQMB+ H :
bi'm+im 2X MQi?2 rviQ Tmi i?Bb rQmH/ #2 iMb?2vbhi Gil#¥2J MB7QH
ii +?2/iQ HH Bib TQBMib 2t+2Ti i? i i?2 B/2MiBiv 2H2K2Mi Bb 7Q";Q
i? ii?2 T°QD2+iBQM K T Bb BOI@2MBRIBX2 iQ i?2

Example 3.1.1 h?2 bBKTH2bi 2t KTH2 Q7 T BGI+BWHR)#BM/ H2BB ;?i
+iBQM ;B2 8) ¢ ¥ (X, g%) X

Example3.1.2 M BKTQ i Mi 2t KTH2 QTG@#BM+BI IBD i?am@btindieH 2 /
LM Qp2 n@/BK2MbBQM M Kr¥B+QBl +QHH2+iBQM Q7 # bBb@7 K2b,

LmM = f(by,...,bn) jhoy,....bhi = TwMg= GL(n,R) (3.1.1)

+Q "2bTQM/BM:; iQi?2 i ™M2Mi#M2M/H2 +? MQBMii?2 K MB7QH/ BX2X

M o= LM . (3.1.2)

m2M
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h?2 7°22 "B;?i +iBGOVGQ@RMQM ;B@@2M.,by)2LsM Bb /2}M2/ b

(by,...,bn)g = (bd....bd ). (3.1.3)

Example 3.1.3 MQi?2 BKTQ i Mi 2t KTH2 Q7 T @\VFBTH 2 ZNBM/H2 Bb
+ib 7°22Hv 7 QG BB?i @MWMNT KmHIBTHB+ iBQM "2bmHI@MXBMiQ Q #Bil
7 KQmb 2t KTH2 Q7 i?Bb FBM/ Bb i?2 >QT7 #mM/H2 2T 2b2Mi2/ /B ;"

U(1) —— su( st

| |

SU(2)/ U(1) S

De nition 3.1.2  principle morphism#2ir22M T B~ Q 7(BmM/AH MA(P°M%p?
Bb #mM/H2 KO JPBbKb iBb}2b

j(pg) = j(pPg 8 p2P M/ g2G. (3.1.4)

Remark3.1.2h?2 MQiBQM Q7 i BpB HB,ijB QMr-2H}Hi ?bH,(@ ® ¥,IM,p,) -
7TQHHQrb bBKBH " iQ i?2 ;2M2° H i?2Q v Q7 }# 2 #mM/H2b i? ir2 b r #
2ti° +QM/BiBQM Q7 T'BM+BTH2 KQ T?BbKX AM bBKBH gj v-i?2 B/2
#2ir22M Mv irQ bm+? Qp2'H TTBM; HQH)HNM/@pB)HBY iBRVMO 2@
bTQM/BM; bi'm+im 2 ;"QmT + ""B2b Qp2°X PM2 + M HbQ /2}M2 bKQQi
#mMMARmbi HBF2 #27Q 2X
Remark3.1.3 h?2 b2i Q7 HHT BM+BT HKQ T?BBK® BRH2A2M7 QXK /H2QmT
Aut(P) + HH 2/autorphism groupQ7 i?2 T'BM+BTRAK2 AMM7BE 2 b2 Q7 i'BpB H
EmMMM=2G M r2 ? p2 i?Aiut(P) = C¥(M,G)- r?2°2 i?2 H ii2° Bbi?2 ;°QmT Q
gauge transformationx
Theorem3.1.1 T BM+B @K NP,M2p) Bb i'BpB HB7 M/ QMHvV B7 Bi TQbb2bb:
b2+iBQWI! PX
Remark 3.1.4 M BHHmbi® iBp2 +QmMi2 @2t KTH2 Q7 i?2 #Qp2 i?2Q 2K E
7 K2 #mMPHQPp2' i2@bT?2°2 Bb MQi i'BpB H #2+ mb2 i?2°2 /Q2b MQi
p MBb?BM; bKQQi? p2+iQ" }2H/b- MTS?2MHQRQF# bBH2 QP® i? Q> bQmi-
TQH2bVX h?Bb "2bmHi Bb 7 KQmbHv bmKK "Bx2/ b 6bT?2°2+ M MQi #
Remark3.1.5 h?2 iQTQHQ;B+ HT QT2 iB2b-bm+? b irBMBW;BIQi7 BMN@ b2
bB+ HHv HBMF2/ rBi? i? i Q7 i?R ™MBNHbRT+H #B2M/QR2" iQ i?2 #2HQr /2’
bbQ+B i2/ #mM/H2bX

3.2 Associated bundles
Denition3.2.1 h?Z@T Q/m+i Q7 inQ MK +2BiiBM; B;?i Gi-BIRMQi2/
X gY-Bbi?2bT +2 Q7 Q #Bib mM/2 i?Bb +iBQMXQM X?2M QPbEB M T C
rQ /b Bi Bb /2}M2/ pB i?2 7TQHHQrBM; 2[mBp H2M+2 “2H iBQM
(x,y) (xX°y9 iff 9g2G: x°= xg M/y%= yg, (3.2.1)

r?2°2i?22[mBp H2M+2 +H pxlyBb /2MQi2/ b
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Denition3.22 6Q° ;Bp2M T B@#BKAM®2p) M/ K MBF@HH2 /2}M2b i?2
associated bundlezP# v

Pe .= P gF where (p,v)g := (pgg v) (3.2.2)

M/ i?2 T QD2+iBQM
pr: P! M, pr([p,v]) = p(p) . (3.2.3)

Remark3.2.1 Ai + M #2 b?QrM i? i i?2 bbQEPBMAF¥mMN/IHP2 bi m+im 2 Q7
2 #mM/H2 rBi? ivFB+ H }#° 2

Example3.2.1 M BKTQ i Mi 2t KTH2 Q7 }#°2 bbQ+B i2/ rBM?rB2 7" K2 #m\
GB2 : QUTR) Bb i?2 i2MbQTH¥MMBH2}# FPRh(R") P (R") 9r?22°2i?22
H27i +iBQM Q2 GLBPRMQM bQRZF Bb ;Bp2M #v i?2 7TQHHQrBM; 2T 2b2N

i1,--dp R | ig i1 ip ni? ljg
(r(@V)™ 7 e = VT e (9o (9) 5o (9 ), (9 ), (3.2.4)

MQi?2 p2°vmb27mH ;2M2° HBx iBQ Mesadr oPdebsiBh i?2 b/@BilHH2/
H27i@ +iBQM pB i?2 7QHHQrBM; 2T 2b2Mi iBQM
i1,-dp — w il iy ip 19 1,4
(r(@v) ", 5, = (detg)¥ v 0(9)%...(9) 5 (9 )75, ---(9 ), - (B.25)
1remdg j3o-d§ i7 I J1 Ig
Denition3.2.3 :Bp2M T BM+BTHg QP #2722 T B&M@ B in MPHZ2,Ip)

MAP°M%p9 QM2 /2}M assodited bundle morphisth2ir22M i?2 bbQ+B i2/ #mM/H?2
P cF MPY GF #v

i e([p,vD) = [j(p).V], (3.2.6)
reB+? Bbr2ZHH@/2}M2/ bBM+2
i e((pg.g V) = [j(pg).g V] = [i(p)g.g V] = [pV]. (3.2.7)

Remark3.2.2 M bbQ+B i2/ BmB/h/ H 2ittiH&A /B7 i?2 mM/2 HvBM; T BPM+BT H #m
Bbi'BpB HX M BKTQ'i Mi TQBMi iQ MQi2 ?2°2Bbi? i i BpB H bbQ-
2 #mM/H2- #mi i?2 +QMp2 b2 Bb MQi i m2X

De nition 3.2.4 G2H G #2 +HQb2/ bm#G QMBWR 72bPX-"2 T'BM+BT H

G@#mMM/H2- "2bTX-@#BM+BT RIM2/ Qp2  i?2 b K2 # b2 bT +2X A7 i?
T BM+BT HKQIB?PBbXbT2HIiBR2X

j(ph) = j(ph (3.2.8)

7Q  hi2HH i?2MBb + HEBE2ti2MbBQ¥MB®2Bb + HHZ® 2bi B+PEXQM Q7

Remark3.23 q?BH2 i?2 2 Hr vb 2tBbibP D 2ti2BELBMOANIM2/ #Qp2-i?2
+QMp2 b2 Bb MQi Hr vbi'm2X h?Bb? b BKTQ i Mi  KB}+ iBQMb #Qi? I
br2HH bBMu M; JBHHD i?2Q vc 7Q  i?2 H ii2  i?Bb Bb "2H i2/iQ i?2
i72 bTQMi M2Qmb #°2 F/QrM Q7 i?2 BMi2 MGHQVMHK®X v ;" QmT 7 QK

Theorem3.21 T BM+B@H N KP,M2p) + M#2 "2bi B+i2/iQ +H®b2Gbm#,;,"QmT
Bz i?2 #m(R/H,2,pg) /KBib bKQQi? b2+iBQMX

Remark3.24 M BKTQ'i Mi TTHB+ iBQM Q7 i?2 #Qp2i?2Q 2K Bbi? i BM L
MB M :2QK2i'v QM2 + M Hr vb ? p2 _B2K MMB N@/BE2E2 MbBIRV GIM

INotice how we have employed left G-action to de ne its right action (see Remark 2.3.7).
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K MB7RHbDLM/SO(n) 7Q" i?2 +HQb2/ BO(#); QGL(n,R) Hr vb /KBib
bKQQi? b2+iBQMc i?2 b K2 Bb MQi Hr vb i'm2 7Q° Tb2m/Q@ _B2K

LM/ SO(1,n 1) 7Q  i?2 +HQb2/ 8@{¥n) Qn&L(n,R) /Q2b MQi Hr vb /KBib

bKQQi? b2+iBQM #2+ mb2 Q7 bQK2 iQTQHQ;B+ H "2bi'B+iBQMbX

Theorem3.22 h?2°2 2tBbib QM@EAQM@BQRMRBR Mi +Q "2bTQM/2M+2 #2ir22M b
M bbQ+B i2/@mM,p)2 M/ K T:P! Fb iBb7vBM;

f(pg) = g H¥(p) 8 p2P M/ g2G (3.2.9)
r?72°2i?2 b2xiBQM2bTQM/BMBH®Db b

st(x) = [pf(P] 7QPp2p x). (3.2.10)

Denition325 :Bp2M irQ HQ+ H i'BpB 2B UBMMB2PiBVMGME), M !
PQM :Bp2M T GB@#BM/MBID\ U6 0i?22 2 2tBbib b Qaméfiqnetiors
LijZUi\Uj! Gbm+?i? i

Sj(X) = Si(X)Lij(X) 8 x2 Ui\ Uj. (3.2.11)

PM2 /2} Ma@brepresentativessU;j! F7Q° b26iBRMQ "2bTQM/BM; iQi?2b2 HQ -

b2 +i B &b
s(x) = fgs(s(x)) . (3.2.12)
Remark3.25 h?2 HQ+ H 2T 2b2Mi iBp2b HbQ b iBb7vi?2 b K2 ; m;2 i MI

#Qp2 BX2X
si(x) = s(x)Lj(x) . (3.2.13)

Aiim Mb Qmii? ii?2b2; m;;2 7MM@IiBBMbP#mi i?2i° MbBogBQ®b 7mM+iB
i?72 HQ+ Hi BpB HBx iBQMBNl /s Bb@BM ;i?BOK?2bBb-r2 rBHH B/2MiB7v i~
;QmMT rBi?i?2bim+im™2 ;QmTX

3.3 Connections

Remark 3.3.1 G2(P,M,p) #2 T BMGEI#MM/H2X h?2M i?2°2 2tBbib GB2
20KQKQ T?BbKI{B) 228 MG (TP) ;Bp2M #v

i: TG! G (TP), Al XA, (3.3.1)
r22°2i?2 BM/m+2/ pX4iQB@2BH/ QK i?2 'B; 3 QMBOM@HHQrb
XA[f] := fYpexp(tA))(t=0) . (3.3.2)
Denition3.3.1 6Q° ;Bp2M T G®@#BNHMNZ2p) QM2 /2}M AdkricaPsubspace
ip2P-/2MQi2¥#+ b 7QHHQrbDb
VpP = X2 T,Pjp (X) = Og (3.3.3)
h ? orizontal subspace ¢ "Bb2b b i?2 Q i?7Q;QM H ¥gPKBM2AR2MIMYZMi

bT 2P,
ToP = VoP HyP. (3.3.4)

2This refers to the existence of a local trivialization (Uj, | ;) such that | i Y(x,0) := si(¥)g.
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Remark 3.3.2 Ai + M #2 b?QrM i? i
Xp2VpP 8 p2P. (3.3.5)

h?Bb K2 Mb i? ii?2 #@N/kaA2b M BbQK®@2T2EMK MNP X

De nition 3.3.2 connectionQM T BM+@#AiHRA,WM2p) Bb bKQQi? bbB;MK2Mi Q7
HpP iQ 2 +? TRBMbm+? i? i

U VP = VP HyP

U#Wg) (HpP) = HpgP

U+¥p2Xp2T,P 2 b mMB[m2 /2+QKTQbBIiBQM ++Q /BM;iQU V b 7QH
Xp = ver(Xp)+ hor(Xp) , (3.3.6)

r?2°2er(Xp) 2 VpP - Mhor(Xp) 2 HpP X
Remark3.3.3 KQ 2 i2+?MB+ HHv +QMp2MB2Mir viQ /2 HrBi? +QMM2+iBC
i?72K rBi? GB2@ H;2# p HMEMQM2TGIMHHKArBM; r v

wp(X) = i, (ver(X)) , (3.3.7)

r?B+?-BM im M- BKTQb2b 7QHMQrBM; +QM/BiBQMb QM
UBW(XA) = A 7Q" p2HP M/A 2 L(G)

UBBY W = Ad 4 1w - BXEX)p(X) = Adg 1(wp(X)) 7Q " XHHT,P

UBERRWP Bmp(X)= 0X

Denition3.3.3 6Q° HQ+ Hi'BpB H8XBMMH2PIiBQMT BM+@FnHRA/H 2

Bib H@atgél}2H/b "Bb2b 7°QK i?2 7TQHHQrBM; HQ+ H 2T '2b2Mi iBp2 Q°

QM2 @wQ K
wY = s w. (3.3.8)

g2 H #2H1i@ZQ K +QKTQM2Mib Q7 bm+? HQ+ H ; m;2 }2H/b BM u M; JBI
An (W), (3.3.9)

M/ BM ;2M2" H '2H iBpBiv b
Gn (WY9)m. (3.3.10)

Theorem3.3.1 M 2tTHB+Bi 7Q K Q7 i?2 HQ+ w w @ iPRHHD+} HHi/ BpB HBXx iB
jip (U)! U G "BbBM;sTiBKa,b)2T,,(U G)=TU T¢G Bb ;Bp2M #v

( W)xg = Adgi(wi(a))+ hw,big, (3.3.11)

r?22°® Bbi?2J m 2> * i M 7Q KX
Example3.3.1 M BKTQ i Mi 2t KTH2 Q7 bm+? HQ¥ BbBM2D2MibiBRZ i?2
7° K2 #mMMH2Q  nM®/BK2MbBQM M KBMB7@BH2M W?2f)K 6Q° :Bp2M
HQ+ H b&+WBQWM! LM /2}IM2/ #v

s(m) = ((T)ms---+(T)m,) (3.3.12)

i?72 +Q " 2bTQM?7BAM:QKTQM2Mib Ui?2 i? 22 BM/B+2b #2HQr "2 /BpB/2/
ab7Q i?2 GB2@(GL(ZR)) M/ QU@7Q K BM/2t

(WY)m?3, =: G, rBi?abm=1,...,n (3.3.13)
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r?2° @&, Bb i?2 7 Khristdffel symbolQ 7 i2Bui-Civita or af ne connectioh i? i Bb
rB/2Hv mb2/ BM B2K MMB M ;2QK2i'v M/ ;2M2" H "2H iBpBivX

Theorem3.3.2 G 2(P,M,p) #2 T BMGB®HM/HQ ABI?M bm+? ig\i U; &

oX 6m i?2AAHN/AY #2 HQ+ H; m;2 7TmM+iBQMb ‘BbBM: 7 QK ;Bp2M F
b2+iBRMb P Mk;:U;! G 2bT2+iBp2HvX h?2i° Mb7Q K iBQM Q7 i?2b2
i?72 +iBQM Q7 ; m;Z{oUMN+tUBIQEIBb- 7QmaNM - ;Bp2M #v

AR(M) = Ady iy AR(M) (L W)n(m) . (3.3.14)

Remark3.3.4 q2 MQiB+2i? i 7Q K i'Bt GB2 :°QmTb i?2 #Qp2i Mb7Q K iB¢
7QHHQrBM; bBKTH2 7Q K,

AR(m) = Ly(m) P AR(m) Lj(m)+ Li(m) Mok j(m) . (3319

Remark3.35 h?Bb ; m;2i° Mb7Q K iBQM #2? pBQm Bb r?vw“W?(pRMib om;
#2BM; ;HQ#A ot BERKM)X AM T “iB+mH “-i?Bb 2tTH BMb r?v i?2 *? " Bbic
Bb MQi i2MbQ 5 h?Bb Bb #2+ mb2 Q7 i?2 7TQHHQrBM; i° Mb7Q K iBQWN
+? (0, f) MAU%tY) QM4@/BK2MbBQM M B MBRIi® ) = x° ... ,x%g

MEAm)= fx®@,... x% r?2°2i?2 BM/B+2h-#2MQF-b F2b i2£T Qb 12 HH

bbT i8&H23p Hm2b,

LS L PESN DS I
fixd xM qx® “ 0 qxl xInfx® -

M 2tTHB+Bi 2tT GhpB@M 7RP2M # bBb Q7ffi+i$g)QM/B[mBTT2/
rBi? Th2m/Q@ _B2K MMBiM KQK BANRMA= gmn Bb ;Bp2M #v

Y _
Gmb_

(3.3.16)

1
Cp = égal Omib* Ob.m Omb (3.3.17)

r?2 Gmu = i [Omd X

3.4 Parallel transport

Deniton3.41 PrBM;iQ i?2 7 piiRpP! Ty,(xyM Bb M BbQKQ ' T?BbK i?272 2tBl
i?72 MQIBQM Q7 mMB[m2 p2+iR2XIM) FOQr M pthdfizdntal lift QX
M/ Bb /2MQX2X b?Bb b iBb}2bh2 PQiI? HHQHHQrBM; +QM/BiBQMb

U BV(Xp) = Xp(p)
U BBNX,) = 0X
Remark3.4.1 h?2 +i Q7 ?Q BxQMG@® BIBVBR M BEWi(ByX 2 X pg X

De nition 3.4.2 horizontal lift Q7 bKQQi?gT [ R! M Bb MQi?2 T i?
g :[abl]! P r?B+? Bb ?Q Bx@d{g H=BXB¥+? ip(g (1)) = g(t) 7Q° HH
t2 [ab] X

Theorem 3.4.1 6Q " 2 +? TWBMi(fg(a)g) i?72°2 2tBbi mMB[m2 2@ BxQMi H HE
[ab]! PQF bm+?i§ (&= pX

3This relies on a choice of the natural metric on M, which is akin to choosing a basis Gba of the Lie-algebra
L(GL(n,R)) with components (G2, = d¢d.
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Remark3.4.2 :Bp2M Tgifabl]! M M/ MQi?2 bl [b]! Pr?B+? T QD2+ib
/QrM QB XAK(t)) = g(t) 7Q tRFb]-i?2°2 2tBib bQK2 mMB[fab]imM+iBQM

Gbm+?i? i
(3.4.1)

g () = b(t)gt) 8 t2[ab].
Theorem 3.4.2 h?2 mMB[m@:T[ajB]! G /2}M2/ #Qp2 b iBb}2b i?72 TQHHQrBM
Q' /2 P.1BMi2'Kb Q7 GB2@@7IZW Kp Hm2/

Ad g 1 Wp (1) (Xppry) + MWW, Xgl gty (3.4.2)

(22 Rypy Bb 221 M;2Mi p2+iQ" i i 72Q-E0ll)ipe

Remark3.43 6Q° K i'Bt GB2G ®MTHQ+ H ; mw F2H4W "BbBM; 7 QK
HQ+ Hi BpB HBxBM; M2+PBIQR #Qp2 P.1i F2b i?2 TQHHQrBM; bBKTH?Z

g(t) = An(g(1) g"(t) o(t) , (3.4.3)

[22°2i?2 +QKTQM2Mib@QBNM?2HQne g2 +2 i ? b #23MX ZMQ i2Q HMiB QM
iQ i?Bb P.1- 7Q° M BMBigBO)H €QM/BBQAMNBM2/ b T i?@Q /2 2/ 2tTQM?
BM i?2 7TQHHQIBM; r v

0 0 11
Zt

gt) = @Pexp@  A{g(9) g"()dsA A go
0 a 1
7t
= g0 @ Axg(s)g"(9)dsA go (3.4.4)
o)
ez
+ @ ds _ ds2An(g(s) Am(9(s2)) 9™ (s1) 9™(s2)A go

a

1

Remark3.4.4 6Q K i?2 #Qp2 "2bmHir2 Q#b2 p2i? ii?2 HQ+ H 2tT 2bbBQM

HB7iQ7 i?2 Wifabl]! U M Bb ;Bp2M #v

0 0 11
7t

g (1) = s(g(t)) @Pexp@  A{g(9) g"(s)dsAA g . (3.4.5)

a

De nition 3.4.3 h ? paralleltransport HQM; TD:fab]! M Bb/2}M2/ #vi?2 7TQHHQrBM

KT
(3.4.6)

To:p Y9(@)! p Yg(b), p7!gpb),
r?2°@ Bbi?2 mMB[m2 ?2Q BxD MbBME?pQiM ;Rg(a) X

Remark 3.4.5 q2 Q#b2 p2Ty?Bib #BD2+iBQM QM }# BX M BWiR2 QMiBM;
i?BM; ? TT2Mbp:faBPM M Bb HQQd{aBXgh)c QM2 Q#i BMb ™M im> HK T
7°QKHQQTb &(H2/MiiQ 2H2K2@KoHP2 bm#; " QmT Q7 HEHIZH2KBRMib Q7
#2 Q#i BM2/ BM i?Bb r viBlonermy H/M T2 7 i?2 T BM+HBXT H2B4mTVH H/D

M BKTQ'i Mi "QH2 BM mM/2 bi M/BM; i?2 "2H iBQM #2ir22M +2°i BM i

M rBi? i?72 +QMM2+iBQMX
De nition 3.4.4 G2(P,M,p) #2 T BMGBHMHM/H2 2[mBTT2/ rBil@7QMM2+iBQ]
WX 6m i?2 KQ(R:;MiRd) #2 bbQ+B i2pP pBi?i?2 H27i +GBIWXQ7
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vertical subspac® T, P Bb /2}M2/ M HQ;Qmb iQ i? i Q7 T'BM+BT H#mM/H2 |
VipyPr = fX 2 Ty Pej pr X = 0g . (3.4.7)

aBKBH " HwerzoRtal subspace f\jPr + M #2 /2}M2/ b i?2 Q'i?Q;QM H +QKTH2K
Vip 1 PE X
[pVv]TF

De nition 3.4.5 h? horizontallift Q7 T dg?[ab]! M iQ i?2 bbQ+B i2R#mNM/H2
T bbBM; i?[@Mh2P-*(9(a)) Bb /2}M2/ b

ge(t) = [g'(1),V] (3.4.8)
r?2°@ (a)= pX

Remark 3.4.6 PM2 + M /2pMIRl transport T HQM; Tgi?[abl]! M QM i?2

bbQ+B i2/ #aMMIHR2Q;Qmb iQ i?2 T'TBM+BT H#mM/H2 + b2 mbBM; i?2 ;
i?72 2Q°BXxQMi HHB7iBM:;X 6Q° bbB+BBi2/iP2 il @MMIKELBM;

HBM2 * "2T '2b2KG+ iBOM MFiBQM i?2M 7 +BHBi i2b i?2 7TQHHQrBM;
+Qp 'B Mi/2'Bp iBp2X

3.4.1 Covariant derivative

Denition3.46 h?2 +Qp "B Mi /2 'Bp iBpy Q! BR«QBQM bbQ+B i2/ p2+iQ"
#HMMBAI2HQM; TiHA! M rBig>0 img=:9(0) Bb /2}M2/ #v

Dx = Iti|m0 Tg(y (g(t)i) y (mg)

500 Y 2 pyt(mo) . (3.4.9)

Remark3.4.7h?2 +Qp B Mi/2DBp7i@RIAM-? b 7QHHQrBM; H;2# B+ T QT2
7Q° Mv by+PRGMA) ,

UBNx+yy = fDxy+ Dyy 7Q° fRKE¥ (M) MKX,Y 2 ThM
UBBNy + ¥) = Dxy + Dx¥ 7Q" XH2HThM
UBBRYy) = X[fly+ fDxy 7Q" fRK¥ (M) MKX 2 ThM X

h?Bb 7TQHHQIBM; KQ 2 :2M2 B+ MQiBQM Q7 +Qp 'B Mi/2 Bp iBp2 Bb
b22 #2HQrX

De nition 3.4.7 h ? Zxterior covariant derivatveQ7 k@ 7Qv B WK(P) QM T ' BM+BT H
#mMPARDb ?2Q BXQWI@GH Q K /2}M2/ #v

Dw(Xy,...,Xk+1) = dw(hor(Xy),...,hor(Xk+1)) (3.4.10)

7Q° :Bp2M b2i Q7 p#iQX,}2RXhP) X

Remark3.48 h?Bb MQiBQM Q7 +Qp "B Mi /2 'Bp iBp2 + M #2 2ti2M/2/iQ M
#MMPA2Bb+mbb2/ #27Q 2 rBi? i?2G@RQTBp,BBAIWIPK F i? i ?2 b
M bbQ+B i2/92+«68BMUDb22 h?2Q 2K jXkXkV b 7QHHQrb

Df := df hor. (3.4.11)
PM2 + Mb?Qr- XQX(R)v M/ ;Bp2M +Q MMQ RIi-BIQM

F3 Df(X) Dxf := df (X)+ w(X)f , (3.4.12)
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r?2°2r2 MQiB¥21iF@p Hm2/ 7mMRXBEM b?QRMQ 2- QM2 + M TmHH i?Bb
iBQM # M mMdBM; Mv HQ+ H i BpBUHBXBM; WMITMQiB+BM; i?2 7 +ii?2
TmHH@# +F QT2 iBQM Bb M im™ H,

s (Df)(X) = ds f(X)+ s W)(X)(sf) 8 X2X(P). (3.4.13)

Example3.4.16Q° ;Bp2M HQ+ HQ i?QMQ K H+JYN.0KBI®Z p2A+4,Q }2H/b
QM4@/BK2MbBQM H GQ 2MIixBXX INBIOMFQMFBIPE +Qp "B Mi

/12" Bp iBﬁ?nZ:: Dm Q7 i?72 #Qp2@K2MiBQMO¥: hi+#RQIM2+Bb2V Bb ;Bp2M E
i2°Kb Q7 HQ+ H ; Ay, DI2H/b

Duf = Tuf + Anf . (3.4.14)

Example3.42h?2 +Qp "B Mi /2DBP:iBpR7 i?2 i2MbQ T¥iW /HhDQ+B i2/

rBi? i?2 7° K2 #inMMQH Bb ;Bp2M BM i2 Kb Q7 i?2 G2pB *BpBi +QMN
+ M #2 2tT 2bb2/ BM i2°'Kb Q7 i?2 *?°'BiQz2H bvK#QHbX 6Q 2t KTH2-
T2 TY2(M) rBi? +QKT QW2MTEdx™ T, Ts) Bb ;Bp2M #v

DrTop = Tt Gl Tap GaTip GoTia - (3.4.15)

Remark3.49 h?2 G2pB *BpBi +QREME2iBEHM+ QKT 3 B#BIR2 X
' map = O. (3.4.16)

JQ ' 2Qp2 i?Bb +QMM2+iBQM Bb iQ bBQM@7°22 BX2X
0= T(X,Y) = rxY r yX [X)Y] (3.4.17)

7Q° XHH2 X(M)X *?QQbBM; p2X©Y32MMN= 1, i?2 iQ bBQM@7°22 +QM/Bil
2Mbm 2b i? ii?2 *?2°BbiQz2H bvK#QH Bb bvKK2i B+ BM i?2 bm#b+ "BTi

G, = G,. (3.4.18)

3.4.2 Curvature

Denition3.4.8 AW Bb +QMME@IBIRMK QM TGCEEMHBW/HP2Bw =: W Bb
i?72 GB2@ H;2#cunmtiite2 ) 7 Q W >XQ 7

Remark 3.4.10 Ai + M #2 b?QrM i? i i?2&@nv @ #miBb}2b i?2 "B M+?B B/2MiBi\

DW = 0. (3.4.19)

Theorem 3.43 6Q° "#Bi° "v T B Q7 pX#Q X{RHi/M2 +m p 2@ 2Q@W
b iBb}2b i?2 7TQHHQIBM; * i Mbi'm+im 2 2[m iBQM

Dw(X,Y) = dw(X,Y)+[w(X),w(Y)], (3.4.20)

r?2°2r27? p22KTHQv2/i?2 GBB¥ +F2i QM

Example 3.4.3 6Q" i?2 G2pB *BpBi GQANMM2MmiPQRM 2QD&=: R- p Hm2/
BM(GL(n,R)) 7Q° n\®/BK2MbBQM H Th2m/Q@ _BMK BIMMBMOKMMB 1QH /
_B2K MM +m p im 2 M/ Bb ;Bp2M #v

R = dG+ G" G. (3.4.21)
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h?Bb im " Mb Qmi iQ #22 TBWHQM/ BM HQ+ HIf@7 MKZ  Kax"y
rBimt=0,1,2,3,QM /KBib i?2 7TQHHQrBM; 2tT 2bbBQM BM i2 Kb Q7 *? Bb

Rrsmn = ﬂmdw ﬂndns"’ GL,, dhs dm Gl}ns- (3.4.22)

Remark 4.3.11 B2K MM +m 'p im 2 i2MbQ " ;Bp2b "'Bb2 iQ iR, + HH2/ E
Riom2 TO%(M) i?2°Qm;? BM/2t +QMi° +iBQM-r?B+? BMim M ;Bp2b "Bb2iQ i
R:=g™"RmpnpB 1?2 K2i'B+X qBi? i?2b2 iQ Q H beqMvalene Brividide; ?i Q 7

606Q° Mv TQBMii?2 2 Hr vb 2tBbib HQ#f)HBI™2 U /KBiiBM;

bKQQi? HQ+ Hb2+iBQM Q7 ®@2i@QMQP KMH 72 K2K2 A& BHRQi?2"°

rQ' /b 2p2°v UbT +2iBK2V K MB7QH/ Bb HQ+ HHv ~ i BM JBMFQrbFB b

H#2i 1BMbi2BM r b #H2 iQ +QMbi ' m+ii?2 7TQHHQIrBM; }2H/ 2[m iBQN
bT +2iBK2 rBi? Bib K ii2" +QMi2Mi

1 8p G
Gmn = Rmn Eger = p7Tmn1 (3.4.23)

r?2°G Bb i?2 L2riQM +Q@BbiMibT22/ Q7 FBBH iM bi 2bb@2M2 ;v i2Mb(
"BbBM; 7°QK i?2 p "B iBQM Q7Si?2BK?ii2bT2BiQR i?2 K i B+,

2 dSy
T = —om 3.4.24
mn pidetg dgmn ( )

Example 3.44 i'BpB HbQHmMIiBQM Q7 i?2 p +mmK 1BMbi2BM 2[m iBQM Bb
hmn F?B+? Bb ;HQ# HHv ~ iX MQi?2 p2'vBKTQ i Mi bQHMIiBQM Bb i?2 ¢
:2M2Qmb M/ BbQi'QTB+ mMMBp2 b2- r?2gaR i®driy) BHm BQRMVQ7 #¥2
M TT QT B i2 bi' 2bb @\ 2B bv; B\ IVMQ#A v

2

kr2

g = cAdt’+ a(t)? + r2do? + rlsin®qdf 2 (3.4.25)

r?22f2,qfg "2 +QQ /BM i2b QM +2H2biB HbT?2 2b rBi? "2bT2+iiQ M Q-
i?72 T K2k2 1-0 Q1 /2MQi2b i?2 iQTQH@IBE2WVABQM H 1m+HB/2 M b
b #2BM; QT2M- ~ i Q"  +HQb2/ "2bT2+iBp2HVX

Example3.456Q HQ+ Hu M; JBHEHKBMW2MHZ +m p 2@ 2OW=:F Bb ;Bp2M
#V

F= dA+ ANA. (3.4.26)

3.5 Yang-Mills equation

Remark351 HQ+ H 2tT 2bbBQM 7Q  i?2 u M= QB H KB+ MNpxiBn M K MB7 QH
M rBi? Q i?7QMQ K H%®Bb KRp2M #v

Fon = TwAn ThAm  [Am Anl . (3.5.1)
Remark 3.5.2 h?2 u M; JBHHb +m'p im 2 i° Mb7Q Kb mM/2"° HQ+ H ; m;2
Lij(m) rBimMm2 U;\ Uj6 0 "BbBM; 7 QK irQ HQsf:H; b2RiBIBEMIl); ! P
"2H i2/sfm) = si(m)Lij(m) BM i?2 7TQHHQrBM; r v

Foa(m) = Li(m) YRS (m) Ly (m) (3:5.2)
M/ Bb i?mb ;H® 2 WA(BIXX X
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Remark3.53 h?2 u M; JBHHb 2[m iBQM QM GQVI2BLixBp M #WB7QH/

D(F) = J, (3.5.3)
r?22°2 i 2®@7QXW(M) Bb ie@rent i? i "Bb2b 7°QK i?2 T'2b2M+2 Q7 Mv b
6+? ;20 QM i?2 K MB7QH/X

Remark3.5.4 h?2 u M; JBHHDb +iBQM U+QyVTHBM; +QMbi Mi

1Z

St = 50 LGED) (3.5.4)

iQ:2i?2  rBi? i?2 7TQHHQrBM; +iBQM 7Q  i?2bQm +2
1
Sy = @Tr(A" J) (3.5.5)

'Bp2b 'Bb2 iQ i?2 #Qp2u M; JBHHb 2[m iBQM #vp 'B iBQM H T BM+B

Remark 3.5.5 J tr2HHOb i?72Q v Q7 2H2+i" QK ;M2iBbK i? ir2 b r BMi?2 H
bT2+B H+ b2 Q7 u M; JBHHDb i?2Q v r?®(2)X?2 ; m;2 ;"QmT Bb
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Chapter 4

Yang—Mills equations on d$y

>2'2 r2 "2pB2r i?2 +QM7Q K HA@HB KRN GM?RR /2 aBii2 > bT +2 rBi?
GQ ' 2MixB M +VHE@/RHBBBM ;- bim/\S% M+MHRHDBMIM?2 u M; JBHHb }2H;/
2[m iBQMb QM i?2 +vHBM/2 X h?2 +QMi2Mi Q7 i?Bb klrk¥iX> Bb T “iB H

4.1 The de Sitter-Minkowski correspondence via  S*-cylinder

h?2 /2 aBii2" % BM 7Qm" /BK2MbBQMb ? b M im  H 2K#2//BM; b b
2vT2 #QHQB/BM }p2@/BK2MbBR™W rB iPBMF® v BHRIEH = 2, 2,3,4
M/ ;HQ# H H2M:iMbBH2Bp2M #v

B+rE+B+G+Gg = 2 (4.1.1)
PM2 + Mmb2i?2 ~ i R2%'B+ QM
ds%1,4) = do§+ dog + dog + dog + doj (4.1.2)

iQ +QMbi"m+ii?2 +Q " 2bT QA& Brvb;BHZii B2 QOQ /BM {214+)0Mb?2 BMi
K2i'B+bQ Q#i BM2/Bb +QM7Q K HHv 2[mBp H2MiiQi?2Q2 QM }MBi
rBi? = (0,p) Qp2  P@bT®X2hQ b22 i?Bb-r2 2KTHQV i?2 7QHHQIBM; +QC

q, = w, csct M/ q = = cott rBi? t 2 (0,p), (4.1.3)

r?2 @, "2 i?2 M im’> H 2K#2//BM; +QQBM'MwH QX M im  H
2vT2°bT?2 B+ H T~ K2, Blb i BQMIQHNV

wy; = sinc sinqcosf , wy; = sinc singsinf , wsg = sinc cosq, W4 = coSscC ,
(4.1.4)

rBi® c,g p MO f 20X h?2 KQ/B}2/ K2i'B+? bi?2 7QHHQrBM; 7Q K,

A = dSfigles, = o AP+ dWE [ dWS = dwadwajas, (4.1.5)

"V ;HMBM; irQ +QTB2b Q7 i22b2 GQ '2#i0BbNM +% HB MNMXQB =i

( p.p)- QM2 }M/b i? i ? H7 Q7 i?2 “21Em 8} Blb +QHVBAQK HHv 2[mBp H2M
i?72 9 /IBK2MbBQM H JBMFQrbFB bT +2X hQ b22 i?Bb- +QMbB/2"i?2 7Q

(t1X1y1Z) 2 Rl’3
r2 t2 ~2

cott = et Wi = X

2\ t 1 1 g N

1The role of L, and R, in [22] is interchanged as compared to this thesis.
2Repeated indices are summed over.

—_ Y _ . Z _
, Wo = <, W3 = g<, Wg =
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r?2°2r27? p2 ## 2pB i2/

FIGURE 4.1: An illustration of the map between a cylinder 2 | S® and Minkowski space RS,

The Minkowski coordinates cover the shaded area. The boundary of this area is given by the

curve wy= cosc= cost . Each point is a two-sphere spanned by f W1, W», W3g, which is mapped to
a sphere of constantr and t.

2°2 2°2
rP=x2+y’+722 & g = p— = p— —— . (4.1.7)
A2+ (12 2+ 92 422+ (2 12+ 22

bi® B;?i7Q ' r '/ +QKTmi iBQM vB2H/b
cost cosc = g >0, (4.1.8)

r?B+? b?Qrb i? i QMHV ?2 H7 Q7 i?2 +vHBI /2 toseQ Bbi HBIQ22 H#v i?2
K T(41.6X SHmM;;BM; i?Bb K T# +F BMiQ iq213 aBQ2i B¥M B+

~2
ds® = = dt?+ dx?+ dy?+ dz>  rBi?(x,y,z2) (xLx4x)2R3&t2R, (4.1.9)
r?B+? Bb i?2 JBMFQrbFB K2i'B+ mT i®X +0OKIGQIK MmMBNMQ Q7 i?2 irQ
+VHBM/2'b + Qbb i22 tBKREtHRB22HV /2TB+RDMBM. Q6BHQQFBM; |
i?72 K 0149 MA4.169 r2 b22 aPUjV@bVKK2i'vr?B+?2r2 + M 2tTHQBI #v r’

Wa = sinCWa M/X* = rWwa 7Qa = 1,23 Mf = ;sinc, (4.1.10)
r?2°2i?2 ®WBJIQ /BM,i2B ;Bp2M #v
W; = sinqcosf , W, = singsinf M/ W3 = cosq. (4.1.11)

q2 + M B/2MiB7vS?2MN2BM i?2 JBMFQrbFB bT +2 M/ i?2 /2 aBii2  bT
WXRXMOURKRYQ i? i 1272 p2 M 2z2+iBp2 K T #2i¢(23 MM@,0)/BM i2b
t_ sint M/ L= _Snc 7Q° c>jtj, (4.1.12)
cost CcoscC cost COSsC
r?B+? “2p2 Hb i? i i?2 (t,B) MQWHBM Ur?2°2 i?2 TQBMib S2W RIb2Mi mM|
MQi?BM; #mi i?2 S2M Qb2 /B ;" K Q7 JBMFQWFE BALTb ¥ 2 UB 22 6BV b M
TQBMib BMXGR; XBp2M #v

3In fact, the map (4.1.6 covers only the positive half of the Minkowski space i.e. t 2 R. for the original
cylinder I S5,
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FIGURE 4.2: Penrose diagram of Minkowski space R1-3. Each point hides a two-sphere $23f q,f g.
Blue curves indicate t= + Q Mshides while brown curves depict the world volumes of r= +QMbi
spheres. The lightcone of the Minkowski-space origin is drawn in red.

t=0 bQmi? TQH2 #[QmM/ MQ'i? TQH=2 p c t=p
(t,c) (0,c) (t,p) ( c.c) (0,p) (0,0 ( p.p) ( p cc)
(t,r) (0,r) (t,0) ( ¥,¥) (0,0 (t,¥) ( ¥,n (rn

t=0 r=0 | Q'B:BM i° i HB;?2i+QM2

rBi? i?2 JBMFQrbFB bT iB H M/ iPKMZG HGBMIMBQM/BM: iQ i?2 2/;2b
r?BH2 i?2 JBMFQrbFBIMmHM BRMVOBMYBM: iQ i?2 +QMEORRK Q7#QmM/ "\
i?72 S2M Qb2 /B ;> KX

1[m iB@M1) + M #2 mb2/iQ Q#i BM i?2 C +Q#B M 7Q i?2 i Mb7Q K iB
+QQ /BM"PXh,c,qfg MAKM™2ft,rqfg,

1(t,c.af) _ 1

q
poo= Do) o

p
fi(t,r,q,f) g p
r?72°2i?2 TQHvVP@KB Hp2M #v

1,, (4.1.13)

p= L(2+t2+'9/2 = 1 costcosc M/ q= %tr = sintsinc. (41.14)

KQ 2 /B 2+irv Q7 b22BM; i?2 +QM7Q K H +Q "2bTQM/2M+2 #2ir22M
i?73°@+vHBM/2  Bb pB * "i2 @S2M Qb2 i° Mb7Q K iBQM i? i "2 /BHv
TB+im' 2 Ub22 TWRM/Bt
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4.1.1 Structure of 3-sphere and its harmonics

h?2 T'2b2N*BIQ7?22 K241B+Bb M //2/ [/p Mi ;2-r?B+? + M #2 2tTHQBi:
r'Bi2SO(4) @BMp "B Mi ; m;2 +QMM2+iBQM M/ Q#i BM i?2 +Q "2bTQM/
uM; JBHHb 2[m iBQM QM i?2 GQ 2MixB M +vHBM/2 X h?2b2 [m MiBit
iQ i?72 JBMFQrbFB bT +2iBK2 QrBM; iQ i?2 +QM7Q 'K HBMp "B M+2 Q7
2[m iBQM BM 7Qm  /BK2MbBQMbX hQ i?Bb Z0(4) 2 DB +? MBI BIPQKQQ@ T
T?B+iQ irQ +@URRLQT iR, ;" /IBM;VX 1 +? QU(272bl2 ;"QmT +iBQM

i? i ;2M2 i2b H27i U B;?iV KmHIBTHB+ iB &M U 2BHX+XMi 2 MbIBHH v BYQM \
+?2+F2/ mbBM; i?2 K T

b a

g: 31 SU2); (w1, Wo, Wz, Wa) 7! i 0 b

(4.1.15)

rBia:= wi+iwp, M/b:= wz+iwgX h?Bb T ° K2i2 Bg 2BI@M QB i? i i?2
B/2MiBiv 2EH2K2 Q7 i?2 ;"SURN + M #2 Q#i BM@,070,QKBX2X i?2 LQ i?
TQHZQ7Ai Bb r2HH FMOQBMW i?22i;"QmT K MB2XQXHERZTBM; i?Bb BM KBM/-
r2 +QMbB/2 i?2* i MQM2@7Q K

Wi(g) = g 'dg = €T, rBi?Ta= isa (4.1.16)

#2BM;S0(@) :2M2  iQ bX h?2 H27i@BM@ *BMWiHOMMRIBR2KIv #2 2tT 2bb:
mbBM; i?2 bQ + HH2/ b2H7@/h}. H 6i >QQ7i bvK#QH

= h? wydw, rBi?h, = #p. M/ h3, = 3, = &. (4.1.17)
h?2v b iBb7vi?2 7TQHHQrBM; mb27mH B/2MiBiB2b
dap€? € = dW2 M/  de+ #p " € = 0. (4.1.18)

h?2 H27i@BMp "B MiLp22MQ ™ }liBHpbi?2 "B;?ii° MbH iBEOMIW “2/m H iQ
i Bp2M #v

La = hchwBﬁ ) [LaLp] = 2#pcle . (4.1.19)
AM bBKBH “rv-i?2 "B;?2i@BMp RB;RMMMP2+BM; }iZR/H27i i’ MbH iBQME
;Bp2M #v

Ra = ﬁaBCwBﬁ ) [Ra, Ry] = 2#pcRe , (4.1.20)

r?2°2 1?2 MiB b2H7 /m H 6i FQ Q2 Q¥KBORKAL.Q)K#vV ~BTTBM; i?2
B,C= 4 bB;:MX 6m i?2 KQ 2- i?2Lp2MiRy" }2KYM i?2 QMZ@BQ iRBB"
GB2 /2 Bp iBp2-r?B+?2 + M #2 T2 7Q K2/ mbBM; *kXM 7Q KmH Ub22 ¢

La€ = L& = d i +i, dé
= d (L) #Hyi, €ré
=dd # dla)ed €d(L)é
= 2#gpc€°

(4.1.21)

r?2°2 BM i?2 b2+QM/ HBM@.1.29X p2bBKB/H * + H+mH iBQMRQ " i?2 +iB
vB2H/b
Ra€® = 0. (4.1.22)

4Named so because they remain invariant under the dragging induced by the left SU(2) multiplication.
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g2 + M MQr r'Bi2 i?2 /BzQR2MIB7MMRi6*QMbS® mbBAM; b

df = dtff + éLaf. (4.1.23)
6mM+iBQIMlr QM#2 2tT M/2/ BM # bBb Q(Z,8)KIBVB 2Ng- r?B+?
"2 2B:2M7mM+iBQMb Q7 i?2 b+ H G TH +B M-

4 3Y; = 2)(2i+2)Y; = 4i(j+1Y; = L+ R)Y, = L(D*+PHY;, (4.1.24)
r?2°22= Lala MR?= RaRa

"2 UKBMmb 7Qm’ iBK2b Vs * MBKBrb Q7
"2bT2+iBp2Hv-
L2y, = IR%Y; = l4gy; = j(j+D)Y;. (4.1.25)
q2 ? p2 HbQ BMD®IMsR/ MP?= PP, rBi?
Da = Ra+t La =  2#°W,0c M/ Ps = Ra

La = 2W[,Ty (4.1.26)
rBiY, ﬁvLA bQ i? i

[Da,Db] = Z#abCDc, [Da,Pb] = Z#abCPC! [Pa,Pb] = 2#at§:DC (4127)
>2M4Rag bT Mb i?2 /B QM H bu@¥p H: ) - r2B+? ;2M2° i2b i?2 bi #BHBx

bm#;"QmT aPUjV BM i?2 +Qb3t =2aF2b2aM3) MBQMM 2DO Rb UKBMmb
7Qm’ iBK2bV i?2 SupK-BrBQ72B;2MpHM2Q = 0,1,...,3- M{D?=

4, Bbi?2b+ H G TH SBbM BM b?i2 +2F¥ @Fmi BMaRU ¥ BQMX
hQ 7m i?2> +? > +i2'Bx2 +QRTHM2KQMBBb-Q?2°2 2 irQ M im> H QTIE
+Q "2bTQM/BM; iQ irQ /Bz2'2Mi +QKTH2i2 +?QB+2b Q7 Kmim HHv +Q
/B ;QM HBx2/X 6B bi-i?2 H27i@ B;?i Y& IQ DEBR2MYn?MKi&KQ B-bbQ 7
R2-L3 MRs3-

SLsYimn = NYimn M/ 5R3Yjmn = MYimn, (4.1.28)
M/ ?22M+2i?22 +Q "2bTQM/BM; H //2° QT2  iQ b
L = (L iLz)/pé M/ R = (Rg iRZ)/pé (4.1.29)
+i b _ q
sL Yimn = (G MG n*+1)/2 Yimn 1,

q

(4.1.30)
Ié R Yj;m'n =

(J m)(] m+ l)/2 Yj;m in -
h?2 MQ 'K HBx2/ ?Y,KQMBI+#2 2tT M/2/ BM i2 Kb @b 7MMiRiBEIMb
+QKTH2t +QMDm; i2b b
2 . _
A Kjmn(k)a™mkakpl m kpi ok rBi?
k=0 ; b . _ _ (4.1.31)
(MK 2j+1  (j+m!G m!(+n!(G n)!
2p2 (n+m+K!(G n K

50ne can useR, and its dual 1-form as well.

Yj;m,n (W)

Kj,m,n(k)

m Kk

6The SO(4) spin of these functions is actually 2j, but we label them with half their spin, for reasons to be
clear below.
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h?2v b iBb7vi?2 Q i?QMQ K HBiv +QM/BiBQM
Z
d3®Ws Yjimn Yiomeno = djoGmmothne rBi?d®Ws = sin“csingdcdqdf . (4.1.32)

a2+QM/-i?2 /DQBMi UQ  ?vT2 bT3g B2 BR;2MKQMBBRNY Q7
M D3 -

%DZ‘%‘;LM = |(|+1)?j;|,l\/| M/ i§D3¢j;I,M = M?j;I,M- (4.1.33)

rBi? i?2 H //2°@QT2 i +iBQMb (

. q
3D v = (1 M) M+D)/2 ¥ym 1,
. q
3P %um = (M D0 M2 ¢¥ 1m 1
q (4.1.34)
(I M+)(I M+2)/2 ¢jj+1¥+1m 1,
. q —
3Ps¥um = 12 M2 % v+ (1+D)? M2¢ 1 ¥eam
r?2°2 q

¢, = (2+1)2 12/ (2 1)(2+1) . (4.1.35)

AM i?Bb + b2-i?2 2 2tBbib "2+m bBp2 +QME T+ BQINMJTIRFF-QMKQMB +|
r

L 12 !
®im(c,af) = Riy(c)Yim(af); Ry(c) = i3*! i{:é(z(z'ﬁ)l!)' P2j+%2(cosc), (4.1.36)

(22°9y "2i?2bi MBRUT?2 B+ H? "K@MERMQM/i?2 bbQ+B i2/ G2;2M/ :
TQHVMQKB Hb Q7 i?hP2irEBMbRb Q7 2 "KQMB+b "2 "2H i2/ #v i?2 b
*H2#b+?2@:Q°/ M b2 'B2b 7Q  i?2 M:;mH| KQK2MimK 2/BiBQM

|
Yimn = @ & Chn®um ., rBi? Chh = h2j;l, Mjj, m;j,ni (4.1.37)
#2BM; i?2 *H2#b+2@:Q "/ M +Q 2rfi+ B2W i M2 B f7GQ1,+.B Mg X

bQK2r? i +mK#2 bQK2 + H+mHUBQ-NL.BMpdKIpIBIR ;:Bp2b mb i?2
+VHBM/2 QM2 7Q Kb BM JBMFQrbFB +QQ /BM i2b,

@ = dt = & L(t2+r2+ Y dt  txkdxK
= ¢ T2+ 12+ 9 dt  trdr M/

@ = & otx¥dt (12 rZ+ ) o K+ i dxk e
= & Rrtdt L2429 dr (12 202 rdR®  r2kgidgk

"With fractional indices, it is rather a Gegenbauer polynomial, but also a hypergeometric function (see
eg. (2.8) of 25, 26)).
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g2 7m i?2  MQi2 /QrM i?2 2tT 2bbBQMh,7BM i22KS2 @VOH 2DHADMbB M ;
(414 BM.1.19 7Q  H i2  Tm TQb2b,

Ly = sinqcosf{¢ + (cotccosqcosf + sinf) {q (cotc cscqsinf  cotqcosf) ¥
Lo = singsinff. + (cotccosgsinf cosf)fy + (cotccscqcosf + cotgsinf) ¥y ,

Lz = cosq Y cotcsing g T .
(4.1.39)

4.2 Yang-Mills eld equations

PM2+ MK F2mb2 Q7 i?2b2 H27i @BiQp2iB Mi QMR ZBK M; JBHHb ; m;
TQi2MABUBM i?2 i2KTQ AH=0Vh: 8

A = Xa(t,g)é, (4.2.1)
r?72°2i?22 iBU2Y K i 'BHRW2T2M/b- BM ;2M2° H- QM #Qi? i?2t+VHBM/2" T

M/ BMi2SM+ G Q /BM pBb i?2 Kg@®.1.19X h?2 +Q "2bTQM/BM; F2H/ bi 2M;i"
7Q° i?Bb : m:2 +Q\M B B+IBIRN #v

1
F = dA+ ANA = xae‘“ea+é LpXq 2€ancXat [Xp,Xd €7 €, (4.2.2)

r?2°@:=dt M/i?2/QXQM72biQBib/2 Bpt Bp22X MiXJBHHb 2[m iBQM
7Q i?Bb ; mAR BXRKX

d F+A"F F~A =0, (4.2.3)
7i2° bi> B;?i7Q'r "/ + H+mH iBQM- vB2H/b i?2 +QMbi’ BMi +QM/BiBQ
2i L Xa+[XaXa] = 0. (4.2.4)
M/ i?2 }2H/ 2[m iBQM

Xa= 4 P+1 X, diegpch Xct+ 45 3 Xp+ 3€apc[Xp, X

. . . (4.2.5)
+ 20 [Xa, b Xp] + 20 [Xp, B Xp] + 4i[d Xa, Xp]  [Xp, [Xa, Xp]]
r?22°2i?22 QT2L i®IB "2 ;Bp2M #v
L o= iéLa M/ P = L. (4.2.6)

6BM/BM; ;2M2° HbQHMmMIBQM 7Q" i?Bb 2[m iBQM Bb / mMiBM; i bF-_
BMi?2 irQ HBKBiBM; + b2b #2HQrX
PM2 Q7 i?2 HBKBiBMHBbIANQi7TQ7 i?2 #2HB M QM2-r?2'2 HH i?2 +QK
p MBb?iQ vB2H/

Xa= 4 FP+1 Xat+ 2iegned Xe . (4.2.7)

6m i?2°KQ 2 i?2 +@M4AiBMMIBD + b2 #2+QK2b
LXa = 0. (4.2.8)

PM2i?BM;iQ MQi2 22 2Bbi? ii?2 #Qp2 +QMbi° BMi BGNBEIBi?i?2 2K
MQii?2 mbm H*QmMHQK# : m:2 QM JBMFQrbFB bT +2X AM 7 +i-r2 + M
C +Q#@.IM3 r?BH2 T'QKQiBM: i?2: m;2 TQi2MiB H i@ 22, #BMFQrbFB b’
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Andx™= A iQ ;2i
0=Ar=A(M)=A L(PTh+al) =) rP+?+ 2 Ac+2rtA,=0. (429)

aQHMIB@M)iQb Q#i BM2/)BMEM; 2vT2 bT?2 B¥jH,?b KQMBHbb22
BMi?2 M2ti +? Ti2 X

MQi?2  HBKBiBM25 BD Q72M KQ 2 bvBXDi@RfmBp ‘B Mi +QM/BiBQM
BKTQb2/ vBAH/BINM2(7TQHHQIrBM;,7Q K Q7

1
Xa = S(1+y(t)Ta (4.2.10)
rBi? bQK2 7TmMIiBRMMBU(2) ;2M2° iQh iBb7vBM; i?2 GB2 H;2#"
[Ta, To] = 2€ancTe - (4.2.11)

JQ2Qp2 - r2 rQ'F BM i?2 /DQBMi 2T 2b2Mi iBQM 7R r?222GB2 H;2+%
tr(TaTp)= 8dpX h?2 +QMIA2.BMOQ  i?Bb bvKK2i"B+ Mb ix- BX2X

[XaXa] = O (4.2.12)
Bb miQK iB+ HHv b iBb}2/ KMRIPZ2{QKBIQM
Xa=  4Xa+ 3€une[Xp X [Xp, [Xa Xp]] - (4.2.13)

aQHMIBQM iQ i?Bb 2[m iBQMJ thQZirBMIR/bRR BMX*? Ti2
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Chapter 5

Abelian solutions: U (1)

AM i?Bb +? Ti2 r2 T°2b2Mi i?2 FMQii2/ 2H2+i"QK :M2iB+ }2H/b "BbB
K2i?Q/ M/ bim/v Bibp 'BQmb T°QT2 iB2bX h?2 +QMi2Mi Q7 i?Bb +? T
TM#HBDL?2/ rlQc Ep kXX a2+i®Q@M MmHH bQHmMIBQMb Bb /m2 iQ PH 7 ¢
rBi? p2 B}+ iBQM #v *QHBM "2+F2° M/ bQK2 +H "B}+ iBQMb 7°QK >
BMpQHp2/ i HHbi ;2b Q7 i?2 7QHHQIrBM: rQ Fb 7Q i?2 "2bi Q7 i?2 b?

5.1 Family of "knot" solutions

Air bb?2QrMBiM (i?2;2M2° Hb@HMIBOIMKFIDb2b GM2Q WHEM@iBQMb
Q304 M/ "2 H #2HH2/ rBi? 2vT2 ' bT?2 BX H2? 2KBMB?B @Q@Mbi m+iBQ
Q7 i?2b2 bQHMIBQMb #2HQr BM ir@.20) 2T M ,i $2@i +reHBMIR2- M/ i?2M r2
TMHH i?2b2bQHMIBQM # +F iQ JBMFIQ(HhPB QR HBMbERN:; Mb7Q K iBQM

5.1.1 Generic solution onthe S3-cylinder

hQ bQMAD r2 } bi r'Bi2 Bi /QrM BM i2 Kb Q7 i?2 H /ME QG2 iQ b
iQ:2i?2 rBi?i?2 "2/2}M2/ 7TmM+iBQMb

X = pl—z(Xl IXZ) (5.1.1)
b 7QHHQrb
BX:e = 4(F J+ DX+ 4L Xz,
PXs =  4(F+DXz+ 4L X 4 Xy, (5.1.2)
BX = 4(F+ F+ DX +43 Xs.

aBKBH “Hv-i?22 +QMbi (4RNgii+FeM/RIBQYMHHQIrBM; 7Q K
0= ZXsg+ kX +J X4 . (5.1.3)

g2 + M b QHER#v i?2 7TQHHQIrBM; Mb ix

Xy = § zZim"dWmat ; ZiMN = C+ Yimn+1
j,m,n
mn jw, . jmn _
X3 = é st gWimnt - Zg = & Yjpmn » M/ (5.1.4)
j,m,n
X = § zZ'mndWmt; ZIMN = ¢ Yimn 1,

j,m,n
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r?2°% (j,mn) rBi?2f +,3,g ? b #22M 2tT M/2/ BBF i2 " KIQOB+bX SHmM;;BM;
i?Bb Mb (X1BM M/ mbBM30) r2 }M/- 7Q" 2p2 \j,k@)2 M 2B;2Mp Hm2
2[m iBQM 7Q" i?@ p2c+) Q"

0 1 0 1
C+ C+
M@c;A = W(j,mn)?>@cA | rBi?
¢ ] ¢ | (5.1.5)
4(j2+j n) 20 2(j n)(j+n+1) 0
M = 20 2(j n)(j+n+1) 4(j2+j+ 1) 20 2(j+n)(j n+1)
0 2 2(j+n)(j n+1) 4(j2+j+n)

r?B+? /KBib M 2B;2Mb¥bBDKBMB#+? 2B; MM P iPnidn Mb Qmi iQ #2 BM/2@
T2M/2MW QMhYV M/ i?2B" +Q "2bTQM/BM: 2B;2Mp2+iQ bX PM2 Q7 i?2b:
MQib iBb7v i?2 HRMbiMBBIb- i?2°27Q°2- /Bb+ “/2/X g2 H #2H i?2 2K
2B;2Mbvbi2Kb bivT2 A- rBi VB AMI)?2[MI V2 AA- rBi? 2B;2M7°2[m2N
W2=4j2- b 7QHHQrb

s iVT2Aj 0, m= j,...+j, n= | L. . j+1, W= 2(+1),

q
zZUmw) = (N n+1)/2 YVimpsa(w)

20 () = q m Yimn(W) , (5.16)
Z(j;mA,n)(W) — a (j+n)(j+n+1)/12 Yimn 1(w) .

c VT2 AA L, m= j...+), n= j*l... ) 1, W= 2j,
Z(jmn)(w) q (j+n)(j+n+1)/12 Yimnp+1(W) ,
zé’rﬂf\)(W) = ! 2 n% Yimn(w) , 5L.7)
20mm () = ) (G MG n+1)2 Yymn 1(w) .

q2 i F2 HBM2 ° +QK#BM iBQM Q7 i?2b2 # bBb bQHMiBQMb M/ r'Bi2
; m;2 TQi2MiB H b
ny . 0 n
A= 4 X, w) Dt 4+ X &+ a X! (w) €3t + +Xe">< (5.1.8)
2j=0 2j=

(72°2r2 7?2 p2°2Q ; MBx2/i?2 +QKTH2tXMpmH > 7mM+iBQMb
xj=e Zh+ 2, X=ei 2 ZL ., Xj=7Z) (5.1.9)

7Q  #Qi? ivT2b M/ 2tT M/2/ 22 WiIMBMIQMD2 #QpZ b BBRM@HMIBQMb
Q7 ivT(214 M/ ivT2EA) U7QF +,3, g V-
_ j g1 ()
o o ‘m,n
Z'w)y= & & 1HmaZ"3Mw) M/
m= jn= j 1
j °J jol AA —(jimn)
Z' (W) a a !jmnZ aAaw),

m= jn= j+1

(5.1.10)
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rBi@j+1)(2+3) "#Bi® "v+QKTH2t A2 {+M@Mi(2] 1) +Q2{+BIZMiX
ULQi2 i? i ivT2@AA bQHMIiB@EMbM]23%XNV2Mi 7Q°

AMb2 (BM); M/51.7 BM{ERL1) M/ i?2 2bmHIIBMTQOQpB/2b ? "KQMB+
2tT MbBQM

. [

XZw) = & & X&™" Yima(w) (5.1.11)

m= jn= j
7Q #Qi? ivT2b Q7 |v|;mH(s.JzarwwLEQQMb?BMBzz‘2MiTQwi{’,”ﬁ Qw/
Z'™ci?2v "2 MQi 2 bBHX, 2M/Z'2/° D RML.Y XV
Ai Bb mb27mH 7Q  H i2> Tm TQb2b iQ BMi"Q/m+2 ?22°2i?2 6bT?2'2@7
}2H/b-
F = E.éé + 1Bt €. (5.1.12)

6Q° }t2/ ivT2 UA Q° AAM /Kb TEMBKBMyiBM.229 UrBi?Qmi i?2
+QKKmMi iQ i2 KV év2mMbBIM2KTHQV

TTAD = WAl M/ L2A0) = 4j(j+1) A0 (5.1.13)

iQ Q#i BM _ _ . .
ED = qx® M/ BY = wx¥, (5.1.14)

r?2°2i?22mTT2 bB;M T2 i BMb iQ ivT2 A M/ i?2 HQr2 QM2 iQ ivT2 A/
i? i-/m2iQi?2 +QKT +iM2bb Q7 i?2GQ 2MixB M +VHBM/2 -i?2bT?22 2
"2 Hr vb }MBi2X

.m2iQ i?2 HBM2 "Biv Q7 J tr2HH i?2Q v- i?2 Qp2  HH b+ H2 Q7 Mv bQ
i?72°KQ 2-i?2 T "Bivi Mb¥F @ KMBOM BMi2 +? M;2h b@HBNEQOM Q7
ivI2 A rBi? (PTIBRM@HMIBQM Q7 ivTi2 AAX 6BM HHv- 2H2+ji BXK ;M2iB+
"2 HBx2/ #v bWB HBMIQ  ivT2 A Q2 #Q  ivT2 AA- r?BM+?X Tin H
+QM}:;m ABQWMI/ HBFEFrBGR2 X

5.1.2 Pulling the solution back to Minkowski space

g2 ? p2 +QKTH2i2HVbOQHpP2/i?2p +mmK J tr2HH 2[m iBQMIQM i?2 GQ"

M/- 22M+2- QM /2 aBijX "WT+OM/AQ K H BMp "B M+2- i?Bb bQHmMiBQM
Mv +QM7Q K HHvV 2[mBp H2Mi bT +2iBK2X g2 i’ MbHRi2®iQ J tr2HH b
R bBKTHV #v i?2 +QQ /BM i2 +?2 M:2

t =t(t,x,y,2) M/ w, =w,(tX,Y,2)

Q' t=t(t,r) M/c=c(tr). (5119
AM Qi?2  rQ /b- ## 2fpBGBMY f y'g M/ 2tT M/BM;
A = Xat(x),9(x) €(x) = An(x)dx™ = A (y)dy' M/

dA = TiX €+ LpXe Xa#fy, €€ (5.1.16)

= IFndx) dx™dx" = 1F; (y)dy'~dy'

MmbBML3§ r2 Kv 2/ BzgUMQi2A?6i0- b /Bb+mbb2/ #2H,Q NNi?vh/b
i?72 2H2+i'B+ M/ K ;M2iB+ }2H/b

1
F = F = E.dx®Adt+ éBa#abcdxb"dxc (5.1.17)
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BM* "i2bB MQ BMbT?2 "B+ H+QQ /BM i2bX AM ;2M2" H-i?2 FMQii2/
BM; 7°QKi?2# bBb +@M}§m 2iBQKIMH2t- i?2 # bBb +QM};m> iBQMb QM J
bT +2 rBHH HbQ #2 +QKTH2tX >2M+2- i?2v +QK#BM2 irQ T?vbB+ H b
M/ BK ;BM "V-Tr?®+?2r2 /2MQi2 b

(j;mnmgr +QM};m” iBQMj;mM), +QM};m ,iBQM
"2bT2+iBp2HvX h?2b2 FMQii2/ 2Kp21+i) QK *;iM2iB b BODH/Q M3 Ind)° iBQMDb
MA5.1.7 BM+'2 b2 BM +QKTH2tBivj+Bb?bBQ +M2BHBBBE M * 2
6m i?72 ' KQ 2-Bi +QK2b B} M MMHVIZ@QMi BMb QMH\g2MZM2TTQMN2/Ib Q7
QM QMHY i?2°Qm;? BMi2;" HTQr2'b Q7
[+ 12+ 12

exp(2it) = 422+ (12 2+ 2)2°

(5.1.18)

h?2°27Q°2-Qm JBMFQrbFBbQHmMIBQMb ? p2i?2 2K "F #H2 T QT2 iv ¢
Q@ ,x,y,2) X JQ 2 T 2+Bb2Hv-i?2B" 2H2+i ' B+ M/ K ;M2iB+ }2H/b "2 Q7 i

Po(oi+ 1) (X Po(5i X
T2 Al R 9 () (5.1.19)
Qi+ 3)(X) Qz(zj+ 1) (X)

r?2" B M/IQ /12MQi2 TQHVMQKB HY Q7mb: 22 2tT2+i2/- i?2B" 2M2 ;v |
+iBQM "2 }MBi2X AM/22/- i?2 32HibbT HBHHQB MBWRiv 7Q" }t2/ iBK2- #
i?2v /2+ v K2 2HvrHBF2QM; i?2 HB;?2i@+QM2X >2M+2-i?2 bvKTiQiB+
+QM+2Mi" i2/ QM T bi M/ 7miim 2 MomBiH BMHPMBE#2- #mi T2 Fb QM i?2 H
+QM2 Q7 i?22bT +2iBK2 Q B;BMX aBM+2 QM /2 aBiXZR/ XM BR2RXd ™ # bBb
7Q'K +QKTH2i2b2i-i?2B " JBMFQrbFB "2H iBp2b "2 HbQ +QKTH2i2 B
+QM};m” iBQMbX

FIGURE 5.1: Electric (red) and magnetic (green) eld lines at t=0 with 4 xed seed points. Left:

(j;m,n) = ( 0;0,1), con guration, Center: (j;m,n) = ( 3; 3, 3)r con guration, Right: (j;m,n) =

(1;1, 2, con guration. More self-knotted eld lines start appearing with additional seed points in
the simulation.

6Q° BHHmMbi® iBQM-r2 /BbTH v ivT 2(jAmen)b=B(d;0@HQw B B M 2/B7?Q K

X WP (wy o iwp)(ws iwg) cos4 M/ Xz o (witws wi wj) cos4 . (5.1.20)

1The notation should not be confused with the type | con guration ( 5.1.6.
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Ai #Q/2b r2HH iQ +QK#BM2 i?2b2 }2H/ +QM}:m" iBQMb BMiQ i?2 B2K
S = E+iB (5.1.21)

Qb2 +QKTQMENM.PH- 7@ UmMT iQ Qp2° HH b+ H2V

2in _ . :
S = WI 2y + 3ity xz+ 2t2y+ 2itxz 8x2y 8y3+ 4yzz+ 4|t3y

6t°xz  8itx%y 8ity> + 4ityz?+ 10x3z+ 10xy’z  2xz° (5.1.22)
0
+ 2itxz + yr2)( t2+r?) +(ity  xz)( t?+r?)?

2in . . .
S, = NI 2x + 3itx + yz+ 2t°x  2ityz  8x®  8xy? + 4xz® + 4it3x

+ 6t2yz  8itx®  8itxy? + 4ditxz?  10x%yz 10y3z+ 2yZ° (5.1.23)
(0]
+2( ityz+xr?)( t2+r2)+ (itx + yz)( t2+r?)? &
N
S, = [17 1+ 2it+ t2 11x%  11y?+ 3722+ 4it®  16itx®  16ity? + 4itz>  t*
2022 2t%y? 26277+ 114+ 22%y? 10x%Z2 + 11yt 10y%ZP (5.1.24)
(0]

+ 324+ 2it(t? 3r2+222)(t% r?)  (t%+rd)( t2+r?)? |

FBiN= (t )2 r2°X q2 + M HbQ Q#i BM 2H2+i QK :M2iB+ }2H/ +QM}:m
bTQM/BM; iQ i?2 ; (ML -}2MHI +QMbBbib Q7 +QKTH2t HBM2 *~ +QK#BM il
# bBb bQHMIBQMbX g2 /2KQMbi' i2 i?Bb 7Q" i?2 7 KQmb >QT7 _ MV
r?2B+?2r b} bi /Bb+Qp2 2/ #v _ MYnbBM:RR3NQT7 }# iBQMX h?2 B2K
aBH#2 bi2BM7Q+i®Bb }2H/ +QM};m  iBQM Bb ;Bp2M #v (
0 _ _ 1
((EOEGE i(x |y).+|(t i 2) : (5.1.25)

2(x iy)(t i 2)

g2 M/ i? i i?Bb bQHMIBQM- BM Qm" +Q M 0, & +#BIEW- +8bM R ih i 2 Bi@M b
M/ Bb Q#i BM2/ #v mbBM; 7QHH@ARY; +Q2{+B2Mib BM

S =

o 1= 0, Ihoo= 0, M/lbo,= %. (5.1.26)
JQ 2Qp2'-r2}M/i? ibQK2 Q7 Qm  # bBb +QM};m(p,tB@MY mB FMIB/ iQ
"BbBM; 7°QK " i2K M3b +{M 2 B HiHBob (i2 i?Bb T QBRP2BMraB;m 2
}M/ 1?2 TQHHQIBM; +Q "2bTQM/2M+2b,

>QTIOMLY, (3 Ld:$ (2D, (1,1,2/$ (13. (5.1.27)

5.2 Symmetry analysis

h?2 K BM /p Mi ;2 Q7 +QMbi m+iBM; JBMFQrbFB@bT +2 2H2+i"QK ;M
pB i?72/2iQm > Qp2° /2 aBii2 " bT +2Bbi?22M? M+2/ K MB72bi bvKK2i™
h?2 BbQK2i v ;"QmT aRWBh-92MQ7 i24,Bw U,2,3,4 M/abc= 1,2,3-
~ ﬂ
## Zp%Z .V
M e duTg, Mo Qofl9 = M ap=#apdDc, M 4a=Pa, M 04=Po, M 0n=Kpg ,
(5.2.1)
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r?B+?2 + M #2 +QMi" ¥i¥/Wi@i?22 BbQK2i'v: QmR®SAPOR JYBM+ "0
SQmMTV ;2M2° mh/=#01U2,3 M4, j,k= 1,2,3V

men’ Prrg = fMij:#ijka’ F",, Po, MOj:Kjga (522)

F?2°2 i?22 irQ b2ib "2 Q'/2°2/ HBF2rBb2- M/ r2 2KTHQvV U b H2 /v 2
bvK#QHb 7Q" /2 aBii2" [m MiBiB2b M/ bi’ B:?i bvK#QHb DQ  JBMFQr
/2MQi2b bT iB H PQi2BQMbH iBQMibi- M /7Q  #QQbib BM JBMFQrbFB bT

aBM+2i?2irQbT +2b "2 +QM7Q K HH WX mBp.1-52M? 2H Q /2biTQM/ @
BM; ;2M2" iQ b b?2QmH/ #2 "2H i2/X AM/22/-i?2 +QKKQM aPUjV bm#;

SO(1,4 SO(4) SO(3) M/ 1SO(1,3 SO(1,3 SO(3) (5.2.3)

Bb B/2MDB3 R/~ 2#,j'<xi11kx >Qr2p2°- MvQi?2 ;2M2° iQ #2+QK2b MQMHBM
r?2M K TT2/iQ i?2 Qi?2 (AT132 BB 2t KTH2- i?2 rQmH/@P42 i° MbH iE
[2}M2/B.M29 2 /b

P3= L3 Rs

2 cosq T + 2 cotc sinq
lcosq 2rt e+ (t2+r2+°9) 1 (2 r?+ %) sinqg¥, (5.2.4)
I 2 cosqf isingly, = 22T, = P 7Q° 1 ¥

b Bi b?QmH/ #2X RyBKBP "MW, ! K 7Q! ¥ r?2M 2tT M/2/ “QmM/
(t,r) = (7,00 +Q "2bTQM/BNS b@iPi2 TQREDXi L2p2 i?22H2bb- i?2 /2 aBii2
+QMbi'm+iBQM 2MDQvb M aPU9V +QbD, BIM+2 (RBRM2 2i2Mfb i?2
Q#pBQmb aPUjV +Qp 'B M+2 BM JBMFQrbFB bT +2X Ai HHQrb mb iQ
‘Bp2M ivT2 UA Q  AAV rBi? 1}t2/jp#h m22QF7iRPQM TBMaPUOV H //2° QT2"
L M/R QD M/P -r?B+? Bb MOM@Q#pBQmb QM i?2 JBMFQrbFB bB/
?2 M/- JBMFQrbFB #QQbib M/i> MbH iBQMb ? p2 MQ bBKTH2 2 HBX iE

+im HHv-J tr2HH i?2Q v QM 2Bi?2 bT +2Bb HbQ BMp "B Mi mM/2" +C
h?2b2 K v #2 ;2M2" i2/ #v i?2 BbQK2i v ;"QmT iQ;2i?2 rBi? +QM7Q" |
i?72 JBMFQrbFB bB/2-i?2 H ii2  Bb

Xm

J: x™ 71 x rBi?x x=r2 t2. (5.2.5)

g2 ? p2 iQ /BbiBM;mBb? irQ + b2b,

bT +2HBR2Z ) L trgf 70 S5 5"5.af

t27

_ , N (5.2.6)
iBK2HB¥2r* ) X: tragf 71 4 5 p gf+p

PM i?2 /2 aBii2® bB/2- i?Bb Bb 2Bi?2° UbT +2¥RFAVIQ=2~-Q+iBQM QM
UiBK2HBR2W?B7i BM +vH BIN\H/@A SPBIZBTQ/ H ~BT-

bT +2HBHX,<p ) J >: t,c,qf 7! t,p c,qf ,

(5.2.7)
iBK2HHH2¢>p ) J <: t,c,qf 7' t p,c,p qf+p

AM i?2 bT +2HBF2 + b2- K22 ldosd 2,2 tbB<BTQR2/- r?B+? KQmMibiQ T 'E
~BOI$ RX AM i?2 iBK2HBF2osth2M/$#Qi2? M;2 bB;M- r?B+? +QK#BM2b
iBK2 "2p2'b H rBi? "2=2+@GMEX LQi2 i? i Bi Bb /Bz2 28t 7°QK i?2
MiBTQ/ HK T-r?B+? Bb MQi 2~2+iBQMwirli W, QT2q,f)QA iBQM-

(p c,p qf+p)X h?2 HB;?i+QM2 Bb bBM;mH > mM/2  i?2 BMp2 bBQMc I
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+QM7Q K H #0mMKE Q= tX q2 BM72  i? ii?2 +QM7Q K H BMp2 bBQM
iQ "2H i2 iVI2@A M/ iVT2@AA bQHMIBQMb Q7 i?2 b K2 bTBMX Ai Bb 2
7 HH@Qz #2? pBQ Q7 Qm " iBQM HbQHmMiBQMb Bb MQi KQ/B}2/ #v i

6BM HHv- QM2 K v +QMbB/2  /BH i iBQMb BM JBMFQrbFB bT +2-
x" 71 x™  7Q1 2R: . (5.2.8)

>Qr2p2 -i?Bb KQmMibiQ i BpB H 2b+ HBM; HbQ +?B2p2/ #v +? M;
7'l - b i?2 b+rHR "2KQp2/ QM i?2 GQ 2MixB M +vHBM/2 X

5.3 Conformal group and Noether charges

Ai Bb r2HH RNMQxM7T 22 J tr2HH iRZ® " VBOBM; 7°QK i?2 +iBQM
Z
S An = d*L; L = 3F"%n, (5.3.1)

Bb BMp "B Mi mM/2" i?2 +@R(2@ X Bm i@RATKQ 2- i?2 #Qp2 +iBQM Bb
BMp "B Mi mM/2  i22 ; m;2 i’ MEDQ KAMKRMI, (X)X h?2 +QM7Q K H
.°QmT Bb ;2M2° i2/ #v i’ MBY QXK eBQMbD?2 2 i?2 p2+iQ@™ Q#H2b

i?72 +QM7Q K H EBHHBM; 2[m iBQMbD,

Zmn + Znm = 3hmnz®, rBi?fhng = /B( 1,1,1,). (5.3.2)

h?2 +QMb2 p2/ LQ2i22 BbnQ#2NBiM2/ #v 2[m iBM; i?2 6QM@b?2HH p "B
+iBQMr?2°2i?2 dAB 1BQMBIi~ v M/i?RBHBb}2bi?21mH2 @G M;" M;
2[m iBQMb rBi? Bib 6bvKK2i'vp "B iBAQMO 2?2#Bi?2viZk/ibp "B iBQMb
dAm b iBb7v i?2 bvKK2i'v +QM/BiBQMX hdAZ, BQ Q2+iBiM2B #B@BKTQbBM,;
i?72; m;2BMp "B M+2 QM i?2 GR2X2XBY iiBPR2AXIQ " }2H/

LaAm:= AAX) Anx)= Z2TaAm AaTmz® ! dAm = Fnz". (5.3.3)
6BM HHv- i?2 +QMb2 ' p2/ +m "2Mi Bb Q#i BM2/ b

IL

;=
TArm

dAr + 2™ = ' F™R, 1d'F®  rBi?F?= RyyF"™, (5.3.4)

r?B+? b iBb}2b i?2 +QMiBMmBiv 2[m iBQM M/ ;Bp2b Q%2 +QMb2 p2/ UB
dQ A A
MWmd"=0 =) —= = d’s J = 0; Q = d%JX2. (5.3.5)
\

"27Q°2 T'Q+22/BM; 7m i?2 - +QmTH2 Q7 2K "Fb T2 i BMBM; iQ i?2
"2 BM Q'/2°,

e HH i?2 +?0Q:28 +QKTmi20 QrBM:; iQ i?2 WBX{TH2bbBQMb QM i?Bb

iBK2@bHB+2X hQ i? i 2M/-r2 "2+Q"/i?2 7TQHHGBM; mb27mH B/2M

&
g

Lgwad® waw; + eycgwe) , €€ = 9 b
1 wy, d3x = é—ssd3W3 Cd3Ws = eth @n e

(5.3.6)

2For source-free elds the current Jis assumed to vanish when the surface {V is taken to in nity.
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JQ'2Qp2'-i?2 2H2+i QK ;MDiBL }BWLM BM i2 Kb dXeijd™ /b
ME=edx™ b 7TQHHQTrb,

E = ¢dE M/ B = 3ejeunce &Ba (5.3.7)

MbBM2i@2Z @.K1) M/ Bib JBMFQrbFB HRMMX2 T i

e h?2 +? :2b "2 +QKTmMi2BGLO biQHMABQMb QMHV U2t+2Ti 7Q" i?2 2N
i?2 “2H i2/ ?2HB+BivV M/ r2 "2H #2H i? G+ QKT H2tbk Q2{+B2Mib
7Q° +QMp2MB2M+2X

« 6Mi?22°KQ 2- i?2b® +?2° #ApKTmi2/ 7Q° }t2MBTBM@- r2 rBHH
bmTT 2bb i?R BKRMQr QMr /- mMH2bb M2+2bb "vX LQi2i? ii?2 k&
1J }2H/b 7Q j}42M #2 Q#i BM2/ #v mbBM; (5228247 MbHiBOMA QMH VvV
B@.1.19 b

Ea =  iWXaeVit+iWXze Wit

Ba =  WXaeVit  WXze Wit

_ (5.3.8)
rBiXa /2MQiBM; i?2 +QKTH2t XQXMD@iBr2 Q7 i 7Q" ivT2 AA i?2 Qp2°
bB;MBBMBTbX

+ h?2 bBKTHB}+ iBQMb #2HQr 7QXi?2 +?" "B2/2ZMbiBibBM; i?2 ? "KQM
2tT MbB.QM 7Q  i?2ivT2 A BAKXNIBQM

* g2 7°2[m2MiHv mb2 #2HQr i?2 r2HH FMQwM BMiA? iH®D pR//
p MBb?2b #2+ mb2 Q7 i?2 QTTQbBi2 +QMi B#miBQMb +QKBM; 7°Q
i?72bT?22°2X AMT "iB+mH -Bi+ M #2 +?22+F2/i? ii?2 TQHHQIBM;
4

Aa = Xa(w) eWit + >Za(W) e Wit )

d3Ws (w1)? (W2)® (W3)® (Wa)? Yjmn Yjmono = O 7Qa+ b+c+d 2 2No+ 1.
(5.3.9)

> pBM; K /2i?22b2 2K "Fb-r2MQrT Q+22/iQG OB TmiBP@B2QMbQ K H
i° Mb7Q K ZBQ#Iv BN BM 7QHHQrBM; 7Qm" + i2;Q B2bX

5.3.1 Translations
M2 bBHvV b22M b@HINBBHQ#M2iR2i Q7 7Qm" +QMbi Mii> MbH iBQMb

zm= M, (5.3.10)

reB+? HbQ T “iHv ;2M2° i2b i?2 SQBM+ "0 ;QmT M/ ;Bp2 'Bb2 iQ i?
i2MbQ Q7 2H2+i"Q/vM KB+b

= T" = "R, %dTsz (5.3.11)

+Q "2bTQM/BM@ HRIKPQM2Mi Q7 i?2 i MbH iBOMhPQ +® “24BIQ W BM;
+? :2b 20?2 EMBIV:v?2 KQK2MimK SX

Energy. h?2 2tT 2bbBQM Q7 i?2 2M2T®h/RIKDBBY 2b iQ

1
e:= 3 E?+ B? =

SNote that the power of w, in Yj;m‘nY_j;mo’no is always even. One way to check this is by employing the
toroidal coordinates: w; = coshcosky,wo = coshsinky,wz = sinhcosky, ws = sinhsink, with h 2 (0,(%)
and kq,ko 2 (0,2p) in (4.1.3). The resultant selection rules coming from kq, ko integral would yield m m®°2

@ with k2 N, which is not feasible for xed j.

4
9%  rBi? r= 1E2+BZ, (5.3.12)
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r?B+?- BM im M- bBKTHB}2b i?2 2tTE2bBQM 7Q" i?2 2M2";v
Z Z

E= de= 2} 3d3W3 (1 cosc) E2+ B2 . (5.3.13)
S

LQiB+2°?2°2i? ii?2 Q B28tipiBOMVKRKIZDMBD +?2Qb2M iQ T'QpB/2 TQb
iBp2 "2bmHEGBH RKM/i? ii?226bT?22 2@7 K26 2M2 ;v/2MbBiv Bb iBK2
M/ ? b bBKBH ~ 2tT 2bbBQM 7Q" #Qi? bQHMIBQM ivT2bWWBi? TT QT"

B3+ B2 = 2WAXaXa(W) . (5.3.14)

h?2 2bmHi Mi2tTEBMBQMB@7 +QKTH2tJ, URQi2#0i? bQHMIiBQM ivT?2
Bb ;Bp2M #v
E = 3(2j+ DWEQ jl mnj?. (5.3.15)

m,n
LQiB+2 ; BM ?2°2i? i 7Q ivTI2 A bQHmjR BWbiP2 r@@pi2 2tF22bbB QM X

Helicity,. Hi?Qm;? ?2HB+BivBb MQi LQ2i?2  +? ;2Q7i?2+QM7Q K H ; (
+QMb2 p2/[m MiBiv7Q i?2J tr2HH bvbi2K M/im Mb QmiiQ #2 “2H iz
2tT 2bbBQM 7Q i?2 ?2HB+Biv Bb K2i B+@7 22 M/ + M i?mb #2 2p Hm
*2QQbBM;t=tBM
12 12
h= hg .+ ho= 3 o ANF+ ApA"Fp = > 83d3W3(1 cosc) AsBa+ APE,
(5.3.16)
r72°2 i?2 bm#b+ BTIift(DAT27R+bBQI i?2 /m H }2H/bX PM+2 ; BM- i FBN
UmTT2 bB;MV Q ivT2 AAUHQr2 bB;MVQ#/BMM; i?2 bTBM

AP = iXa(w)eWt iXy(w)e Wit (5.3.17)
r?B+? vB2H/b +QMbi Mi o6bT?2 ' 2@7 K26 ?2HB+Biv/2MbBiv
1 ABa+ ADE. = 2WXaXa(w) . (5.3.18)

b “2bmHi- 2p2M #27Q°2 TS BRIKBMBQM- r2 }M/ HBM2 * ?2HB+Biv
"2H iBQM
Wh= "E 7Q }t2/bTBM M/ ivT2 (5.3.19)

aBM+2i?2 22HB+BivK2 bm 2 M p2° :2Q7i?2HBMFBM; MmMK#2 b Q7 |
}2H/ HBMPD-(i?2 H ii2° Kmbi#2 2H i2/QF i?2 pTHBM2X h?2 BM/BpB/m H HI
MmK#2 Q7 irQ }2H/ HBM2b- ?2Qr2p2 - TT2 b M2Bi?2  iQ #2 BM/2T2M
MQ > +QMbi Mi BM iBK2- b Qm  Q#b2 p iBQMb BM/B+ i2X M 2t+2TiB
FMQib /Bb+mbb2/ #27Q 2-r?B+? /IBbTH v +QMb2 p2/ HBMFBM; MmK#:
Q7 2H2+i'B+ Q" K :M2iB+ }2H/ HBM2bX

Momentum. 6Q i?2 KQK2MimK mRMBBEB2D "), r2 Q#i BM M BMi2 2biBM;
+Q " 2bTQM/2M+2 "2H iBMzig@xQOIM@BRFQrbFB bT +2 rBi? bBKBH  Q
/2 aBii2  bT +2,

p = (93P, =: (2)°P rBi? Pa = #pcEBc. (5.3.20)

bi* B;?2i7Q'r "/ + H+mH iBQM i?2M vB2H/b i?B 2tT 2bbBQM Q7 KQK2M
Z Z Z
P = d%p = 3d3w3Paq’=‘ = 2i W2 #hye 3d3w3qaxbic (5.3.21)
\Y% S S
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=12 =1

2L 12 w0 L 12ani? 2L 1 2% J L 1g® 2L 14 3L 14°

Ps 2L 1232 0%+ 2L 1, 32j? + 2jLo, 2j°+jLo, 1% | Lo1® 2jLo2?
+ L 120% § Lapaz j? + 3L, 2%+ 2jL 1, 1j2+ jL1g? | L1g?

9 2L 12 ai?+ L 12 12i® |24 3L 1, 2%+ 2L 1 12+ L 192 j L 19°

P i L o1pazi?+ilin a2’ + 2jLo, 2j+jLo 1% | Lo1® 2jLog?
i Lizizi® 2jLipap )2 +ijL, 2% J Lid? 2L14® 3jL1?
. L " 24 3L 1 A*+ 2L 1 P+ L 14°
9 2L 12, 32)° 1 L 12 12) ) ) )
. o . J L 12+ 2jLo, 2)°+ jLo, 1]
L3 +jL 123202 § L1 apj?

j Log? 2jLog%+ L1, 2°

+ L1212 )2+ 2L 12302 J° i Lig? 2Lig? 3Lis?

TABLE 5.1: Expressions ofP;, Py and Ly for j = 1/2 M.

rBie ;Bp2MEIOX h?22 "2bmjHD 7Q°

p. _ _ _
~2((Lo, 1+ Log)Loo+ Loo(Lo 1+ Loyg) ,

_ P _ _
PI=% = E2(( Lo 1+ Lor)Loo+ Loo(Lo, 1 Low) . (5.3.22)
= 2 jLo, 1j% ] Log?

b +QMbBDbi2M+v "2[mB 2K2Mi-r2 +?2+F P? i27Dp221Q++Q JBA\D; iQ
i?72 H:2#D,Q71.29 Ua22 TT2'W/Bt

g2 HbQ MQiP/QEW 1/2 MA BM i #BKRPM2 + M +QKTmi2i?2 +Q "2bTQM
PL MP, 7Q=1/2 Mjf=1#v 2KTHQVBM; i?2 +iBQM QD, R7T7T2Q HHB2i?2
BM TT2MKBt

q2 + M //BiBQM HHv +QKTmi2 i?2 bT?2 B+ H +QKMPPYRMHV Q7 i?2 KQ
H2iiBM; i?2 Q@ B@BQROK+i QM i?2 p2+iQT,J2H)X AM T  +iB+2-r2 } bi
r’'BiR= 99 mbBEML1Y it=0 M/ i?2M BMp2'ii?2 peMQ%)2BMbi2 Kb
Q7i?2H27iBMp "B MLpRslig) mBRBENRE39X 6BM HHv- mbBM; i?2/m HBiv 2|
(L) =& r2 Q#i BM

P = \1283(13W3(1 cosc) (singcosf Py + singsinf P+ cosqPs3) ,
Py = ngd3W3 sinc cosc (cosqcosf + tancsinf) P,

+(cosqgsinf tanccosf )P, singP3 , (5.3.24)
P = Zsad3W3 sinc sinq (cosqcosf  cotcsinf) Py

+ (cosqgsinf + cotc cosf) P, singP3
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6°QK i?2 2tT 2bBRBQNMAR7i? i i?2 BMi2; SMB X@aR, (4.1.10 Bb M Q//
7TmM+#i-BrQB+? KA DPbMBb?X q2 HbQ }M/ rBi? 2tTHB+Bi+ H+mH iBQMb U
j=1Vi?H p MBb?2h X ®BQZ2 }M/ i?Pi Bb T ' QTQ iBPQM H iQ

PUSO = U= = o Lo 42§ Log? . (5.3.25)

h?2 2tT 2bbBPQMPQI72 MA ? b #22M "2+Q /2/ BMYR2 i #H2

5.3.2 Lorentz transformations
MQi?2 bQHIGBIBRNBLQBP2M #v

zZ"(x) = €W x" r?2°2em = e, (5.3.26)

r?B+? +Q "2bTQM/ iQ i?2 bBt ;2M2" iQ bSQ@, BP2 6T2RMbB; @MTi?2"
rBi? i?2 #Qp2 7Qm i MbH iBQMb :2M2  i2b i?2 7mHH SQBM+ "0 :°Qm
+?2 :2b "2:°QmT2/ BMIKQ iM2i#QQMimH > KQKZMimK

Boost. h?2 +QMb2 p2/ +? ;2 /2MbBiBPIH3.)BHB M2 T Q KIS M 2i i 2
#QQbi /2MbBiB2Ipt- r?B+? bBKTHBIQ 7Q"

ki = (9)%K; rBi? K = rw;. (5.3.27)

h?2 +Q "2bTQM/BM; pr MBRD2b #2+ mb2 Q7 i?2 Q// BMi2:" M/ b /Bb+n
2 "HB2  “2K 'F,
Z Z Z

Ki= d3%k =  d®WsK; = 2 d*Wsw; xixh = 0. (5.3.28)
\ S3 S3

Angular momentum. h?2 Qi?2" i?°22 +QMb2 ' p2/ +& +Q [2M B BIB&EHOM ; iQ
B34 “2i?2 M:mH  KQK2Mimk/2MbBiBRBH? i F2b bBKTH2 7Q K Dm
HBF2 BM KQ.2KJ mK

Ldx' = (2)2L,é rBi? La = #HpcPpWe. (5.3.29)
h?2 2tT 2bbBQMb 7QL;iBBKPHBZN iQ
z z i z B B
Li =  d3| = d*Wa (o) La€® = 2 W2 d®Wa 1 & (XaWwpXp  XaWpXp) .
v s? 9 s g

(5.3.30)
1tTHB+Bi + H+mH iBQM=D?QR iM{ri®" KQU2Mi T'QTQ iBQM H iQ i?2
KQK2 i, | |

L0=0 = ~2p(=0 (5.3.31)

h?Bb Bb- 2Qr2p2 - MQi i m3X @?2BM22iH TEKID R2Mi?2 b K2 "Qi iBQM
#2?2 pBQmM" b 7Q i?PB GBRINMIq2 i?72°27Q°2 MQi2 /QrM i327@bmHib Q7
j=1/2 MABM i #B3F QK r?B+? i?2 +Q "2bTQM/BIM: ML 2bMBQMb Q7
Q#i BM2/ mbBM: i?2 i #H2BM TT2M/Bt

g2 + M ; BM +QKTmi2 i?2 bT?2 B+ H +QKTQM2Mib (@7Li22) M;mH ~ K
mbBM; i?2 “2H3IBQMNMb2TH PERB{2 BM BiX q2 "2 HBx3 BMi222 M/

7Q; rQmH/ QMHV ? p2 WMAWPh-HBB2? 2 HH Q//T@QIMMBQMH 27Q " 2-

i?72 BMi2;" HQp2 i?@/MKrBMH/ KLFp MBb?X g2 HbQ }M/- rBi? 2tTHB

4The terms of P, using (4.1.39 are proportional to Y| m Yiomo, Which is evenin W, fora xed j.
5Here again the terms of P, which goes like Yi m Yionmo (4.1.39, are all even functions of f fora xed j.
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+QKTmi iBQMb-i? iil32 M 72p=0 "2 T°'QTQ iB®M HiQ
i=0 <2 (j=0 i=0 <2 o(j=0
LU= = 4-2p0=0 M/ LI79 = 12pl=0 (5.3.32)
b MQMi'BpB H 2t KTH2- r2 +QHH2=iLiZ 200HE%,";2b 7Q"
Ly = % 9L 1, )"t 6L 12, 12)° L 121217 6L 1232
. L L L . (5.3.33)
+6jL1p 320 | Lz, 12)° 6Lipari® Gilipsei® .
i=1/ N . . . . . .
ng v2) = 6L 1 s2i® i L 12 12i® 6L 12127

9L 12,3 J?
. .2 . .2 . .2 . .2
+ 9L 12, 32)+ 6L 1, 1217+ JL1212]° 6L 12312 )

sz _ (5.3.34)
+ 3 Lap 32l 12, 12 Liziel 1232

+L 12 aeblae 32 L ow2zzLliuzie

5.3.3 Dilatation

AiBb 2 bviQp2'B7vi? i +QMbi,Mi "2b+ HBM; #v

zZm = | x™

Bb HbQ DbQHIBIBQOMAR7+? “:2 /2MbBiv +Q "2bTQM/BM; iQ i?Bb bBM:F
i72 +QM7Q K Hp;"QneT-BBB+?2tZQbBKTHB}2b iQ

(5.3.35)

pixi = (2)°Pawa.

(5.3.36)
h?2 +Q "2bTQM/BMp #PBb;22b #2+ mb2 Q7 i?2 Q// BMi2;" M/,
Z Z
D =  d%pix = 2iWPty 3d3w3waxb>?c = 0. (5.3.37)
\ S

5.3.4 Special conformal transformations

7 B'Hv bi> B:;?2i7Q'r "/ + H+mH iBQM b?Qrbi? ii?2 7QHHQIBM; MQi b¢

zm = 2xMp,x" b™x"x,,

(5.3.38)
HbQ b iB32K h?22 7Q0m > :2M2 iQ b +Qby2IBPQMBBR;iQQ7Qm  /Bz2 2M
+? ;¥ MNX
Scalar SCT. h?2 +? ;2 /2MbEIV 2b T Q MUBBA i Q
Vo = (X*+t)e 2tp x, (5.3.39)
r?B+? EQ bBKTHB}2b iQ
Vo = x?e = (9)%rw2. (5.3.40)
h?2 2tT 2bbBQM 7Q  i?2 +Q 2T OM/ BM; ZQHHDrBM: bBKTH2 7Q K,
Vo = ZVd3XVo = Zs3d3W3(;,)(l wi)r = 2‘\/\/2283d3W3(1+ Wg) XaXa . (5.3.41)
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>2°2 ; BMwWi?i2 ' K Q7 i?2 BMi2;" H- #2BM; Q//-p MBb?2b M/ VvB2H/Db

Vo = 2E = 8 (j+132j+1) & jLmnj?- (5.3.42)
m,n

Vector SCT. h?22 +2 “;2 /2MDBIB20Q " 2bT@M2 iQ
v = 2x(x p) 2txe (xX* tdp. (5.3.43)

h?Bb bBKTtE#EB7M/ii F2b bi'm+im 2 bBKBH " iQ i?2 KR&3MImK /2MbBiB

vidxX = (9)Vae® rBi?Va = 2wa(Ppwp) W2P,. (5.3.44)
h?2 2tT 2bbBQMb 7QV;i??2M?bBEFHB7V iQ
Z Z
Vi = d3XVi = 2i"2W? 3d3W3g 2qa 2#ochabec>Zd #abc(l Wi) Xb)zc
\% S

(5.3.45)
qBi? 2tTHB+Bi +QKTmi iBQM r2 Q#b2 p22i T iQPD+HBQMbH iQ i?2 KQK2M
P Up2'B}2/ 2tTHB+BjHW/Q  mT iQ

Vi = 2R (5.3.46)
b#27Q 2-r2 + M +QKTmi2 i?2 bT?ZVBVW,W)+& KM QBN Mib2 2tT 2bbBQME
(5329 M/ 2TH PBRiY BM BiX g2 MQiB+2 i? V,ip2MB®b?2b QrBM; iQ i?2
Q//? BMi2;® Mimbi HBF2 BM P?R *»Qu2 Q27 - mMWRBFR?2 +¥,Bb MQM@

p MBb?BM;X 1tTHB+Bi + H+mH=iBQNb+B?>Q2bMA47Q2 T°'QTQ iBQM H
iQ i?72 KQK2Ri,mK

(=0 _  43p(i=0) (=0 _  53p(i=0)
ViU = R M/ VT = 2EpTY (5.3.47)

/IBIBQM HHv-r2 "2+Q"/ #2HWQrMAR ¥@ " j2B MQM@i BpB2H + b2 Q7

i=1/2 . . . . . . . . .
V(gj V= 82 9L 4p apPHiL 12 120 OL 1212 2hL 122
+ 24L 12, 32i%+ L1z, 120° § L1ari® Gilizaei® .
(5.3.48)
i=1/2 . ) . ) . . . . .
Vf(J ) = 32 49L 1, 327+ 33L 12, 120+ 8L 12120% 3L 12327

+33L 1 32)% 8Lz 12i° 33L1pari? 42L 1302

+8 3  Lua 3zl 12 12t Lzl 1232

L 12 w2bap 32+t L 12,312 L 12,112
(5.3.49)
PM2 + M +QKTmi2 i?2b2 +? “:25 ?Q 7QBI:RQIBMBM@b K2 bi® i2:vX

5.3.5 Applications

h?2 K2i?Q/ Q7 +QMbi ' m+iBM; " iBQM H 2H2+i QK ;M2iB+ }2H/b T 2b2N\
1121 Ip Mi ;2i? iBiT'Q/m+2b +QKTH2(2mR)icH M2BH2+#WQK ;M2iB+

}2H/ +QM};m” iBQM ? pBM; }MBi2 2M2 ;v + M- BM T 'BM+BTH2- #2 Q#i
HBF2 BME&ICRUKRYH#2Bi rBi? jX WB®RM;,QT2 iBQM H /B{+mHiv BMpQHp2,

60bserve that the terms in V4 (5.3.49 are all even in Wa.
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T'Q+2/m 2?2 biQ /QrBi?i?27 +ii? i i?ERBA B BNM}NMB-i2Qur2p2"-
K Mv BKTQ i Mi + b2b r?2°2 QMHvV }MBi2 MmK#2 Q7 FMQi@# bBb bQ
rBi? }tdN M22/iQ #2 +QK#BM2/iQ ;2ii?2 /2bB 2/ 1J }2H/ +QM};m" iB
pP2'vBKTQ'i Mi+ b2Bbi? iQ7i?2>QT} MbQHMIBQM /Bb+mbb2/ #27Q
p2°v BMi2 2biBM; ;2M2° HBb iBQMb Q7 i?2 >QRY) BMbIQR m (BNDItT @b 2 N
T 2b2Mi +QMbi ' m+iBQMX Ai Bb BKT2  iBp2iQ MQi2 ?22°2i? i r?BH2 i?
M2r bQHMIBQM 7 QK i?2 FMQrM QR PIBbbHBRB2Mi2i/?7BNb (K2 Bb MQi i’
7Q i?2 K2i?Q/ T 2b2Mi2/ BM i?Bb T T2 - r?B+? #v /2bB;M + M T Q/m
Q7 M2r }2H/ +QM};m" iBQMbX aQK2 Q7 i?2b2 TQbbB#H2 M2r }2H/ +QM
i72=0b2+iQ UTQbbBAME VAL QKr2HHYV +QmH/ }M/ 2tT2 BK2Mi H TTHB+
BKT Qp2/ 2tT2 BK2Mi H i2+3\B[m2b HBF2 BM (

FIGURE 5.2: Sample electric (red) and magnetic (green) eld lines at t=0. Left: time-translated
Hop an with ¢ = 60, Right: Rotated Hop an with q= 1.

"i2K MO6b +QMbi m+iBQMRRKTBND2H @BM (Dm/B+BQmb Mb ix 7Q" i?2
aBH#2 bi2B®I1@)+iABb7vBM; J tr2HHO6b 2[m iBQMb,

S=rarb = r S=Z0&iKS=r S, (5.3.50)

mbBM: T B Q7 +QKTH&b)XmM*iBRQND2biBM; :2M2° HBxXx iBQM Q7 i?:
bQHMIBQM Bb Q#i BM2/ BM 2[mRBAMBMW; XROBTHRIV BKR@i  MbH iB
iQ Q#i BM i?2 7T@QBWHDMBMIMT iQ MQ K HBX iBQMYV

A 1 iz X iy ] 1 2., 2. 2 L 12
AvI(tri Ari(teig T 2 XYtz (thignel

(5.3.51)
r?2'@Bb +QMbi Mi "2 HT ~ K2i2 ' X h?2+Q "2bTQM/BM; 1J}2H/ +QM};n
BM Qm ™ + b2- #v =2Q@QMBM)MHY i?2 7TEFOHQUBM2M+2 ivT2 A- +QKTH2t
+Q2{+B2Khihlg M

(a,b)rr =

(Lo, Looos Loo, 1)77 = 0,0, i;z - (5.3.52)

b KTH2 2H2+i'QK ;M2iB+ FMQi +QM};m" iBQM Q7 i?Bb KQ/B}2/ >QT}
8XX MQi?2° BMi2 2biBM; ;2M2° HBx iBQM Q7 i?2 >QT} M Bb +QMbi nm
iXkKRVRYTMbBM; U+QKTH2tV Qi iBQM U _Vajl) T2iBi?@ 7 BHHQTB MQ
MQ K HBx iBQMYV

A 1+ i(zcosiq+ xsinig) xcosiq zsiniq iy

(a,b)r = NS , ATt , (5.3.53)
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Time-translated Hop an Rotated Hop an
Energy (E) (lﬂ% =: Err 2p2cost? q=: Er
Momentum ( P) 0,0,% Err 0, itanhq, %sechq Egr
Boost (K) (0,0,0 (0,0,0
Ang. momentum ( L) 0,0, (1 ©o? Err 0, itanhq, 2sechq Egr
Dilatation (D) 0 0
Scalar SCT Vo) (1 ©)2%ErT Er
Vector SCT (V) 0,0,3(1 ©? Err 0, itanhq, }sechq Egr

TABLE 5.2: Conformal charges for the time-translated and rotated Hop an
con gurations.

r?2°'8=1 x2+y?+22 t2+1 X hQ ;2ii?Bb T "iB+mH ~1J }2H/ +QM};m’ iBQMN
iQ b2l M/ mb2i?2 7TQHHQrBM; +QK#BM TB QM QZ{@ B2Mip BM

(Lo, Looos Loo, 1)g = i%(coshq N ?%sinhq, i%(coshq+ 1)
(5.3.54)
g2 BHHmbi  i2 i?2 1J }2H/ HBM®b Hh2 Q7KiPBEB KQ/B}2/ >QT} M BM };
88X q2 MQi2 /QrM i?2 +QM7Q K H +? *;2b +Q "2bTQM/BMgXIKQ i?2b2 b
#v THmM;;BNSOi 2R 2{+B@EMBY M/535) BM i?2 TT ' QT'B i2 7Q ' KmH 2 Q7
T 2pBQmb b2+iBQMX h?2 "2bmHib K i+?2B¥BIiT? iQ2 Q2wWabH B M2 NQ B M? R
2M2 ;v-r?B+? + M #2 +?B2p2/#v M TT QT B i2 +?2QB+2 Q7 MQ K HB:

5.4 Null elds

M BMi2 2biBM; bm#b2i Q7 p +mmK 2H2+i"QK ;M2iB+ }2H/b "2 i?Qb2
BMp "B Mib-

E2 B°=0 M/ E B=0 0 E iB°= 0. (5.4.1)

b b+ H > 2[m iBQM Bi Kmbi 2[m HHv ?QH/ QM i?2 /2 aBii2" bB/2- N
+?2 ° +i2°Bx2 bm+? +QM}:m > iBQMb rBi? Qm  aPU9V # bBb #Qp2X 6Q°
2tT 2bbB @MY BNK2/B i2Hv :Bp2 i?2 B2K MM@aBH®2+ b FBW D2+iQ" Q

Ea iBa = 2iWXg(w)eWt (5.4.2)

r?2°2i?22mTT2 UHQr2 ' VbB;M T2i BMbiQ ivT2 AUAAVX LQi2i? ii?2
Q7 i?Bb }2H/ ? b + M+2HH2/X (E?2Bp(EABIB)BBL P2M 2[mBp H2Mi iQ
+QM/BiBQM QM i?2 M;mH > 7mM+iBQMb-

0 = Xy(w)?+ Xa(w)?+ Xz(w)? = 2Z+(W)Z (w)+ Zz(w)?. (5.4.3)

q?2M 2tT M/BM; i?2 M;mH" 7Qial 4 \BNI@b% bBb bQH (EiBQYM @ MERi ?
““Bp2b i bvbi2K Q7 ?QKQ;2M2Qmb [m /> iB+ 2[m iBQrMﬁ 7Qi?27°22

G2imb M Hvx2i?2 bBim iBQM TR hi¥T ZAMM(BTMMb7Q K mM/2°
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(,j) 2T 2b2Mi iBQM QGE(2QrX h?2 MmHH {HRMYB?BRIMB2H/b 2T '2b2M@
i iIBQM +QM(@®i Q71) ... (2,2)) M/ K vi?mb #2 2tT M/2/ BMiQ i?2 +Q"°
bTQM/BM; ? "KQMB+bX 6m’i?2 'KQ 2- h?2 BM/2T2M/2Mi p MBb?BM; Q
1(4j+1)(4i+2)(4j+3) 2[m iBQMb {R-1j(2@3) T ° K2idjhsy UMQi2 i?2 ° M;2b
QM Mh 7Q  ivT2 AVX *H2 “Hv- i?Bb bvbi2K Bb p biHv Qp2°/2i2 ' KBM2/X
i? i QMAV6j+1 2[m iBQMb "2 BM/2T2M/282 WiRRH @R PHBM ;T ° K2i2 b
7Q° i?2 bQHMIBQM bT +2X h?2 BM/2T2M/2Mi 2[m iBQMbhW M #2 Q ; ME
| 2n ' mn 1) mn+1 7Qmn= j....j,

. ) . (5.4.4)
Fmjrilmer, j 1= Pmegjetalm g1 7Qm= ...

2 ? p2 +?22+FR/B7Q I i22 mTT2 2[m iBQMb 72 bQHp2/ #v

2j+2 i ji+1 i+ 1+ < . . . .
on™ = (i)t il mer 7QM= jj M/in= L.+,

(5.4.5)
r?BH2 i?2 HQr2' QM2b BKTHvV i? i il=3+2B " 22BIQIT®;ABQM H iQ i?2 HQr2
r2B;?20b j 1 UBM/2T2MIAWMi Q7

I'm j 1= Wlnje 7Qw2C . (5.4.6)

h?2°27Q °2-i?2 7TmHH U;2M2'B+V bQHmMIiBQM "2 /b

| mn = q(ij?n)w’aiz”e@'km'ai?zm (Bi?zn2C M/ kn2f0,1,...,2+1g,

(5.4.7)
+QMi BAMEPMEQKTH2t T ° K2iMh b r2HEj bBb+ 2i2 +PQBUDIM?2 Q7
i?72K + M #2 #bQ #2VBMP@Bb +QKTH2i2HV bT2+B}2b i?2 ivT2@A MmHH
bTBMX hvT2@AA MmHH }2H/b "2 2 bBHv Q#i BM2/ #v TTHVBM; 2H2+]
MmHH }2H/bX

AM i?2 bBKTH2j50+i82 QBM;H2 2fgF iBQMo1 /2b+ B#2b ;2M2°'B+  MF@
[m /"BEPPM Q" +QM2 Qp2 CPbBMLR/2i?2 T ~ K2G2X R +2B;?2 bTBM-
i?72 KQ/MHB bT +2 Q7 ivT2@A MmHH }2H/b "2K BMb +QKTH2i2@BMi2
+QKTH2t /BKZ-MbBB QM

g2 +QM+HmM/2 i?2 a2+iBQM rBi? /BbTH v Q7 ivTBAH Q2H/iWEBMRb Ub?2
j=3 Mf=1 MmHH }2+IX i6Q60 i?2 TB+im 2b ;2i bKQQi?Hv /BbiQ i2/X

5.5 Flux transport

g2 ? p2 b22M i? i 2H2+i'QK ;M2iB+ 2M2 ;v Bb ~ /B i2/ rv HQM; i?2 H
i'viQ[m MiB7v Bib KQmMi Qp2 " InfiXn"2 MM A H BOWIARBBW ; 7m i?2  r2 M
/IQrM i?2 /2i2 " KBM Mi Q7 i2E@.CL3FQ#B M

o 2 P 2 sin’t sin’c .
jl2y = p\zq = 92 = 2 T rBi?g?= p?> of (5.5.1)

M/ i?2bT?2 B+ HIJBMFQrbFB +QKTQM2Mib

Ar = A+ AT, A= A AT, A=Ay, A= Af, (552

"These are the generic solutions. There exist also special solutions given by 6.4.6 and | mp = 0 for jnj &
j+ 1, for arbitrarily selected choicesof m2f j,..., ig-
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FIGURE 5.3: Sample electric (red) and magnetic (green) eld lines at t=0. Left: a pair of electric
and a pair of magnetic eld lines for the (j;m,n) = %; %% e eld con guration. Right: a pair of

electric eld lines, a magnetic eld line of self-linking one and a magnetic eld line of self-linking
seven for the (j;m,n) = (1,0, eld con guration.

Q MvQi?2 bm+?i2MbQ " +QKTQM2MiX BDBMizZm@hQ-r2 HbQ MQi2 ?:
i?2i° Mb7Q K iBQM Q7 i?2 pQHmMK2 7Q K

4
d*x = dtr2drd®W, = r?j/2J *dt dcd®W, = sin’cj/2Jj 2dt dc d®W, = aolt d3Ws .
(5.5.3)

h?2 2M2 ;v ~mt t§ TBEKBBM; i?°Qm;? irQ@bTg22MQZ 2/Bini®2 bT iB H
Q'B;BM Bb ;Bp2M #v
Z Z
Ftoro) = d% E B (to,roqf) = SZrgolzwzTt(r“”)(to,ro,q,f), (5.5.4)
[0)

(ro)

r?2 @w, = sinqdqdf - MTt(rM) Bbi@2) +QKTQM2Mi Q7 i?2 JBMFQrbFB@bT +2
2M27;vi2MbQ"

TOR = FoFu @' logmf?  rBi?(gmy = /B ( 1,112 r%sin%g) (5.5.5)

7Qnn,...2ftr,qfgX g2 + v Qmii?Bb +QKTn: @QMBNW/ 2?27 K2 #v mbBM
i?72 +QM7Q K H "2H iBQMb

2789 = 2 M = gin2 T = sin2t T M P 7Qmn2ft,c,qfg (5.5.6)

(Bi? i?2 C +QHBRIMM/ i?2 7 +i iBint = tsinc bQ i? |
z z
F(to,Co) = stinzc d2W, Tt(rcy')(to,co,q,f) = stinzc d2w, T L (5.5.7)

bi> B;?2i7Q°r */ +QKTmi (BQM™ "B® M, 1,sirfc,sin’csin?g) i?2M vB2H/b

Z
F(to.co) = qu d®Wo (Fiq)?+ (Feq)?+ Si%zq (Fit )2+ (Fer)?

,Z (5.5.8)
d®W, Fiq Feq+ =%-Fi Foer

sin®q

P+ q

+ ~2




*?2 Ti2> 8X #2HB M W@HmMIiBQMb, 60

h?2 bT?22°2@7° K2 +RKFOWMERMHQKTmMIi2/ #v 2R E & /BM B M
F = E.éé + 1Ba#, @ ¢ = Fppdx™dx"  rBi?x"2ft,c,qfg. (55.9)

h?2 2tT° 2bbBQM 7Q" i?2 ~mt BM bT?2°2@7° K2 }2H/b i?2M #2+QK2b
z h
“2F = pgsin’c 82d2W2 (sinf E; cosf E;)?+ (cosqcosf E; + cosgsinf E;
sinqEs)?+ (sinf By cosf By)?
i
+ (cosqcosf By + cosgsinf B,  sinqB3)?
z h
+ (p?+ P) sin’c 2d2W2 (sinf By cosf By)(cosqcosf E;
s

+ cosqgsinf E;  sinqE3) (sinf E; cosf E)
|
(cosqcosf By + cosgsinf B, singBs3)
(5.5.10)

h?2 iQi H2M2 ;v ~mt + Qbb 7mim 2 MmHH BM}MBiv Bb Q#i BM2/ #v 2
QM* M/ BMi2; iBM; Qp2 BiX AMi'Q/m+BM; +VHBM/2 HB;?2i@+QM2 +

u=t+c M/v=t c bQi? i t+r= “coty M/t r= " cotj
(5.5.11)
r2 +? ° +i2lBxd
thrl ¥ u2 (0,2p) ,
, =qg=sinc M/g=0.
t r2R v=20 ) P=d g
(5.5.12)
6m i?72  MQiB+BM; i? i
_ T du _ " du o ouv 1
d(t r) = orq 1 cosu M/ sinc = sin“%Y = 51 cos(u v) ,
(5.5.13)
r2 K vza2tT 2bbi?Bb iQi H~mt b
F, = i dit NF ., = ZZPAF(! u) (5.5.14)
Ty '+ 7 5 1 cosu '2'2 =
iQ Q#i BM
1Z VA h
Fe = & du(1 cosu)® d?W, cosqcosf E;+ cosqgsinf E, sinqEsz+ sinf By
i
cosf B, 2y cosqgcosf By + cosqgsinf B, singBz  sinf E; + cosf B 2
(5.5.15)

h?2 b[m "2 #° +F2i 2tT 2bbBQM #Qp2 + M #2 7m’i?2° bBKTHB}2/ 7Q"
PKTHQERM: HOM: (Bi®-(5.1.10-(5.1. M(5.17 iQ :2i
z

du(1 cosu)®> d°W, Zle (1 cosq) Z'€f(1 cosq) IOQlesinqz,

(5.5.16)
r?22°2i?22mTT2 UHQr2'VbB;M+Q "2bTQM/biQ IiVT2@A UivVT2@AAV I
Qj7= 0(W=2) i?2 +QMi'B#miBQM iQ i?2 irQ@bT?2 2 BMi2;" HQMHV +QK?2l
Bb BM/2T2Md2MiB&AX0j2+jz0j2+jz%? - bQ i? ii?2 BMi2;" iBQM + M 2 bBH

w2 2
.

FO =
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T2 ' 7Q K2/ #v T bbBM; iQ i?2 /W@,\BM.H.BD‘N\QWS@ iQ ;2i

2p

16 . 2 & 8 & . .
FY = 55 dusin®y Roo(4) ® & Jlonl® = < & Jlon® = E?. (65.17)
0 n= 1 n= 1

h?2 b K2 2[nFHBEB® +QMiBMm2b iQ ?QH/i'm2 bjrRr® m2TES R/ BliBND
ji=2 Mf=1V-i?mb p HB/ iBM; i?2 2M2 W @M% 2 p iBQM

5.6 Trajectories

:Bp2M FMQii2/ 2H2+i"QK ;M2iB+ }2H/ +QM};m” iBQM- M im ™ H[m2b
/IQ +? *;2/ T "iB+H2b T'QT ; i2BM i?2 # +F;"QmM/ Q7 bm+? }2H/\ g2
i?Bb Bbbm2 ?2°2 #v M HvxBM;- rBi? MmK2 B+ H bBKmH iBQMb-i?2 i’
iB+ HV +? “;2/ TQBMi T "iB+H2b 7Q " i?2 7 KBHvV Q1AM QAiR/Z32H/ +QM}
2M+QmMi2 2/ #27Q°2X g2 rBKH.9 @ MBB/P2H/FDIM};m” iBOQMO UMT iQ
bBKTHB+BivV M/ i?2>QT7 _ ¢/ }BHLFIQM};m  iBQM

AM bQK2 Q7 i?2 bBKmH iBQMb r2 2KTHQV i?2 K tBKmK Q7BiX®2X2M2 ;v
Emadt) Ui? i Q++m'b i b2pXmaHiT@BRIHQ+ i2/ bvKK2i'B+ HHvV rBi? "2bT:
i?2 Q'B;BMV-7Q  /Bz2 2Mi BMBiB H +QM/BiBQMb M/ }2H/ +QM};m" il
2KTHQV2/ T "Rtuad® Q7 6K tBK HO6 ° /Bmb /2}M2/ pB

E(t,Xmax(t)) = Emax(t) =) Rmax(t) = [Xmax(t)] - (5.6.1)

+? > +i2°BbiB+ 72 im'2 Q7 i?2b2 # bBb FMQi 2H2+i"QK ;M2iB+ }2H/b
72 2@ tBb /B '2+iBQM /m2iQ Qm  +QMp2MsiBQBQ@ MM QMQOQHB%x2 i?2
?22°2i? ii?2 aPUjV BbQK2i'vbm#;"QmT- MKL?2M+R/B MiB2 RI/2Q MQi A2
+VHBM/2> M/ i?2 JBMFQrbFB (BRIZXbhBBQrBBNH2 "Hv 2t2KTHB}2/ BM ¢
8X9r?2°2i?2 2M2 ;vHZMbEBi#B2) /2+ 2 b2b HQ®@;tBBX b “2bmHi- i?2
# bBb }2H/b H@MLBB EBXDX¥=0,z) MB(t,x=0,y=0,2) V 2 2Bi?2 /B 2+i2/
BM 2@ TH M2 Q" H@MBbLXAM 7 +i-7Q  2ti"2K2 }2H/j+QMD)m > iBQMb
7Q° MO0-i?2}2H/b HQ®@;tiBRp MBb? 7Q° HH iBK2bX

FIGURE 5.4: Contour plots for energy densities at t= 0 (yellow), t=1 (cyan) and t= 1.5 (purple) with
contour value 0.9Epax(t=1.5). Left: Hopf-Ran&da con guration, Center: (j;m,n)=( 3; 3, 3)r
con guration, Right: (j;m,n) =(1; 1, 1) con guration.

h?2i° D2+iQ B2b Q7 i?2b2 T "iB+H2b 2 :Qp2 M2/ #vi?2 "2H iBpBbiB-

dp

= AE+v B, (5.6.2)
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r22°@Bb i?2 +? ;2 Q7 i?p T gmB-BW2A?2 "2H iBpBbiB+ i? 2B®@KZK2MimK-
mbm Hi? 22@p2HQ+Bim@hiBRbTg dHEH22) Y2 Bb i?2 GQ 2Mix 7 +iQ -
ME MB- "2 /BK2MbBQM7mH 2H2+i B+ M/ K :M2iB+ }2H/b "2bT2+iBp
Q7 i?22 T 'EB=Hen M/E/dt = qv E- QM2 + M "28)XBV2BM i2 Kb Q7 i?2
/2°Bp iBp2R7b

V_ 9 esy B (v E)Y. (5.6.3)

dt  gm
1[m iBQAKEM MM ABY &X' 2 2[mBp H2Mi- M/2Bi?2° QM2+ M#2mb2/7Q" b
TQb2c i?2v QMHV /Bz2  #v i?2 TQbBiB QN @QMi®2imhQ MBI Biv BM
2p2°v /IBK2MbBQM7mH [m MiBiv + M #2 r'Bii2M BM i2 Kb Q7 H2M;i?
K2MbBQM7mH [m MiBiB2b iQ i?7 /QKa B[ (ELQBIMY rQ F rBi? i?2
+Q "2bTQM/BM: /BK2MbBQMH2bb QM2b b 7QHHQrb,

T=0 x=X, v:=flT)T< v, E=="26, M/B:="2B . (5.6.4)

JQ 2Qp2°- i?2 }2H/b 2 bQHMIBQMb Q7 i?2 ?2QKQ:;2M2Qmb UbQm"+2
bQ i?2v + M #2 7 22Hv "2b+ H2/ #v Mv /BK2MbB Q\DHKZBMBGMb? Mi 7
#Qp2 +QMbB/2° iIBQMb- QM2 Q"2 rMBHX BMMHVMHHY BM i2 Kb Q7
/BK2MbBQMH2bb [m MiBiB2b b

d(eV) _
e k(E+V B), (5.6.5)

r72°R= 9 Bb /BK2MbBQMH2bb T * K2i2'X PM2 +QMb2[m2M+2 Q7 i?|
2+ MimM2i?2p Hm2b Q7 2 +?2 Q7 i?2 +QMbi Mib b2T ~ i2HVX AM T i
+7 “:2 bbK HH b M22/2/ rBikQumi+2?iMiBM2 222+i Q7 i?2 # +F 2 +iBQ
i?72 i° D2+iQ B2b #2+QK2b M2;HB;B#H2X b 7Q  i?2 BMBiB H +QM/Bil

7QHHQIBM; irQ K BM b+2M "BQb,

URV B/2MiB+ H +? *;2/ T WVBAH{RHOyBOHQ+ i2/ bvKK2i'B+ HHv UrBi? °
bT2+iiQ i?2 Q'B;BMV- Q"

UKN B/2MiB+ H +? *;2/ T "XKB PHPDO)FRI4Bi? T "iB+H2 p2HQ+BiB2b /B2
/B HHv Qmir '/ BM bvKK2i'B+7 b?BQM UrBi? "2bT2+iiQi?2 Q B
T"QrbV-

rBi? i72 7QHHQIBM; j bm#@+ b2b 7Q #Qi? Q7 i?2b2 +QM/BiBQMb,
UVHQM; HBM2-

U'\QM +B +H2 ©@7 ° /Bmb

U*\QM bT?2°2 Q7X /Bmb

g2 p 'vb2p2  HT > K2i2’b BM+HmM/BM; i?2 BMBiB H+QM/BiBQMb rBi? /
M/ TH M2b 7Q" 2 +?2 +QM};m  KQM/ i?2 pBHKMHQBQM iBK2 BM Q /2" iQ
i?72 #2? pBQ Q7 i?2 i  D2+iQ B2bX AM b2p2° H}2H/ +QM};m  iBQMb b
Rmax(0) = 0- bQ r2 mb2 bK HH/ Q/BAHBMBiB H +QM/BiBQM Q7 FBM/ URV
T Q#2 i?2 T "iB+H2b "QmM/ "2;BQM Q7 K tBKmMK 2M2 ;v Q7 i?2 }2H/>
222+i Q7 i?2 }2H/ QM i?2 i° D2+iQ B2b Q7 i?2 T "iB+H2b Bb KQ 2 T QI
i?Bb 22HTb mb mM/2 bi M/ bK HH T2 im # iBQMb Q7 i?2 i’ D2+iQ B2b
bi “iBM; i "2bi 7°QK i?2 Q' B;BMX h?2 2z2+i Q7 i?2 }2H/b QM T "iB+
K tBKmK Q7 i?2 2M2 ;v /2MbBiv Bb Hb QRK.Q0)B O QKBMRMbi7 G2/ BM
6B:m8BJQ 2Qp2 - 7Q  i?2 BMBiB H +QM/BiBQM Q7 FBM/ UKV r2 mb2 i
BMi?2 " M;2r?2°2 Bi Bb UBVY MQM®@ 2H iBpBbiB+-0UBBY.OYH iBpBbiB
M/ UBBBV mHi  “2H 0.Bp® b PEB+ 2?7 ¥R -
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FIGURE 5.5: Simulation of N=18 particles in scenario (1C) for (3; 3, 3)r with k=10 and for
t 2 [0,1]. Left: r=Rmax(0) 0.447. Right:r=Rmax(0)/3.

g2 Q#b2 p2 p "B2iv Q7 /Bz2 2Mi #2? pBQ b 7Q  i?2b2 i  D2+iQ B2b-
K "Bx2 #2HQr rBi? i?2 B/ Q7 };m 2bX 6B biHv- Bi BbrQ i? MQiB+BM; i
/2+°2 bBM: b TQr2'b Q7 #Qi? bT +2 M/ iBK2 +QQ /BM i2b- BM KQbi }
Q#b2 p2 T "iB+H2b :2iiBM;: ++2H2  i2/ 7°QK “2bi mT iQ mHi® "2H iBpB
i?2b2 mHi> "2H iBpBbiB+ bT22/b 7Q" ?B;?2 iBK2b /2T2M/ QM i?2 K ;N
7Q° 2t KTH2- $BEX 2

FIGURE 5.6: Trajectory of a charged particle for (3; 3, 3)r con guration with initial conditions
X0=(0.01,0.01,0.0Land V=0 simulated for t 2 [ 1,1]. Left: Particle trajectory. Center: absolute

velocity pro le for k=10. Right: absolute velocity pro le for k= 100.

qBi? }t2/ BMBiB H+QM/BiBQMb UQ7 FBM/ URV QMY VY W27 +1B;?22"
BM ;2M2  H- i? i i?2 BMBiB H +QM/BiBQMb K v #2+QK2 BM+'2 bBM;H
}2H/b +QM};m’ iBQMb r2 BM/22/ 7QmMK4i??i2 TBIiBBM2b2, DIBMY 2 7Q+mb
M/ ++mKmH i2 HBF2 #2 K Q7 +? ~;2/ T "iB+H2b HQM; bQK2 bT2+B)]
KQp2 bvKTiQiB+ HHv 7Q " ?B;?2  bBKmH iBQM iBK2bX hj2Bb Bb 2t2KT
+QM};m’ iBQKOW, P2+QM};m’ iBQM BMGBL/Mi?2 > +QM};m’ iBQM BM
6B;m38X3 g2 ? p2 p2'B}2/ i?Bb 72 im2 MQi Dmbi rBi? bvKK2i "B+ BMB
T "iB+H2b HBF2 i? i rBi? BMBiB H +QM/BiB QWi-WHRM Mb Q BWULb DpRM 141
BMBiB H +QM/BiBQMb bvKK2i'B+ rBi? "2bT2+i iQ i?2 Q' B;BM- HBF2
BMbB/2 bT?2'2 Q7 }t2/ " /Bmb #Qmi i?2 Q'B;BM rBi? x2°'Q BMBiB H
HQ+ i2/ ii?2 Q" B;BM #mirBi? /IBz2 2Mi K ;MBirsBbQW B2HHQnH i BiBlpXR 6
2t KTH2 7Q" #Qi? Q7 i?2b2 H ii2  b+2M "BQb Q7 bvKK2i'B+ BMBiB H +
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FIGURE 5.7: Simulation of N= 18 particles for (0,0, 1), con guration, with k=100 andt 2 [0, 1].
Left: scenario (1C) with r=0.1. Right: scenario (2C) with r=0.75.

FIGURE 5.8: Simulation of N= 20 patrticles for (0,0, ), con guration, with k=1000 andt 2 [0, 1].

Left: particles starting from rest and located randomly inside a solid ball of radius r=0.01 Rmax =

0). Right: particles located at origin and directed randomly (shown with colored arrows) with
jVoj=0.45.

h?Bb Bb MQi Hr vb i?2 + b2i?Q|%1;R/I)4=6LQ+‘QJI@}Kﬁ1‘ iBQMb- M/ rBi? BMBIi
T 'iB+H2 TQbBiBQMb BM bT?2°'2 Q7 p2°vbK HH > /Bmb #Qmii?2 Q'B
i?2 bTHBiiBM; Q7 T 'iB+H2 i° D2+iQ B2b Ubi "iBM; BM bQK2 bT2+B}+
i?72 Q°'B;BMV BMiQ irQ-i?'22 Q" 2p2M 7Qm  bm+? bvKTIiQiB+ #2 Kb i?
T 'iB+mH * "2:BQMb Q7 bT +2 U/2T2M/BM; QM i?2 BMBiB H HQ+ iBQNM
i?72b2 bQHB/ M;H2 "2;BQMbVX h™ D2+iQ|BRHQMNY2M 'i2B ®WMibQ pd #22 M
BHHmbi i2/ BVX®IB;m 2

FIGURE 5.9: Simulation of N=18 particles in scenario (1C) with r=0.01 and fort 2 [0, 3]. Left:
(1, 1, 2)rcongurationwith k=500. Right:(1, 1, 1)r con gurationwith k=10.
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Lim> HHv-i?2°2 "2 HbQ "2;:BQMb Q7 mMbi #H2 i  D2+iQ B2b 7Q T il
bQHB/ M:H2 "2:BQM&XR2r 2 BB?m2M2° HHv BM+Hm@E iBB-THB K22 28 M
bQK2 + b2b i’ D2+iQ B2b i? i biz@ tiBRM2PM i M2 p2 BiX

FIGURE 5.10: Simulation of N= 18 particles in scenario (1C) with k=10,r=0.01 and fort 2 [0, 3.
Left: (3; 3, 3)rcon guration. Right: (1,0, 2); con guration.

g2 2KTHQV i?2 T RMK2(26.) BM i?2 i?2 7QHHQrBNRIBERKKRPXR 9
8XRS8MBXR®Q  #Qi? FBM/b Q7 BMBiB H +QM/BiBQMb pBxX URV M/ UkV
7Q°i?2 7Q K2 'ViQ mM/2 bi M/ i?2 2z2+i Q7 }2H/ BMi2MbBiv QM T “iB+

FIGURE 5.11: Simulation of N=11 particles in scenario (1A) with jXgj p 0.025 (including one at the
origin), for (3;3,3), con guration ( Rmax = 0) with k=10 andt 2 [ 1,1]. Left: particles initially

located along z-axis (blue line). Right: particles initially located along some (blue) linein  xy-plane.

PM2 p2°v BMi2 2biBM; 72 im 2 Q7 i° D2+iQ ' B2b 7Q  bQK2 Q7 i?2b2 }:
i?2virBbi M/ im M BM +Q?2 2Mi 7 b?BQM QrBM; iQ i?2 bvKK2i'v Q7 i
6Q° T 'iB+H2b rBi? BMBiB H +QM/BiBQM Q7 FBM/ UkV-r2 b22 i? i i?2
im"Mb- mT iQ irQ iBK2b- rBi? KBH/ irBbib #27Q 2 ;QBM; Qz bvKTiQiB
rBi? i?72 T 2b2M+2 Q7 bi'QM; # +F;"QmM/ 2H2+i"QK ;M2iB+ }2H/b rBi? F
Bb +H2 "Hv /2KQMbi" i2/ #28QR&XNW [MBBIN ROA T Bb rQ i?r?BH2 iQ MQiB+
BM 6B;8XHAR i i?72 T "iB+H2 r?B+? r b BMBiB HHv i "2bi KQp2b mMT2"|
z@ tBbc ; BM-i?Bb ? biQ/Q rBi? i?2 7 +ii? ii?2@B2RA+HBOOMXTA2BD "
72 im 2 Bb 2p2M KQ 2 T QMQaXMM// BiM26BBMiZom#};m 28XRO6B;m 2

r?2°2r2b22i? i T "iB+H2b rBi? mHi° "2H iBpBbiB+ BMBiB H bT22/b

p2'iB+ HHv mTr "/bV /m2 iQ i?2bi QM; 2H2+i"QK ;M2iB+ }2H/X h?2b2"
BMi2 2biBM; irBbib BM +Q?2 2Mi K MM2 X h?Bb irBbiBM; 72 im 2 Bb
+ b2r?2°2 BMBiB HT '"iB+H2 p2HQ+BiBXp@aT 2 MR R+i2/2HRMQ-i?2 + N
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b 72Hv ii"B#mi2 i?Bb #2? pBQ Q7 i?2 T "iB+H2 i D2+iQ B2biQ i?2 b’
rBi? T°272@2B 2+iBQM-i? ir2 "2rQ FBM; rBi?X

FIGURE 5.12: Simulation of N=11 particles in scenario (2A) with jVoj n 0.025 in the direction of
(0,1,0 (including one at rest), for (1,0,0, con guration ( Rmax = 0), with k=10. Left: t 2 [0, 1].
Right: t 2 [0, 3.

FIGURE 5.13: Simulation of N=10 particles in scenario (2B) with r=0.99 for (1, 1, 1) con gura-
tion with k=100 andt 2 [0, 3. Left: normal direction is y-axis. Right: normal direction is z-axis.

FIGURE 5.14: Simulation of N= 18 particles in scenario (2C) for (1, 0,0, con gurationand t 2 [0, 2.
Left: r=0.1 andk=10. Right: r=0.99 andk= 100.

g2 b22 BM 6BXR®i i?2 i° D2+iQ°'B2b Q7 T "iB+H2b i? i r2°2 BMBiB H#t
+B +H2 r?2Qb2 MQ K H®@btBbQM;rif@Bi2 bKQQi?Hv rBi? KBH/ irBbib 7Q"
#27Q°2i?2v HHim M bvKK2i'B+ HHvBM +Q?2 2Mir v M/ ;Q Qz bvKT
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