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Chapter 1

Introduction

�h�?�24�@�/�B�K�2�M�b�B�Q�M���H �/�2 �a�B�i�i�2�` �b�T���+�2dS4 �T�H���v�b ���M �B�K�T�Q�`�i���M�i �`�Q�H�2 �B�M �;�`���p�B�i�v�X �A�i �B�b �Q�M�2 �Q�7 �i�?�2
�i�?�`�2�2 �U�i�Q�T�Q�H�Q�;�B�+���H�V �i�v�T�2�b1 �Q�7 �6�`�B�2�/�K���M�M���G�2�K���W�i�`�2���_�Q�#�2�`�i�b�Q�M���q���H�F�2�` �U�6�G�_�q�V �b�T���+�2�i�B�K�2
�i�?���i �+���M �K�Q�/�2�H �� �?�Q�K�Q�;�2�M�2�Q�m�b ���M�/ �B�b�Q�i�`�Q�T�B�+ �m�M�B�p�2�`�b�2 �H�B�F�2 �Q�m�`�b �U���i �/�B�b�i���M�+�2 �b�+���H�2�b �Q�7 �R�y�y
�J�T�b�2�+�V�X �h�?�B�b �?���b �� �T�Q�b�B�i�B�p�2 �;�H�Q�#���H �b�+���H���` �+�m�`�p���i�m�`�2 �Q�7 �i�?�2 �m�M�/�2�`�H�v�B�M�;3�@�b�T���+�2 �U���b �;�H�Q�#���H
�7�Q�H�B���i�B�Q�M�V �i�?���i �B�b �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �i�?�2 �Q�#�b�2�`�p�2�/ �T�Q�b�B�i�B�p�2 �+�Q�b�K�Q�H�Q�;�B�+���H �+�Q�M�b�i���M�iL ���F��dark
energy�i�?���i �B�b ���`�;�m�2�/ �i�Q �#�2 �7�m�2�H�B�M�; �i�?�2 ���+�+�2�H�2�`���i�2�/ �2�t�T���M�b�B�Q�M �Q�7 �Q�m�` �m�M�B�p�2�`�b�2�X �A�i �B�b �#�2�H�B�2�p�2�/
�i�?���i �Q�m�` �m�M�B�p�2�`�b�2 �B�b ���b�v�K�T�i�Q�i�B�+���H�H�v �/�2 �a�B�i�i�2�` �r�?�B�+�? �K�2���M�b �B�M �i�?�2 �7�m�i�m�`�2�- �r�?�2�M �i�?�2 �/���`�F
�2�M�2�`�;�v �/�Q�K�B�M���i�2�b�- �Q�m�` �m�M�B�p�2�`�b�2 �r�Q�m�H�/ �#�2�+�Q�K�2 �/�2 �a�B�i�i�2�`�X

�:���m�;�2 �i�?�2�Q�`�v�- �B�M �T���`�i�B�+�m�H���` �u���M�;���J�B�H�H�b �i�?�2�Q�`�v�- �B�b �Q�7 �+�2�M�i�`���H �B�K�T�Q�`�i���M�+�2 �B�M �i�?�2 �+�H���b�b�B�+���H
�/�2�b�+�`�B�T�i�B�Q�M �Q�7 �7�m�M�/���K�2�M�i���H �7�Q�`�+�2�b �Q�7 �M���i�m�`�2 �H�B�F�2 �2�H�2�+�i�`�Q�K���;�M�2�i�B�b�K�- �r�2���F ���M�/ �b�i�`�Q�M�; �M�m�+�H�2���`
�7�Q�`�+�2�b�X �*�H���b�b�B�+���H �u���M�;���J�B�H�H�b �i�?�2�Q�`�v ���H�b�Q �?���b ���T�T�H�B�+���i�B�Q�M�b �B�M �Q�i�?�2�` �T�?�v�b�B�+�b ���`�2���b �b�m�+�? ���b
�Z�*�. �+�Q�M�}�M�2�K�2�M�i �Q�7 �?�B�;�? �2�M�2�`�;�v �T�?�v�b�B�+�b ���M�/ �b�T�B�M�@�Q�`�#�B�i �B�M�i�2�`���+�i�B�Q�M �B�M �+�Q�M�/�2�M�b�2�/ �K���i�i�2�`
�T�?�v�b�B�+�b�X �1�p�2�M �;�`���p�B�i�v �+���M �#�2 �m�M�/�2�`�b�i�Q�Q�/ ���b �� �;���m�;�2 �i�?�2�Q�`�v�X �A�i �B�b�- �i�?�2�`�2�7�Q�`�2�- �M���i�m�`���H �i�Q �b�2�2�F
�b�Q�H�m�i�B�Q�M�b �Q�7 �u���M�;���J�B�H�H�b �i�?�2�Q�`�v �Q�M �7�Q�m�`�@�/�B�K�2�M�b�B�Q�M���H �/�2 �a�B�i�i�2�` �b�T���+�2�X �6�m�`�i�?�2�`�K�Q�`�2�- �Q�r�B�M�; �i�Q
�i�?�2 �+�Q�M�7�Q�`�K���H �`�2�H���i�B�Q�M �Q�7dS4 �r�B�i�? �J�B�M�F�Q�r�b�F�B �b�T���+�2R1,3�- �B�i �i�m�`�M�b �Q�m�i �i�?���i �2�p�2�M ���#�2�H�B���M
�u���M�;���J�B�H�H�b �i�?�2�Q�`�v ���F�� �2�H�2�+�i�`�Q�K���;�M�2�i�B�b�K �b�i�m�/�B�2�/ �Q�M �i�?�2 �7�Q�`�K�2�` �?���b �M�B�+�2 ���T�T�H�B�+���i�B�Q�M �b�B�M�+�2
�i�?�2 �b�Q�H�m�i�B�Q�M�b �+���M �#�2 �T�m�H�H�2�/ �#���+�F �i�Q �J�B�M�F�Q�r�b�F�B �b�T���+�2 �U�Q�7 �Q�m�` �H���#�Q�`���i�Q�`�v�V �Q�r�B�M�; �i�Q �i�?�2
�+�Q�M�7�Q�`�K���H �B�M�p���`�B���M�+�2 �Q�7 �i�?�2 �u���M�;���J�B�H�H�b �i�?�2�Q�`�v �B�M4�@�/�B�K�2�M�b�B�Q�M�b�X

1.1 Electromagnetic knots

�h�?�2�Q�`�2�i�B�+���H �/�B�b�+�Q�p�2�`�v �Q�7 �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �F�M�Q�i�b �/���i�2�b �#���+�F �i�Q �R�N�3�N �r�?�2�M �_���¢���/�� �(�R�) �+�Q�M�@
�b�i�`�m�+�i�2�/ �i�?�2�K �m�b�B�M�; �i�?�2 �>�Q�T�7 �K���T�X �h�?�2�b�2 �}�M�B�i�2�@�2�M�2�`�;�v �}�M�B�i�2�@���+�i�B�Q�M �p���+�m�m�K �b�Q�H�m�i�B�Q�M�b �Q�7
�J���t�r�2�H�H�ö�b �2�[�m���i�B�Q�M�b ���`�2 �+�Q�M�b�i�`�m�+�i�2�/ �7�`�Q�K �� �T���B�` �Q�7 �+�Q�K�T�H�2�t �b�+���H���` �}�2�H�/�bf ���M�/q �Q�M �i�?�2
4�@�/�B�K�2�M�b�B�Q�M���H �b�T���+�2�i�B�K�2 �r�?�2�`�2 �i�?�23�@�b�T���+�2 �B�b �+�Q�K�T���i�B�}�2�/ �i�QS3 �r�B�i�? �i�?�2 ���/�/�B�i�B�Q�M �Q�7 �� �T�Q�B�M�i
���i �B�M�}�M�B�i�v�X �h�?�2�b�2 �b�Q�H�m�i�B�Q�M�b ���`�2 �i�?�m�b �+�?���`���+�i�2�`�B�b�2�/ �#�v �� �i�Q�T�Q�H�Q�;�B�+���H �[�m���M�i�B�i�v �+���H�H�2�/ �i�?�2 �>�Q�T�7
�B�M�/�2�t �Q�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �>�Q�T�7 �K���T �UA = 1, 2, 3, 4�V�,

h : S3 ! S2 , f wA g 7! f x1, x2, x3g (1.1.1)

�r�?�2�`�2S2�- ���`�B�b�B�M�; �7�`�Q�K �i�?�2 �+�Q�K�T���+�i�B�}�+���i�B�Q�M �Q�7 �i�?�2 �+�Q�K�T�H�2�t �T�H���M�2C�- �?���b �+�Q�Q�`�/�B�M���i�2�bxi �-
�b���i�B�b�7�v�B�M�;x2

1 + x2
2 + x2

3 = 1�- �i�?���i ���`�2 �+�Q�M�b�i�`�m�+�i�2�/ �7�`�Q�K �i�?�2S3 �+�Q�Q�`�/�B�M���i�2�bwA �- �b���i�B�b�7�v�B�M�;
w2

1 + w2
2 + w2

3 + w2
4 = 1�- ���b �7�Q�H�H�Q�r�b

x1 := 2(w1w2 + w3w4) , x2 := 2(w1w4 � w2w3) , x3 := ( w2
1 + w2

3) � (w2
2 + w2

4) . (1.1.2)

�h�?�2 �H�2�p�2�H �+�m�`�p�2�b �Q�7 �i�?�2�b�2 �+�Q�K�T�H�2�t�@�p���H�m�2�/ �7�m�M�+�i�B�Q�M�bq ���M�/f ���`�2 �B�/�2�M�i�B�}�2�/ �r�B�i�? �2�H�2�+�i�`�B�+ ���M�/
�K���;�M�2�i�B�+ �}�2�H�/ �H�B�M�2�b�X �a�2�p�2�`���H �Q�i�?�2�` ���T�T�`�Q���+�?�2�b �i�Q �+�Q�M�b�i�`�m�+�i �b�m�+�? �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �F�M�Q�i�b �?���p�2

1There are 3 types of FLRW spacetime viz. Minkowski space (k= 0), de Sitter space (k= 1), and Anti-de
Sitter space (k= � 1) according to the global topology of the backgroud 3-space (labelled by k).



�*�?���T�i�2�` �R�X �A�M�i�`�Q�/�m�+�i�B�Q�M 2

�#�2�2�M �/�2�p�2�H�Q�T�2�/ �b�B�M�+�2 �i�?�2�M �b�m�+�? ���b �"���i�2�K���M�ö�b �+�Q�K�T�H�2�t �1�m�H�2�` �T�Q�i�2�M�i�B���H�b�- �+�Q�M�7�Q�`�K���H �B�M�p�2�`�b�B�Q�M
���M�/ �S�2�M�`�Q�b�2 �i�r�B�b�i�Q�`�b �U�b�2�2 �(�k�) �7�Q�` �� �7�m�H�H �`�2�p�B�2�r�V�X

���T���`�i �7�`�Q�K �i�?�2�b�2 �i�?�2�`�2 �2�t�B�b�i�b ���M�Q�i�?�2�` �r���v �Q�7 �+�Q�M�b�i�`�m�+�i�B�M�; �i�?�2�b�2 �F�M�Q�i�i�2�/ �2�H�2�+�i�`�Q�K���;�M�2�i�B�+
�}�2�H�/�b �p�B�� �i�?�2 �+�Q�M�7�Q�`�K���H �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2 �#�2�i�r�2�2�M �/�2 �a�B�i�i�2�` �b�T���+�2dS4 ���M�/ �J�B�M�F�Q�r�b�F�B �b�T���+�2
R1,3�- �r�?�B�H�2 �T���b�b�B�M�; �i�?�`�Q�m�;�? �� �}�M�B�i�2 �G�Q�`�2�M�i�x�B���MS3�@�+�v�H�B�M�/�2�`�- ���b �r���b �b�?�Q�r�M �B�M �(�j�)�X �A�M �i�?�B�b
�K�2�i�?�Q�/�- �Q�M�2 �Q�#�i���B�M�b �� �+�Q�K�T�H�2�i�2 �7���K�B�H�v2 �Q�7 �b�m�+�? �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �F�M�Q�i�i�2�/ �+�Q�M�}�;�m�`���i�B�Q�M�b
�i�?���i ���`�2 �H���#�2�H�H�2�/ �r�B�i�? �?�v�T�2�`�b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�bYj;m,n �Q�7 �i�?�23�@�b�T�?�2�`�2�X �h�?�2 �/�2 �a�B�i�i�2�` �b�T���+�2
�2�M�D�Q�v�b �� �H���`�;�2�` �b�v�K�K�2�i�`�v �;�`�Q�m�T �B�MSO(1, 4) �r�?�Q�b�2 �b�m�#�;�`�Q�m�TSO(4) �= (SU(2) � SU(2)) / Z 2

�B�b �K���/�2 �m�b�2 �Q�7 �B�M �i�?�B�b �+�Q�M�b�i�`�m�+�i�B�Q�M �#�v �r�Q�`�F�B�M�; �r�B�i�? �i�?�2S3�@�+�v�H�B�M�/�2�`�X �>�2�`�2 �Q�M�2 �2�K�T�H�Q�v�b �i�?�2
�`�B�;�?�i�@���+�i�B�Q�M �Q�7SU(2) �� �i�?�2 �;�`�Q�m�T �K���M�B�7�Q�H�/ �Q�7S3 �� �Q�M �i�?�23�@�b�T�?�2�`�2 �i�Q �r�`�B�i�2 �/�Q�r�M �i�?�2 �;���m�;�2
�}�2�H�/ �B�M �i�2�`�K�b �Q�7 �i�?�2 �H�2�7�i�@�B�M�p���`�B���M�i �Q�M�2�@�7�Q�`�K�b �Q�7S3�X �h�?�2 �`�2�b�m�H�i�B�M�; �J���t�r�2�H�H�ö�b �2�[�m���i�B�Q�M �+���M �#�2
�b�Q�H�p�2�/ ���M���H�v�i�B�+���H�H�v ���M�/ ���`�2 �i�?�2�M �T�m�H�H�2�/ �#���+�F �i�Q �i�?�2 �J�B�M�F�Q�r�b�F�B �b�T���+�2 �m�b�B�M�; �i�?�2 �+�Q�M�7�Q�`�K���H
�K���T�X �h�?�B�b �ó�/�2 �a�B�i�i�2�`�ô �K�2�i�?�Q�/ �Q�7 �+�Q�M�b�i�`�m�+�i�B�Q�M �?���b ���/�p���M�i���;�2 �Q�p�2�` �i�?�2 �Q�i�?�2�`�b �#�2�+���m�b�2 �Q�7 �i�?�2
SO(4) �+�Q�p���`�B���M�i �i�`�2���i�K�2�M�i �Q�7 �J���t�r�2�H�H �i�?�2�Q�`�v�X

�E�M�Q�i�i�2�/ �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �}�2�H�/�b �K�B�;�?�i �#�2�+�Q�K�2 �B�K�T�Q�`�i���M�i �7�Q�` �7�m�i�m�`�2 ���T�T�H�B�+���i�B�Q�M�b �#�2�+���m�b�2 �Q�7
�i�?�2�B�` �m�M�B�[�m�2 �i�Q�T�Q�H�Q�;�B�+���H �T�`�Q�T�2�`�i�B�2�b�X �A�i �B�b�- �i�?�2�`�2�7�Q�`�2�- �B�K�T�Q�`�i���M�i �i�Q �b�2�2�F �2�t�T�2�`�B�K�2�M�i���H �b�2�i�@
�i�B�M�;�b �i�Q �;�2�M�2�`���i�2 �i�?�Q�b�2 �}�2�H�/�b ���M�/ �i�Q �b�i�m�/�v �b�+�2�M���`�B�Q�b �r�B�i�? �i�?�2�K�X �A�`�p�B�M�2 ���M�/ �"�Q�m�r�K�2�2�b�i�2�`
�(�9�) �/�B�b�+�m�b�b �i�?�2 �;�2�M�2�`���i�B�Q�M �Q�7 �F�M�Q�i�i�2�/ �}�2�H�/�b �m�b�B�M�; �G���;�m�2�`�`�2���:���m�b�b�B���M �#�2���K�b ���M�/ �T�`�2�/�B�+�i �T�Q�@
�i�2�M�i�B���H ���T�T�H�B�+���i�B�Q�M�b �B�M ���i�Q�K�B�+ �T���`�i�B�+�H�2 �i�`���T�T�B�M�;�- �i�?�2 �K���M�B�T�m�H���i�B�Q�M �Q�7 �+�Q�H�/ ���i�Q�K�B�+ �2�M�b�2�K�#�H�2�b�-
�?�2�H�B�+�B�i�v �B�M�D�2�+�i�B�Q�M �7�Q�` �T�H���b�K�� �+�Q�M�}�M�2�K�2�M�i�- ���M�/ �B�M �i�?�2 �;�2�M�2�`���i�B�Q�M �Q�7 �b�Q�H�B�i�Q�M�@�H�B�F�2 �b�Q�H�m�i�B�Q�M�b �B�M
�� �M�Q�M�H�B�M�2���` �K�2�/�B�m�K�X �J�Q�`�2�Q�p�2�`�- �H���b�2�` �#�2���K�b �r�B�i�? �F�M�Q�i�i�2�/ �T�Q�H���`�B�x���i�B�Q�M �b�B�M�;�m�H���`�B�i�B�2�b �r�2�`�2
�`�2�+�2�M�i�H�v �2�K�T�H�Q�v�2�/ �i�Q �T�`�Q�/�m�+�2 �b�Q�K�2 �b�B�K�T�H�2 �F�M�Q�i�i�2�/ �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b�- �B�M�+�H�m�/�B�M�; �i�?�2 �Q�M�2
�r�B�i�? �}�;�m�`�2�@8 �i�Q�T�Q�H�Q�;�v �B�M �i�?�2 �H���# �(�8�)�X

1.2 Cosmic SU(2) Yang–Mills �elds

�6�B�M�/�B�M�; ���M���H�v�i�B�+ �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �1�B�M�b�i�2�B�M���u���M�;���J�B�H�H�b �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b ���`�B�b�B�M�; �7�`�Q�K �i�?�2
�7�Q�H�H�Q�r�B�M�; ���+�i�B�Q�M �U�r�B�i�?�Q�m�i �i�Q�T�Q�H�Q�;�B�+���H �i�2�`�K� F^ F�V

S = SYM + SEH =
1
2k

Z

M
d4x

p
� g (R + 2L ) +

1
8g2

Z

M
Tr(F^ � F) , (1.2.1)

�r�?�2�`�2L �B�b �i�?�2 �+�Q�b�K�Q�H�Q�;�B�+���H �i�2�`�K ���M�/k, g ���`�2 �+�Q�m�T�H�B�M�; �+�Q�M�b�i���M�i�b�- �B�b �M�Q�i �T�Q�b�b�B�#�H�2 �B�M �;�2�M�2�`���H�X
�h�?�2�`�2 �B�b�- �?�Q�r�2�p�2�`�- �Q�M�2 �b�+�2�M���`�B�Q �r�?�2�`�2 �b�m�+�? �� �b�Q�H�m�i�B�Q�M �+���M �#�2 �Q�#�i���B�M�2�/ ���M�/ �i�?���i �B�b �6�G�_�q
�+�Q�b�K�Q�H�Q�;�v�X �>�2�`�2 �i�?�2 �u���M�;���J�B�H�H�b �2�[�m���i�B�Q�M �/�2�+�Q�m�T�H�2 �7�`�Q�K �1�B�M�b�i�2�B�M �2�[�m���i�B�Q�M �/�m�2 �i�Q �i�?�2
�+�Q�M�7�Q�`�K���H �B�M�p���`�B���M�+�2 �Q�7 �i�?�2 �7�Q�`�K�2�` �B�M4�@�/�B�K�2�M�b�B�Q�M���H �b�T���+�2�i�B�K�2M�X �h�?�B�b �K�2���M�b �i�?���i �;�B�p�2�M ��
�b�Q�H�m�i�B�Q�M �Q�7 �u���M�;���J�B�H�H�b �2�[�m���i�B�Q�M �B�M �Q�M�2 �Q�7 �i�?�2�b�2 �6�G�_�q �b�T���+�2�i�B�K�2�- �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�+���H�2
�7���+�i�Q�` �+���M �#�2 �Q�#�i���B�M�2�/ �p�B�� �6�`�B�2�/�K���M�M �2�[�m���i�B�Q�M�b�X �a�m�+�? �� �b�Q�H�m�i�B�Q�M �r�B�i�? �}�M�B�i�2 �2�M�2�`�;�v ���M�/
���+�i�B�Q�M �/�Q �2�t�B�b�i �7�Q�` �i�?�2 �/�2 �a�B�i�i�2�` �+���b�2 �i�Q�;�2�i�?�2�` �r�B�i�? �i�?�2SU(2) �;���m�;�2 �;�`�Q�m�T �(�e���3�)�X

�� crucial �B�M�;�`�2�/�B�2�M�i �Q�7 �i�?�2 �a�i���M�/���`�/ �J�Q�/�2�H �Q�7 �+�Q�b�K�Q�H�Q�;�v �+���H�H�2�/ �B�M�~���i�B�Q�M �+���M ���H�b�Q �#�2 �i���+�F�H�2�/
�r�B�i�? �?�Q�K�Q�;�2�M�2�Q�m�b ���M�/ �B�b�Q�i�`�Q�T�B�+ �M�Q�M�@���#�2�H�B���M �u���M�;���J�B�H�H�b �}�2�H�/�b �B�M �i�?�2 �J�B�M�F�Q�r�b�F�B �i�v�T�2 �U�b�T���@
�i�B���H�H�v �~���i�V �6�G�_�q �#���+�F�;�`�Q�m�M�/ �B�M �i�?�2�Q�`�B�2�b �Q�7 �;���m�;�2�@�~���i�B�Q�M �Q�` �+�?�`�Q�K�Q�@�M���i�m�`���H �B�M�~���i�B�Q�M �U�b�2�2
�(�N�) �7�Q�` �� �`�2�p�B�2�r�V�X ���M�Q�i�?�2�` �K�Q�`�2 �K�B�M�B�K���H�B�b�i�B�+ ���T�T�`�Q���+�? �i�Q�r���`�/�b �i���+�F�H�B�M�; �i�?�B�b �B�b�b�m�2 �r���b �`�2�@
�+�2�M�i�H�v �T�m�i �7�Q�`�i�? �#�v �.���M�B�2�H �6�`�B�2�/���M �(�R�y�)�X �>�2 �+�Q�M�b�B�/�2�`�b �� �+�Q�m�T�H�2�/ �1�B�M�b�i�2�B�M���u���M�;���J�B�H�H�b���>�B�;�;�b
�b�v�b�i�2�K �r�?�2�`�2 �� �`���T�B�/�H�v �Q�b�+�B�H�H���i�B�M�; �B�b�Q�i�`�Q�T�B�+SU(2) �;���m�;�2 �}�2�H�/ �b�i���#�B�H�B�x�2�b �i�?�2 �b�v�K�K�2�i�`�B�+ �>�B�;�;�b
�p���+�m�m�K �B�M �� �/�2 �a�B�i�i�2�` �i�v�T�2 �U�b�T���i�B���H�H�v �+�H�Q�b�2�/�V �6�G�_�q �b�T���+�2�i�B�K�2�X

�"���b�2�/ �Q�M �i�?�2�b�2�- �B�i �B�b �Q�M�H�v �M���i�m�`���H �i�Q ���M���H�v�x�2 �i�?�2 �b�i���#�B�H�B�i�v �#�2�?���p�B�Q�m�` �Q�7 �b�m�+�? �ó�+�Q�b�K�B�+ �u���M�;��
�J�B�H�H�b �}�2�H�/�b�ô �m�M�/�2�` �;�2�M�2�`�B�+ �H�B�M�2���` �T�2�`�i�m�`�#���i�B�Q�M �Q�7 �i�?�2 �u���M�;���J�B�H�H�b �}�2�H�/ �2�[�m���i�B�Q�M�X �6�Q�` �i�?�2

2In the sense that any given �nite-energy rational Maxwell solution can be expanded in terms of these
basis con�gurations.
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�;���m�;�2�@�~���i�B�Q�M �b�+�2�M���`�B�Q �b�m�+�? ���M ���M���H�v�b�B�b �?���b �#�2�2�M �/�Q�M�2 �#�2�7�Q�`�2�- �#�m�i �7�Q�` �i�?�2 �H���i�2�` �b�+�2�M���`�B�Q
�i�?�2�`�2 �Q�M�H�v �2�t�B�i�b �`�2�b�m�H�i �7�Q�` �b�T�B�M�@j= 0 �+���b�2 �Q�7 �i�?�2�b�2SU(2) �;���m�;�2 �}�2�H�/�b �(�R�R�)�X

�A�M �H�B�;�?�i �Q�7 �i�?�B�b�- �r�2 �T�`�2�b�2�M�i �?�2�`�2 �� �+�Q�K�T�H�2�i�2 �b�i���#�B�H�B�i�v ���M���H�v�b�B�b �Q�7 �i�?�2�b�2SU(2) �b�Q�H�m�i�B�Q�M�b �B�M ��
�+�H�Q�b�2�/ �6�G�_�q �m�M�B�p�2�`�b�2�X �h�?�B�b ���M���H�v�b�B�b �B�b �B�M �+�Q�M�i�`���b�i �r�B�i�? �i�?���i �Q�7 �i�?�2 �;�m���;�2�@�~���i�B�Q�M �Q�M�2 �r�?�2�`�2
�+�Q�M�7�Q�`�K���H �B�M�p���`�B���M�+�2 �B�b �#�`�Q�F�2�M�c �Q�m�` �?�Q�K�Q�;�2�M�2�Q�m�b ���M�/ �B�b�Q�i�`�Q�T�B�+ �;���m�;�2 �}�2�H�/ �r�Q�m�H�/ �;�B�p�2 �`�B�b�2
�i�Q �B�M�?�Q�K�Q�;�2�M�2�Q�m�b �u���M�;���J�B�H�H�b �}�2�H�/�b �Q�M �~���i �6�G�_�q �b�T���+�2�i�B�K�2�X �6�Q�` �i�?�2 �b���F�2 �Q�7 �b�B�K�T�H�B�+�B�i�v �r�2
�F�2�2�T �i�?�2 �#���+�F�;�`�Q�m�M�/ �K�2�i�`�B�+ �}�t�2�/ �B�M �i�?�B�b �T�2�`�i�m�`�#���i�B�Q�M ���M���H�v�b�B�b�X �q�?�B�H�2 �i�?�B�b �/�Q�2�b �K�2���M �i�?���i
�Q�m�` ���M���H�v�b�B�b �B�b �b�i�B�H�H �T���`�i�B���H�- �r�2 �+���M ���`�;�m�2 �7�Q�` �i�?�2 �`�2�H�2�p���M�+�2 �Q�7 �Q�m�` ���M���H�v�b�B�b ���b �7�Q�H�H�Q�r�b�,

�U���V�A�M4�@�/�B�K�2�M�b�B�Q�M���H �b�T���+�2�i�B�K�2�- �i�?�2 �;���m�;�2 �}�2�H�/�b �/�2�+�Q�m�T�H�2 �r�B�i�? �i�?�2 �#���+�F�;�`�Q�m�M�/ �K�2�i�`�B�+�X
�h�?�2�`�2�7�Q�`�2�- �~�m�+�i�m���i�B�Q�M �Q�7 �i�?�2 �H���i�i�2�` �/�Q�2�b �M�Q�i ���z�2�+�i �i�?�2 �;���m�;�2 �}�2�H�/�b �Q�7 �Q�m�` �i�?�2�Q�`�v�X

�U�#�V�h�?�2 �~�m�+�i�m���i�B�Q�M �Q�7 �i�?�2 �;���m�;�2 �}�2�H�/�b �B�b �2�t�i�`�2�K�2�H�v �`���T�B�/ �r�?�2�M �+�Q�K�T���`�2�/ �i�Q �i�?�2 �2�p�Q�H�m�i�B�Q�M
�Q�7 �i�?�2 �#���+�F�;�`�Q�m�M�/ �K�2�i�`�B�+ ���M�/ �B�i�b �b�m�#�b�2�[�m�2�M�i �~�m�+�i�m���i�B�Q�M�b�X �h�?�2 �7�Q�`�K�2�`�- �i�?�2�`�2�7�Q�`�2�- �/�Q
�M�Q�i �2�t�T�2�`�B�2�M�+�2 ���M�v �b�B�;�M�B�}�+���M�i �2�z�2�+�i �/�m�2 �i�Q �b�m�+�? �b�H�Q�r �K�2�i�`�B�+ �~�m�+�i�m���i�B�Q�M�b�X

�h�?�2 �Q�M�H�v �F�M�Q�r�M �7���K�B�H�v �Q�7 �}�M�B�i�2�@�2�M�2�`�;�vSU(2) �u���M�;�@�J�B�H�H�b �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M �Q�M �6�G�_�q
�b�T���+�2�i�B�K�2 ���`�2 �Q�#�i���B�M�2�/�- �B�M ���M �2�{�+�B�2�M�i �K���M�M�2�`�- �#�v �2�K�T�H�Q�v�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�M�7�Q�`�K���H �+�Q�`�`�2�@
�b�T�Q�M�/�2�M�+�2 �#�2�i�r�2�2�M �/�2 �a�B�i�i�2�` �b�T���+�2 ���M�/ �i�?�2 �+�v�H�B�M�/�2�`I � S3 �7�Q�`I := ( 0,p )�X �h�?�B�b �+�Q�M�7�Q�`�K���H
�K���T ���`�B�b�2�b �p�B�� �� �i�2�K�T�Q�`���H �`�2�T���`���K�2�i�`�B�x���i�B�Q�M ���M�/ �q�2�v�H �`�2�b�+���H�B�M�; �(�R�y���R�j�)�-

ds2
�/�a4

= � dt2 + `2 cosh2 t
` dW2

3 = `2

sin2t

�
� dt 2 + dW2

3

�

�7�Q� t̀ 2 (� ¥ , + ¥ ) , t 2 (0,p ) ,
(1.2.2)

�r�?�2�`�2dW 2
3 �B�b �i�?�2 �`�Q�m�M�/ �K�2�i�`�B�+ �Q�MS3�- ���M�/̀ �B�b �i�?�2 �/�2 �a�B�i�i�2�` �`���/�B�m�b�X �q�2 �Q�#�b�2�`�p�2 �i�?���i �i�?�2

�`�2�H���i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �+�Q�M�7�Q�`�K���H �i�B�K�2t ���M�/ �+�Q�@�K�Q�p�B�M�; �i�B�K�2t �B�M(1.2.2) �}�t�2�b �i�?�2 �+�Q�b�K�Q�H�Q�;�B�+���H
�+�Q�M�b�i���M�i �i�QL = 3/ `2�X ���i �i�?�B�b �T�Q�B�M�i�- �r�2 �+���M �2�K�T�H�Q�v ���MS3�@�b�v�K�K�2�i�`�B�+ ���M�b���i�x �7�Q�` �i�?�2 �;���m�;�2
�}�2�H�/ �#�v �M�Q�i�B�M�; �i�?���iSU(2) �B�b �i�?�2 �;�`�Q�m�T �K���M�B�7�Q�H�/ �Q�7S3�X �h�?�B�b �v�B�2�H�/�b ���M �P�.�1 �7�Q�` �b�Q�K�2 �b�+���H���`
�7�m�M�+�i�B�Q�My (t ) �T���`���K�2�i�`�B�x�2�/ �#�v �i�?�2 �+�Q�M�7�Q�`�K���H �i�B�K�2�- �i�?���i �B�b �M�Q�i�?�B�M�; �#�m�i �� �L�2�r�i�Q�M�ö�b �2�[�m���i�B�Q�M
�7�Q�` �� �+�H���b�b�B�+���H �T�Q�B�M�i �T���`�i�B�+�H�2 �m�M�/�2�` �i�?�2 �B�M�~�m�2�M�+�2 �Q�7 �� �/�Q�m�#�H�2�@�r�2�H�H �T�Q�i�2�M�i�B���H

V (y ) = 1
2(y 2 � 1)2 . (1.2.3)

�h�?�2 �b�Q�H�m�i�B�Q�M �7�Q�` �i�?�2�b�2 ���M�?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�`�b ���`�2 �r�2�H�H �F�M�Q�r�M �B�M �i�2�`�K�b �Q�7 �C���+�Q�#�B �2�H�H�B�T�i�B�+ �7�m�M�+�@
�i�B�Q�M�b �i�?���i �/�2�T�2�M�/ �Q�M �i�B�K�2�X ���H�i�?�Q�m�;�? �i�?�2�b�2 �b�Q�H�m�i�B�Q�M�b �2�t�B�b�i�b �7�Q�` ���H�H �i�?�`�2�2 �6�G�_�q �K�2�i�`�B�+�b�- �Q�M�H�v
�b�T���i�B���H�H�v �+�H�Q�b�2�/ �Q�M�2 ���/�K�B�i�b ���M �B�b�Q�i�`�Q�T�B�+ �b�Q�H�m�i�B�Q�M �m�M�/�2�` �i�?�2 ���#�Q�p�2 �+�Q�M�7�Q�`�K���H �i�`���M�b�7�Q�`�K���i�B�Q�M�X
�6�Q�` �/�2 �a�B�i�i�2�` �i�v�T�2 �6�G�_�q �b�T���+�2�i�B�K�2 �r�2 �?���p�2

ds2 = � dt2 + a(t)2 dW 2
3 = a(t )2�

� dt 2 + dW 2
3

�

�7�Q� t̀ 2 (0,t �K���t) , t 2 I � (0,T0) ,
(1.2.4)

�r�?�2�`�2 �r�2 �B�K�T�Q�b�2 �� �#�B�;�@�#���M�; �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�Ma(0)= 0�- �b�Q �i�?���i

dt =
dt

a(t)
�r�B�i�? t (t= 0) = 0 ���M�/ t (t= t �K���t) = : T0 < ¥ . (1.2.5)

�h�?�2 �H�B�7�2�i�B�K�2t �K���t �Q�7 �i�?�2 �m�M�B�p�2�`�b�2 �+���M �#�2 �B�M�}�M�B�i�2 �U�#�B�; �`�B�T�-a(t �K���t)= ¥ �V �Q�` �}�M�B�i�2 �U�#�B�; �+�`�m�M�+�?�-
a(t �K���t)= 0�V�X �J�Q�`�2�Q�p�2�`�- �#�Q�m�M�+�B�M�; �+�Q�b�K�Q�H�Q�;�B�2�b ���b �B�M �U�R�X�k�X�k�V ���`�2 ���H�b�Q ���H�H�Q�r�2�/ �#�m�i �r�B�H�H �M�Q�i �#�2
�T�m�`�b�m�2�/ �?�2�`�2�X

�q�2 �M�Q�i�B�+�2 �i�?���i �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2�b�2SO(4)�@�b�v�K�K�2�i�`�B�+ �u���M�;���J�B�H�H�b �}�2�H�/�b�- ���M�/ �i�?�2�B�`
�b�i�`�2�b�b�@�2�M�2�`�;�v �i�2�M�b�Q�`�- �B�M �i�?�2 �Q�M�2�@�r���v �+�Q�m�T�H�B�M�; �r�B�i�? �i�?�2 �#���+�F�;�`�Q�m�M�/ �/�2 �a�B�i�i�2�` �6�G�_�q �K�2�i�`�B�+
�p�B�� �6�`�B�2�/�K���M�M �2�[�m���i�B�Q�M �U���b �/�B�b�+�m�b�b�2�/ �#�2�7�Q�`�2�V �B�b �b�m�+�? �i�?���i �B�i �Q�M�H�v �K�Q�/�B�}�2�b �i�?�2 �b�+���H�2 �7���+�i�Q�`
a(t )�X �A�i �B�b �r�2�H�H �F�M�Q�r�M �i�?���i �i�?�2 �2�[�m���i�B�Q�M �Q�7 �K�Q�i�B�Q�M �;�Q�p�2�`�M�B�M�; �i�?�B�b �b�+���H�2 �7���+�i�Q�` ���`�B�b�2�b ���b ��
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�L�2�r�i�Q�M�ö�b �2�[�m���i�B�Q�M �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �U�+�Q�b�K�Q�H�Q�;�B�+���H�V �T�Q�i�2�M�i�B���H

W(a) = 1
2a2 � L

6 a4 , (1.2.6)

�r�?�B�+�? �B�b ���M�Q�i�?�2�` ���M�?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�` �U���H�i�?�Q�m�;�? �B�M�p�2�`�i�2�/�V�X

�h�?�2 �T���B�` �Q�7 �b�Q�H�m�i�B�Q�M�b(y , a) �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q(1.2.3) ���M�/(1.2.6) �v�B�2�H�/�b ���M �2�t���+�i �+�H���b�b�B�+���H
�1�B�M�b�i�2�B�M���u���M�;���J�B�H�H�b �+�Q�M�}�;�m�`���i�B�Q�M�X �h�?�2 �+�Q�M�b�2�`�p�2�/ �K�2�+�?���M�B�+���H �2�M�2�`�;�vE �7�Q�ỳ �}�t�2�b �i�?�2
�b���K�2 �B�X�2�XE0 �7�Q�`a �p�B�� �i�?�2 �q�?�2�2�H�2�`���.�2�q�B�i�i �+�Q�M�b�i�`���B�M�i

E0 = eE ; E :=
1
2

�y 2 + V (y ) ���M�/ E0 :=
1
2

�a2 + W(a) , (1.2.7)

�r�?�2�`�2 �i�?�2 �Q�p�2�`�/�Q�i �/�2�M�Q�i�2�b �� �/�2�`�B�p���i�B�p�2 �r�B�i�? �`�2�b�T�2�+�i �i�Q �+�Q�M�7�Q�`�K���H �i�B�K�2 ���M�/e �/�2�T�2�M�/�b �Q�M
�+�Q�m�T�H�B�M�; �+�Q�M�b�i���M�i�b�X

�P�M�2 �+���M ���H�b�Q �B�M�i�`�Q�/�m�+�2 �� �+�Q�K�T�H�2�t �b�+���H�2�` �>�B�;�;�b �}�2�H�/f �B�M �i�?�2 �7�m�M�/���K�2�M�i���H �a�l�U�k�V �`�2�T�`�2�b�2�M�@
�i���i�B�Q�M �i�Q �i�?�2 �a�i���M�/���`�/ �J�Q�/�2�H �Q�7 �+�Q�b�K�Q�H�Q�;�v �r�B�i�? �>�B�;�;�b �T�Q�i�2�M�i�B���H

U (f ) = 1
2 l 2 �

f †f � 1
2v2� 2

, (1.2.8)

�r�?�2�`�2v/
p

2 �B�b �i�?�2 �>�B�;�;�b �p�2�p ���M�/l v �B�b �i�?�2 �>�B�;�;�b �K���b�b�X �A�i �i�m�`�M�b �Q�m�i �i�?���i �B�K�T�Q�b�B�M�; ���M
SO(4)�@�B�M�p���`�B���M�+�2 �K���F�2�b �i�?�2 �>�B�;�;�b �}�2�H�/f � 0�- �r�?�B�+�? �T�`�Q�p�B�/�2�b �m�b �r�B�i�? �� �/�2�}�M�B�i�2 �T�Q�b�B�i�B�p�2
�+�Q�b�K�Q�H�Q�;�B�+���H �+�Q�M�b�i���M�i �Q�7

L = k U (0) = 1
8 k l 2v4 , (1.2.9)

�r�?�2�`�2k �B�b �i�?�2 �;�`���p�B�i���i�B�Q�M���H �+�Q�m�T�H�B�M�;�X �h�?�2 �7�m�H�H �1�B�M�b�i�2�B�M���u���M�;���J�B�H�H�b���>�B�;�;�b ���+�i�B�Q�M �U�B�M �b�i���M�@
�/���`�/ �M�Q�i���i�B�Q�M�V�-

S =
Z

d4x
p

� g
n

1
2k R + 1

8g2 tr FmnFmn� Dmf †Dmf � U (f )
o

, (1.2.10)

�`�2�/�m�+�2�b �B�M �i�?�2 �a�P�U�9�V�@�B�M�p���`�B���M�i �b�2�+�i�Q�` �i�Q

S[a, y , L ] = 12p 2
Z T0

0
dt

n
1
k

�
� 1

2 �a2 + W(a)
�

+ 1
2g2

� 1
2

�y 2 � V (y )
� o

, (1.2.11)

�r�?�2�`�2g �B�b �i�?�2 �;���m�;�2 �+�Q�m�T�H�B�M�;�X

�A�7 �i�?�2 �u���M�;���J�B�H�H�b �2�M�2�`�;�vE �B�b �H���`�;�2 �2�M�Q�m�;�? �B�i �+�Q�m�H�/ �T�`�Q�T�2�H ���M �2�i�2�`�M���H �2�t�T���M�b�B�Q�M �Q�7 �i�?�2
�m�M�B�p�2�`�b�2 �i�?���i �B�b ���+�+�Q�K�T���M�B�2�/ �#�v �`���T�B�/ �~�m�+�i�m���i�B�Q�M�b �Q�7 �i�?�2 �;���m�;�2 �}�2�H�/�X �h�?�2 �+�Q�m�T�H�B�M�; �Q�7
�i�?�B�b �u���M�;���J�B�H�H�b �}�2�H�/ �r�B�i�? �i�?�2 �>�B�;�;�b �}�2�H�/ �b�i���#�B�H�B�x�2�b �i�?�2 �b�v�K�K�2�i�`�B�+ �p���+�m�m�Kf � 0 ���i �i�?�2
�H�Q�+���H �K���t�B�K�m�K �Q�7U �i�?�`�Q�m�;�? �� �T���`���K�2�i�`�B�+ �`�2�b�Q�M���M�+�2 �2�z�2�+�i�- ���b �H�Q�M�; ���ba �B�b �M�Q�i �i�Q�Q �H���`�;�2�X
�1�p�2�M�i�m���H�H�v�- �r�?�2�Ma �2�t�+�2�2�/�b �� �+�`�B�i�B�+���H �p���H�m�2 �Q�7 �2�H�2�+�i�`�Q�@�r�2���F �b�v�K�K�2�i�`�v �#�`�2���F�B�M�; �b�+���H�2a�1�q �-
�i�?�2 �>�B�;�;�b �}�2�H�/ �r�B�H�H �#�2�;�B�M �i�Q �`�Q�H�H �/�Q�r�M �i�Q�r���`�/�b �� �K�B�M�B�K�m�K �Q�7U�- �i�?�m�b �#�`�2���F�B�M�; �i�?�2 �a�P�U�9�V
�b�v�K�K�2�i�`�v�X �h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�B�K�2t �1�q �b�B�;�M�B�}�2�b �i�?�2 �2�H�2�+�i�`�Q�r�2���F �T�?���b�2 �i�`���M�b�B�i�B�Q�M �B�M �i�?�2
�2���`�H�v �m�M�B�p�2�`�b�2�X �h�?�B�b �B�b �� �`���i�?�2�` �m�M�+�Q�M�p�2�M�i�B�Q�M���H �b�+�2�M���`�B�Q �T�m�i �7�Q�`�r���`�/ �`�2�+�2�M�i�H�v �#�v �6�`�B�2�/���M �(�R�y�)�X

1.3 Outline and summary of results

�A�M �i�?�2 �M�2�t�i �i�r�Q �+�?���T�i�2�`�b �r�2 �`�2�p�B�2�r �i�?�2 �K���i�?�2�K���i�B�+���H �T�`�2�H�B�K�B�M���`�B�2�b �i�?���i �#�m�B�H�/�b �m�T �;���m�;�2 �i�?�2�@
�Q�`�v�X �A�M �*�?���T�i�2�`�k�r�2 �T�`�2�b�2�M�i �� �#�`�B�2�7 �#�m�i �i�?�Q�`�Q�m�;�? �`�2�p�B�2�r �Q�7 �i�?�2 �K���i�?�2�K���i�B�+�b �Q�7 �#���+�F�;�`�Q�m�M�/
�;�2�Q�K�2�i�`�v �b�m�+�? ���b �K���M�B�7�Q�H�/�- �}�#�`�2 �#�m�M�/�H�2�b�- �2�i�+�X ���M�/ �b�v�K�K�2�i�`�v �B�M �T�?�v�b�B�+�b �b�m�+�? ���b �G�B�2 �;�`�Q�m�T�b�-
�G�B�2 ���H�;�2�#�`�� ���M�/ �i�?�2�B�` �`�2�T�`�2�b�2�M�i���i�B�Q�M�b�X �L�2�t�i�- �B�M �*�?���T�i�2�`�j �r�2 �`�2�p�B�2�r �i�?�2 �+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7
�;���m�;�2 �i�?�2�Q�`�v �p�B�� �T�`�B�M�+�B�T���H �#�m�M�/�H�2 �7�Q�`�K���H�B�b�K�X
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�A�M �*�?���T�i�2�`�9�r�2 �/�B�b�+�m�b�b �i�?�2 �;�2�Q�K�2�i�`�v �Q�7 ���M�/ �+���H�+�m�H�m�b �Q�M �i�?�23�@�b�T�?�2�`�2 ���T���`�i �7�`�Q�K �/�2�K�Q�M�b�i�`���i�@
�B�M�; �i�?�2 �+�Q�M�7�Q�`�K���H �2�[�m�B�p���H�2�M�+�2 �Q�7 �i�?�2S3�@�+�v�H�B�M�/�2�` �r�B�i�? �J�B�M�F�Q�r�b�F�B �b�T���+�2�X �q�2 �i�?�2�M �T�`�2�b�2�M�i
�u���M�;���J�B�H�H�b �2�[�m���i�B�Q�M �7�Q�` ��SO(4)�@���b�v�K�K�2�i�`�B�+SU(2) �u���M�;���J�B�H�H�b �i�?�2�Q�`�v �Q�M �i�?�2S3�@�+�v�H�B�M�/�2�`
���M�/ �/�B�b�+�m�b�b �B�i�b �i�r�Q �H�B�K�B�i�B�M�; �+���b�2�b �r�?�2�`�2 ���M���H�v�i�B�+ �b�Q�H�m�i�B�Q�M�b �+���M �#�2 �Q�#�i���B�M�2�/�X

�q�2 �T�`�2�b�2�M�i �i�?�2 �+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �F�M�Q�i�i�2�/ �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b �B�M �*�?���T�i�2�`�8
���M�/ �b�i�m�/�v �i�?�2�B�` �b�v�K�K�2�i�`�v �7�2���i�m�`�2 ���M�/ �Q�i�?�2�` �T�`�Q�T�2�`�i�B�2�b�X �q�2 ���M���H�v�x�2 �i�?�2 �2�z�2�+�i �Q�7 �i�?�2 �/�2
�a�B�i�i�2�` �;�`�Q�m�TSO(1, 4)�- �B�X�2�X �i�?�2 �B�b�Q�K�2�i�`�v �;�`�Q�m�T �Q�7dS4�- �Q�M �i�?�2�b�2 �b�Q�H�m�i�B�Q�M�b�X �h�Q �i�?���i �2�M�/�- �r�2
�/�2�K�Q�M�b�i�`���i�2 �i�?�2 �2�K�2�`�;�2�M�+�2 �Q�7 �i�?�2 �S�Q�B�M�+���`�2 �;�`�Q�m�TISO(1, 3) �Q�7R1,3 �7�`�Q�KSO(1, 4) �B�M �i�?�2
�H�B�K�B�i` ! ¥ �X �q�2 �Q�#�b�2�`�p�2 �i�?���i �Q�M�H�v �i�?�2 �b�m�#�;�`�Q�m�TSO(3) �B�b �+�Q�K�K�Q�M �B�M �i�?�2 �i�r�Q �+���b�2�b�X

�q�2 �i�?�2�M �T�`�Q�+�2�2�/�- ���H�b�Q �B�M �*�?���T�i�2�`�8�- �i�Q �+�Q�K�T�m�i�2 ���H�H �i�?�2 �L�Q�2�i�?�2�` �+�?���`�;�2�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2
�+�Q�M�7�Q�`�K���H �;�`�Q�m�TSO(2, 4) �p�B�x�X �2�M�2�`�;�v�- �K�Q�K�2�M�i�m�K�- ���M�;�m�H���` �K�Q�K�2�M�i�m�K�- �#�Q�Q�b�i�- �/�B�H���i���i�B�Q�M
���M�/ �b�T�2�+�B���H �+�Q�M�7�Q�`�K���H �i�`���M�b�7�Q�`�K���i�B�Q�M�b �U�a�*�h�V �7�Q�` �� �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �� �B�M �i�2�`�K�b �Q�7 �+�Q�K�T�H�2�t
�+�Q�2�{�+�B�2�M�i�bL j,m,n �� �Q�7 �i�?�2�b�2 �#���b�B�b�@�F�M�Q�i �+�Q�M�}�;�m�`���i�B�Q�M�b�X �h�?�2�b�2 �+�Q�M�b�2�`�p�2�/ �+�?���`�;�2 �/�2�M�b�B�i�B�2�b ���`�2
�2�p���H�m���i�2�/ �Q�M �/�2 �a�B�i�i�2�` �b�T���+�2 ���it = 0 �r�?�2�`�2 �+�Q�M�b�B�/�2�`���#�H�2 �b�B�K�T�H�B�}�+���i�B�Q�M�b �Q�+�+�m�` �/�2�K�Q�M�b�i�`���i�B�M�;
�i�?�2 �m�b�2�7�m�H�M�2�b�b �Q�7 �i�?�B�b �ó�/�2 �a�B�i�i�2�` �K�2�i�?�Q�/�ô�X �q�2 �}�M�/ �i�?���i �i�?�2 �/�B�H���i���i�B�Q�M �p���M�B�b�?�2�b �r�?�B�H�2 �i�?�2
�b�+���H���` �a�*�h �+�?���`�;�2V0 �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �2�M�2�`�;�vE�X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �#�Q�Q�b�i�bKi �p���M�B�b�?
���M�/ �i�?�2 �p�2�+�i�Q�` �a�*�h �+�?���`�;�2�bVi ���`�2 �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �K�Q�K�2�M�i��Pi �X �A�M�i�2�`�2�b�i�B�M�;�H�v�- �7�Q�` �i�?�2
�p�2�+�i�Q�` �+�?���`�;�2 �/�2�M�b�B�i�B�2�b �p�B�x�X �K�Q�K�2�M�i��pi �- ���M�;�m�H���` �K�Q�K�2�M�i��l i ���M�/ �p�2�+�i�Q�` �a�*�hvi �r�2 �}�M�/
�i�?���i �i�?�2 �Q�M�2�@�7�Q�`�K�- �2�X�;�Xpidxi �+�Q�M�b�i�`�m�+�i�2�/ �Q�M �i�?�2 �b�T���i�B���H �b�H�B�+�2R3 ,! R1,3 �B�b �T�`�Q�T�Q�`�i�B�Q�M���H
�i�Q �� �b�B�K�B�H���` �Q�M�2 �Q�M �/�2 �a�B�i�i�2�` �b�T���+�2�X �h�?�B�b �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2 ���H�H�Q�r�b �m�b �i�Q �+�Q�K�T�m�i�2 ���/�/�B�i�B�Q�M���H
�+�?���`�;�2�b(pr , pq, pf ) �#�v �i�?�2 ���+�i�B�Q�M �Q�7 �b�m�+�? �Q�M�2�@�7�Q�`�K�b �Q�M �b�T�?�2�`�B�+���H �p�2�+�i�Q�` �}�2�H�/�b(¶r , ¶q, ¶f )�X
���i j= 0 �B�i �i�m�`�M�b �Q�m�i �i�?���i �i�?�2�`�2 ���`�2 �Q�M�H�v �7�Q�m�` �B�M�/�2�T�2�M�/�2�M�i �M�Q�M�@�x�2�`�Q �+�?���`�;�2�b�, �i�?�2 �2�M�2�`�;�vE
���M�/ �K�Q�K�2�M�i��Pi �X �h�?�2 �b�B�i�m���i�B�Q�M �7�Q�` �?�B�;�?�2�` �b�T�B�Mj �B�b �K�Q�`�2 �+�Q�K�T�H�B�+���i�2�/�- �#�m�i �b�Q�K�2 �Q�7 �i�?�2
�+�Q�K�T�Q�M�2�M�i�b �Q�7 �i�?�2 �+�?���`�;�2�b �B�M �b�T�?�2�`�B�+���H �+�Q�Q�`�/�B�M���i�2�b ���`�2 �7�Q�m�M�/ �i�Q �p���M�B�b�? �7�Q�` ���`�#�B�i�`���`�vj�X �h�?�2
���+�i�B�Q�M �Q�7so(3) �;�2�M�2�`���i�Q�`�bDa �Q�M �i�?�2 �B�M�/�B�+�2�b �Q�7L j,m,n �+���M �2���b�B�H�v �#�2 �Q�#�i���B�M�2�/ �7�Q�` �� �}�t�2�/j
�Q�r�B�M�; �i�Q �i�?�2SO(4) �B�b�Q�K�2�i�`�v�X �h�?�B�b ���H�H�Q�r�b �7�Q�` ���M ���+�i�B�Q�M �Q�7 �i�?�2�b�2 �;�2�M�2�`���i�Q�`�b �Q�M �i�?�2 �+�?���`�;�2�b�X
�6�Q�` �U�i�?�2 �*���`�i�2�b�B���M �+�Q�K�T�Q�M�2�M�i�b �Q�7�V �i�?�2 �p�2�+�i�Q�` �+�?���`�;�2�b �i�?�B�b ���+�i�B�Q�M �B�b �7�Q�m�M�/ �i�Q �B�M�?�2�`�B�i �i�?�2
�Q�`�B�;�B�M���Hso(3) �G�B�2 ���H�;�2�#�`���B�+ �b�i�`�m�+�i�m�`�2�- ���b �2�t�T�2�+�i�2�/�X �q�2 ���H�b�Q �+�Q�K�T�m�i�2 �i�?�2 �+�Q�`�`�2�+�i �+�Q�2�{�+�B�2�M�i�b
L 0;0,n �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�r�Q �B�M�i�2�`�2�b�i�B�M�; �;�2�M�2�`���H�B�b���i�B�Q�M�b �Q�7 �i�?�2 �>�Q�T�}���M �b�Q�H�m�i�B�Q�M �Q�#�i���B�M�2�/ �p�B��
�"���i�2�K���M�ö�b �+�Q�M�b�i�`�m�+�i�B�Q�M �B�M �(�R�9�)�- �r�?�B�+�? ���H�H�Q�r �m�b �i�Q �p���H�B�/���i�2 �Q�m�` �;�2�M�2�`�B�+ �7�Q�`�K�m�H���2 �Q�7 �i�?�2�b�2
�+�?���`�;�2�b�X �q�2 ���H�b�Q �/�2�K�Q�M�b�i�`���i�2 �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T �Q�7 �2�M�2�`�;�v �r�B�i�? �i�?�2 �+�Q�M�b�2�`�p�2�/ �?�2�H�B�+�B�i�v�X

�6�m�`�i�?�2�`�K�Q�`�2�- �B�M �*�?���T�i�2�`�8�r�2 �+�?���`���+�i�2�`�B�x�2 �i�?�2 �K�Q�/�m�H�B �b�T���+�2 �Q�7 �M�m�H�H �b�Q�H�m�i�B�Q�M�b �r�?�B�+�? �i�m�`�M�b
�Q�m�i �i�Q �#�2 �� �+�Q�K�T�H�2�i�2�@�B�M�i�2�`�b�2�+�i�B�Q�M �T�`�Q�D�2�+�i�B�p�2 �+�Q�K�T�H�2�t �p���`�B�2�i�v �Q�7 �+�Q�K�T�H�2�t �/�B�K�2�M�b�B�Q�M2j+ 1�X
�q�2 ���H�b�Q �/�2�K�Q�M�b�i�`���i�2 �?�Q�r �i�?�2 �2�M�2�`�;�v �~�m�t �B�b �`���/�B���i�2�/ �i�Q �B�M�}�M�B�i�v �r�B�i�? ���M �2�M�2�`�;�v �T�`�Q�}�H�2 �i�?���i
�B�b �+�Q�M�+�2�M�i�`���i�2�/ ���H�Q�M�; �i�?�2 �H�B�;�?�i�+�Q�M�2 �b�B�i�m���i�2�/ ���i �i�?�2 �Q�`�B�;�B�M �U�b�2�H�2�+�i�2�/ �#�v �i�?�2�b�2 �b�Q�H�m�i�B�Q�M�b�V�X �6�B�@
�M���H�H�v�- �r�2 �b�i�m�/�v �i�?�2 �i�`���D�2�+�i�Q�`�B�2�b �Q�7 �K�m�H�i�B�T�H�2 �B�/�2�M�i�B�+���H �+�?���`�;�2�/ �T���`�i�B�+�H�2�b �B�M �i�?�2 �#���+�F�;�`�Q�m�M�/ �Q�7
�i�?�2�b�2 �#���b�B�b �F�M�Q�i �+�Q�M�}�;�m�`���i�B�Q�M�b�X �q�2 �2�K�T�H�Q�v �b�2�p�2�`���H �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �7�Q�` �i�?�2�b�2 �+�?���`�;�2�/ �T���`�@
�i�B�+�H�2�b ���M�/ �}�M�/ �B�M�i�2�`�2�b�i�B�M�; �7�2���i�m�`�2�b �Q�7 �i�?�2 �i�`���D�2�+�i�Q�`�B�2�b �H�B�F�2 �+�Q�?�2�`�2�M�i �i�r�B�b�i�B�M�;�- �m�H�i�`���`�2�H���i�B�p�B�b�i�B�+
���+�+�2�H�2�`���i�B�Q�M �Q�7 �T���`�i�B�+�H�2�b �b�i���`�i�B�M�; �7�`�Q�K �`�2�b�i ���M�/ �� �[�m�B�+�F �+�Q�M�p�2�`�;�2�M�+�2 �Q�7 �i�?�2�B�` �i�`���D�2�+�i�Q�`�B�2�b �B�M�i�Q
�� �7�2�r �M���`�`�Q�r �+�Q�M�2�b ���b�v�K�T�i�Q�i�B�+���H�H�v �7�Q�` �b�m�{�+�B�2�M�i�H�v �?�B�;�? �p���H�m�2 �Q�7 �i�?�2 �+�Q�m�T�H�B�M�;�X

�A�M �*�?���T�i�2�`�e�r�2 �}�`�b�i �`�2�p�B�2�r �i�?�2 �+�H���b�b�B�+���H �+�Q�M�}�;�m�`���i�B�Q�M�b(Am, gmn) �B�M �i�2�`�K�b �Q�7 �L�2�r�i�Q�M�B���M
�b�Q�H�m�i�B�Q�M�b(y , a) �7�Q�` �i�?�2 ���M�?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�` �T���B�`(V,W)�X �q�2 �i�?�2�M �B�M�p�2�b�i�B�;���i�2 ���`�#�B�i�`���`�v
�b�K���H�H �T�2�`�i�m�`�#���i�B�Q�M�b �Q�7 �i�?�2 �;���m�;�2 �}�2�H�/ �/�2�T���`�i�B�M�; �7�`�Q�K �i�?�2 �i�B�K�2�@�/�2�T�2�M�/�2�M�i �#���+�F�;�`�Q�m�M�/Am

�T���`���K�2�i�`�B�x�2�/ �#�v �i�?�2 �ó�;���m�;�2 �2�M�2�`�;�v�ôE�X �G���i�2�` �Q�M �r�2 �H�B�M�2���`�B�x�2 �i�?�2 �u���M�;���J�B�H�H�b �2�[�m���i�B�Q�M
���`�Q�m�M�/ �B�i ���M�/ �/�B���;�Q�M���H�B�x�2 �i�?�2 �~�m�+�i�m���i�B�Q�M �Q�T�2�`���i�Q�` �i�Q �Q�#�i���B�M �� �b�T�2�+�i�`�m�K �Q�7 �i�B�K�2�@�/�2�T�2�M�/�2�M�i
�M���i�m�`���H �7�`�2�[�m�2�M�+�B�2�b�X �h�Q �/�2�+�B�/�2 ���#�Q�m�i �i�?�2 �H�B�M�2���` �b�i���#�B�H�B�i�v �Q�7 �i�?�2 �+�Q�b�K�B�+ �u���M�;���J�B�H�H�b �+�Q�M�}�;�m�@
�`���i�B�Q�M�b �r�2 �?���p�2 �i�Q ���M���H�v�x�2 �i�?�2 �H�Q�M�;�@�i�B�K�2 �#�2�?���p�B�Q�` �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M�b �i�Q �>�B�H�H�ö�b �2�[�m���i�B�Q�M �7�Q�` ���H�H
�i�?�2�b�2 �M�Q�`�K���H �K�Q�/�2�b�X �h�Q �i�?���i �2�M�/�- �r�2 �2�K�T�H�Q�v �6�H�Q�[�m�2�i �i�?�2�Q�`�v �i�Q �H�2���`�M �i�?���i �i�?�2�B�` �;�`�Q�r�i�? �`���i�2
�B�b �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �b�i�`�Q�#�Q�b�+�Q�T�B�+ �K���T �Q�` �K�Q�M�Q�/�`�Q�K�v�- �r�?�B�+�? �B�b �2���b�B�H�v �+�Q�K�T�m�i�2�/ �M�m�K�2�`�B�@
�+���H�H�v �7�Q�` ���M�v �;�B�p�2�M �K�Q�/�2�X �q�2 �/�Q �b�Q �7�Q�` �� �M�m�K�#�2�` �Q�7 �H�Q�r�@�7�`�2�[�m�2�M�+�v �M�Q�`�K���H �K�Q�/�2�b ���M�/ �}�M�/�-
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�r�?�2�M �p���`�v�B�M�;E�- ���M ���H�i�2�`�M���i�B�M�; �b�2�[�m�2�M�+�2 �Q�7 �b�i���#�H�2 �U�#�Q�m�M�/�2�/�V ���M�/ �m�M�b�i���#�H�2 �U�2�t�T�Q�M�2�M�i�B���H�H�v
�;�`�Q�r�B�M�;�V �~�m�+�i�m���i�B�Q�M�b�X �h�?�2 �m�M�b�i���#�H�2 �#���M�/�b �`�Q�m�;�?�H�v �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�?�2 �T���`���K�2�i�`�B�+ �`�2�b�Q�M���M�+�2
�7�`�2�[�m�2�M�+�B�2�b�X �q�B�i�? �;�`�Q�r�B�M�; �ó�;���m�;�2 �2�M�2�`�;�v�ô �i�?�2 �`�m�M���r���v �T�2�`�i�m�`�#���i�B�Q�M �K�Q�/�2�b �#�2�+�Q�K�2 �K�Q�`�2
�T�`�Q�K�B�M�2�M�i�- ���M�/ �b�Q�K�2 �Q�7 �i�?�2�K �T�2�`�b�B�b�i �B�M �i�?�2 �B�M�}�M�B�i�2�@�2�M�2�`�;�v �H�B�K�B�i�- �r�?�2�`�2 �r�2 �/�2�i�2�+�i �m�M�B�p�2�`�@
�b���H �M���i�m�`���H �7�`�2�[�m�2�M�+�B�2�b ���M�/ �K�Q�M�Q�/�`�Q�K�B�2�b�X �� �b�T�2�+�B���H �`�Q�H�2 �B�b �T�H���v�2�/ �#�v �i�?�2 �a�P�U�9�V�@�B�M�p���`�B���M�i
�~�m�+�i�m���i�B�Q�M �Q�7j= 0 �K�Q�/�2�- �r�?�B�+�? �K�2�`�2�H�v �b�?�B�7�i�b �i�?�2 �T���`���K�2�i�2�`E �Q�7 �i�?�2 �#���+�F�;�`�Q�m�M�/�X �q�2 �i�`�2���i
�B�i �2�t���+�i�H�v ���M�/ �#�2�v�Q�M�/ �i�?�2 �H�B�M�2���` �`�2�;�B�K�2�X �h�?�B�b �ó�b�B�M�;�H�2�i�ô �K�Q�/�2 �i�m�`�M�b �Q�m�i �i�Q �#�2 �K���`�;�B�M���H�H�v
�b�i���#�H�2�- �B�X�2�X �B�i �?���b �� �p���M�B�b�?�B�M�; �G�v���T�m�M�Q�p �2�t�T�Q�M�2�M�i�X �A�i�b �H�B�M�2���` �;�`�Q�r�i�?�- �?�Q�r�2�p�2�`�- �;�2�i�b �H�B�K�B�i�2�/
�#�v �M�Q�M�H�B�M�2���` �2�z�2�+�i�b �Q�7 �i�?�2 �7�m�H�H �~�m�+�i�m���i�B�Q�M �2�[�m���i�B�Q�M�- �r�?�Q�b�2 ���M���H�v�i�B�+ �b�Q�H�m�i�B�Q�M�b �2�t�?�B�#�B�i �r���p�2
�#�2���i �#�2�?���p�B�Q�`�X

�6�B�M���H�H�v �r�2 �T�`�2�b�2�M�i �� �#�`�B�2�7 �b�m�K�K���`�v �Q�7 �Q�m�` �r�Q�`�F �B�M �*�?���T�i�2�`�d���M�/ �T�`�2�b�2�M�i �i�?�2 �7�m�i�m�`�2 �Q�m�i�H�Q�Q�F�X
�q�2 ���H�b�Q �+�Q�H�H�2�+�i �b�2�p�2�`���H �`�2�H�2�p���M�i �/���i�� �B�M �p���`�B�Q�m�b ���T�T�2�M�/�B�+�2�b ���M�/ �T�`�2�b�2�M�i �� �/�B�`�2�+�i �K���T �#�2�i�r�2�2�M
�i�?�2 �+�v�H�B�M�/�2�` ���M�/ �J�B�M�F�Q�r�b�F�B �b�T���+�2 �p�B�� �*���`�i�2�`���S�2�M�`�Q�b�2 �i�`���M�b�7�Q�`�K���i�B�Q�M�- ���p�Q�B�/�B�M�; �i�?�2 �/�2 �a�B�i�i�2�`
�/�2�i�Q�m�`�- �B�M ���T�T�2�M�/�B�t�� �X
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Chapter 2

Geometry & Symmetry

�h�r�Q �Q�7 �i�?�2 �K�Q�b�i �B�K�T�Q�`�i���M�i �+�Q�M�+�2�T�i�b �i�?���i �T�H���v �� �7�m�M�/���K�2�M�i���H �`�Q�H�2 �B�M �T�?�v�b�B�+�b ���`�2 �i�?�2 �;�2�Q�K�2�@
�i�`�v �Q�7 �#���+�F�;�`�Q�m�M�/ �b�T���+�2 ���M�/ �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �b�v�K�K�2�i�`�B�2�b�X �h�?�2�v �?���p�2 �r�2�H�H �m�M�/�2�`�b�i�Q�Q�/ �K���i�?�@
�2�K���i�B�+���H �7�Q�m�M�/���i�B�Q�M �B�M �/�B�z�2�`�2�M�i�B���H �;�2�Q�K�2�i�`�v ���M�/ �G�B�2 �;�`�Q�m�T�b�f���H�;�2�#�`���b �`�2�b�T�2�+�i�B�p�2�H�v�X �>�2�`�2
�r�2 �T�`�2�b�2�M�i �� �b�?�Q�`�i �2�t�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2�b�2 �K���i�?�2�K���i�B�+���H �i�Q�T�B�+�b �i�?���i �B�b �2�b�b�2�M�i�B���H �i�Q�r���`�/�b �#�m�B�H�/�@
�B�M�; �i�?�2 �b�m�#�b�2�[�m�2�M�i �u���M�;���J�B�H�H�b �i�?�2�Q�`�v�X �h�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�M�i�2�M�i�b ���`�2 �#�m�B�H�i �m�T�Q�M �b�Q�K�2 �#���b�B�+
�K���i�?�2�K���i�B�+���H �b�i�`�m�+�i�m�`�2�b �H�B�F�2 �p�2�+�i�Q�` �b�T���+�2�b�- �;�`�Q�m�T�b ���M�/ �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�b ���H�H �Q�7 �r�?�B�+�? �+���M
�#�2 �7�Q�m�M�/ �B�M �(�R�8�)�X �q�2 �`�2�7�`���B�M �7�`�Q�K �T�`�2�b�2�M�i�B�M�; �T�`�Q�Q�7�b �Q�7 �i�?�2 �b�i���i�2�K�2�M�i�b �B�M �i�?�B�b �+�?���T�i�2�` ���M�/
�b�m�;�;�2�b�i �i�?�2 �`�2�7�2�`�2�M�+�2�b �(�R�e�) ���M�/ �(�R�d�) �r�?�B�+�? ���`�2 �i�?�2 �b�Q�m�`�+�2 �7�Q�` �K�Q�b�i �Q�7 �i�?�2 �+�Q�M�i�2�M�i�b �B�M �i�?�B�b
�+�?���T�i�2�`�X �6�Q�` �/�2�i���B�H�b �Q�M �G�B�2 �;�`�Q�m�T�b�f���H�;�2�#�`���b ���M�/ �i�?�2�B�` �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �r�2 �`�2�7�2�` �i�Q �+�H���b�b�B�+
�i�2�t�i�b �(�R�3�) ���M�/ �(�R�N�)�X

2.1 Manifolds

Remark 2.1.1 �h�?�2 �B�/�2�� �Q�7 �� �J���M�B�7�Q�H�/ �;�2�M�2�`���H�B�x�2�b �i�?�2 �M�Q�i�B�Q�M �Q�7 �/�B�z�2�`�2�M�i�B���i�B�Q�M�- �Q�` �K�Q�`�2
�T�`�2�+�B�b�2�H�v �+���H�+�m�H�m�b �Q�MRn�- �B�M �i�?�2 �b���K�2 �r���v ���b �� �h�Q�T�Q�H�Q�;�B�+���H �b�T���+�2 ���H�H�Q�r�b �Q�M�2 �i�Q �b�i�m�/�v �i�?�2
�M�Q�i�B�Q�M �Q�7 �+�Q�M�i�B�M�m�B�i�v �B�M �� �K�Q�`�2 ���#�b�i�`���+�i �r���v�X �A�M �i�?�B�b �i�?�2�b�B�b�- �r�2 �r�B�H�H �Q�M�H�v �#�2 �+�Q�M�+�2�`�M�2�/ �r�B�i�?
�U�}�M�B�i�2�@�/�B�K�2�M�b�B�Q�M���H�V �b�K�Q�Q�i�? �K���M�B�7�Q�H�/�b�- ���M�/ �b�m�#�b�2�[�m�2�M�i�H�v�- �b�K�Q�Q�i�? �b�i�`�m�+�i�m�`�2�b �Q�M �B�i�X

De�nition 2.1.1 ���M �M�@�/�B�K�2�M�b�B�Q�M���Hmanifold M �B�b �� �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�21 �2�[�m�B�T�T�2�/ �r�B�i�? ���M
���i�H���b �+�Q�M�b�B�b�i�B�M�; �Q�7 �+�?���`�i�b(Ui , f i ) �b�m�+�? �i�?���i

• Ui ���`�2 �Q�T�2�M �b�2�i�b ���M�/ �i�?�2 �K���T�bf i ���`�2 �?�Q�K�2�Q�K�Q�`�T�?�B�b�K �#�2�i�r�2�2�MUi ���M�/ �b�Q�K�2 �Q�T�2�M �#���H�H
�B�MRn�- ���M�/

• �i�?�2transition mapsf 2 � f � 1
1 : f 1(U1 \ U2) ! f 2(U1 \ U2) �B�b �B�M�}�M�B�i�2�H�v �/�B�z�2�`�2�M�i�B���#�H�2

�7�Q�` ���M�v �i�r�Q �+�?���`�i�b(U1, f 1) ���M�/(U2, f 2)�X

Example 2.1.1 �� �M�B�+�2 �2�t���K�T�H�2 �Q�7 �� �b�K�Q�Q�i�? �K���M�B�7�Q�H�/ �B�b �i�?�2 �`�Q�m�M�/n�@�b�T�?�2�`�2

Sn := f x 2 Rn+ 1 j x � x = 1g (2.1.1)

�2�K�#�2�/�/�2�/ �B�MRn+ 1 �i�?���i �`�2�[�m�B�`�2�b �i�r�Q �+�?���`�i�b�,UN = Sn � f (0, 0, . . . , 1)g ���M�/US := Sn �
f (0, 0, . . . ,� 1)g�- ���H�Q�M�;�@�r�B�i�? �i�?�2�B�` �`�2�b�T�2�+�i�B�p�2 �b�i�2�`�2�Q�;�`���T�?�B�+ �T�`�Q�D�2�+�i�B�Q�M�b�,

f N (x) :=
�

x1
1� xn+ 1 , x2

1� xn+ 1
, . . . , xn

1� xn+ 1

�
���M�/

f S(x) :=
�

x1
1+ xn+ 1

, x2
1+ xn+ 1

, . . . , xn
1+ xn+ 1

� (2.1.2)

�r�B�i�?xn+ 1 = 1 � x2
1 � x2

2 � . . . � x2
n�X

De�nition 2.1.2 �:�B�p�2�M �� �K���M�B�7�Q�H�/M �� �K���T f : M ! R �B�b �+���H�H�2�/smooth�Q�C̀¥ �B�7 �B�i �B�b
�B�M�}�M�B�i�2�H�v �/�B�z�2�`�2�M�i�B���#�H�2�X �h�?�2 �b�2�i �Q�7 ���H�H �b�m�+�? �b�K�Q�Q�i�? �K���T�b ���`�2 �/�2�M�Q�i�2�/ ���bC¥ (M )�X

1Some required technicalities like paracompactness and Haussdorffness have been assumed.
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De�nition 2.1.3 Diffeomorphism f : M ! N �#�2�i�r�2�2�M ���M�v �i�r�Q �K���M�B�7�Q�H�/�bM ���M�/N �B�b ��
�#�B�D�2�+�i�B�Q�M �b�m�+�? �i�?���i �#�Q�i�?f ���M�/f � 1 ���`�2 �b�K�Q�Q�i�?�X �h�?�2 �b�2�i �Q�7 ���H�H �/�B�z�2�Q�K�Q�`�T�?�B�b�K�b �7�`�Q�KM �i�Q
�B�i�b�2�H�7 �7�Q�`�K�b �� �;�`�Q�m�T �+���H�H�2�/Diff (M )�X

Remark 2.1.2 �L�Q�i�B�+�2 �?�2�`�2 �i�?���i �i�?�2 �/�B�z�2�`�2�M�i�B���#�B�H�B�i�v �Q�7 �b�m�+�? �� �K���Tf �B�b �/�2�+�B�/�2�/ �m�b�B�M�; �H�Q�+���H
�+�?���`�i�b�, �2�X�;�X �;�B�p�2�M �� �+�?���`�i(U, f ) �B�MM �+�Q�M�i���B�M�B�M�;p 2 U ���M�/ ���M�Q�i�?�2�` �+�?���`�i(V, y ) �B�MN
�+�Q�M�i���B�M�B�M�;f (p) 2 V�- �Q�M�2 �+���M �/�B�z�2�`�2�M�i�B���i�2 �i�?�2 �K���Ty � f � f �@1 �m�b�B�M�; �b�i���M�/���`�/ �+���H�+�m�H�m�b�X ��
�+�`�m�+�B���H �M�Q�i�B�Q�M �B�M �/�B�z�2�`�2�M�i�B���H �;�2�Q�K�2�i�`�v �B�b �i�?���i �Q�7 �� �i���M�;�2�M�i �p�2�+�i�Q�`�X �A�i �+���M �B�M�i�`�B�M�b�B�+���H�H�v �#�2
�/�2�}�M�2�/ �B�M �i�2�`�K�b �Q�7 ��curve �Q�M �� �K���M�B�7�Q�H�/�X

De�nition 2.1.4 �� curve s : (� e, e) � R ! M �Q�M �� �K���M�B�7�Q�H�/M �B�b �/�2�}�M�2�/ ���b �� �b�K�Q�Q�i�?
�K���T �7�`�Q�K �b�Q�K�2 �Q�T�2�M �B�M�i�2�`�p���H �Q�7 �i�?�2 �`�2���H �H�B�M�2 �i�QM�X

De�nition 2.1.5 �h�?�2pull-back of a map f�#�v ���M�Q�i�?�2�` �K���Tf �B�b �/�2�}�M�2�/ ���b

f � f := f � f . (2.1.3)

De�nition 2.1.6 �� �i���M�;�2�M�i �i�Q �� �+�m�`�p�2s ���i �� �T�Q�B�M�ip = s(0) �Q�M �� �K���M�B�7�Q�H�/M �B�b �/�2�}�M�2�/ ���b
�i�?�2 �K���T

s0(t) : C¥ (M ) ! R , s0(t= 0)[ f ] := ¶
¶t

(s � f )
�
�
t= 0 (2.1.4)

�h�?�B�b �B�/�2�� �+���M �#�2 �;�2�M�2�`���H�B�x�2�/ ���b �7�Q�H�H�Q�r�b�X

De�nition 2.1.7 �� tangent vector���i �� �T�Q�B�M�im 2 M �B�b �� �K���Tvm : C¥ (M ) ! R �i�?���i
�b���i�B�b�}�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�T�2�`�i�B�2�b

• vm[ f + g] = vm[ f ] + vm[g] 8 f , g 2 C¥ (M ) �-

• vm[a f] = a vm[ f ] 8 a 2 R & f 2 C¥ (M ) �- ���M�/

• vm[ f g] = f (p) vm[g] + g(p) vm[ f ] 8 f , g 2 C¥ (M )�X

De�nition 2.1.8 �h�?�2 �b�2�i �Q�7 ���H�H �b�m�+�? �i���M�;�2�M�i �p�2�+�i�Q�`�b ���im 2 M �B�b �F�M�Q�r�M ���b �i�?�2tangent space
���i m ���M�/ �B�b �/�2�M�Q�i�2�/ �#�vTmM�- �r�?�B�+�? �7�Q�`�K�b �� �p�2�+�i�Q�` �b�T���+�2 �Q�p�2�`R�X

Remark 2.1.3 �h�?�B�b �p�2�+�i�Q�` �b�T���+�2 �B�b �b�T���M�M�2�/ �#�v �p�2�+�i�Q�`�b
� ¶

¶xi

�
�
m � ¶i jm

	
�r�?�2�`�2xi ���`�2 �i�?�2

�+�Q�Q�`�/�B�M���i�2 �7�m�M�+�i�B�Q�M�b �B�M �b�Q�K�2 �+�?���`�i(U, f ) �+�Q�M�i���B�M�B�M�;m �B�X�2�Xf (m) = ( x1, x2, . . . ,xn) ���M�/
�r�?�Q�b�2 ���+�i�B�Q�M�b �B�b �/�2�}�M�2�/ �#�v

¶
¶xi

�
�
m[ f ] := ¶f � f

¶xi 8 f 2 C¥ (N ) . (2.1.5)

�h�?�2 �/�B�K�2�M�b�B�Q�M �Q�7TmM �B�b�- �i�?�2�`�2�7�Q�`�2�- �2�[�m���H �i�Q �i�?�2 �/�B�K�2�M�b�B�Q�M �Q�7 �i�?�2 �K���M�B�7�Q�H�/M �X

De�nition 2.1.9 �:�B�p�2�M �� �K���Tj : M ! N �#�2�i�r�2�2�M �i�r�Q �K���M�B�7�Q�H�/�bM ���M�/N ���M�/ �� �p�2�+�i�Q�`
v 2 TmM�- �i�?�2push-forward�Q�7v �#�vj �B�b �/�2�}�M�2�/ �#�v

j � v[ f ] := v[f � f ] 8 f 2 C¥ (N ) . (2.1.6)

Remark 2.1.4 �L�Q�i�2 �i�?���i �i�?�2 �T�m�b�?�@�7�Q�`�r���`�/ �B�M�/�m�+�2�b �� �K���T �#�2�i�r�2�2�M �7�Q�H�H�Q�r�B�M�; �i���M�;�2�M�i �b�T���+�2�b�,

f � : TmM ! Th(m) N (2.1.7)

�7�Q�` �K���M�B�7�Q�H�/�bM ���M�/N�X

De�nition 2.1.10 �h�?�2 �p�2�+�i�Q�` �b�T���+�2 �/�m���H �i�QTmM �B�b �+���H�H�2�/cotangent space���M�/ �B�b �/�2�M�Q�i�2�/ �#�v
T�

mM�X

Remark 2.1.5 �h�?�2 �p�2�+�i�Q�` �b�T���+�2T�
mM �B�b �b�T���M�M�2�/ �#�v �+�Q�p�2�+�i�Q�`�bdxi jm �/�2�}�M�2�/ ���b

hdxi jm , vi := v[xi ] 8 v 2 TmM (2.1.8)
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���M�/ �?���b �i�?�2 �b���K�2 �/�B�K�2�M�b�B�Q�M ���bTmM�X

De�nition 2.1.11 �h�?�2pull-back�Q�7 �� �+�Q�p�2�+�i�Q�`w 2 T�
n N �#�v �� �K���Tj : M ! N �#�2�i�r�2�2�M �i�r�Q

�K���M�B�7�Q�H�/�bM ���M�/N �B�b �/�2�}�M�2�/ �#�v

hj � w , vi := hw , j � vi (2.1.9)

�r�B�i�?n = j (m)�X

2.2 Fibre bundles

Remark 2.2.1 �h�?�2 �i�?�2�Q�`�v �Q�7 �#�m�M�/�H�2�b �?���b �T�`�Q�p�2�/ �i�Q �#�2 �i�?�2 �+�Q�`�`�2�+�i �r���v �Q�7 �b�i�m�/�v�B�M�; �+�H���b�b�B�+���H
�;���m�;�2 �i�?�2�Q�`�B�2�b �H�B�F�2 �;�2�M�2�`���H �`�2�H���i�B�p�B�i�v ���M�/ �u���M�;�@�J�B�H�H�b �i�?�2�Q�`�v�X �>�2�`�2 �r�2 �b�?���H�H �+�Q�M�}�M�2 �Q�m�`�b�2�H�p�2�b
�i�Q �#�m�M�/�H�2�b �+�Q�M�b�i�`�m�+�i�2�/ �Q�M�f�r�B�i�? �K���M�B�7�Q�H�/�b�X

De�nition 2.2.1 �� bundle �B�b �� �i�`�B�T�H�2(E, M, p ) �+�Q�M�b�B�b�i�B�M�; �Q�7 �� �K���M�B�7�Q�H�/E�-aka �i�?�2 �i���`�;�2�i
�b�T���+�2�- �� �K���M�B�7�Q�H�/M �-aka�i�?�2 �#���b�2 �b�T���+�2�- ���M�/ �� �+�Q�M�i�B�M�m�Q�m�b �b�m�`�D�2�+�i�B�Q�Mp : E ! M�-aka�i�?�2

�T�`�Q�D�2�+�i�B�Q�M �K���T�X �A�i �B�b �/�2�M�Q�i�2�/ �/�B���;�`���K�K���i�B�+���H�H�v ���b
E

M

p

De�nition 2.2.2 �� �#�m�M�/�H�2(E, M, p ) �B�b �+���H�H�2�/ ���bre bundle�r�B�i�? �i�v�T�B�+���H �}�#�`�2F �B�7 �i�?�2 �B�M�p�2�`�b�2
�B�K���;�2 �Q�7 ���H�Hp 2 M �m�M�/�2�`p �B�b �B�b�Q�K�Q�`�T�?�B�+ �i�Q �b�Q�K�2 �b�T���+�2F �B�X�2�Xp � 1(p) �= F�X �A�7F �B�b �� �p�2�+�i�Q�`
�b�T���+�2 �i�?�2�M �i�?�2 �#�m�M�/�H�2(E, M, p ) �#�2�+�Q�K�2�b ��vector bundle�X

De�nition 2.2.3 �� �T���B�` �Q�7 �}�#�`�2 �#�m�M�/�H�2�b(E, M, p ) ���M�/( eE, eM, ep ) ���`�2 �+���H�H�2�/isomorphic�U���b
�#�m�M�/�H�2�b�V �B�7 �i�?�2�`�2 �2�t�B�b�i �� �T���B�` �Q�7 �/�B�z�2�Q�K�Q�`�T�?�B�b�K�bj : E ! eE ���M�/y : M ! eM �b�m�+�? �i�?���i
ep � j = y � p ���M�/p � j � 1 = y � 1 � ep �X �.�B���;�`���K�K���i�B�+���H�H�v �i�?�B�b �K�2���M�b �i�?���i �i�?�2 �7�Q�H�H�Q�r�B�M�;

�/�B���;�`���K�- ���M�/ �B�i�b �B�M�p�2�`�b�2�- �+�Q�K�K�m�i�2�b
E eE

M eM

j

p ep

y

De�nition 2.2.4 �� �p�2�+�i�Q�` �#�m�M�/�H�2(E, M, p ) �r�B�i�? �i�v�T�B�+���H �}�#�`�2F �B�b �+���H�H�2�/locally trivial �B�7 �7�Q�`
���M�vU � M �i�?�2 �B�M�/�m�+�2�/ �#�m�M�/�H�2(p � 1(U ),U, p jp � 1(U ) ) �B�b �B�b�Q�K�Q�`�T�?�B�+ �i�Q �i�?�2 �T�`�Q�/�m�+�i �#�m�M�/�H�2
(U � F,U, p 1)�- �r�?�2�`�2p 1 �B�b �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �B�M �i�?�2 �}�`�b�i �b�H�Q�i�X �h�?�2 �b�2�i(U, j )2 �B�b �F�M�Q�r�M ���b
�� local trivialization �Q�7 �i�?�2 �p�2�+�i�Q�` �#�m�M�/�H�2�X ��trivial �#�m�M�/�H�2 �B�b �Q�M�2 �r�?�2�`�2E = M � F ���M�/
p = p 1�X

Remark 2.2.2 �q�2 �b�?���H�H �Q�M�H�v �/�2���H �r�B�i�? �H�Q�+���H�H�v �i�`�B�p�B���H �#�m�M�/�H�2�b �?�2�`�2�X �� �p�2�+�i�Q�` �#�m�M�/�H�2(E, M, p )
�r�B�H�H�- �b�Q�K�2�i�B�K�2�b�- �#�2 �b�B�K�T�H�v �/�2�M�Q�i�2�/E�X �� �+�H���b�b�B�+ �2�t���K�T�H�2 �Q�7 �� �#�m�M�/�H�2 �i�?���i �B�b �M�Q�i �;�H�Q�#���H�H�v
�i�`�B�p�B���H �B�b �i�?�2 �7�Q�H�H�Q�r�B�M�;�X

Example 2.2.1 �� �J�º�#�B�m�b �b�i�`�B�T(E, S1, p ) �r�B�i�? �}�#�`�2[0, 1] �B�b �H�Q�+���H�H�v �B�b�Q�K�Q�`�T�?�B�+3 �i�Q �i�?�2 �i�`�B�p�B���H
�#�m�M�/�H�2(S1 � [0, 1], S1, p 1)�X �h�?�2 �7�Q�`�K�2�`�- �?�Q�r�2�p�2�`�- �B�b �M�Q�i �i�`�B�p�B���H ���b �i�`���M�b�T�Q�`�i�B�M�; ���M�v �p�2�+�i�Q�`
���+�`�Q�b�b �� �H�Q�Q�T �v�B�2�H�/�b �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �p�2�+�i�Q�` �B�M�p�2�`�i�2�/�X

De�nition 2.2.5 �:�B�p�2�M �� �}�#�`�2 �#�m�M�/�H�2(E, M, p ) �r�B�i�? �i�v�T�B�+���H �}�#�`�2F ���M�/ �� �T���B�` �Q�7 �H�Q�+���H
�i�`�B�p�B���H�B�x���i�B�Q�M�b(Ui , j i ) ���M�/(U j , j j ) �r�B�i�?Ui [ U j 6= 0 �Q�M �B�i�- �r�2 �Q�#�i���B�Mtransition functions
gi j (x) �r�B�i�?x 2 Ui \ U j �Q�7 �i�?�2 �p�2�+�i�Q�` �#�m�M�/�H�2Ui \ U j � F �#�v �`�2���H�B�x�B�M�; �i�?���ij j � j i (x, v) =
(x, gi j (x)v) �7�Q�` ���M�v �p�2�+�i�Q�`v 2 F�X �h�?�2 �b�2�i �Q�7 �b�m�+�? �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M�bgi j (x) �7�Q�`�K�b �� �;�`�Q�m�T
G � End(F) �+���H�H�2�/ �i�?�2structure group�X

2Notice, here, that y = IdU .
3Meaning that they share local trivialization (U, j ) for any x 2 U.
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De�nition 2.2.6 �� �U�H�Q�+���H�Vsections �U�7�Q�` �b�Q�K�2 �H�Q�+���H �i�`�B�p�B���H�B�x���i�B�Q�M(U, j )�V �Q�7 �� �}�#�`�2 �#�m�M�/�H�2
(E, M, p ) �B�b �� �b�K�Q�Q�i�? �K���Ts : (U )M ! E �b�m�+�? �i�?���ip � s = ( IdU ) IdM �X �h�?�2 �b�2�i �Q�7 ���H�H
�b�m�+�? �U�H�Q�+���H�V �;�H�Q�#���H �b�2�+�i�B�Q�M�b ���`�2 �/�2�M�Q�i�2�/(G¥ (U, E)) G¥ (M, E)�X �h�?�2 �;�H�Q�#���H �b�2�+�i�B�Q�M �B�b ���H�b�Q
�/�2�M�Q�i�2�/ �K�Q�`�2 �b�B�K�T�H�v ���bG¥ (E)�X

2.3 Lie groups

Remark 2.3.1 �h�?�2 �M�Q�i�B�Q�M �Q�7 �b�v�K�K�2�i�`�v �B�M �K�Q�/�2�`�M �T�?�v�b�B�+�b �B�b ���M���H�v�x�2�/ �r�B�i�? �i�?�2 �i�Q�Q�H�b �7�`�Q�K
�i�?�2 �i�?�2�Q�`�v �Q�7 �G�B�2 �;�`�Q�m�T�b ���M�/ �G�B�2 ���H�;�2�#�`���b�X �q�2 �r�B�H�H �Q�M�H�v �+�Q�M�b�B�/�2�` �}�M�B�i�2�- �K���i�`�B�t �G�B�2 �;�`�Q�m�T�b
�B�M �r�?���i �7�Q�H�H�Q�r�b�X

De�nition 2.3.1 �� Lie group�Uaka�+�Q�M�i�B�M�m�Q�m�b �;�`�Q�m�T�VG �B�b �#�Q�i�? �� �;�`�Q�m�T ���M�/ �� �b�K�Q�Q�i�?�- �}�M�B�i�2�@
�/�B�K�2�M�b�B�Q�M���H �K���M�B�7�Q�H�/ �r�?�2�`�2 �i�?�2 �;�`�Q�m�T �Q�T�2�`���i�B�Q�M�-� : G � G ! G�- ���b �r�2�H�H ���b �i�?�2 �B�M�p�2�`�b�B�Q�M
�K���T�-� 1 : G ! G �b���i�B�b�7�v�B�M�;g� 1 � g = g � g� 1 = e 8 g 2 G �r�B�i�? �B�/�2�M�i�B�i�v �2�H�2�K�2�M�ie�- ���`�2
�b�K�Q�Q�i�?�X

Remark 2.3.2 �q�2 �r�B�H�H �Q�K�B�i �i�?�2 �;�`�Q�m�T �K�m�H�i�B�T�H�B�+���i�B�Q�M �b�v�K�#�Q�H� ���M�/ �m�b�21 �B�M�i�2�`�+�?���M�;�2���#�H�v
�r�B�i�?e �7�Q�` �i�?�2 �K���i�`�B�t �G�B�2 �;�`�Q�m�T�b �U�i�Q �#�2 �+�Q�M�b�B�/�2�`�2�/ �#�2�H�Q�r�V �7�`�Q�K �M�Q�r �Q�M�r���`�/�X

De�nition 2.3.2 �� �G�B�2 �;�`�Q�m�T �?�Q�K�Q�K�Q�`�T�?�B�b�Kj : G ! H �#�2�i�r�2�2�M �G�B�2 �;�`�Q�m�T�bG ���M�/H �B�b ��
�b�K�Q�Q�i�? �K���T �i�?���i �B�b ���H�b�Q �� �;�`�Q�m�T �?�Q�K�Q�K�Q�`�T�?�B�b�K�X �h�?�2 �K���Tj �#�2�+�Q�K�2�b ���M �B�b�Q�K�Q�`�T�?�B�b�K �B�7 �B�i
�B�b �#�B�D�2�+�i�B�p�2 ���M�/ �B�i�b �B�M�p�2�`�b�2j � 1 �B�b �b�K�Q�Q�i�?�c �i�?�2 �G�B�2 �;�`�Q�m�T�bG ���M�/H �i�?�2�M �#�2�+�Q�K�2�b �B�b�Q�K�Q�`�T�?�B�+�X

De�nition 2.3.3 �� positive-de�nite inner product�B�b �� �#�B�H�B�M�2���` �K���Th�, �i : V � V
��! R �7�Q�` ��

�p�2�+�i�Q�` �b�T���+�2V 3 x, y �i�?���i �B�b

�U���V�b�v�K�K�2�i�`�B�+�,hx, yi = hy, xi �-

�U�#�V�T�Q�b�B�i�B�p�2�@�/�2�}�M�B�i�2�,hx, xi > 0 �- ���M�/

�U�+�V�M�Q�M�/�2�;�2�M�2�`���i�2�, �B�X�2�X �B�7hx, yi = 0 �7�Q�` ���H�Hy =) x = 0 �X

�A�7hx, xi 6> 0 �i�?�2�M �i�?�2 �B�M�M�2�` �T�`�Q�/�m�+�i �B�b �+���H�H�2�/inde�nite�X

Remark 2.3.3 �J�Q�b�i �Q�7 �i�?�2 �B�K�T�Q�`�i���M�i �G�B�2 �;�`�Q�m�T�b �B�M �T�?�v�b�B�+�b �2�K�2�`�;�2�b ���b �K���i�`�B�t �G�B�2 �;�`�Q�m�T�b
�#�v �+�Q�M�b�B�/�2�`�B�M�; �B�M�p�2�`�i�B�#�H�2 �H�B�M�2���` �K���T�bV

��! V �Q�M �b�Q�K�2 �}�M�B�i�2�@�/�B�K�2�M�b�B�Q�M���H �p�2�+�i�Q�` �b�T���+�2V
�i�?���i �T�`�2�b�2�`�p�2�b �� �;�B�p�2�M �B�M�M�2�` �T�`�Q�/�m�+�i �Q�MV�X �a�m�+�?general linear groups���`�2 �/�2�M�Q�i�2�/GL(V )�X
�6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2�b�2 ���`�2 �G�B�2 �b�m�#�;�`�Q�m�T�b4 �Q�7 �i�?�2 �;�2�M�2�`���H �G�B�M�2���` �;�`�Q�m�T�bGL(n,R) �Q�G̀L(n,C)
�+�Q�M�b�B�b�i�B�M�; �Q�7 �B�M�p�2�`�i�B�#�H�2 �H�B�M�2���` �K���T�b �Q�M �p�2�+�i�Q�` �}�2�H�/R �Q�C̀ �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�B�b �#�2�+�Q�K�2�b �2�p�B�/�2�M�i
�r�?�2�M �r�2 �+�Q�M�b�B�/�2�` �_�B�2�K���M�M�B���M �K���M�B�7�Q�H�/�b �r�?�B�+�? �+�Q�M�i���B�M�b �� �K�2�i�`�B�+ �U�b�2�2 �a�2�+�i�B�Q�M�k�X�e�V�X

Example 2.3.1 �h�?�2 �b�T�2�+�B���H �H�B�M�2���` �;�`�Q�m�T�bSL(n,R) �U�Q�p�2�`R�V ���M�/SL(n,C) �U�Q�p�2�`C�V ���`�2n � n
�B�M�p�2�`�i�B�#�H�2 �K���i�`�B�+�2�b �r�B�i�? �m�M�B�i �/�2�i�2�`�K�B�M���M�i �B�X�2�X

SL(n,R/ C) = f A 2 GL(n,R/ C) j detA = 1g . (2.3.1)

Example 2.3.2�h�?�2 �l�M�B�i���`�v �;�`�Q�m�TU (n) ���`�2 �i�?�2n � n �+�Q�K�T�H�2�t�@�p���H�m�2�/ �K���i�`�B�+�2�b �r�?�Q�b�2 �B�M�p�2�`�b�2
�B�b �i�?�2 �b���K�2 ���b �B�i�b �+�Q�M�D�m�;���i�2 �i�`���M�b�T�Q�b�2 �B�X�2�X

U (n) = f A 2 GL(n,C) j A � 1 = ĀT � A†g . (2.3.2)

�h�?�2 �b�T�2�+�B���H �m�M�B�i���`�v �;�`�Q�m�T �B�b �/�2�}�M�2�/ ���b

SU(n) = f A 2 U (n) j detA = 1g . (2.3.3)

4A Lie subgroup H � G is a subgroup as well as a submanifold of G. It turns out to be a Lie group in itself.
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Remark 2.3.4 �h�?�2 �b�T�2�+�B���H �m�M�B�i���`�v �;�`�Q�m�T�bSU(n) �T�`�2�b�2�`�p�2�b �i�?�2 �b�i���M�/���`�/ �B�M�M�2�` �T�`�Q�/�m�+�i �Q�M
Cn 3 x, y �;�B�p�2�M �#�v

hx, y i C =
n

å
i= 1

x̄iyi (2.3.4)

���M�/ ���H�b�Q �i�?�2 �M�Q�`�K �Q�7 �� �;�B�p�2�M �p�2�+�i�Q�` �U�B�M�/�m�+�2�/ �7�`�Q�K �i�?�B�b �B�M�M�2�` �T�`�Q�/�m�+�i�V�X

Example 2.3.3�h�?�2 �Q�`�i�?�Q�;�Q�M���H �;�`�Q�m�TO(k, n) ���`�2 �i�?�2(k+ n) � (k+ n) �K���i�`�B�+�2�b �i�?���i �T�`�2�b�2�`�p�2
�i�?�2 �7�Q�H�H�Q�r�B�M�; �B�M�M�2�` �T�`�Q�/�m�+�i �Ux, y 2 Rk+ n�V�,

hx, y i k,n := � x1y1 � . . . � xkyk + xk+ 1yk+ 1 + . . .+ xk+ nyk+ n . (2.3.5)

�P�M�2 �+���M �b�?�Q�r �i�?���iA �B�b �B�MO(k, n) �B�7 ���M�/ �Q�M�H�v �B�7

ATh(k,n) A = h(k,n) , (2.3.6)

�r�?�2�`�2h(k,n) �B�b �D�m�b�i �i�?�2 �/�B���;�Q�M���H �K���i�`�B�tdiag(1, . . . 1,� 1, . . . ,� 1)�X �h�?�2 �b�T�2�+�B���H �Q�`�i�?�Q�;�Q�M���H
�;�`�Q�m�T �B�b �/�2�}�M�2�/ ���b

SO(k, n) := f A 2 O(k, n) j detA = 1g . (2.3.7)

�h�?�2 �Q�`�i�?�Q�;�Q�M���H �;�`�Q�m�TO(0,n) �B�b �/�2�M�Q�i�2�/O(n) ���M�/ �B�b �K�Q�`�2 �7���K�Q�m�b�H�v �/�2�}�M�2�/ ���b

O(n) := f A 2 GL(n,R) j A � 1 = ATg . (2.3.8)

�J�Q�`�2�Q�p�2�`�- �i�?�2 �b�T�2�+�B���H �Q�`�i�?�Q�;�Q�M���H �;�`�Q�m�TSO(0,n) �B�b �/�2�M�Q�i�2�/ ���bSO(n)�X

Remark 2.3.5 �h�?�2 �;�`�Q�m�TSO(n) �+�Q�M�b�B�b�i�b �Q�7 �`�Q�i���i�B�Q�M�b �B�Mn�@�/�B�K�2�M�b�B�Q�M�b ���M�/ �B�b �i�?�m�b �F�M�Q�r�b
���b �B�b�Q�K�2�i�`�v �;�`�Q�m�T �Q�7 �i�?�2n�@�b�T�?�2�`�2Sn�X �h�?�2 �;�`�Q�m�TO(n) �+�Q�M�b�B�b�i�b �Q�7 �`�Q�i���i�B�Q�M�b ���b �r�2�H�H ���b
�`�2�~�2�+�i�B�Q�M�b�X �h�?�2 �;�`�Q�m�T�bSO(1, 3) ���M�/SO(2, 4) �F�M�Q�r�M�- �`�2�b�T�2�+�i�B�p�2�H�v�- ���b �i�?�2Lorentz group���M�/
�i�?�2Conformal group���`�2 �Q�7 �b�T�2�+�B���H �b�B�;�M�B�}�+���M�+�2 �B�M �T�?�v�b�B�+�b�X ���M�Q�i�?�2�` �B�K�T�Q�`�i���M�i �;�`�Q�m�T �7�Q�` �m�b
�B�b �i�?�2de Sitter group SO(1, 4)�X

Example 2.3.4 �h�?�2Poincaré group�Q�` �i�?�2inhomogeneous Lorentz group ISO(1, 3) �+�Q�M�b�B�b�i�b �Q�7
�G�Q�`�2�M�i�x �i�`���M�b�7�Q�`�K���i�B�Q�M �i�Q�;�2�i�?�2�` �r�B�i�? �i�`���M�b�H���i�B�Q�M�b ���M�/ �B�b �/�2�}�M�2�/ ���b

ISO(1, 3) := f IxA j A 2 SO(1, 3)g , (2.3.9)

�r�?�2�`�2 �i�?�2 �i�`���M�b�H���i�B�Q�M�bIx ���+�i�b �Q�M �� �;�B�p�2�M �p�2�+�i�Q�`y 2 R1,3 ���b

Ixy = x + y . (2.3.10)

Remark 2.3.6 �A�i �+���M �#�2 �b�?�Q�r�M �i�?���i �i�?�2 �;�`�Q�m�TSO(4) �/�2�+�Q�K�T�Q�b�2�b �B�M�i�Q �i�r�Q �+�Q�T�B�2�b �Q�7SU(2)
���M�/ �i�?���i �i�?�2�`�2 �2�t�B�b�i ��2� 1 �?�Q�K�Q�K�Q�`�T�?�B�b�K

SU(2) � SU(2) 2� 1��! SO(4) . (2.3.11)

�h�?�B�b �B�b �� �`���i�?�2�` �;�2�M�2�`�B�+ �7���+�i �i�?���i ���`�B�b�2�b �r�?�2�M �Q�M�2 �+�Q�M�b�B�/�2�`�b �b�T�B�M�@�;�`�Q�m�T�b �U�2�X�;�XSpin(4) �?�2�`�2�V�-
�r�?�B�+�? �T�`�Q�p�B�/�2 �m�M�B�p�2�`�b���H �+�Q�p�2�`5 �i�Q �b�Q�K�2 �;�`�Q�m�T �U�2�X�;�XSO(4) �?�2�`�2�V�X �h�Q �i�?�B�b �2�M�/�- �r�2 �M�Q�i�2 �/�Q�r�M
�i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�H�2�p���M�i �7���+�i�b �?�2�`�2�,

Spin(4) �= SU(2) � SU(2) , Spin(3) �= SU(2) , and Spin(1, 3) �= SL(2,C) . (2.3.12)

5This is a topological term that refers to a connected, simply connected group that projects down to the
given group G via a smooth surjection p such that any open U 2 G lifts to a disjoint union p � 1(U ) whose
members are isomorphic to U.
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De�nition 2.3.4 �h�?�2left action�Q�7 �� �G�B�2 �;�`�Q�m�TG �U���F�� �H�2�7�iG�@���+�i�B�Q�M�V �Q�M �� �b�2�iM �B�b �/�2�}�M�2�/
�#�v �i�?�2 �K���T

j l : G � M ! M , (g, m) 7! j l (g, m) � gm (2.3.13)

�i�?���i �b���i�B�b�}�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�T�2�`�i�B�2�b�,

• em = m �7�Q�` �i�?�2 �B�/�2�M�i�B�i�v �2�H�2�K�2�M�ie2 G ���M�/ �2�p�2�`�vm 2 M�- ���M�/

• g1(g2m) = ( g1g2)m �7�Q�` ���H�Hg1, g2 2 G ���M�/m 2 M�X

�h�?�2 �b�2�iM �B�b �F�M�Q�r�M ���b ��homogeneous space�- �i�?���i �b�T�H�B�i�b �B�M�i�Q ���Morbit space M/ G �Q�7 �2�[�m�B�p���H�2�M�+�2
�+�H���b�b�2�b �Q�7 �Q�`�#�B�i�b

Om := f n 2 M j 9 g 2 G : n = j l (g, m)g . (2.3.14)

De�nition 2.3.5 �h�?�2left translations�Q�l̀eft multiplications �Q�7 �� �G�B�2 �;�`�Q�m�TG �B�b �B�i�b �/�B�z�2�Q�K�Q�`�@
�T�?�B�b�K �B�X�2�Xlg 2 Di f f (G) ���M�/ �B�b �/�2�}�M�2�/ �#�v

lg : G ! G , h 7! gh . (2.3.15)

Remark 2.3.7 ���M �2�[�m�B�p���H�2�M�i �M�Q�i�B�Q�M �Q�7right action �/�2�}�M�2�/ �#�vj r (g, m) := mg ���H�b�Q �2�t�B�i�b ���M�/
�B�b �Q�7 �T�`�B�K�2 �B�K�T�Q�`�i���M�+�2 �7�Q�` �i�?�2 �T�`�B�M�+�B�T�H�2G�@�#�m�M�/�H�2�b �i�?���i �r�2 �r�B�H�H �/�B�b�+�m�b�b �B�M �i�?�2 �M�2�t�i �+�?���T�i�2�`�X
�A�i �B�b �B�K�T�Q�`�i���M�i �i�Q �M�Q�i�2 �?�2�`�2 �i�?���i �Q�M�2 �+���M �B�M�/�m�+�2 �� �`�B�;�?�i�@���+�i�B�Q�Mj r �7�`�Q�K �� �;�B�p�2�M �H�2�7�i�@���+�i�B�Q�M
j l ���b �7�Q�H�H�Q�r�b�,

j r (g, m) := j l (g� 1, m) 8 m 2 M . (2.3.16)

�a�B�K�B�H���`�H�v�- �r�2 �?���p�2 �i�?�2 �M�Q�i�B�Q�M �Q�7 �`�B�;�?�i �i�`���M�b�H���i�B�Q�M�brg �7�Q�` �i�?�2 �G�B�2 �;�`�Q�m�TG �#�m�i �r�2 �r�B�H�H �Q�M�H�v
�/�2���H �r�B�i�? �H�2�7�i �i�`���M�b�H���i�B�Q�M�b �?�2�`�2�X

De�nition 2.3.6 �h�?�2coset space G/ H �7�Q�` �� �G�B�2 �;�`�Q�m�TG ���M�/ �B�i�b �b�m�#�;�`�Q�m�TH � G �B�b �/�2�}�M�2�/
���b

G/ H := f gH j g 2 Gg where gH := f gh j h 2 Hg . (2.3.17)

Remark 2.3.8 �h�?�2�`�2 �2�t�B�b�i �� �M���i�m�`���H �H�2�7�iG�@���+�i�B�Q�M �U���M�/ �?�2�M�+�2�- �� �H�2�7�iH�@���+�i�B�Q�M�V �Q�MG/ H
�/�2�}�M�2�/ �#�v

j l (g0, gH) = g0gH 8 g, g0 2 G . (2.3.18)

De�nition 2.3.7 �� �H�2�7�iG�@���+�i�B�Q�M �Q�MM �B�b �+���H�H�2�/free�B�7�- �7�Q�` ���H�Hm 2 M�-gm = m �B�K�T�H�B�2�b �i�?���i
g = e�X �h�?�2 ���+�i�B�Q�M �r�Q�m�H�/ �#�2transitive �B�7 �7�Q�` ���H�Hm, m0 2 M �i�?�2�`�2 �2�t�B�b�i�bg 2 G �b�m�+�? �i�?���i
m = gm0�X

Remark 2.3.9 �A�7 �i�?�2 �H�2�7�i ���+�i�B�Q�M �Q�7G �Q�MM �B�b �7�`�2�2 �i�?�2�M �2�p�2�`�v �Q�`�#�B�iOm �B�b �/�B�z�2�Q�K�Q�`�T�?�B�+ �i�Q
�i�?�2 �G�B�2 �;�`�Q�m�TG�X

De�nition 2.3.8 �h�?�2stability/isotropy subgroup Gm �Q�7 �� �H�2�7�iG�@���+�i�B�Q�M �Q�MM 3 m �7�Q�` �� �G�B�2
�;�`�Q�m�TG �B�b �B�i�b �+�H�Q�b�2�/ �b�m�#�;�`�Q�m�T �/�2�}�M�2�/ �#�v

Gm := f g 2 G j gm = mg . (2.3.19)

Theorem 2.3.1 �6�Q�` �� �i�`���M�b�B�i�B�p�2 �H�2�7�iG�@���+�i�B�Q�M �i�?�2�`�2 �2�t�B�b�i ���M �B�b�Q�K�Q�`�T�?�B�b�K6 G/ Gm
�= M

�#�2�i�r�2�2�M �i�?�2 �+�Q�b�2�i �b�T���+�2G/ Gm ���M�/ �i�?�2 �?�Q�K�Q�;�2�M�2�Q�m�b �b�T���+�2M �7�Q�` ���M�vm 2 M �;�B�p�2�M �#�v

jp : G/ Gp ! M , gGp 7! gp . (2.3.20)

Remark 2.3.10 �6�Q�` �� �G�B�2 �;�`�Q�m�TG ���M�/ �B�i�b �+�H�Q�b�2�/ �b�m�#�;�`�Q�m�TH �U�2�X�;�XGm�V �i�?�2 �?�Q�K�Q�;�2�M�2�Q�m�b
�b�T���+�2G/ H �+���M �#�2 �+���M�Q�M�B�+���H�H�v �2�M�/�Q�r�2�/ �r�B�i�? �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �� �b�K�Q�Q�i�? �K���M�B�7�Q�H�/�X �J�Q�`�2�Q�p�2�`�-

6Some technicalities like G be locally compact and M be locally compact and connected are required.
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�i�?�2�`�2 �2�t�B�b�i �� �+���M�Q�M�B�+���H �T�`�Q�D�2�+�i�B�Q�M �7�`�Q�KG �i�QG/ H �;�B�p�2�M �#�v

p 0 : G ! G/ H , g 7! gH . (2.3.21)

Example 2.3.5 �h�?�2 �`�Q�m�M�/n�@�b�T�?�2�`�2Sn �B�b �/�B�z�2�Q�K�Q�`�T�?�B�+ �i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �?�Q�K�Q�;�2�M�Q�2�m�b �b�T���+�2�,

Sn �= SO(n+ 1)/ SO(n) . (2.3.22)

�A�M �T���`�i�B�+�m�H���`�- �r�2 �?���p�2 �i�?���iS3 �= SO(4)/ SO(3)�X

Example 2.3.6 �� (2n+ 1)�@�b�T�?�2�`�2 �+���M �#�2 �`�2���H�B�x�2�/ ���b �� �?�Q�K�Q�;�2�M�2�Q�m�b �b�T���+�2�,

S2n+ 1 �= SU(n+ 1)/ SU(n) . (2.3.23)

�� �b�T�2�+�B���H �+���b�2 �B�bS3 �= SU(2)�- �r�?�2�`�2 �i�?�2 �;�`�Q�m�TSU(1) �B�b �i�`�B�p�B���H�X

2.4 Vector �elds

De�nition 2.4.1 �h�?�2tangent bundle(TM, M, p ) �Q�p�2�` �� �K���M�B�7�Q�H�/M �B�b �M�Q�i�?�B�M�; �#�m�i �� �m�M�B�Q�M
�Q�7 �i���M�;�2�M�i �b�T���+�2�b ���i ���H�H �T�Q�B�M�i �Q�7 �i�?�2 �K���M�B�7�Q�H�/ �B�X�2�X

TM =
[

p2 M

TpM , (2.4.1)

�r�?�2�`�2 �i�?�2 �T�`�Q�D�2�+�i�B�Q�Mp �D�m�b�i �T�B�+�F�b �Q�m�i �i�?�2 �#���b�2 �T�Q�B�M�i �Q�7 �� �;�B�p�2�M �p�2�+�i�Q�` �B�MTM�X

Remark 2.4.1 �h�?�2 �/�B�K�2�M�b�B�Q�M �Q�7 �i�?�2 �i���M�;�2�M�i �#�m�M�/�H�2 �7�Q�` ���Mn�@�/�B�K�2�M�b�B�Q�M���H �K���M�B�7�Q�H�/ �B�b2n�- ���b
�B�i�b �K�2�K�#�2�`�b ���`�2 �Un�@�/�B�K�2�M�b�B�Q�M���H�V �p�2�+�i�Q�`�b �Q�7 �b�Q�K�2TpM �H���#�2�H�H�2�/ �#�v �i�?�2 �+�Q�Q�`�/�B�M���i�2 �Un�@�i�m�T�H�2�V
�Q�7 �i�?�2 �#���b�2 �T�Q�B�M�ip 2 M�X

De�nition 2.4.2 �� vector �eld �B�b �� �b�K�Q�Q�i�? �b�2�+�i�B�Q�M �Q�7 �i�?�2 �i���M�;�2�M�i �#�m�M�/�H�2(TM, M, p )�X �h�?�2
�b�2�i �Q�7 ���H�H �b�m�+�? �p�2�+�i�Q�` �}�2�H�/�b ���`�2 �/�2�M�Q�i�2�/ ���bX(M ) := G¥ (TM )�X

Remark 2.4.2 �:�B�p�2�M �� �p�2�+�i�Q�` �}�2�H�/X 2 X(M ) ���M�/ �� �b�K�Q�Q�i�? �7�m�M�+�i�B�Q�Mf 2 C¥ (M )�- �Q�M�2 �+���M
�b�?�Q�r �i�?���iX f �/�2�}�M�2�/ �#�v

X f (p) := Xp[ f ] , (2.4.2)

�r�?�2�`�2Xp 2 TpM�- �B�b ���H�b�Q �b�K�Q�Q�i�? �B�X�2�XX f 2 C¥ (M )�X �h�?�2 �b�2�i �Q�7 �p�2�+�i�Q�` �}�2�H�/�bX(M ) �/�Q
�M�Q�i �7�Q�`�K �� �p�2�+�i�Q�` �b�T���+�2 �`���i�?�2�` �� �K�Q�/�m�H�2 �Q�p�2�` �i�?�2 ���H�;�2�#�`�� �Q�7 �b�K�Q�Q�i�? �7�m�M�+�i�B�Q�M�bC¥ (M )7�X

�L�2�p�2�`�i�?�2�H�2�b�b�- �Q�M�2 �+���M �+�?�Q�Q�b�2 �� �#���b�B�b �Q�7 �p�2�+�i�Q�` �}�2�H�/�b
n

¶
¶xi

� ¶i

o
�Q�M �b�Q�K�2 �H�Q�+���H �+�?���`�i(U, j )

�r�B�i�? �+�Q�Q�`�/�B�M���i�2 �7�m�M�+�i�B�Q�M�bxi �U�b�2�2 �_�2�K���`�F �k�X�R�X�j�V �i�Q �r�`�B�i�2X 2 X(M ) ���b

X =
n

å
i= 1

Xx i ¶i . (2.4.3)

De�nition 2.4.3 �h�?�2�`�2 �B�b �� �r�2�H�H �/�2�}�M�2�/ �M�Q�i�B�Q�M �Q�7Lie bracket���b�b�Q�+�B���i�2�/ �r�B�i�? �p�2�+�i�Q�` �}�2�H�/�b
�/�2�}�M�2�/ ���b

[X,Y] f := X(Y f ) � Y(X f ) , (2.4.4)

�r�?�B�+�? �b���i�B�b�7�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�T�2�`�i�B�2�b

• �#�B�H�B�M�2���`�B�i�v�,[�, �] : X(M ) � X(M ) ��! X(M )�-

• ���M�i�B�@�b�v�K�K�2�i�`�v�,[X,Y] = � [Y, X ]�- ���M�/

7An algebra is just a vector space V equipped with a multiplication operation V � V ! V, which for
functions is just composition. A module over an algebra is the same thing as a vector space over a �eld.
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• �C���+�Q�#�B �B�/�2�M�i�B�i�v�,[X, [Y, Z ]] + [ Y, [Z, X ]] + [ Z, [X,Y]] = 0�-

�7�Q�` ���H�HX,Y, Z 2 X(M )�X

Remark 2.4.3 �A�M �;�2�M�2�`���H�- �B�i �B�b �M�Q�i �T�Q�b�b�B�#�H�2 �i�Q �B�M�/�m�+�2 �� �T�m�b�?�@�7�Q�`�r���`�/ �U�b�2�2 �.�2�}�M�B�i�B�Q�M �k�X�R�X�N�V
�#�2�i�r�2�2�M �p�2�+�i�Q�` �}�2�H�/�bX(M ) 3 X ���M�/X(N ) 3 Y �Q�7 �i�r�Q �K���M�B�7�Q�H�/�bM ���M�/N �r�B�i�? �� �;�B�p�2�M
�K���Tj : M ! N �U�B�i �r�Q�`�F�b �B�7j �B�b �� �/�B�z�2�Q�K�Q�`�T�?�B�b�K�V�X �L�2�p�2�`�i�?�2�H�2�b�b�- �B�i �B�b �m�b�2�7�m�H �i�Q �/�2�}�M�2 �i�?�2
�7�Q�H�H�Q�r�B�M�; �`�2�H���i�B�Q�M�X

De�nition 2.4.4 �� �p�2�+�i�Q�` �}�2�H�/X 2 X(M ) �B�b �+���H�H�2�/h-related�i�Q ���M�Q�i�?�2�` �p�2�+�i�Q�` �}�2�H�/Y 2 X(M )
�B�X�2�XY = j � X �B�7 �7�Q�` ���H�Hp 2 M �r�2 �?���p�2 �i�?���i

j � Xp = Yj (p) . (2.4.5)

Remark 2.4.4 �A�7X1 ���M�/X2 �B�b �?�@�`�2�H���i�2�/ �i�QY1 ���M�/Y2 �`�2�b�T�2�+�i�B�p�2�H�v �i�?�2�M[X1, X2] �B�b �?�@�`�2�H���i�2�/
�i�Q[Y1,Y2] �7�Q�` ���H�HX1, X2,Y1,Y2 2 X(M ) �B�X�2�X

j � [X1, X2] = [ Y1,Y2] . (2.4.6)

De�nition 2.4.5 �:�B�p�2�M �� �p�2�+�i�Q�` �}�2�H�/X 2 X(M ) �B�i�bintegral curve�i�?�`�Q�m�;�?p 2 M �B�b �� �+�m�`�p�2

sX : (� e, e) ! M , (2.4.7)

�b�m�+�? �i�?���i
sX (0) = p ���M�/ s0

X (t) = Xs(t) (2.4.8)

�7�Q�` ���H�Ht 2 (� e, e)�X

De�nition 2.4.6 �A�7 �i�?�2 �B�M�i�2�`�p���H(� e, e) �+���M �#�2 �2�t�i�2�M�/�2�/ �i�Q �r�?�Q�H�2 �Q�7R �7�Q�` ���M�vp 2 M �i�?�2�M
�i�?�2 �p�2�+�i�Q�` �}�2�H�/�- ���M�/ ���H�b�Q �i�?�2 �m�M�/�2�`�H�v�B�M�; �K���M�B�7�Q�H�/�- �B�b �+���H�H�2�/complete�X

Remark 2.4.5 �S�`�2�b�2�M�+�2 �Q�7 �b�B�M�;�m�H���`�B�i�B�2�b �U�2�X�;�X �� �#�H���+�F �?�Q�H�2�V �Q�M �� �K���M�B�7�Q�H�/ �K���F�2�b �B�i �B�M�+�Q�K�T�H�2�i�2�X
�q�2 �r�B�H�H �Q�M�H�v �+�Q�M�b�B�/�2�` �+�Q�K�T�H�2�i�2 �K���M�B�7�Q�H�/�b �B�M �i�?�B�b �i�?�2�b�B�b�X

2.5 Lie algebra

De�nition 2.5.1 �� left-invariant �p�2�+�i�Q�` �}�2�H�/X �7�Q�` �� �G�B�2 �;�`�Q�m�TG �B�b �/�2�}�M�2�/ ���b �i�?�2 �p�2�+�i�Q�`
�}�2�H�/ �r�?�B�+�? �B�blg�@�`�2�H���i�2�/ �i�Q �B�i�b�2�H�7 �7�Q�` ���H�Hg 2 G �B�X�2�X

lg� X = X or lg� Xg0 = Xgg0 (2.5.1)

�7�Q�` ���H�Hg0 2 G�X

De�nition 2.5.2 �h�?�2 �b�2�i �Q�7 ���H�H �H�2�7�i�@�B�M�p���`�B���M�i �p�2�+�i�Q�` �}�2�H�/�b �U�� �p�2�+�i�Q�` �b�T���+�2�V �/�2�M�Q�i�2�/ ���bL(G)
�i�Q�;�2�i�?�2�` �r�B�i�? �i�?�2 �G�B�2 �#�`���+�F�2�i[�, �] �B�X�2�X(L(G), [�, �]) �B�b �F�M�Q�r�M ���b �i�?�2Lie algebra�Q�7G8�X

Theorem 2.5.1 �q�2 �?���p�2 �� �G�B�2 ���H�;�2�#�`�� �B�b�Q�K�Q�`�T�?�B�b�K9 (TeG, [�, �]) �= (L(G), [�, �]) �/�2�}�M�2�/ �#�v

j : TeG ! L(G) , A 7! j(A) � LA , (2.5.2)

�r�?�2�`�2 �i�?�2 �H�2�7�i�@�B�M�p���`�B���M�i �p�2�+�i�Q�` �}�2�H�/LA �B�b �/�2�}�M�2�/ �#�v

LA
g := lg� A 2 TgG . (2.5.3)

8Remark 2.4.4 is crucial here.
9It is an invertible map that preserves the Lie algebraic structure.
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Remark 2.5.1 �L�Q�i�2 �i�?���i �i�?�2 �G�B�2 �#�`���+�F�2�i �Q�MTeG �B�b �B�M�/�m�+�2�/ �7�`�Q�K �i�?�2 �Q�M�2 �Q�ML(G) �p�B�� �i�?�2
�K���Tj �B�X�2�X

[A, B] := j � 1[LA , LB] = lg� 1� [LA
g , LB

g ] (2.5.4)

�7�Q�` ���M�vg 2 G�X �h�?�B�b �i���F�2�b �i�?�2 �7�Q�`�K �Q�7 �m�b�m���H �K���i�`�B�t �+�Q�K�K�m�i���i�Q�` �7�Q�` �K���i�`�B�t �G�B�2 �;�`�Q�m�T�b �i�?���i
�r�2 ���`�2 �/�2���H�B�M�; �r�B�i�?�X �q�2 �i�?�m�b �?���p�2 �i�?�2 �7���+�i �i�?���i �/�B�KL(G) = �/�B�KTeG = �/�B�KG�X

Example 2.5.1 �q�2 �M�Q�i�2 �/�Q�r�M �#�2�H�Q�r �B�M �h���#�H�2�k�X�R�i�?�2 �G�B�2 ���H�;�2�#�`���bTeG �Q�7 �b�Q�K�2 �Q�7 �i�?�2 �G�B�2
�;�`�Q�m�T�bG �i�?���i �r�2 �2�M�+�Q�m�M�i�2�`�2�/ �#�2�7�Q�`�2�X

G TeG

GL(n,R/ C) M (n,R/ C) := The set ofn � n real/complex matrices
SO(n) so(n) := f A 2 M (n,R) j AT = � Ag
SU(n) su(n) := f A 2 M (n,C) j Ā = � A & tr A = 0g

TABLE 2.1: A list of Lie groups and their Lie algebras.

Theorem 2.5.2 �� �G�B�2 �;�`�Q�m�T �?�Q�K�Q�K�Q�`�T�?�B�b�Kj : G ! H �#�2�i�r�2�2�M �G�B�2 �;�`�Q�m�T�bG ���M�/H
�B�M�/�m�+�2�b �� �G�B�2 ���H�;�2�#�`�� �?�Q�K�Q�K�Q�`�T�?�B�b�K

d j � j � : TeG ! TeH , i.e. j � [A, B] = [ j � A, j � B] . (2.5.5)

Remark 2.5.2 �:�B�p�2�M �� �#���b�B�bf E1, . . . ,Eng �Q�7L(G) �= TeG �7�Q�` ���Mn�@�/�B�K�2�M�b�B�Q�M���H �G�B�2 �;�`�Q�m�TG�-
�B�i�b �b�i�`�m�+�i�m�`�2 �+�Q�M�b�i���M�i�bf k

ij ���`�2 �/�2�}�M�2�/ �#�v

[Ei , Ej ] =
n

å
k= 1

f k
ij Ek . (2.5.6)

Example 2.5.2 �h�?�2 �b�i�`�m�+�i�m�`�2 �+�Q�M�b�i���M�i�b �7�Q�` �i�?�2 �G�B�2 ���H�;�2�#�`��su(2) ���`�2 �;�B�p�2�M �#�vf k
ij = 2# k

ij �-

�r�?�2�`�2# k
ij �B�b �i�?�23�@�/�B�K�2�M�b�B�Q�M���H �G�2�p�B�@�*�B�p�B�i�� �b�v�K�#�Q�H�X

Theorem 2.5.3 �� �H�2�7�i�@�B�M�p���`�B���M�i �p�2�+�i�Q�` �}�2�H�/X �Q�M �� �G�B�2 �;�`�Q�m�TG �B�b �+�Q�K�T�H�2�i�2�X

Remark 2.5.3 �� �+�Q�M�b�2�[�m�2�M�+�2 �Q�7 �i�?�2 ���#�Q�p�2 �i�?�2�Q�`�2�K �B�b �i�?���i �i�?�2�`�2 �2�t�B�b�i �� �m�M�B�[�m�2 �B�M�i�2�;�`���H
�+�m�`�p�2

t 7! sLA (t) (2.5.7)

�7�Q�` ���H�Ht 2 R ���M�/ �H�2�7�i�@�B�M�p���`�B���M�i �p�2�+�i�Q�` �}�2�H�/LA �+�Q�M�b�i�`�m�+�i�2�/ �7�`�Q�K �� �;�B�p�2�MA 2 TeG �Q�7 �i�?�2 �G�B�2
�;�`�Q�m�TG�X

De�nition 2.5.3 �h�?�2exponential map�7�Q�` �� �G�B�2 �;�`�Q�m�TG �B�b �/�2�}�M�2�/ �#�v

exp : TeG ! G , A 7! exp(A) := sLA (t= 1) . (2.5.8)

Remark 2.5.4 �h�?�2 �2�t�T�Q�M�2�M�i�B���H �K���T �B�b �H�Q�+���H�H�v �/�B�z�2�Q�K�Q�`�T�?�B�+�X �6�m�`�i�?�2�`�K�Q�`�2�- �B�i �H�B�7�i�bTeG �i�Q ��
�+�Q�M�M�2�+�i�2�/ �+�Q�K�T�Q�M�2�M�i �Q�7G �U�+�Q�M�M�2�+�i�2�/ �i�Qe�V ���M�/ �B�b �� �b�m�`�D�2�+�i�B�Q�M �r�?�2�MG �B�b �+�Q�K�T���+�i�X

De�nition 2.5.4 �� one-parameter subgroup�Q�7 �� �G�B�2 �;�`�Q�m�TG �B�b �� �b�K�Q�Q�i�? �?�Q�K�Q�K�Q�`�T�?�B�b�K
m: R ! G �7�`�Q�K �i�?�2 ���/�/�B�i�B�p�2 �;�`�Q�m�TR �B�M�i�QG �B�X�2�X

m(t1 + t2) = m(t1)m(t2). (2.5.9)

Theorem 2.5.4 �A�7m: R ! G �B�b �� �Q�M�2�@�T���`���K�2�i�2�` �b�m�#�;�`�Q�m�T �Q�7G �i�?�2�M�- �7�Q�` ���H�Ht 2 R�-

m(t) = exp(tA ) �r�B�i�? A := m�
d
dt

�
�
0 . (2.5.10)
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Remark 2.5.5 �h�?�2 ���#�Q�p�2 �i�?�2�Q�`�2�K �b�?�Q�r�b �i�?���i �i�?�2�`�2 �2�t�B�b�i �� �Q�M�2�@�i�Q�@�Q�M�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2 �#�2�@
�i�r�2�2�M �Q�M�2�@�T���`���K�2�i�2�` �b�m�#�;�`�Q�m�T�b �Q�7 �� �G�B�2 �;�`�Q�m�TG ���M�/ �B�i�b �G�B�2 ���H�;�2�#�`��TeG�X

De�nition 2.5.5 �:�B�p�2�M �� �p�2�+�i�Q�` �}�2�H�/X 2 X(M ) �Q�M�2 �/�2�}�M�2�b �i�?�2�ow generated by X���b �i�?�2
�Q�M�2�@�T���`���K�2�i�2�` �;�`�Q�m�Tf j t : t 2 Rg �r�?�2�`�2 �i�?�2 �b�2�i �Q�7 �K���T�bj t : M ! M ���`�2 �M�Q�i�?�B�M�; �#�m�i �i�?�2
�B�M�i�2�;�`���H �+�m�`�p�2�b

j t (m) = s(t) . (2.5.11)

�P�M�2 �+���M �/�2�}�M�2 �i�?�2Lie derivative of Y along X�- �7�Q�`Y 2 X(F)�- �#�v

L XY =
d
dt

( j � 1
t ) � (Y)

�
�
�
t= 0

. (2.5.12)

Remark 2.5.6 �A�i �+���M �#�2 �b�?�Q�r�M �i�?���iL XY = [ X,Y]�X

2.6 Tensor �elds

De�nition 2.6.1 �� (p,q)-tensor Tp,q(V ) �7�Q�` �� �p�2�+�i�Q�` �b�T���+�2V ���M�/ �B�i�b �/�m���HV � �B�b �i�?�2 �b�T���+�2 �Q�7
�K�m�H�i�B�H�B�M�2���` �7�m�M�+�i�B�Q�M�b

f : V � �
p

� � � � V � � V �
q

� � � � V
��! R (2.6.1)

���M�/ �B�b�- ���H�i�2�`�M���i�B�p�2�H�v�- �/�2�M�Q�i�2�/ �m�b�B�M�; �i�2�M�b�Q�` �T�`�Q�/�m�+�i�b ���bV 

q

� � � 
 V 
 V � 

p

� � � 
 V � �X

Remark 2.6.1 �L�Q�i�2 �i�?���iT0,0(V ) := R�X �J�Q�`�2�Q�p�2�`�- �r�2 �?���p�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�b�m�H�i�b

T0,1(V ) �= V � ���M�/ T1,0(V ) = ( V � ) � �= V (2.6.2)

�7�Q�` ���M�v �}�M�B�i�2�@�/�B�K�2�M�b�B�Q�M���H �p�2�+�i�Q�` �b�T���+�2V�X �1�H�2�K�2�M�i�b �Q�7Tp,q(V ) �+���M �#�2 �2���b�B�H�v �2�t�T���M�/�2�/ �B�M
�i�2�`�K�b �Q�7 �� �;�B�p�2�M �#���b�B�b �Q�7V ���M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �/�m���H �#���b�B�b �Q�7V � �X

De�nition 2.6.2 �� (p,q)-tensor bundle(Tp,qM, M, p ) �Q�p�2�` �� �K���M�B�7�Q�H�/M �B�b �i�?�2 �7�Q�H�H�Q�r�B�M�;
�/�B�b�D�Q�B�M�i �m�M�B�Q�M �Q�7 �i�2�M�b�Q�`�b�,

Tp,qM =
[

m2 M

Tp,q(TmM ) (2.6.3)

�r�?�2�`�2 �i�?�2 �T�`�Q�D�2�+�i�B�Q�Mp ���b�b�Q�+�B���i�2�b �i�?�2 �#���b�2 �T�Q�B�M�im 2 M �Q�7 �� �;�B�p�2�M �p�2�+�i�Q�` �B�MTp,qM�X

Remark 2.6.2 �h�?�2 �i���M�;�2�M�i �#�m�M�/�H�2TM �B�b �B�b�Q�K�Q�`�T�?�B�+ �i�QT1,0M�- �r�?�B�H�2 �i�?�2 �#�m�M�/�H�2T0,1M �B�b
�B�b�Q�K�Q�`�T�?�B�+ �i�Q �i�?�2 �b�Q �+���H�H�2�/cotangent bundle T� M �/�2�}�M�2�/ ���M���H�Q�;�Q�m�b�H�v �i�Q �.�2�}�M�B�i�B�Q�M �k�X�9�X�R
�#�2�7�Q�`�2�X

De�nition 2.6.3 �h�?�2exterior algebra�Q�p�2�` �� �p�2�+�i�Q�` �b�T���+�2V �/�2�M�Q�i�2�/ ���b
V

V �B�b �i�?�2 ���H�;�2�#�`��10

�;�2�M�2�`���i�2�/ �#�v �i�?�2 �b�Q �+���H�H�2�/wedge product̂ �b���i�B�b�7�v�B�M�;

v1 ^ v2 = � v2 ^ v1 (2.6.4)

�7�Q�` ���H�Hv1, v2 2 V�X �� �b�m�#�b�T���+�2 �Q�7
V

V �+�Q�M�b�B�b�i�B�M�; �Q�7 �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M�b �Q�7k���7�Q�H�/ �r�2�/�;�2
�T�`�Q�/�m�+�i�b �Q�7 �p�2�+�i�Q�`�b �B�MV �B�b �/�2�M�Q�i�2�/

V k(V )�X

2.6.1 Differential forms

De�nition 2.6.4 �� k-form w �B�b ��(0,k)�@�i�2�M�b�Q�` �}�2�H�/w 2 G¥ (M, T0,kM ) �b�m�+�? �i�?���iwm 2
V k(TmM ) �7�Q�` ���H�Hm 2 M�X

Remark 2.6.3 �h�?�2 �b�T���+�2 �Q�7k�@�7�Q�`�K�b �B�b �/�2�M�Q�i�2�/Wk(M )�X �L�Q�i�2 �i�?���iW0(M ) := C¥ (M ) ���M�/ �i�?�2
�Q�M�H�v �K�2�K�#�2�` �Q�7Wn(M ) �U�m�T�i�Q �i�Q �� �b�+���H���` �K�m�H�i�B�T�H�2�V�- �F�M�Q�r�M ���b �i�?�2volume form�- �B�b �/�2�M�Q�i�2�/m

10Plainly speaking, it is a linear combination of all possible (�nitely many) anti–symmetrized tensor prod-
ucts of vectors in V.
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�Q�d̀V�X �h�?�2 �b�T���+�2Wn(M ) �b�T�H�B�i�b �B�M�i�Q �i�r�Q �2�[�m�B�p���H�2�M�+�2 �+�H���b�b�2�bf [m+ ], [m� ]g �r�B�i�? �i�?�2 �`�2�H���i�B�Q�M
m� m0 �/�2�}�M�2�/ �#�vm= lm 0 �b�m�+�? �i�?���im2 [m+ ] �B�7l > 0 ���M�/m2 [m� ] �B�7l < 0�X

Remark 2.6.4 �P�M �� �+�?���`�i(U, j ) �Q�7M �r�B�i�? �+�Q�Q�`�/�B�M���i�2�bj (m) = ( x1, . . . ,xn) �Q�M�2 �+���M �2�t�T���M�/
�� k���7�Q�`�Kw ���b

w = 1
k!

n

å
i1,...,ik= 1

wi1,...,ik dxi1 ^ . . .^ dxik (2.6.5)

�r�?�2�`�2 �i�?�2 �+�Q�2�{�+�B�2�M�i�bwi1,...,ik 2 C¥ (M ) ���`�2 �i�Q�i���H�H�v ���M�i�B���b�v�K�K�2�i�`�B�+ �B�M �B�i�b �B�M�/�B�+�2�b�X

De�nition 2.6.5 �h�?�2exterior derivatived �B�b �i�?�2 �H�B�M�2���` �K���Td : Wk(M ) ��! Wk+ 1(M ) �/�2�}�M�2�/�-
�7�Q�` ���H�Hw 2 Wk(M )�- �#�v

dw = 1
k!

n

å
i1,...,ik= 1

¶i (wi1,...,ik) dxi ^ dxi1 ^ . . .^ dxik , (2.6.6)

�r�?�2�`�2 �i�?�2 �T���`�i�B���H �/�2�`�B�p���i�B�p�2¶i �B�b �i���F�2�M �r�B�i�? �`�2�b�T�2�+�i �i�Q �+�Q�Q�`�/�B�M���i�2xi �X �A�i �+���M ���H�b�Q �#�2 �/�2�}�M�2�/
�B�M �� �+�Q�Q�`�/�B�M���i�2 �B�M�/�2�T�2�M�/�2�M�i �r���v�- �7�Q�` ���H�HX1, . . . ,Xk+ 1 2 X(M )�- ���b

dw(X1, . . . ,Xk+ 1) =
k+ 1

å
i= 1

(� 1) i+ 1 X i (w(X i , . . . ,X̂ i , . . . ,Xk+ 1))

+ å
1� i< j � n

(� 1) i+ j w([X i , X j ], X1, . . . ,X̂ i , . . . ,X̂ j , . . . ,Xk+ 1) ,
(2.6.7)

�r�?�2�`�2 �i�?�2 �+�B�`�+�m�K�~�2�t �K�2���M�b �i�?���i �i�?�2 �b�v�K�#�Q�H �#�2�M�2���i�? �B�i �B�b �Q�K�B�i�i�2�/�X

Remark 2.6.5 �h�?�2 ���+�i�B�Q�M �Q�7 �2�t�i�2�`�B�Q�` �/�2�`�B�p���i�B�p�2 �7�Q�H�H�Q�rgraded Leibniz rule�,

d(a ^ b) = da ^ b + ( � 1)p a ^ db (2.6.8)

�7�Q�` ���H�Ha 2 Wp(M ) ���M�/b 2 Wq(M )�X �J�Q�`�2�Q�p�2�`�- �B�i �+���M �2���b�B�H�v �#�2 �b�?�Q�r�M �U�m�b�B�M�; �i�?�2 �}�`�b�i
�/�2�}�M�B�i�B�Q�M ���#�Q�p�2�V �i�?���i

d2 � d � d = 0 . (2.6.9)

De�nition 2.6.6 �6�Q�` �� �K���Tj : M ! N ���M�/ ��k�@�7�Q�`�Kw 2 Wk(N ) �B�i�bpull-backj � w 2 Wk(M )
�B�b �/�2�}�M�2�/ �#�v

( j � w)m(X1, . . . ,Xk) := w j (m) ( j � X1, . . . , j � Xk) (2.6.10)

�7�Q�` ���H�HX1, . . . ,Xk 2 X(M )�X

Remark 2.6.6 �A�i �+���M �#�2 �b�?�Q�r�M �i�?���i �i�?�2 �2�t�i�2�`�B�Q�` �/�2�`�B�p���i�B�p�2 �B�bnatural �B�X�2�X �B�i �B�b �+�Q�K�T���i�B�#�H�2
�r�B�i�? �i�?�2 �T�m�H�H�@�#���+�F�,

j � (dw) = d( j � w) , (2.6.11)

�7�Q�` ���M�vw 2 Wk(M )�X �6�m�`�i�?�2�`�K�Q�`�2�- �Q�M�2 �+���M �T�`�Q�p�2 �i�?���i

j � (a ^ b) = j � a ^ j � b ���M�/ ( j � j̃ ) � w = j̃ � ( j � w) . (2.6.12)

De�nition 2.6.7 �h�?�2Lie derivative ofw along X�- �7�Q�`w 2 Wk(M ) ���M�/X 2 X(M )�- �+���M �#�2
�/�2�}�M�2�/ ���M���H�Q�;�Q�m�b �i�Q �.�2�}�M�B�i�B�Q�M �k�X�8�X�8�,

L X w =
d
dt

( j � 1
t ) � (w)

�
�
�
t= 0

. (2.6.13)
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Remark 2.6.7 �h�?�2�`�2 �2�t�B�b�i �� �M�B�+�2 �7�Q�`�K�m�H�� �#�v �ú�H�B�2 �*���`�i���M �7�Q�` �i�?�2 �G�B�2 �/�2�`�B�p���i�B�p�2 �Q�7 �/�B�z�2�`�2�M�i�B���H
�7�Q�`�K�b �;�B�p�2�M�- �7�Q�` ���M�vX 2 X(M )�- �#�v

L X = d � iX + iX � d , (2.6.14)

�r�?�2�`�2 �i�?�2 �H�B�M�2���` �K���TiX : Wp(M ) ��! Wp� 1(M ) �B�b �i�?�2interior product �/�2�}�M�2�/ �#�v

( iX w)( X1, . . . ,Xp� 1) = w(X, X1, . . . ,Xp� 1) (2.6.15)

�7�Q�ẁ 2 Wp(M ) ���M�/X1, . . . ,Xp� 1 2 X(M )�X

2.6.2 Metric

De�nition 2.6.8 �� metric g�B�b ��(0, 2)�@�i�2�M�b�Q�` �}�2�H�/g 2 G¥ (T0,2M ) �r�?�2�`�2gm �7�Q�` �2�p�2�`�vm 2 M
�/�2�}�M�2�b ���M �B�M�M�2�` �T�`�Q�/�m�+�i �Q�M �i�?�2 �p�2�+�i�Q�` �b�T���+�2TmM�X �A�7 �i�?�B�b �B�M�M�2�` �T�`�Q�/�m�+�i �B�b �T�Q�b�B�i�B�p�2 �/�2�}�M�B�i�2
�i�?�2�M �i�?�2 �K���M�B�7�Q�H�/ �B�b �+���H�H�2�/Riemannian�X �A�7 �i�?�2 �K�2�i�`�B�+g �?���b ���M �m�M�/�2�`�H�v�B�M�; �B�M�M�2�` �T�`�Q�/�m�+�i
�i�?���i �B�b �B�M�/�2�}�M�B�i�2 �i�?�2�M �i�?�2 �K���M�B�7�Q�H�/ �B�b �+���H�H�2�/pseudo-Riemannian�X

Remark 2.6.8 �� �K�2�i�`�B�+g �Q�M ���Mn�@�/�B�K�2�M�b�B�Q�M���H �K���M�B�7�Q�H�/M �B�M �H�Q�+���H �+�Q�Q�`�/�B�M���i�2�b �+���M �#�2
�r�`�B�i�i�2�M

g =
n

å
i= 1

gij dxi 
 dx j �r�B�i�? gij := g(¶i , ¶j ) (2.6.16)

�#�2�B�M�; �i�?�2metric components�7�Q�` �i�?�2 �#���b�B�b �p�2�+�i�Q�` �}�2�H�/�b¶i , ¶j 2 X(M )�X �P�7�i�2�M �i�B�K�2�b �B�M �T�?�v�b�B�+�b
�H�B�i�2�`���i�m�`�2 �i�?�2 �i�2�M�b�Q�` �T�`�Q�/�m�+�i �b�B�;�M �B�b �B�;�M�Q�`�2�/�X �h�?�2 �7���+�i �i�?���ig �B�b �M�Q�M�/�2�;�2�M�2�`���i�2 �K�2���M�b �i�?���i
�i�?�2 �K���i�`�B�tgi j �+���M �#�2 �B�M�p�2�`�i�2�/ �i�Q �v�B�2�H�/ ���M�Q�i�?�2�` �K���i�`�B�tg� 1 �r�B�i�? �+�Q�K�T�Q�M�2�M�i�bg� 1

ij = : gi j �i�?���i
�B�M �i�m�`�M �/�2�}�M�2�b ��(2, 0)�@�i�2�M�b�Q�` �}�2�H�/ �+���H�H�2�/ �i�?�2induced metric�X �h�?�2�b�2 �+���M �#�2 �m�b�2�/ �i�Q �`���B�b�2 �Q�`
�H�Q�r�2�` �B�M�/�B�+�2�b �Q�7 ���M�v �i�2�M�b�Q�` �+�Q�K�T�Q�M�2�M�i �2�X�;�X

T j0k0

i0 := gii 0gjj 0
gkk0

Ti
jk 8 T 2 G¥ (M, T1,2M ) . (2.6.17)

Example 2.6.1 �� �b�i���M�/���`�/ �2�t���K�T�H�2 �Q�7 �� �_�2�B�K���M�M�B���M �K���M�B�7�Q�H�/ �B�bRn �r�B�i�? �K�2�i�`�B�+

g = ( dx1)2 + . . .+ ( dxn)2 . (2.6.18)

�� �T�`�Q�K�B�M�2�M�i �2�t���K�T�H�2 �Q�7 �� �T�b�m�2�/�Q�@�_�B�2�K���M�M�B���M �K���M�B�7�Q�H�/ �B�bMinkowski spaceR1,n �r�B�i�? �K�2�i�`�B�+

g = � (dx1)2 + ( dx2)2 + . . .+ ( dxn)2 . (2.6.19)

De�nition 2.6.9 �h�?�2signature�Q�7 �� �T�b�2�m�/�Q�@�_�B�2�K���M�M�B���M �K���M�B�7�Q�H�/(M, g) �Q�7 �/�B�K�2�M�b�B�Q�Mn �B�b
�� �+�Q�m�M�i �Q�7 �i�?�2 �M�m�K�#�2�` �Q�7 �T�Q�b�B�i�B�p�2 ���M�/ �M�2�;���i�B�p�2 �2�B�;�2�M�p���H�m�2�b �Q�7 �i�?�2 �K���i�`�B�tgi j ���M�/ �B�b �/�2�M�Q�i�2�/
���b ���Mn�@�i�m�T�H�2 �Q�7+ ���M�/� �X ��4�@�/�B�K�2�M�b�B�Q�M���H �G�Q�`�2�M�i�x�B���M �K���M�B�7�Q�H�/ �?���b �Q�M�2 �Q�7 �i�?�2 �b�B�;�M���i�m�`�2
�/�B�z�2�`�2�M�i �7�`�Q�K �i�?�2 �`�2�b�i �i�?�`�2�2�X

Example 2.6.2�h�?�2 �b�B�;�M���i�m�`�2 �Q�7 �i�?�2 �J�B�M�F�Q�r�b�F�B �b�T���+�2R1,3 ���b �T�`�2�b�2�M�i�2�/ ���#�Q�p�2 �B�b(� , + , + , +) �-
���M�/ �B�b �i�?�m�b �� �G�Q�`�2�M�i�x�B���M �K���M�B�7�Q�H�/�X

De�nition 2.6.10 �h�r�Q �U�T�b�2�m�/�Q�@�V�_�B�2�K���M�M�B���M �K���M�B�7�Q�H�/�b(M, gM ) ���M�/(N, gN ) ���`�2 �+���H�H�2�/con-
formal �B�7 �i�?�2�B�` �K�2�i�`�B�+�2�b ���`�2 �`�2�H���i�2�/ �#�v �b�Q�K�2 �b�K�Q�Q�i�? �7�m�M�+�i�B�Q�MW2 2 C¥ (N )�,

gM = W2 gN . (2.6.20)
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De�nition 2.6.11 �� �H�Q�+���H�H�vorthonormal basis�Q�71�@�7�Q�`�K�bf eig �U���F�� �+�Q�7�`���K�2�V �r�B�i�?i = 1, . . . ,n
�7�Q�` ���Mn�@�/�B�K�2�M�b�B�Q�M���H �_�B�2�K���M�M�B���M �K���M�B�7�Q�H�/M �b���i�B�b�7�v�- �7�Q�` ���H�Hei , ej 2 W1(M )�-

g(ei , ej ) = gi j = dij . (2.6.21)

�a�B�K�B�H���`�H�v�- �Q�M�2 �/�2�}�M�2�b �H�Q�+���H�H�v �Q�`�i�?�Q�M�Q�`�K���H �#���b�B�b �Q�7 �p�2�+�i�Q�` �}�2�H�/�b �U���F�� �7�`���K�2�Vf X1, . . . ,Xng
�#�v �/�2�K���M�/�B�M�; �i�?���i �i�?�2�v �b���i�B�b�7�v

gij = g(X i , X j ) = di j (2.6.22)

�7�Q�` ���H�HX i , X j 2 X(M )�X

2.6.3 Maurer–Cartan form

De�nition 2.6.12 �� k�@�7�Q�`�Kw 2 Wk(G) �Q�M �� �G�B�2 �;�`�Q�m�TG �B�b �b���B�/ �i�Qleft-invariant �B�7�- �7�Q�` ���H�H
g 2 G�-

l �gw = w , i.e. , l �g(wg0) = wg� 1g0 8 g0 2 G . (2.6.23)

�h�?�2 �b�2�i �Q�7 ���H�H �H�2�7�i�@�B�M�p���`�B���M�i �Q�M�2�@�7�Q�`�K�b �Q�MG �B�b �/�2�M�Q�i�2�/L� (G)�X

Remark 2.6.9 �6�`�Q�K �_�2�K���`�F �k�X�e�X�e �r�2 �b�2�2 �i�?���i �B�7w �B�b �H�2�7�i�@�B�M�p���`�B���M�i �i�?�2�M �b�Q �B�b �B�i�b �2�t�i�2�`�B�Q�`
�/�2�`�B�p���i�B�p�2�,

l �g(dw) = dl �gw . (2.6.24)

Remark 2.6.10 �a�B�K�B�H���` �i�Qj �Q�7 �h�?�2�Q�`�2�K �k�X�8�X�R�- �i�?�2�`�2 �2�t�B�b�i ���M �B�b�Q�K�Q�`�T�?�B�b�K �#�2�i�r�2�2�MT�
e G ���M�/

L� (G)�,
j̃ : T�

e G ! L� (G) , w 7! j̃(w) � l w , (2.6.25)

�r�?�2�`�2 �i�?�2 �H�2�7�i�@�B�M�p���`�B���M�i �Q�M�2�@�7�Q�`�K�bl w �B�b �/�2�}�M�2�/ ���b

l w
g := l �g� 1(w) 2 T�

g G . (2.6.26)

�L�Q�i�B�+�2 �i�?���i �i�?�2�b�21�@�7�Q�`�K�b ���`�2 �/�m���H �i�Q �i�?�2 �H�2�7�i�@�B�M�p���`�B���M�i �p�2�+�i�Q�` �}�2�H�/�bLA �7�Q�À 2 TeG �B�X�2�X

hl w , LA i g = hw, A i (2.6.27)

�7�Q�` ���H�Hg 2 G�X

Remark 2.6.11 �6�Q�` �� �#���b�B�b �Q�7f E1, . . . ,Eng �Q�7L(G) �r�B�i�? �/�B�KG = n �U�b�2�2 �_�2�K���`�F �k�X�8�X�k�V �r�2
�+���M �/�2�}�M�2 �i�?�2 �/�m���H �#���b�B�bf w1, . . . ,wng �Q�7L� (G) �#�v

hw i , Ej i = di
j , (2.6.28)

�r�?�B�+�? �b���i�B�b�7�v �i�?�2 �J���m�`�2�`���*���`�i���M �2�[�m���i�B�Q�M

dw i +
1
2

f i
jk w j ^ wk . (2.6.29)

De�nition 2.6.13 �h�?�2 �J���m�`�2�`���*���`�i���M1�@�7�Q�`�KWl �B�b �i�?�2L(G)�@�p���H�m�2�/1�@�7�Q�`�K �Q�MG �i�?���i �7�Q�`
���M�vA 2 TgG �;�B�p�2�b �� �H�2�7�i�@�B�M�p���`�B���M�i �p�2�+�i�Q�` �}�2�H�/ ���b �7�Q�H�H�Q�r�b

hWl , A i g0 := lg0� ( lg� 1� A) (2.6.30)

�7�Q�` ���M�vg0 2 G�X
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Remark 2.6.12 �A�i �B�b �K�Q�`�2 �m�b�2�7�m�H �i�Q �+�Q�M�b�B�/�2�` �i�?�2 �J���m�`�2�`���*���`�i���M1�@�7�Q�`�K �i�Q �#�2 �p���H�m�2�/ �B�M
TeG �= L(G)�- �r�?�B�+�? �v�B�2�H�/�b �� �M�B�+�2 �`�2�b�m�H�i�,

hWl , LA i = A . (2.6.31)

�A�i �+���M �#�2 �b�?�Q�r�M �i�?���i �i�?�2 �J���m�`�2�`�@�*���`�i���M1�@�7�Q�`�K �i���F�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�t�T�H�B�+�B�i �7�Q�`�K �7�Q�` �i�?�2
�K���i�`�B�t �G�B�2 �;�`�Q�m�T�b �i�?���i �r�2 �+�Q�M�b�B�/�2�` �?�2�`�2�,

Wi j
l =

n

å
k= 1

(g� 1) ik dgkj , (2.6.32)

�r�?�2�`�2gij ���`�2 �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �Q�M �i�?�2 �K���i�`�B�t �G�B�2 �;�`�Q�m�TG �B�M �� �;�B�p�2�M �+�?���`�i�X

2.7 Integration

De�nition 2.7.1 �� �K���M�B�7�Q�H�/M �B�b �+���H�H�2�/orientable�B�7 �B�i �B�b �2�[�m�B�T�T�2�/ �r�B�i�? �� �M�Q�r�?�2�`�2 �p���M�B�b�?�B�M�;
�p�Q�H�m�K�2 �7�Q�`�Km�X ���Morientation �Q�7M �`�2�7�2�`�b �i�Q �� �+�?�Q�B�+�2 �Q�7 �Q�M�2 �Q�7 �i�?�2 �i�?�2 �i�r�Q �2�[�m�B�p���H�2�M�+�2
�+�H���b�b�2�b �Q�7 �_�2�K���`�F �k�X�e�X�j�c �i�?�B�b �B�b �m�b�m���H�H�v �+�?�Q�b�2�M �i�Q �#�2 �i�?�2 �T�Q�b�B�i�B�p�2 �Q�M�2�X

Example 2.7.1 �h�?�2 �b�i���M�/���`�/ �p�Q�H�m�K�2 �7�Q�`�K �Q�MRn�- �r�?�B�+�? �B�b ���M �Q�`�B�2�M�i�2�/ �K���M�B�7�Q�H�/�- �B�b �;�B�p�2�M �#�v

m = dx1 ^ . . .^ dxn . (2.7.1)

�J�º�#�B�m�b �b�i�`�B�T �T�`�Q�p�B�/�2�b �� �+�H���b�b�B�+ �2�t���K�T�H�2 �Q�7 �� �M�Q�M�Q�`�B�2�M�i���#�H�2 �K���M�B�7�Q�H�/�X

De�nition 2.7.2 Integration �Q�7 �� �+�Q�K�T���+�i�H�v �b�m�T�T�Q�`�i�2�/ �p�Q�H�m�K�2 �7�Q�`�Km�U�B�X�2�X �B�i �p���M�B�b�?�2�b �Q�m�i�@
�b�B�/�2 �Q�7 �� �+�Q�K�T���+�i �b�m�#�b�2�i �Q�7M�V �Q�7 ���M �Q�`�B�2�M�i�2�/ �K���M�B�7�Q�H�/M �i�?���i �B�b �+�Q�p�2�`�2�/ �r�B�i�? �+�?���`�i�b
(U1, f 1), . . . ,(UN , f N ) �+���M �#�2 �/�2�}�M�2�/�- �m�b�B�M�; �� �T���`�i�B�i�B�Q�M �Q�7 �m�M�B�i�v11 f fig�- ���b

Z

M
m =

N

å
i= 1

Z

f (Ui )
(f � 1

i ) � ( fim) . (2.7.2)

Remark 2.7.1 �A�i �+���M �#�2 �b�?�Q�r�M �i�?���i �i�?�B�b �/�2�}�M�B�i�B�Q�M �Q�7 �B�M�i�2�;�`���i�B�Q�M �B�b �B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2 �+�?�Q�B�+�2
�Q�7 �� �+�?���`�i�X

Theorem 2.7.1 �6�Q�` ���M �Q�`�B�2�M�i�2�/ �K���M�B�7�Q�H�/M �r�B�i�? �#�Q�m�M�/���`�v¶M �U �i�?���i �B�M�?�2�`�B�i�b ���M �B�M�/�m�+�2�/
�Q�`�B�2�M�i���i�B�Q�M �7�`�Q�KM�V �i�?�2 �B�M�i�2�;�`���H �Q�7 �� �+�Q�K�T���+�i�H�v �b�m�T�T�Q�`�i�2�/(n� 1)�@�7�Q�`�Kw 2 Wn� 1(M ) �B�b
�`�2�H���i�2�/ �i�Q ���M �B�M�i�2�;�`���H �Q�7 �B�i�b �2�t�i�2�`�B�Q�` �/�2�`�B�p���i�B�p�2dw�,

Z

M
dw =

Z

¶M
w . (2.7.3)

Remark 2.7.2 �h�?�B�b �B�b �i�?�2 �7���K�Q�m�bStockes' theorem�X �L�Q�i�B�+�2 �i�?���i �B�7 �i�?�2 �K���M�B�7�Q�H�/M �?���b �M�Q
�#�Q�m�M�/���`�v �i�?�2�M �i�?�2 ���#�Q�p�2 �B�M�i�2�;�`���H �p���M�B�b�?�2�b�X

De�nition 2.7.3 �6�Q�` ���Mn�@�/�B�K�2�M�b�B�Q�M���H�- �Q�`�B�2�M�i�2�/�- �_�B�2�K���M�M�B���M �K���M�B�7�Q�H�/(M, g) �i�?�2Rieman-
nian volume form�B�b �;�B�p�2�M �#�v

mg =
q

jgj dx1 ^ � � � ^ dxn , (2.7.4)

�r�?�2�`�2jgj := jdet(gi j )j �7�Q�` �K�2�i�`�B�+ �+�Q�K�T�Q�2�M�i�bgi j �X

Remark 2.7.3 �A�M�i�2�;�`���i�B�Q�M �Q�M �_�B�2�K���M�M�B���M �K���M�B�7�Q�H�/�b ���`�2 �T�2�`�7�Q�`�K�2�/ �m�b�B�M�; �p�Q�H�m�K�2 �7�Q�`�Kmg�X

11It is a set of smooth functions fi 2 C¥ (M ) that vanish outside of Ui , lies within [0, 1], and satis�es the
condition: å N

i= 1 fi (m) = 1.
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2.8 Hodge duality

Remark 2.8.1 �P�M ���Mn�@�/�B�K�2�M�b�B�Q�M���H �T�b�2�m�/�Q�@�_�B�2�K���M�M�B���M �K���M�B�7�Q�H�/(M, g) �Q�M�2 �+���M �B�M�/�m�+�2
���M �B�M�M�2�` �T�`�Q�/�m�+�i �Q�MWk(M )�- �;�2�M�2�`���i�2�/ �#�v �i�?�2k�@�7�Q�`�K�bf dxi1 ^ � � � ^ dxikg �r�B�i�?i1, . . . ,ik 2
f 1, . . . ,ng�- �i�?���i �B�b �;�B�p�2�M �#�v

D
dxi1 ^ � � � ^ dxik, dx j1 ^ � � � ^ dx jk

E
= gi1 j1 � � � gik jk , (2.8.1)

�r�?�2�`�2gij := g(dxi , dx j )�X

De�nition 2.8.1 �h�?�2Hodge star operator� : Wk(M ) ��! Wn� k(M ) �B�b �� �H�B�M�2���` �K���T �i�?���i
�B�b �/�2�}�M�2�/ �Q�M ���M �Q�`�B�2�M�i�2�/n�@�/�B�K�2�M�b�B�Q�M���H �T�b�2�m�/�Q�@�_�B�2�K���M�M�B���M �K���M�B�7�Q�H�/(M, g) �r�B�i�? �p�Q�H�m�K�2
�7�Q�`�Km�;�B�p�2�M �#�v

a ^ � b = ha, bi m (2.8.2)

�7�Q�` ���H�Ha, b 2 Wk(M )�X �>�2�`�2� b �B�b �+���H�H�2�/ �i�?�2Hodge dual�Q�7b�X

Remark 2.8.2 �6�Q�` ���Mn�@�/�B�K�2�M�b�B�Q�M���H �Q�`�B�2�M�i�2�/ �T�b�2�m�/�Q�@�_�B�2�K���M�M�B���M �K���M�B�7�Q�H�/(M, g) �r�B�i�? �b�B�;�@
�M���i�m�`�2(� , s� 2. . .,� , + , n� s� 2. . . ,+) �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�M�/�B�i�B�Q�M �?�Q�H�/�b �i�`�m�2 �Q�MWp(M )�,

� 2 = ( � 1)p(n� p)+ s . (2.8.3)

Example 2.8.1 �6�Q�` �i�?�2 �J�B�M�F�Q�r�b�F�B �b�T���+�2R1,3 �r�B�i�? �b�B�;�M���i�m�`�2(� , + , + , +) �- �+�Q�Q�`�/�B�M���i�2�b
(x0, x1, x2, x3) = : (t, x, y, z) ���M�/ �p�Q�H�m�K�2 �7�Q�`�KdV = dt ^ dx ^ dy ^ dz �r�2 �?���p�2 �i�?�2 �7�Q�H�H�Q�r�B�M�;
�`�2�b�m�H�i�b�,

� dz = � dt ^ dx ^ dy , � dt ^ dx = � dy ^ dz , � dt ^ dy = dx ^ dz ,

� dt ^ dz = � dx ^ dy , � dx ^ dy = � dt ^ dz , � dx ^ dz = � dt ^ dy ,

� dy ^ dz = dt ^ dx , � dt ^ dx ^ dy = � dz , � dt ^ dx ^ dz = dy ,

� dt ^ dy ^ dz = � dx , � dx ^ dy ^ dz = � dt , � dt ^ dx ^ dy ^ dz = � 1 .

2.9 Representations

De�nition 2.9.1 �� representation of a Lie group G�B�b �� �G�B�2 �;�`�Q�m�T �?�Q�K�Q�K�Q�`�T�?�B�b�K

P : G ! GL(V ) (2.9.1)

�7�Q�` �� �}�M�B�i�2 �/�B�K�2�M�b�B�Q�M���H �p�2�+�i�Q�` �b�T���+�2V�X

De�nition 2.9.2 �� representation of a Lie algebrag�- �7�Q�` �� �}�M�B�i�2 �/�B�K�2�M�b�B�Q�M���H �p�2�+�i�Q�` �b�T���+�2V�-
�B�b �� �G�B�2 ���H�;�2�#�`�� �?�Q�K�Q�K�Q�`�T�?�B�b�K

p : g ! gl(V ) , (2.9.2)

�r�?�2�`�2gl(V ) := End(V )12�X

Example 2.9.1 �h�?�2standard representation�Q�7 �� �G�B�2 �;�`�Q�m�TG 3 g �B�bP (g) = g ���M�/ �Q�7 �� �G�B�2
���H�;�#�`��g 3 X �B�bp (X) = X�X

Example 2.9.2 �6�Q�` �K���i�`�B�t �G�B�2 �;�`�Q�m�T�bG �r�B�i�? �G�B�2 ���H�;�2�#�`��g�- �B�i�badjoint representation�B�b �i�?�2
�7�Q�H�H�Q�r�B�M�; �?�Q�K�Q�K�Q�`�T�?�B�b�K

Ad : G ! GL(g) , g 7! Ad g , (2.9.3)

12The endomorphism of V denoted End(V ) is the space of linear mapsV
��! V.
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�r�?�2�`�2 �i�?�2adjoint mapAd A �B�b �/�2�}�M�2�/ �#�v

Ad g : g
��! g , X 7! Ad g(X) := gXg� 1 . (2.9.4)

Remark 2.9.1 �A�i �+���M �#�2 �b�?�Q�r�M �i�?���i �i�?�2 �K���TAd �B�M�/�m�+�2�b �U�b�2�2 �h�?�2�Q�`�2�K �k�X�8�X�k�V �i�?�2 �7�Q�H�H�Q�r�B�M�;
�H�B�2 ���H�;�2�#�`�� �?�Q�K�Q�K�Q�`�T�?�B�b�K

Ad � � ad : g ! gl(g) , X 7! adX , (2.9.5)

�r�?�2�`�2 �i�?�2 ���+�i�B�Q�M �Q�7 �i�?�2 �K���TadX �+���M �#�2 �b�?�Q�r�M �i�Q �#�2 �i�?�2 �7�Q�H�H�Q�r�B�M�;

adX : g ! g , Y 7! adX (Y) := [ X,Y] . (2.9.6)

�h�?�B�b �B�b �F�M�Q�r�M ���b �i�?�2adjoint representation�Q�7 �� �}�M�B�i�2�@�/�B�K�2�M�b�B�Q�M���H �G�B�2 ���H�;�2�#�`��g�X

2.10 Maxwell equations

Remark 2.10.1 �6�Q�` �i�?�2 �M�B�+�213 �K���M�B�7�Q�H�/�b �i�?���i �r�2 ���`�2 �B�M�i�2�`�2�b�i�2�/ �B�M �i�?�B�b �i�?�2�b�B�b �i�?�2 �J���t�r�2�H�H
�i�?�2�Q�`�v �#�Q�B�H�b �/�Q�r�M �i�Q �� �+�?�Q�B�+�2 �Q�7 �i�?�2 �;���m�;�2 �T�Q�i�2�M�i�B���HA�- �r�?�B�+�? �B�b ��1�@�7�Q�`�K �Q�M �i�?�2 �K���M�B�7�Q�H�/�X

De�nition 2.10.1 �6�Q�` �J�B�M�F�Q�r�b�F�B �b�T���+�2R1,3 �r�2 �/�2�}�M�2 �i�?�2 �;���m�;�2 �T�Q�i�2�M�i�B���HA �#�v

A = A0 dt + A i dxi , (2.10.1)

���M�/ �i�?�2 �}�2�H�/ �b�i�`�2�M�;�i�?F �#�v

F := dA = Ei dxi ^ dt +
1
2

Bi #i
jk dx j ^ dxk (2.10.2)

�r�B�i�? �2�H�2�+�i�`�B�+ �}�2�H�/E ���M�/ �K���;�M�2�i�B�+ �}�2�H�/B�X

Remark 2.10.2 �h�?�2 �b�Q�m�`�+�2 �7�`�2�2 �J���t�r�2�H�H �2�[�m���i�B�Q�M�b �p�B�x�X

r � B = 0 ���M�/ r � E +
¶B
¶t

= 0 (2.10.3)

���`�2 �;�B�p�2�M �#�v
dF = 0 . (2.10.4)

�L�Q�i�B�+�2 �i�?���i�- �/�m�2 �i�Q �_�2�K���`�F �k�X�e�X�8�- �i�?�2 ���#�Q�p�2 �+�Q�M�/�B�i�B�Q�M �B�b �i�`�B�p�B���H�H�v �b���i�B�b�}�2�/ �?�2�`�2�X

Remark 2.10.3 �h�?�2 �Q�i�?�2�` �i�r�Q �J���t�r�2�H�H �2�[�m���i�B�Q�M�b �r�B�i�? �b�Q�m�`�+�2 �p�B�x�X

r � E = r ���M�/ r � B �
¶E
¶t

= J (2.10.5)

�r�B�i�?charge densityr ���M�/current densityJ �B�b �;�B�p�2�M �#�v

dF = j �r�B�i�? j = � r dt + Ji dxi 2 W1(R1,3) , (2.10.6)

�r�?�2�`�2 �i�?�2codifferentiald := � d� �X

Remark 2.10.4 ���M �B�K�T�Q�`�i���M�i �7�2���i�m�`�2 �Q�7 �i�?�2 �J���t�r�2�H�H �i�?�2�Q�`�v �B�b �i�?���i �B�i �T�Q�b�b�2�b�b�2�b �;���m�;�2
�b�v�K�K�2�i�`�v �B�X�2�X �i�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M

A ! A + d f (2.10.7)

13Here it means a connected and simply connected manifold.
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�7�Q�` ���H�Hf 2 C¥ (R1,3) �H�2���p�2�b �i�?�2 �}�2�H�/ �b�i�`�2�M�;�i�?F �B�M�p���`�B���M�i�X �h�?�2�`�2 ���`�2 �K���M�v �r���v�b �i�Q �}�t �i�?�B�b
�`�2�/�m�M�/���M�+�v �#�v �i�?�2 �b�Q �+���H�H�2�/ �;���m�;�2�@�}�t�B�M�;�X �P�M �J�B�M�F�Q�r�b�F�B �b�T���+�2 �r�2 �+���M ���H�r���v�b �r�Q�`�F �B�M �i�?�2
�b�Q �+���H�H�2�/ �ó�i�2�K�T�Q�`���H �;���m�;�2�ô �r�?�2�`�2A0 = 0 �U�b�2�2 �*�?���T�i�2�` �e �Q�7 �(�R�e�)�V�X

Remark 2.10.5 �L�Q�i�B�+�B�M�; �i�?���id2 = � � d2� = 0 ���M�/ ���T�T�H�v�B�M�;d �Q�M �i�?�2 �J���t�r�2�H�H �2�[�m���i�B�Q�M�b
�r�B�i�? �b�Q�m�`�+�2 �r�2 ���`�`�B�p�2 ���i �i�?�2 �7�Q�H�H�Q�r�B�M�;continuity equation�,

0 = d2F = dj =)
¶r
¶t

+ r � J = 0 . (2.10.8)
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Chapter 3

Gauge theory

���H�H �i�?�2 �7�Q�m�` �F�M�Q�r�M �7�Q�`�+�2�b �Q�7 �M���i�m�`�2 �p�B�x�X �;�`���p�B�i�v�- �2�H�2�+�i�`�Q�K���;�M�2�i�B�b�K�- �r�2���F ���M�/ �b�i�`�Q�M�; �M�m�+�H�2���`
�7�Q�`�+�2�b �+���M �#�2 �/�2�b�+�`�B�#�2�/ �U���i �H�2���b�i �+�H���b�b�B�+���H�H�v�V �B�M �i�2�`�K�b �Q�7 �� �;���m�;�2 �i�?�2�Q�`�v�X �h�?�2 �b�i�m�/�v �Q�7 �K�Q�/�2�`�M
�;���m�;�2 �i�?�2�Q�`�v �`�2�[�m�B�`�2�b �i�?�2 �M�Q�i�B�Q�M �Q�7 �T�`�B�M�+�B�T���H �#�m�M�/�H�2�b ���M�/ �b�m�#�b�2�[�m�2�M�i �b�i�`�m�+�i�m�`�2�b �Q�M �B�i�X �q�?�B�H�2
�B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �b�i�m�/�v �� �H�Q�i �Q�7 �T�?�v�b�B�+�b�- �B�M�+�H�m�/�B�M�; �u���M�;���J�B�H�H�b �i�?�2�Q�`�v�- �r�B�i�? �D�m�b�i �p�2�+�i�Q�` �#�m�M�/�H�2�b
���H�Q�M�2�- �2�X�;�X ���b �B�M �(�R�e�)�- �� �H�Q�i �Q�7 �/�2�2�T �T�?�v�b�B�+�b ���`�B�b�B�M�; �7�`�Q�K �i�?�2 �m�M�/�2�`�H�v�B�M�; �i�Q�T�Q�H�Q�;�v �Q�7 �i�?�2 �#���b�2
�K���M�B�7�Q�H�/ �+���M �M�Q�i �#�2 �7�m�H�H�v ���T�T�`�2�+�B���i�2�/ �r�B�i�?�Q�m�i �K���F�B�M�; �`�2�7�2�`�2�M�+�2 �i�Q �i�?�2 �T�`�B�M�+�B�T�H�2 �#�m�M�/�H�2�X
�q�2 �`�2�p�B�2�r �B�M �i�?�B�b �+�?���T�i�2�` �i�?�2 �+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �;���m�;�2 �i�?�2�Q�`�v �7�`�Q�K �T�`�B�M�+�B�T���H �#�m�M�/�H�2�b �r�B�i�?�Q�m�i
�#�Q�i�?�2�`�B�M�; ���#�Q�m�i �T�`�Q�Q�7�b �Q�7 �i�?�2 �b�i���i�2�K�2�M�i�b�- �r�?�B�+�? �+���M �#�2 �7�Q�m�M�/ �B�M �(�k�y�)�X �6�Q�` �� �[�m�B�+�F �`�2�p�B�2�r �Q�7
�u���M�;���J�B�H�H�b �i�?�2�Q�`�v �Q�M�2 �K���v �`�2�7�2�` �i�Q �(�R�d�) �Q�` �� �M�B�+�2 �`�2�p�B�2�r ���`�i�B�+�H�2 �#�v �.���M�B�2�H ���M�/ �o�B���H�H�2�i �(�k�R�)�X

3.1 Principal G-bundles

De�nition 3.1.1 �� �#�m�M�/�H�2(P, M, p ) �B�b �+���H�H�2�/ ��principle G-bundle���M�/ �/�2�M�Q�i�2�/ �/�B���;�`���K�@

�K���i�B�+���H�H�v ���b
G P

M

rg

p �B�7 �i�?�2�`�2 �2�t�B�b�i �� �7�`�2�2 �`�B�;�?�i ���+�i�B�Q�M �Q�7 �i�?�2 �G�B�2 �;�`�Q�m�TG �Q�MP ���M�/

�B�7 �i�?�2�`�2 �2�t�B�b�i �� �#�m�M�/�H�2 �B�b�Q�K�Q�`�T�?�B�b�K �#�2�i�r�2�2�M(P, M, p ) ���M�/(P, P/ G, p 0) �r�B�i�? �i�?�2 �+���M�Q�M�@

�B�+���H �T�`�Q�D�2�+�i�B�Q�Mp 0 �Q�M �i�?�2 �+�Q�b�2�i �b�T���+�2P/ G�- �K�2���M�B�M�; �i�?���i �i�?�2 �/�B���;�`���K
P P

M P/ G

p

j

p 0

y

�+�Q�K�K�m�i�2�b�X

Remark 3.1.1 �L�Q�i�B�+�2 �i�?���i �i�?�2 �b�i�`�m�+�i�m�`�2 �;�`�Q�m�T �B�M �i�?�B�b �+���b�2 �B�bG�X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �}�#�`�2
p � 1(f mg) �7�Q�` ���M�vm 2 M �B�b �/�B�z�2�Q�K�Q�`�T�?�B�+ �i�QG�- �#�m�i �B�i �/�Q�2�b �M�Q�i �?���p�2 �� �+���M�Q�M�B�+���H �;�`�Q�m�T
�b�i�`�m�+�i�m�`�2�X ���M�Q�i�?�2�` �r���v �i�Q �T�m�i �i�?�B�b �r�Q�m�H�/ �#�2 �i�Q �b���v �i�?���i �i�?�2 �J���M�B�7�Q�H�/M �?���b ��G �}�#�`�2
���i�i���+�?�2�/ �i�Q ���H�H �B�i�b �T�Q�B�M�i�b �2�t�+�2�T�i �i�?���i �i�?�2 �B�/�2�M�i�B�i�v �2�H�2�K�2�M�i �B�b �7�Q�`�;�Q�i�i�2�M�X ���H�b�Q�- �M�Q�i�B�+�2 �?�2�`�2
�i�?���i �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �K���T �B�b �B�M�b�2�M�b�B�i�B�p�2 �i�Q �i�?�2G�@���+�i�B�Q�M�X

Example 3.1.1 �h�?�2 �b�B�K�T�H�2�b�i �2�t���K�T�H�2 �Q�7 �� �T�`�B�M�+�B�T�H�2 �#�m�M�/�H�2 �B�b(G � M, M, p ) �r�B�i�? �i�?�2 �`�B�;�?�i
���+�i�B�Q�M �;�B�p�2�M �#�v(x, g0)g := ( x, gg0)�X

Example 3.1.2 ���M �B�K�T�Q�`�i���M�i �2�t���K�T�H�2 �Q�7 �� �T�`�B�M�+�B�T�H�2G�@�#�m�M�/�H�2 �B�b �i�?�2 �b�Q �+���H�H�2�/frame bundle
LM �Q�p�2�` ���Mn�@�/�B�K�2�M�b�B�Q�M���H �K���M�B�7�Q�H�/M �- �r�?�B�+�? �B�b �� �+�Q�H�H�2�+�i�B�Q�M �Q�7 �#���b�B�b�@�7�`���K�2�b�,

LmM := f (b1, . . . ,bn) j hb1, . . . ,bni = TmMg �= GL(n,R) (3.1.1)

�+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �i���M�;�2�M�i �#�m�M�/�H�2TM ���i�i���+�?�2�/ ���i �2���+�? �T�Q�B�M�im �Q�7 �i�?�2 �K���M�B�7�Q�H�/ �B�X�2�X

LM :=
[

m2 M

LmM . (3.1.2)
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�h�?�2 �7�`�2�2 �`�B�;�?�i ���+�i�B�Q�M �Q�7 ���M�vg 2 GL(n,R) �Q�M �� �;�B�p�2�M(b1, . . . ,bn) 2 LmM �B�b �/�2�}�M�2�/ ���b

(b1, . . . ,bn)g := ( bi gi
1, . . . ,bi gi

n) . (3.1.3)

Example 3.1.3 ���M�Q�i�?�2�` �B�K�T�Q�`�i���M�i �2�t���K�T�H�2 �Q�7 �� �T�`�B�M�+�B�T�H�2 �#�m�M�/�H�2 �B�b(G, G/ H, p ) �r�?�2�`�2H
���+�i�b �7�`�2�2�H�v �7�`�Q�K �`�B�;�?�i �Q�MG �p�B�� �;�`�Q�m�T �K�m�H�i�B�T�H�B�+���i�B�Q�M �`�2�b�m�H�i�B�M�; �B�M�i�Q �Q�`�#�B�i�b �Q�7 �+�Q�b�2�i�bG/ H�X ��
�7���K�Q�m�b �2�t���K�T�H�2 �Q�7 �i�?�B�b �F�B�M�/ �B�b �i�?�2 �>�Q�T�7 �#�m�M�/�H�2 �`�2�T�`�2�b�2�M�i�2�/ �/�B���;�`���K�K���i�B�+���H�H�v ���b �7�Q�H�H�Q�r�b�,

U (1) SU(2)

SU(2)/ U (1)

�
S1 S3

S2

De�nition 3.1.2 �� principle morphism�#�2�i�r�2�2�M �� �T���B�` �Q�7 �#�m�M�/�H�2�b(P, M, p ) ���M�/(P0, M 0, p 0)
�B�b �� �#�m�M�/�H�2 �K�Q�`�T�?�B�b�K( j , y ) �i�?���i �b���i�B�b�}�2�b

j (pg) = j (p)g 8 p 2 P ���M�/ g 2 G . (3.1.4)

Remark 3.1.2 �h�?�2 �M�Q�i�B�Q�M �Q�7 �i�`�B�p�B���H�B�x���i�B�Q�M�- �#�Q�i�? �H�Q�+���H(U, j ) ���b �r�2�H�H ���b �;�H�Q�#���H(G � M, M, p 1)�-
�7�Q�H�H�Q�r�b �b�B�K�B�H���` �i�Q �i�?�2 �;�2�M�2�`���H �i�?�2�Q�`�v �Q�7 �}�#�`�2 �#�m�M�/�H�2�b �i�?���i �r�2 �b���r �#�2�7�Q�`�2�- ���H�#�2�B�i �r�B�i�? �i�?�B�b
�2�t�i�`�� �+�Q�M�/�B�i�B�Q�M �Q�7 �T�`�B�M�+�B�T�H�2 �K�Q�`�T�?�B�b�K�X �A�M �� �b�B�K�B�H���` �r���v�- �i�?�2 �B�/�2�� �Q�7 �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M�bgi j

�#�2�i�r�2�2�M ���M�v �i�r�Q �b�m�+�? �Q�p�2�`�H���T�T�B�M�; �H�Q�+���H �i�`�B�p�B���H�B�x���i�B�Q�M�b(Ui , j i ) ���M�/(U j , j j ) ���M�/ �i�?�2 �+�Q�`�`�2�@
�b�T�Q�M�/�B�M�; �b�i�`�m�+�i�m�`�2 �;�`�Q�m�T �+���`�`�B�2�b �Q�p�2�`�X �P�M�2 �+���M ���H�b�Q �/�2�}�M�2 �b�K�Q�Q�i�? �b�2�+�i�B�Q�M�b �Q�M �� �T�`�B�M�+�B�T�H�2
�#�m�M�/�H�2P �D�m�b�i �H�B�F�2 �#�2�7�Q�`�2�X

Remark 3.1.3 �h�?�2 �b�2�i �Q�7 ���H�H �T�`�B�M�+�B�T���H �K�Q�`�T�?�B�b�K�b �#�2�i�r�2�2�M �� �#�m�M�/�H�2P �i�Q �B�i�b�2�H�7 �7�Q�`�K�b �� �;�`�Q�m�T
Aut (P) �+���H�H�2�/ �i�?�2automorphism group�Q�7 �i�?�2 �T�`�B�M�+�B�T�H�2 �#�m�M�/�H�2P�X �A�M �i�?�2 �+���b�2 �Q�7 �� �i�`�B�p�B���H
�#�m�M�/�H�2P = G � M �r�2 �?���p�2 �i�?���iAut (P) �= C¥ (M, G)�- �r�?�2�`�2 �i�?�2 �H���i�i�2�` �B�b �i�?�2 �;�`�Q�m�T �Q�7
gauge transformations�X

Theorem 3.1.1 �� �T�`�B�M�+�B�T�H�2G�@�#�m�M�/�H�2(P, M, p ) �B�b �i�`�B�p�B���H �B�7 ���M�/ �Q�M�H�v �B�7 �B�i �T�Q�b�b�2�b�b�2�b �� �b�K�Q�Q�i�?
�b�2�+�i�B�Q�Ms : M ! P�X

Remark 3.1.4 ���M �B�H�H�m�b�i�`���i�B�p�2 �+�Q�m�M�i�2�`�@�2�t���K�T�H�2 �Q�7 �i�?�2 ���#�Q�p�2 �i�?�2�Q�`�2�K �B�b �i�?�2 �7���+�i �i�?���i �i�?�2
�7�`���K�2 �#�m�M�/�H�2LS2 �Q�p�2�` �i�?�22�@�b�T�?�2�`�2 �B�b �M�Q�i �i�`�B�p�B���H �#�2�+���m�b�2 �i�?�2�`�2 �/�Q�2�b �M�Q�i �2�t�B�b�i �M�Q�r�?�2�`�2
�p���M�B�b�?�B�M�; �b�K�Q�Q�i�? �p�2�+�i�Q�` �}�2�H�/�b�- ���M�/ �?�2�M�+�2 �� �#���b�B�b�- �Q�MTS2 �U�H�Q�Q�F ���i �i�?�2 �M�Q�`�i�? �Q�` �b�Q�m�i�?
�T�Q�H�2�b�V�X �h�?�B�b �`�2�b�m�H�i �B�b �7���K�Q�m�b�H�v �b�m�K�K���`�B�x�2�/ ���b �ó�b�T�?�2�`�2 �+���M �M�Q�i �#�2 �+�Q�K�#�2�/�ô�X

Remark 3.1.5 �h�?�2 �i�Q�T�Q�H�Q�;�B�+���H �T�`�Q�T�2�`�i�B�2�b�- �b�m�+�? ���b �i�r�B�b�i�B�M�;�- �Q�7 �i�?�2 �#���b�2 �K���M�B�7�Q�H�/M �B�b �B�M�i�`�B�M�@
�b�B�+���H�H�v �H�B�M�F�2�/ �r�B�i�? �i�?���i �Q�7 �i�?�2 �T�`�B�M�+�B�T���H �#�m�M�/�H�2P ���M�/ ���H�b�Q �+���`�`�B�2�b �Q�p�2�` �i�Q �i�?�2 �#�2�H�Q�r �/�2�}�M�2�/
���b�b�Q�+�B���i�2�/ �#�m�M�/�H�2�b�X

3.2 Associated bundles

De�nition 3.2.1 �h�?�2G�@�T�`�Q�/�m�+�i �Q�7 �i�r�Q �b�T���+�2�bX ���M�/Y ���/�K�B�i�i�B�M�; �`�B�;�?�i ���+�i�B�Q�M �Q�7G�- �/�2�M�Q�i�2�/
X � G Y�- �B�b �i�?�2 �b�T���+�2 �Q�7 �Q�`�#�B�i�b �m�M�/�2�` �i�?�B�b ���+�i�B�Q�M �Q�M �i�?�2 �*���`�i�2�b�B���M �T�`�Q�/�m�+�iX � Y�X �A�M �Q�i�?�2�`
�r�Q�`�/�b �B�i �B�b �/�2�}�M�2�/ �p�B�� �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m�B�p���H�2�M�+�2 �`�2�H���i�B�Q�M

(x, y) � (x0, y0) iff 9 g 2 G : x0 = xg ���M�/ y0 = yg , (3.2.1)

�r�?�2�`�2 �i�?�2 �2�[�m�B�p���H�2�M�+�2 �+�H���b�b �B�b �/�2�M�Q�i�2�/ ���b[x, y]�X
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De�nition 3.2.2 �6�Q�` �� �;�B�p�2�M �T�`�B�M�+�B�T�H�2G�@�#�m�M�/�H�2(P, M, p ) ���M�/ �� �K���M�B�7�Q�H�/F �Q�M�2 �/�2�}�M�2�b �i�?�2
associated bundle PF �#�v1

PF := P � G F where (p, v)g := ( pg, g� 1v) (3.2.2)

���M�/ �i�?�2 �T�`�Q�D�2�+�i�B�Q�M
p F : PF ! M , p F([p, v]) := p (p) . (3.2.3)

Remark 3.2.1 �A�i �+���M �#�2 �b�?�Q�r�M �i�?���i �i�?�2 ���b�b�Q�+�B���i�2�/ �#�m�M�/�H�2(PF, M , p F) �?���b �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7
�� �}�#�`�2 �#�m�M�/�H�2 �r�B�i�? �i�v�T�B�+���H �}�#�`�2F�X

Example 3.2.1 ���M �B�K�T�Q�`�i���M�i �2�t���K�T�H�2 �Q�7 �� �}�#�`�2 ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �7�`���K�2 �#�m�M�/�H�2LM �r�B�i�?
�G�B�2 �;�`�Q�m�TGL(n,R) �B�b �i�?�2 �i�2�M�b�Q�` �#�m�M�/�H�2Tp,qM �r�B�i�? �}�#�`�2�bF = ( Rn) � p � (Rn� ) � q �r�?�2�`�2 �i�?�2
�H�2�7�i ���+�i�B�Q�M �Q�7 �� �;�B�p�2�Mg 2 GL(n, R) �Q�M �b�Q�K�2v 2 F �B�b �;�B�p�2�M �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�T�`�2�b�2�M�i���i�B�Q�Mr

(r (g)v)
i1,...,ip

j1,...,jq
:= v

i01,...,i0p
j01,...,j0q

(g) i1
i01

. . . (g)
ip

i0p
(g� 1) j01

j1
. . . (g� 1)

j0q
jq

. (3.2.4)

���M�Q�i�?�2�` �p�2�`�v �m�b�2�7�m�H �;�2�M�2�`���H�B�x���i�B�Q�M �Q�7 �i�?�B�b �B�b �i�?�2 �b�Q �+���H�H�2�/tensor of densityw �i�?���i ���/�K�B�i�b ��
�H�2�7�i�@���+�i�B�Q�M �p�B�� �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�T�`�2�b�2�M�i���i�B�Q�M

(r (g)v)
i1,...,ip

j1,...,jq
:= ( detg)w v

i01,...,i0p
j01,...,j0q

(g) i1
i01

. . . (g)
ip

i0p
(g� 1) j01

j1
. . . (g� 1)

j0q
jq

. (3.2.5)

De�nition 3.2.3 �:�B�p�2�M �� �T�`�B�M�+�B�T�H�2 �K�Q�`�T�?�B�b�K( j , y ) �#�2�i�r�2�2�M �T�`�B�M�+�B�T���HG�@�#�m�M�/�H�2�b(P, M, p )
���M�/(P0, M 0, p 0) �Q�M�2 �/�2�}�M�2�b ���Massociated bundle morphism�#�2�i�r�2�2�M �i�?�2 ���b�b�Q�+�B���i�2�/ �#�m�M�/�H�2�b
PF � G F ���M�/P0� G F �#�v

j F([p, v]) := [ j (p), v] , (3.2.6)

�r�?�B�+�? �B�b �r�2�H�H�@�/�2�}�M�2�/ �b�B�M�+�2

j F([pg, g� 1v]) = [ j (pg), g� 1v] = [ j (p)g, g� 1v] = [ p, v] . (3.2.7)

Remark 3.2.2 ���M ���b�b�Q�+�B���i�2�/ �#�m�M�/�H�2PF �B�b �+���H�H�2�/trivial �B�7 �i�?�2 �m�M�/�2�`�H�v�B�M�; �T�`�B�M�+�B�T���H �#�m�M�/�H�2P
�B�b �i�`�B�p�B���H�X ���M �B�K�T�Q�`�i���M�i �T�Q�B�M�i �i�Q �M�Q�i�2 �?�2�`�2 �B�b �i�?���i �� �i�`�B�p�B���H ���b�b�Q�+�B���i�2�/ �#�m�M�/�H�2 �B�b �� �i�`�B�p�B���H
�}�#�`�2 �#�m�M�/�H�2�- �#�m�i �i�?�2 �+�Q�M�p�2�`�b�2 �B�b �M�Q�i �i�`�m�2�X

De�nition 3.2.4 �G�2�iH � G �#�2 �� �+�H�Q�b�2�/ �b�m�#�;�`�Q�m�T �Q�7G �r�?�B�H�2P�- �`�2�b�T�X�-P0 ���`�2 �T�`�B�M�+�B�T���H
G�@�#�m�M�/�H�2�- �`�2�b�T�X�- �T�`�B�M�+�B�T���HH�@�#�m�M�/�H�2 �/�2�}�M�2�/ �Q�p�2�` �i�?�2 �b���K�2 �#���b�2 �b�T���+�2�X �A�7 �i�?�2�`�2 �2�t�B�b�i ��
�T�`�B�M�+�B�T���H �K�Q�`�T�?�B�b�Kj �r�B�i�? �`�2�b�T�2�+�i �i�QH �B�X�2�X

j (ph) = j (p)h (3.2.8)

�7�Q�` ���H�Hh 2 H �i�?�2�MP �B�b �+���H�H�2�/ ��G�@�2�t�i�2�M�b�B�Q�M �Q�7H �r�?�B�H�2P0 �B�b �+���H�H�2�/ ��H�@�`�2�b�i�`�B�+�i�B�Q�M �Q�7P�X

Remark 3.2.3 �q�?�B�H�2 �i�?�2�`�2 ���H�r���v�b �2�t�B�b�i�b ���M �2�t�i�2�M�b�B�Q�MP �Q�7 �� �;�B�p�2�MP0 ���b �/�2�}�M�2�/ ���#�Q�p�2�- �i�?�2
�+�Q�M�p�2�`�b�2 �B�b �M�Q�i ���H�r���v�b �i�`�m�2�X �h�?�B�b �?���b �B�K�T�Q�`�i���M�i �`���K�B�}�+���i�B�Q�M�b �#�Q�i�? �B�M �_�B�2�K���M�M�B���M �;�2�Q�K�2�i�`�v
���b �r�2�H�H ���b �B�M �u���M�;���J�B�H�H�b �i�?�2�Q�`�v�c �7�Q�` �i�?�2 �H���i�i�2�` �i�?�B�b �B�b �`�2�H���i�2�/ �i�Q �i�?�2 �B�K�T�Q�`�i���M�i �[�m�2�b�i�B�Q�M �Q�7
�i�?�2 �b�T�Q�M�i���M�2�Q�m�b �#�`�2���F�/�Q�r�M �Q�7 �i�?�2 �B�M�i�2�`�M���H �b�v�K�K�2�i�`�v �;�`�Q�m�T �7�`�Q�KG �/�Q�r�M �i�QH�X

Theorem 3.2.1 �� �T�`�B�M�+�B�T�H�2G�@�#�m�M�/�H�2(P, M, p ) �+���M �#�2 �`�2�b�i�`�B�+�i�2�/ �i�Q �� �+�H�Q�b�2�/ �b�m�#�;�`�Q�m�TH � G
�B�z �i�?�2 �#�m�M�/�H�2(P/ H, M, p 0) ���/�K�B�i�b �� �b�K�Q�Q�i�? �b�2�+�i�B�Q�M�X

Remark 3.2.4 ���M �B�K�T�Q�`�i���M�i ���T�T�H�B�+���i�B�Q�M �Q�7 �i�?�2 ���#�Q�p�2 �i�?�2�Q�`�2�K �B�b �i�?���i �B�M �U�T�b�2�m�/�Q�@�V�_�B�2�K���M�@
�M�B���M �;�2�Q�K�2�i�`�v �Q�M�2 �+���M ���H�r���v�b �?���p�2 �� �_�B�2�K���M�M�B���M �K�2�i�`�B�+ �/�2�}�M�2�/ �Q�M ���M�vn�@�/�B�2�K�2�M�b�B�Q�M���H

1Notice how we have employed left G-action to de�ne its right action (see Remark 2.3.7).
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�K���M�B�7�Q�H�/M ���bLM / SO(n) �7�Q�` �i�?�2 �+�H�Q�b�2�/ �b�m�#�;�`�Q�m�TSO(n) � GL(n,R) ���H�r���v�b ���/�K�B�i�b
�� �b�K�Q�Q�i�? �b�2�+�i�B�Q�M�c �i�?�2 �b���K�2 �B�b �M�Q�i ���H�r���v�b �i�`�m�2 �7�Q�` �� �T�b�2�m�/�Q�@�_�B�2�K���M�M�B���M �K�2�i�`�B�+ ���b�- �2�X�;�X�-
LM / SO(1,n� 1) �7�Q�` �i�?�2 �+�H�Q�b�2�/ �b�m�#�;�`�Q�m�TSO(1,n) � GL(n,R) �/�Q�2�b �M�Q�i ���H�r���v�b ���/�K�B�i�b ��
�b�K�Q�Q�i�? �b�2�+�i�B�Q�M �#�2�+���m�b�2 �Q�7 �b�Q�K�2 �i�Q�T�Q�H�Q�;�B�+���H �`�2�b�i�`�B�+�i�B�Q�M�b�X

Theorem 3.2.2 �h�?�2�`�2 �2�t�B�b�i�b �� �Q�M�2�@�i�Q�@�Q�M�2G�@�2�[�m�B�p���`�B���M�i �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2 �#�2�i�r�2�2�M �b�2�+�i�B�Q�M�b �Q�7
���M ���b�b�Q�+�B���i�2�/ �#�m�M�/�H�2(PF, M , p F) ���M�/ �K���Tf : P ! F �b���i�B�b�7�v�B�M�;

f (pg) = g� 1f (p) 8 p 2 P ���M�/ g 2 G (3.2.9)

�r�?�2�`�2 �i�?�2 �b�2�+�i�B�Q�Msf �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Qf ���`�B�b�2�b ���b

sf (x) := [ p, f (p)] �7�Q� p̀ 2 p � 1(x) . (3.2.10)

De�nition 3.2.5 �:�B�p�2�M �i�r�Q �H�Q�+���H �i�`�B�p�B���H�B�x�B�M�; �b�2�+�i�B�Q�M�b2 si : Ui � M ! P ���M�/sj : U j � M !
P �Q�M �� �;�B�p�2�M �T�`�B�M�+�B�T���HG�@�#�m�M�/�H�2P �r�B�i�?Ui \ U j 6= 0 �i�?�2�`�2 �2�t�B�b�i�b �b�Q�K�2 �H�Q�+���Hgauge functions
L i j : Ui \ U j ! G �b�m�+�? �i�?���i

sj (x) = si (x)L i j (x) 8 x 2 Ui \ U j . (3.2.11)

�P�M�2 �/�2�}�M�2�blocal representatives si : Ui ! F �7�Q�` �� �b�2�+�i�B�Q�Ms �Q�7PF �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2�b�2 �H�Q�+���H
�b�2�+�i�B�Q�M�bsi �#�v

si (x) := f si (s(x)) . (3.2.12)

Remark 3.2.5 �h�?�2 �H�Q�+���H �`�2�T�`�2�b�2�M�i���i�B�p�2�b ���H�b�Q �b���i�B�b�7�v �i�?�2 �b���K�2 �;���m�;�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �`�m�H�2 ���b
���#�Q�p�2 �B�X�2�X

sj (x) = si (x)L i j (x) . (3.2.13)

�A�i �i�m�`�M�b �Q�m�i �i�?���i �i�?�2�b�2 �;���m�;�2 �7�m�M�+�i�B�Q�M�bL i j ���`�2 �M�Q�i�?�B�M�; �#�m�i �i�?�2 �i�`���M�b�B�i�B�Q�M�b �7�m�M�+�i�B�Q�M�bgij �7�Q�`
�i�?�2 �H�Q�+���H �i�`�B�p�B���H�B�x���i�B�Q�M�b ���`�B�b�B�M�; �7�`�Q�Ksi ���M�/sj �X �6�Q�` �i�?�B�b �i�?�2�b�B�b�- �r�2 �r�B�H�H �B�/�2�M�i�B�7�v �i�?�2 �;���m�;�2
�;�`�Q�m�T �r�B�i�? �i�?�2 �b�i�`�m�+�i�m�`�2 �;�`�Q�m�T�X

3.3 Connections

Remark 3.3.1 �G�2�i(P, M, p ) �#�2 �� �T�`�B�M�+�B�T���HG�@�#�m�M�/�H�2�X �h�?�2�M �i�?�2�`�2 �2�t�B�b�i�b �� �G�B�2 ���H�;�2�#�`��
�?�Q�K�Q�K�Q�`�T�?�B�b�K �#�2�i�r�2�2�ML(G) �= TeG ���M�/G¥ (TP) �;�B�p�2�M �#�v

i : TeG ! G¥ (TP) , A ! X A , (3.3.1)

�r�?�2�`�2 �i�?�2 �B�M�/�m�+�2�/ �p�2�+�i�Q�`�@�}�2�H�/X A ���`�B�b�2�b �7�`�Q�K �i�?�2 �`�B�;�?�i ���+�i�B�Q�M �Q�7G �Q�MP ���b �7�Q�H�H�Q�r�b

X A [ f ] := f 0(pexp(tA ))( t= 0) . (3.3.2)

De�nition 3.3.1 �6�Q�` �� �;�B�p�2�M �T�`�B�M�+�B�T���HG�@�#�m�M�/�H�2(P, M, p ) �Q�M�2 �/�2�}�M�2�b �i�?�2vertical subspace
���i p 2 P�- �/�2�M�Q�i�2�/ �#�vVpP�- ���b �7�Q�H�H�Q�r�b

VpP := f X 2 TpP j p � (X) = 0g (3.3.3)

�h�?�2horizontal subspace HpP ���`�B�b�2�b ���b �i�?�2 �Q�`�i�?�Q�;�Q�M���H �+�Q�K�T�H�2�K�2�M�i �Q�7VpP �B�M �i�?�2 �i���M�;�2�M�i
�b�T���+�2TpP�,

TpP = VpP � HpP . (3.3.4)

2This refers to the existence of a local trivialization (Ui , j i ) such that j � 1
i (x, g) := si (x)g.
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Remark 3.3.2 �A�i �+���M �#�2 �b�?�Q�r�M �i�?���i

X A
p 2 VpP 8 p 2 P . (3.3.5)

�h�?�B�b �K�2���M�b �i�?���i �i�?�2 ���#�Q�p�2 �K���Ti �B�M�/�m�+�2�b ���M �B�b�Q�K�Q�`�T�?�B�b�Kip �#�2�i�r�2�2�MTeG ���M�/VpP�X

De�nition 3.3.2 �� connection�Q�M �� �T�`�B�M�+�B�T�H�2G�@�#�m�M�/�H�2(P, M, p ) �B�b �� �b�K�Q�Q�i�? ���b�b�B�;�M�K�2�M�i �Q�7
HpP �i�Q �2���+�? �T�Q�B�M�ip 2 P �b�m�+�? �i�?���i

�U���VTpP = VpP � HpP

�U�#�V(rg) � (HpP) = HpgP

�U�+�V�2�p�2�`�vXp 2 TpP �?���b �� �m�M�B�[�m�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M ���+�+�Q�`�/�B�M�; �i�Q �U���V ���b �7�Q�H�H�Q�r�b

Xp = ver(Xp) + hor(Xp) , (3.3.6)

�r�?�2�`�2ver(Xp) 2 VpP ���M�/hor(Xp) 2 HpP�X

Remark 3.3.3 �� �K�Q�`�2 �i�2�+�?�M�B�+���H�H�v �+�Q�M�p�2�M�B�2�M�i �r���v �i�Q �/�2���H �r�B�i�? �+�Q�M�M�2�+�i�B�Q�M�b �B�b �#�v ���b�b�Q�+�B���i�B�M�;
�i�?�2�K �r�B�i�? �� �G�B�2�@���H�;�2�#�`�� �p���H�m�2�/ �Q�M�2�@�7�Q�`�Kw �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �r���v

wp(X) = i � 1
p (ver(X)) , (3.3.7)

�r�?�B�+�?�- �B�M �i�m�`�M�- �B�K�T�Q�b�2�b �7�Q�H�H�Q�r�B�M�; �+�Q�M�/�B�i�B�Q�M�b �Q�Mw�,

�U�B�Vwp(X A ) = A �7�Q�` ���H�Hp 2 P ���M�/A 2 L(G)

�U�B�B�V(rg) � w = Ad g� 1w�- �B�X�2�X�-(r �
gw)p(X) = Ad g� 1(wp(X)) �7�Q�` ���H�HX 2 TpP

�U�B�B�B�VX 2 HpP �B�zwp(X) = 0�X

De�nition 3.3.3 �6�Q�` �� �H�Q�+���H �i�`�B�p�B���H�B�x�B�M�; �b�2�+�i�B�Q�Ms : U � M ! P �Q�7 �� �T�`�B�M�+�B�T���HG�@�#�m�M�/�H�2P
�B�i�b �H�Q�+���Hgauge�}�2�H�/�b ���`�B�b�2�b �7�`�Q�K �i�?�2 �7�Q�H�H�Q�r�B�M�; �H�Q�+���H �`�2�T�`�2�b�2�M�i���i�B�p�2 �Q�7 �� �G�B�2�@���H�;�2�#�`�� �p���H�m�2�/
�Q�M�2�@�7�Q�`�Kw�,

wU := s � w . (3.3.8)

�q�2 �H���#�2�H �i�?�21�@�7�Q�`�K �+�Q�K�T�Q�M�2�M�i�b �Q�7 �b�m�+�? �H�Q�+���H �;���m�;�2 �}�2�H�/�b �B�M �u���M�;���J�B�H�H�b �i�?�2�Q�`�v ���b

Am � (wU )m , (3.3.9)

���M�/ �B�M �;�2�M�2�`���H �`�2�H���i�B�p�B�i�v ���b
Gm � (wU )m . (3.3.10)

Theorem 3.3.1 ���M �2�t�T�H�B�+�B�i �7�Q�`�K �Q�7 �i�?�2 �H�Q�+���H �u���M�;���J�B�H�H�b �}�2�H�/wU �7�Q�` �i�?�2 �H�Q�+���H �i�`�B�p�B���H�B�x���i�B�Q�M
j : p � 1(U ) ! U � G ���`�B�b�B�M�; �7�`�Q�Ks �r�B�i�?(a, b) 2 T(x,g) (U � G) �= TxU � TgG �B�b �;�B�p�2�M �#�v

( j � w) (x,g) = Ad g� 1(wU
x (a)) + hWl , bi g , (3.3.11)

�r�?�2�`�2Wl �B�b �i�?�2 �J���m�`�2�`���*���`�i���M �7�Q�`�K�X

Example 3.3.1 ���M �B�K�T�Q�`�i���M�i �2�t���K�T�H�2 �Q�7 �b�m�+�? �� �H�Q�+���H �`�2�T�`�2�b�2�M�i���i�B�p�2wU �B�b �B�M �i�?�2 �+���b�2 �Q�7 �i�?�2
�7�`���K�2 �#�m�M�/�H�2LM �7�Q�` ���Mn�@�/�B�K�2�M�b�B�Q�M���H �K���M�B�7�Q�H�/M �r�B�i�? �� �;�B�p�2�M �+�?���`�i(U, f )�X �6�Q�` �� �;�B�p�2�M
�H�Q�+���H �b�2�+�i�B�Q�Ms : U � M ! LM �/�2�}�M�2�/ �#�v

s(m) := (( ¶1)m, . . . ,(¶n)m, ) (3.3.12)

�i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�;wU �?���b �+�Q�K�T�Q�M�2�M�i�b �U�i�?�2 �i�?�`�2�2 �B�M�/�B�+�2�b �#�2�H�Q�r ���`�2 �/�B�p�B�/�2�/ �B�M�i�Q �i�r�Q �B�M�/�B�+�2�b
a, b �7�Q�` �i�?�2 �G�B�2�@���H�;�2�#�`��L(GL(n,R)) ���M�/ �Q�M�21�@�7�Q�`�K �B�M�/�2�tm�V

((wU )m)a
b = : Ga

mb �r�B�i�? a, b, m= 1, . . . ,n (3.3.13)
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�r�?�2�`�2Ga
mb �B�b �i�?�2 �7���K�Q�m�bChristoffel symbol�Q�7 �i�?�B�bLevi-Civita or af�ne connection3 �i�?���i �B�b

�r�B�/�2�H�v �m�b�2�/ �B�M �_�B�2�K���M�M�B���M �;�2�Q�K�2�i�`�v ���M�/ �;�2�M�2�`���H �`�2�H���i�B�p�B�i�v�X

Theorem 3.3.2 �G�2�i(P, M, p ) �#�2 �� �T�`�B�M�+�B�T���HG�@�#�m�M�/�H�2 �r�B�i�?Ui ,U j � M �b�m�+�? �i�?���iUi \ U j 6=

0�X �6�m�`�i�?�2�`�- �H�2�iA ( i)
m ���M�/A ( j)

m �#�2 �H�Q�+���H �;���m�;�2 �7�m�M�+�i�B�Q�M�b ���`�B�b�B�M�; �7�`�Q�K �;�B�p�2�M �H�Q�+���H �i�`�B�p�B���H�B�x�B�M�;
�b�2�+�i�B�Q�M�bsi : Ui ! P ���M�/sj : U j ! G �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �Q�7 �i�?�2�b�2 �}�2�H�/�b �m�M�/�2�`
�i�?�2 ���+�i�B�Q�M �Q�7 �;���m�;�2 �7�m�M�+�i�B�Q�M�bL i j : Ui \ U j ! G �B�b�- �7�Q�` ���M�vm 2 M�- �;�B�p�2�M �#�v

A ( j)
m (m) = Ad L i j (m) � 1

�
A ( i)

m (m)
�

+ ( L �
i j Wl )m(m) . (3.3.14)

Remark 3.3.4 �q�2 �M�Q�i�B�+�2 �i�?���i �7�Q�` �K���i�`�B�t �G�B�2 �;�`�Q�m�T�b �i�?�2 ���#�Q�p�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �`�m�H�2 �i���F�2�b �i�?�2
�7�Q�H�H�Q�r�B�M�; �b�B�K�T�H�2 �7�Q�`�K�,

A ( j)
m (m) = L ij (m) � 1

�
A ( i)

m (m)
�

L i j (m) + L ij (m) � 1¶mL i j (m) . (3.3.15)

Remark 3.3.5 �h�?�B�b �;���m�;�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �#�2�?���p�B�Q�m�` �B�b �r�?���i �T�`�2�p�2�M�i�b �� �;���m�;�2 �}�2�H�/wU �7�`�Q�K
�#�2�B�M�; �;�H�Q�#���H �B�X�2�XA or G62W1(M )�X �A�M �T���`�i�B�+�m�H���`�- �i�?�B�b �2�t�T�H���B�M�b �r�?�v �i�?�2 �*�?�`�B�b�i�Q�z�2�H �b�v�K�#�Q�H
�B�b �M�Q�i �� �i�2�M�b�Q�`�5 �h�?�B�b �B�b �#�2�+���m�b�2 �Q�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�`���M�b�7�Q�`�K���i�B�Q�M �`�m�H�2 �#�2�i�r�2�2�M ���M�v �i�r�Q �;�B�p�2�M
�+�?���`�i�b(U, f ) ���M�/(U0, f 0) �Q�M ��4�@�/�B�K�2�M�b�B�Q�M���H �K���M�B�7�Q�H�/M 3 m �r�B�i�?f (m) = f x0, . . . ,x4g
���M�/f 0(m) = f x00, . . . ,x04g �r�?�2�`�2 �i�?�2 �B�M�/�B�+�2�b�- �b�m�+�? ���ba �#�2�H�Q�r�- �i���F�2�b �i�2�K�T�Q�`���Ha= 0 ���b �r�2�H�H
���b �b�T���i�B���Ha= 1, 2, 3 �p���H�m�2�b�,

G
0a
mb =

¶x0a

¶xã

¶xm̃

¶x0m
¶xb̃

¶x0b Gã
m̃b̃ +

¶x0a

¶xl

¶xl

¶x0m¶x0b . (3.3.16)

���M �2�t�T�H�B�+�B�i �2�t�T�`�2�b�b�B�Q�M �7�Q�`Ga
mb �7�Q�` �� �;�B�p�2�M �#���b�B�b �Q�7 �p�2�+�i�Q�` �}�2�H�/�bf ¶0, . . . ,¶4g �Q�MM �2�[�m�B�T�T�2�/

�r�B�i�? �� �T�b�2�m�/�Q�@�_�B�2�K���M�M�B���M �K�2�i�`�B�+g �r�B�i�? �+�Q�K�T�Q�M�2�M�i�bg(¶m, ¶n) = gmn �B�b �;�B�p�2�M �#�v

Ga
mb =

1
2

gal �
gml ,b + glb ,m � gmb,l

�
, (3.3.17)

�r�?�2�`�2gmb,l := ¶l [gmb]�X

3.4 Parallel transport

De�nition 3.4.1 �P�r�B�M�; �i�Q �i�?�2 �7���+�i �i�?���ip � : HpP ! Tp (p) M �B�b ���M �B�b�Q�K�Q�`�T�?�B�b�K �i�?�2�`�2 �2�t�B�b�i�b
�i�?�2 �M�Q�i�B�Q�M �Q�7 �� �m�M�B�[�m�2 �p�2�+�i�Q�` �}�2�H�/ �7�Q�` �� �;�B�p�2�MX 2 X(M ) �F�M�Q�r�M ���b �i�?�2horizontal lift �Q�7X
���M�/ �B�b �/�2�M�Q�i�2�/ ���bX " �X �h�?�B�b �b���i�B�b�}�2�b�- �7�Q�` ���H�Hp 2 P�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�M�/�B�i�B�Q�M�b

�U�B�Vp � (X "
p) = Xp (p)

�U�B�B�Vver(X "
p) = 0�X

Remark 3.4.1 �h�?�2 ���+�i �Q�7 �?�Q�`�B�x�Q�M�i���H �H�B�7�i�B�M�; �B�bG�@�2�[�m�B�p���`�B���M�i �B�X�2�X(rg) � (X "
p) = X "

pg�X

De�nition 3.4.2 �� horizontal lift �Q�7 �� �b�K�Q�Q�i�? �T���i�?g : [a, b] � R ! M �B�b ���M�Q�i�?�2�` �T���i�?
g" : [a, b] ! P �r�?�B�+�? �B�b �?�Q�`�B�x�Q�M�i���H �B�X�2�Xhor(g" ) = 0 �b�m�+�? �i�?���ip (g" (t)) = g(t) �7�Q�` ���H�H
t 2 [a, b]�X

Theorem 3.4.1 �6�Q�` �2���+�? �T�Q�B�M�ip 2 p � 1(f g(a)g) �i�?�2�`�2 �2�t�B�b�i �� �m�M�B�[�m�2 �?�Q�`�B�x�Q�M�i���H �H�B�7�ig" :
[a, b] ! P �Q�7g �b�m�+�? �i�?���ig" (a) = p�X

3This relies on a choice of the natural metric on M, which is akin to choosing a basis G a
b of the Lie-algebra

L(GL(n,R )) with components (G a
b )c

d := dc
bda

d.
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Remark 3.4.2 �:�B�p�2�M �� �T���i�?g : [a, b] ! M ���M�/ ���M�Q�i�?�2�` �T���i�?b : [a, b] ! P �r�?�B�+�? �T�`�Q�D�2�+�i�b
�/�Q�r�M �i�Qg �B�X�2�Xp (b(t)) = g(t) �7�Q�` ���H�Ht 2 [a, b]�- �i�?�2�`�2 �2�t�B�i�b �b�Q�K�2 �m�M�B�[�m�2 �7�m�M�+�i�B�Q�Mg : [a, b] !
G �b�m�+�? �i�?���i

g" (t) = b(t) g(t) 8 t 2 [a, b] . (3.4.1)

Theorem 3.4.2 �h�?�2 �m�M�B�[�m�2 �T���i�?g : [a, b] ! G �/�2�}�M�2�/ ���#�Q�p�2 �b���i�B�b�}�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �}�`�b�i
�Q�`�/�2�` �P�.�1 �B�M �i�2�`�K�b �Q�7 �� �G�B�2�@���H�;�2�#�`�� �p���H�m�2�/1�@�7�Q�`�Kw�,

Ad g(t) � 1�

�
wb(t)( Xb,b(t) )

�
+ hWl , Xgi g(t) , (3.4.2)

�r�?�2�`�2Xb,b(t) �B�b �i�?�2 �i���M�;�2�M�i �p�2�+�i�Q�` �i�Q �i�?�2 �+�m�`�p�2b ���i �T�Q�B�M�ib(t)�X

Remark 3.4.3 �6�Q�` �� �K���i�`�B�t �G�B�2 �;�`�Q�m�TG ���M�/ �� �H�Q�+���H �;���m�;�2 �}�2�H�/wU = s � w ���`�B�b�B�M�; �7�`�Q�K ��
�H�Q�+���H �i�`�B�p�B���H�B�x�B�M�; �b�2�+�i�B�Q�Ms : U � M ! P �i�?�2 ���#�Q�p�2 �P�.�1 �i���F�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�B�K�T�H�2 �7�Q�`�K

�g(t) = � Am(g(t)) �gm(t) g(t) , (3.4.3)

�r�?�2�`�2 �i�?�2 �+�Q�K�T�Q�M�2�M�i�b �Q�7 �i�?�2 �+�m�`�p�2g �B�M �� �H�Q�+���H �+�?���`�i �?���b �#�2�2�M �/�2�M�Q�i�2�/ ���bgm�X �h�?�2 �b�Q�H�m�i�B�Q�M
�i�Q �i�?�B�b �P�.�1�- �7�Q�` ���M �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�Mg(0) = g0�- �B�b �Q�#�i���B�M�2�/ ���b �� �T���i�?�@�Q�`�/�2�`�2�/ �2�t�T�Q�M�2�M�i�B���H
�B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �r���v

g(t) =

0

@Pexp

0

@�
tZ

a

Am(g(s)) �gm(s)ds

1

A

1

A g0

= g0 �

0

@
tZ

a

Am(g(s)) �gm(s)ds

1

A g0

+

0

@
tZ

a

ds1

Z s1

a
ds2 Am1(g(s1)) Am2(g(s2)) �gm1(s1) �gm2(s2)

1

A g0 � . . . .

(3.4.4)

Remark 3.4.4 �6�Q�`�K �i�?�2 ���#�Q�p�2 �`�2�b�m�H�i �r�2 �Q�#�b�2�`�p�2 �i�?���i �i�?�2 �H�Q�+���H �2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2 �?�Q�`�B�x�Q�M�i���H
�H�B�7�ig" �Q�7 �i�?�2 �T���i�?g : [a, b] ! U � M �B�b �;�B�p�2�M �#�v

g" (t) = s(g(t))

0

@Pexp

0

@�
tZ

a

Am(g(s)) �gm(s)ds

1

A

1

A g0 . (3.4.5)

De�nition 3.4.3 �h�?�2parallel transport���H�Q�M�; �� �T���i�?g : [a, b] ! M �B�b �/�2�}�M�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�;
�K���T

Tg : p � 1(g(a)) ! p � 1(g(b)) , p 7! g"
p(b) , (3.4.6)

�r�?�2�`�2g" �B�b �i�?�2 �m�M�B�[�m�2 �?�Q�`�B�x�Q�M�i���H �H�B�7�i �Q�7g �T���b�b�B�M�; �i�?�`�Q�m�;�?p 2 p � 1(g(a)) �X

Remark 3.4.5 �q�2 �Q�#�b�2�`�p�2 �i�?���iTg �B�b �� �#�B�D�2�+�i�B�Q�M �Q�M �}�#�`�2�b ���M�/ �i�?�m�b �Q�MG�X ���M �B�M�i�2�`�2�b�i�B�M�;
�i�?�B�M�; �?���T�T�2�M�b �r�?�2�Mg : [a, b] ! M �B�b �� �H�Q�Q�T �B�X�2�Xg(a) = g(b)�c �Q�M�2 �Q�#�i���B�M�b �� �M���i�m�`���H �K���T
�7�`�Q�K �H�Q�Q�T�b �#���b�2�/ ���ig(a) 2 M �i�Q �2�H�2�K�2�M�i�b �Q�7G�X �h�?�2 �b�m�#�;�`�Q�m�T �Q�7 ���H�H �2�H�2�K�2�M�i�b �Q�7G �i�?���i �+���M
�#�2 �Q�#�i���B�M�2�/ �B�M �i�?�B�b �r���v �B�b �+���H�H�2�/ �i�?�2holonomy�;�`�Q�m�T �Q�7 �i�?�2 �T�`�B�M�+�B�T�H�2 �#�m�M�/�H�2P�X �h�?�B�b �T�H���v�b
���M �B�K�T�Q�`�i���M�i �`�Q�H�2 �B�M �m�M�/�2�`�b�i���M�/�B�M�; �i�?�2 �`�2�H���i�B�Q�M �#�2�i�r�2�2�M �+�2�`�i���B�M �i�Q�T�Q�H�Q�;�B�+���H �T�`�Q�T�2�`�i�B�2�b �Q�7
M �r�B�i�? �i�?�2 �+�Q�M�M�2�+�i�B�Q�M�X

De�nition 3.4.4 �G�2�i(P, M, p ) �#�2 �� �T�`�B�M�+�B�T���HG�@�#�m�M�/�H�2 �2�[�m�B�T�T�2�/ �r�B�i�? �� �+�Q�M�M�2�+�i�B�Q�M1�@�7�Q�`�K
w�X �6�m�`�i�?�2�`�K�Q�`�2�- �H�2�i(PF, M , p F) �#�2 ���b�b�Q�+�B���i�2�/ �r�B�i�?P �p�B�� �i�?�2 �H�2�7�i ���+�i�B�Q�M �Q�7G �Q�MF�X ��
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vertical subspace�Q�7T[p,v]PF �B�b �/�2�}�M�2�/ ���M���H�Q�;�Q�m�b �i�Q �i�?���i �Q�7 �T�`�B�M�+�B�T���H �#�m�M�/�H�2 �B�X�2�X

V[p,v]PF := f X 2 T[p,v]PF j p F� X = 0g . (3.4.7)

�a�B�K�B�H���`�H�v�- �i�?�2horizontal subspace H[p,v]PF �+���M �#�2 �/�2�}�M�2�/ ���b �i�?�2 �Q�`�i�?�Q�;�Q�M���H �+�Q�K�T�H�2�K�2�M�i �Q�7
V[p,v]PF�X

De�nition 3.4.5 �h�?�2horizontal lift �Q�7 �� �T���i�?g : [a, b] ! M �i�Q �i�?�2 ���b�b�Q�+�B���i�2�/ �#�m�M�/�H�2PF ���M�/
�T���b�b�B�M�; �i�?�`�Q�m�;�?[p, v] 2 p � 1

F (g(a)) �B�b �/�2�}�M�2�/ ���b

g"
F(t) := [ g" (t), v] (3.4.8)

�r�?�2�`�2g" (a) = p�X

Remark 3.4.6 �P�M�2 �+���M �/�2�}�M�2parallel transport Tg ���H�Q�M�; �� �T���i�?g : [a, b] ! M �Q�M �i�?�2
���b�b�Q�+�B���i�2�/ �#�m�M�/�H�2PF ���M���H�Q�;�Q�m�b �i�Q �i�?�2 �T�`�B�M�+�B�T���H �#�m�M�/�H�2 �+���b�2 �m�b�B�M�; �i�?�2 ���#�Q�p�2 �/�2�}�M�B�i�B�Q�M �Q�7
�i�?�2 �?�Q�`�B�x�Q�M�i���H �H�B�7�i�B�M�;�X �6�Q�` ���b�b�Q�+�B���i�2�/ �p�2�+�i�Q�` �#�m�M�/�H�2�bPV �r�B�i�? �i�?�2 �p�2�+�i�Q�` �b�T���+�2V ���/�K�B�i�i�B�M�;
�� �H�B�M�2���` �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7G�- �i�?�B�b �M�Q�i�B�Q�M �i�?�2�M �7���+�B�H�B�i���i�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �/�2�}�M�B�i�B�Q�M �Q�7 �i�?�2
�+�Q�p���`�B���M�i �/�2�`�B�p���i�B�p�2�X

3.4.1 Covariant derivative

De�nition 3.4.6 �h�?�2 �+�Q�p���`�B���M�i �/�2�`�B�p���i�B�p�2 �Q�7 �� �b�2�+�i�B�Q�My : M ! PV �Q�7 ���M ���b�b�Q�+�B���i�2�/ �p�2�+�i�Q�`
�#�m�M�/�H�2PV ���H�Q�M�; �� �T���i�?g : [0,#] ! M �r�B�i�?#> 0 ���i m0 = : g(0) �B�b �/�2�}�M�2�/ �#�v

DXg,g(0)
y := lim

t! 0

�
Tg (y (g(t))) � y (m0)

t

�
2 p � 1

V (m0) . (3.4.9)

Remark 3.4.7 �h�?�2 �+�Q�p���`�B���M�i �/�2�`�B�p���i�B�p�2DX �- �7�Q�`X 2 TmM�- �?���b �7�Q�H�H�Q�r�B�M�; ���H�;�2�#�`���B�+ �T�`�Q�T�2�`�i�B�2�b
�7�Q�` ���M�v �b�2�+�i�B�Q�My , ey 2 G¥ (PV )�,

�U�B�VD f X+ Yy = f DX y + DYy �7�Q�` ���H�Hf 2 C¥ (M ) ���M�/X,Y 2 TmM

�U�B�B�VDX (y + ey ) = DX y + DX ey �7�Q�` ���H�HX 2 TmM

�U�B�B�B�VDX ( f y ) = X [ f ] y + f DX y �7�Q�` ���H�Hf 2 C¥ (M ) ���M�/X 2 TmM�X

�h�?�B�b �7�Q�H�H�Q�r�B�M�; �K�Q�`�2 �;�2�M�2�`�B�+ �M�Q�i�B�Q�M �Q�7 �� �+�Q�p���`�B���M�i �/�2�`�B�p���i�B�p�2 �B�b �`�2�H���i�2�/ �i�Q �i�?�B�b �Q�M�2�- ���b �r�2 �r�B�H�H
�b�2�2 �#�2�H�Q�r�X

De�nition 3.4.7 �h�?�2exterior covariant derivative�Q�7 ��k�@�7�Q�`�Kw 2 Wk(P) �Q�M �� �T�`�B�M�+�B�T���H
�#�m�M�/�H�2P �B�b �� �?�Q�`�B�x�Q�M�i���H(k+ 1)�@�7�Q�`�K �/�2�}�M�2�/ �#�v

Dw(X1, . . . ,Xk+ 1) := dw(hor(X1), . . . ,hor(Xk+ 1)) (3.4.10)

�7�Q�` �� �;�B�p�2�M �b�2�i �Q�7 �p�2�+�i�Q�` �}�2�H�/�bX1, . . . ,Xk+ 1 2 X(P)�X

Remark 3.4.8 �h�?�B�b �M�Q�i�B�Q�M �Q�7 �+�Q�p���`�B���M�i �/�2�`�B�p���i�B�p�2 �+���M �#�2 �2�t�i�2�M�/�2�/ �i�Q ���M ���b�b�Q�+�B���i�2�/ �p�2�+�i�Q�`
�#�m�M�/�H�2PV �/�B�b�+�m�b�b�2�/ �#�2�7�Q�`�2 �r�B�i�? �i�?�2 ���B�/ �Q�7 �� �;�B�p�2�MG�@�2�[�m�B�p���`�B���M�i �K���Tf : P ! F �i�?���i �?���b
���M ���b�b�Q�+�B���i�2�/ �b�2�+�i�B�Q�Msf 2 G¥ (PV ) �U�b�2�2 �h�?�2�Q�`�2�K �j�X�k�X�k�V ���b �7�Q�H�H�Q�r�b

Df := df � hor . (3.4.11)

�P�M�2 �+���M �b�?�Q�r�- �7�Q�` ���M�vX 2 X(P) ���M�/ �� �;�B�p�2�M �+�Q�M�M�2�+�i�B�Q�Mw �Q�MP�- �i�?���i

F 3 Df (X) � DX f := df (X) + w(X)f , (3.4.12)
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�r�?�2�`�2 �r�2 �M�Q�i�B�+�2 �i�?���if ���`�2F�@�p���H�m�2�/ �7�m�M�+�i�B�Q�M�b �Q�MP�X �6�m�`�i�?�2�`�K�Q�`�2�- �Q�M�2 �+���M �T�m�H�H �i�?�B�b �/�2�}�M�B�@
�i�B�Q�M �#���+�F �i�QM �m�b�B�M�; ���M�v �H�Q�+���H �i�`�B�p�B���H�B�x�B�M�; �K���Ts : U � M ! P ���M�/ �M�Q�i�B�+�B�M�; �i�?�2 �7���+�i �i�?�2
�T�m�H�H�@�#���+�F �Q�T�2�`���i�B�Q�M �B�b �M���i�m�`���H�,

s � (Df )( X) := ds � f (X) + s � (w)( X)(s � f ) 8 X 2 X(P) . (3.4.13)

Example 3.4.1�6�Q�` �� �;�B�p�2�M �H�Q�+���H �Q�`�i�?�Q�M�Q�`�K���H �+�Q�7�`���K�2 �Q�7 �p�2�+�i�Q�` �}�2�H�/�bf ¶mg �r�B�i�?m= 0, 1, 2, 3
�Q�M ��4�@�/�B�K�2�M�b�B�Q�M���H �G�Q�`�2�M�i�x�B���M �K���M�B�7�Q�H�/M �- �2�X�;�X �i�?�2 �J�B�M�F�Q�r�b�F�B �b�T���+�2R1,3�- �i�?�2 �+�Q�p���`�B���M�i
�/�2�`�B�p���i�B�p�2D¶m

= : Dm �Q�7 �i�?�2 ���#�Q�p�2�@�K�2�M�i�B�Q�M�2�/ �b�2�+�i�B�Q�Mf �U�Q�`sf �i�Q �#�2 �T�`�2�+�B�b�2�V �B�b �;�B�p�2�M �B�M
�i�2�`�K�b �Q�7 �H�Q�+���H �;���m�;�2 �}�2�H�/�bAm ���b

Dmf := ¶mf + Amf . (3.4.14)

Example 3.4.2 �h�?�2 �+�Q�p���`�B���M�i �/�2�`�B�p���i�B�p�2Dm = : r m �Q�7 �i�?�2 �i�2�M�b�Q�` �#�m�M�/�H�2Tp,q(M ) ���b�b�Q�+�B���i�2�/
�r�B�i�? �i�?�2 �7�`���K�2 �#�m�M�/�H�2LM �Q�MM �B�b �;�B�p�2�M �B�M �i�2�`�K�b �Q�7 �i�?�2 �G�2�p�B���*�B�p�B�i�� �+�Q�M�M�2�+�i�B�Q�M ���M�/
�+���M �#�2 �2�t�T�`�2�b�b�2�/ �B�M �i�2�`�K�b �Q�7 �i�?�2 �*�?�`�B�i�Q�z�2�H �b�v�K�#�Q�H�b�X �6�Q�` �2�t���K�T�H�2�- �+�Q�p���`�B���M�i �/�2�`�B�p���i�B�p�2 �Q�7
T 2 T1,2(M ) �r�B�i�? �+�Q�K�T�Q�M�2�M�i�bTm

ab := T(dxm, ¶a, ¶b) �B�b �;�B�p�2�M �#�v

Dr Tm
ab = ¶r Tm

ab + Gm
rl Tl

ab � Gl
ra Tm

lb � Gl
rb Tm

la . (3.4.15)

Remark 3.4.9 �h�?�2 �G�2�p�B���*�B�p�B�i�� �+�Q�M�M�2�+�i�B�Q�MG�B�b �K�2�i�`�B�+ �+�Q�K�T���i�B�#�H�2r g = 0 �B�X�2�X

r mgab = 0 . (3.4.16)

�J�Q�`�2�Q�p�2�` �i�?�B�b �+�Q�M�M�2�+�i�B�Q�M �B�b �i�Q�`�b�B�Q�M�@�7�`�2�2 �B�X�2�X

0 = T(X,Y) := r XY � r YX � [X,Y] (3.4.17)

�7�Q�` ���H�HX,Y 2 X(M )�X �*�?�Q�Q�b�B�M�; �p�2�+�i�Q�` �}�2�H�/�bX = ¶a ���M�/Y = ¶b �i�?�2 �i�Q�`�b�B�Q�M�@�7�`�2�2 �+�Q�M�/�B�i�B�Q�M
�2�M�b�m�`�2�b �i�?���i �i�?�2 �*�?�`�B�b�i�Q�z�2�H �b�v�K�#�Q�H �B�b �b�v�K�K�2�i�`�B�+ �B�M �i�?�2 �b�m�#�b�+�`�B�T�i �B�M�/�B�+�2�b�,

Gm
ab = Gm

ba . (3.4.18)

3.4.2 Curvature

De�nition 3.4.8 �A�7w �B�b �� �+�Q�M�M�2�+�i�B�Q�M1�@�7�Q�`�K �Q�M �� �T�`�B�M�+�B�T���HG�@�#�m�M�/�H�2P �i�?�2�MDw = : W �B�b
�i�?�2 �G�B�2�@���H�;�2�#�`�� �p���H�m�2�/curvature2�@�7�Q�`�K �Q�7w�X

Remark 3.4.10 �A�i �+���M �#�2 �b�?�Q�r�M �i�?���i �i�?�2 �+�m�`�p���i�m�`�22�@�7�Q�`�KW �b���i�B�b�}�2�b �i�?�2 �"�B���M�+�?�B �B�/�2�M�i�B�i�v�,

DW = 0 . (3.4.19)

Theorem 3.4.3 �6�Q�` ���`�#�B�i�`���`�v �T���B�` �Q�7 �p�2�+�i�Q�` �}�2�H�/�bX,Y 2 X(P) �i�?�2 �+�m�`�p���i�m�`�22�@�7�Q�`�KDw
�b���i�B�b�}�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �*���`�i���M �b�i�`�m�+�i�m�`�2 �2�[�m���i�B�Q�M

Dw(X,Y) := dw(X,Y) + [ w(X), w(Y)] , (3.4.20)

�r�?�2�`�2 �r�2 �?���p�2 �2�K�T�H�Q�v�2�/ �i�?�2 �G�B�2 �#�`���+�F�2�i �Q�ML(G)�X

Example 3.4.3 �6�Q�` �i�?�2 �G�2�p�B���*�B�p�B�i�� �+�Q�M�M�2�+�i�B�Q�MG �i�?�2 �+�m�`�p���i�m�`�22�@�7�Q�`�KDG = : R�- �p���H�m�2�/
�B�ML(GL(n,R)) �7�Q�` ���Mn�@�/�B�K�2�M�b�B�Q�M���H �T�b�2�m�/�Q�@�_�B�2�K���M�M�B���M �K���M�B�7�Q�H�/M �- �B�b �F�M�Q�r�M ���b �i�?�2
�_�B�2�K���M�M �+�m�`�p���i�m�`�2 ���M�/ �B�b �;�B�p�2�M �#�v

R = dG+ G^ G. (3.4.21)
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�h�?�B�b �i�m�`�M�b �Q�m�i �i�Q �#�2 �� �i�2�M�b�Q�`R 2 T1,3(M ) ���M�/ �B�M �H�Q�+���H �+�Q�7�`���K�2f ¶mg ���M�/ �7�`���K�2f dxmg
�r�B�i�?m= 0, 1, 2, 3,�Q�7M ���/�K�B�i�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�t�T�`�2�b�b�B�Q�M �B�M �i�2�`�K�b �Q�7 �*�?�`�B�b�i�Q�z�2�H �b�v�K�#�Q�H

Rr
smn = ¶mGr

ns � ¶nGr
ms + Gr

ml Gl
ns � Gr

nl Gl
ms . (3.4.22)

Remark 4.3.11 �_�B�2�K���M�M �+�m�`�p���i�m�`�2 �i�2�M�b�Q�` �;�B�p�2�b �`�B�b�2 �i�Q �i�?�2 �b�Q �+���H�H�2�/ �_�B�+�+�B �i�2�M�b�Q�`Rmn :=
Rr

mrn 2 T0,2(M ) �i�?�`�Q�m�;�? �B�M�/�2�t �+�Q�M�i�`���+�i�B�Q�M�- �r�?�B�+�? �B�M �i�m�`�M �;�B�p�2�b �`�B�b�2 �i�Q �i�?�2 �b�+���H���` �+�m�`�p���i�m�`�2
R := gmnRmn �p�B�� �i�?�2 �K�2�i�`�B�+�X �q�B�i�? �i�?�2�b�2 �i�Q�Q�H�b ���M�/ �i�?�2 �B�M�b�B�;�?�i �Q�7equivalence principle�,
�ó�6�Q�` ���M�v �T�Q�B�M�im 2 M �i�?�2�`�2 ���H�r���v�b �2�t�B�b�i�b �� �H�Q�+���H �+�?���`�i(U, f ) �r�B�i�?m 2 U ���/�K�B�i�i�B�M�; ��
�b�K�Q�Q�i�? �H�Q�+���H �b�2�+�i�B�Q�M �Q�7 �Q�`�i�?�Q�M�Q�`�K���H �7�`���K�2s 2 G¥ (LU ) �Q�M �i�?�2 �7�`���K�2 �#�m�M�/�H�2LU�c �B�M �Q�i�?�2�`
�r�Q�`�/�b �2�p�2�`�v �U�b�T���+�2�i�B�K�2�V �K���M�B�7�Q�H�/ �B�b �H�Q�+���H�H�v �~���i �B�M �� �J�B�M�F�Q�r�b�F�B �b�2�M�b�2�ô
���H�#�2�`�i �1�B�M�b�i�2�B�M �r���b ���#�H�2 �i�Q �+�Q�M�b�i�`�m�+�i �i�?�2 �7�Q�H�H�Q�r�B�M�; �}�2�H�/ �2�[�m���i�B�Q�M �`�2�H���i�B�M�; �i�?�2 �+�m�`�p���i�m�`�2 �Q�7
�b�T���+�2�i�B�K�2 �r�B�i�? �B�i�b �K���i�i�2�` �+�Q�M�i�2�M�i

Gmn := Rmn�
1
2

gmnR =
8p G

c4 Tmn , (3.4.23)

�r�?�2�`�2G �B�b �i�?�2 �L�2�r�i�Q�M �+�Q�M�b�i���M�i�-c �B�b �i�?�2 �b�T�2�2�/ �Q�7 �H�B�;�?�i ���M�/Tmn �B�b �i�?�2 �b�i�`�2�b�b�@�2�M�2�`�;�v �i�2�M�b�Q�`
���`�B�b�B�M�; �7�`�Q�K �i�?�2 �p���`�B���i�B�Q�M �Q�7 �i�?�2 �K���i�i�2�` ���+�i�B�Q�MSm �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �K���i�`�B�+�,

Tmn = �
2

p
� det g

dSm

dgmn . (3.4.24)

Example 3.4.4 �� �i�`�B�p�B���H �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �p���+�m�m�K �1�B�M�b�i�2�B�M �2�[�m���i�B�Q�M �B�b �i�?�2 �J�B�M�F�Q�r�b�F�B �K�2�i�`�B�+
hmn �r�?�B�+�? �B�b �;�H�Q�#���H�H�v �~���i�X ���M�Q�i�?�2�` �p�2�`�v �B�K�T�Q�`�i���M�i �b�Q�H�m�i�B�Q�M �B�b �i�?�2 �6�G�_�q �K�2�i�`�B�+ �7�Q�` �?�Q�K�Q�@
�;�2�M�2�Q�m�b ���M�/ �B�b�Q�i�`�Q�T�B�+ �m�M�B�p�2�`�b�2�- �r�?�2�`�2 �i�?�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2scale factor a(t) �B�b �;�Q�p�2�`�M�2�/ �#�v
���M ���T�T�`�Q�T�`�B���i�2 �b�i�`�2�b�b�@�2�M�2�`�;�v �i�2�M�b�Q�`Tmn�- �B�b �;�B�p�2�M �#�v

g = � c2dt2 + a(t)2
�

dr2

1 � kr2 + r2dq2 + r2 sin2 qdf 2
�

, (3.4.25)

�r�?�2�`�2f r, q, f g ���`�2 �+�Q�Q�`�/�B�M���i�2�b �Q�M �+�2�H�2�b�i�B���H �b�T�?�2�`�2�b �r�B�i�? �`�2�b�T�2�+�i �i�Q ���M �Q�#�b�2�`�p�2�` �U�H�B�F�2 �m�b�V ���M�/
�i�?�2 �T���`���K�2�i�2�`k = � 1�-0 �Q�1̀ �/�2�M�Q�i�2�b �i�?�2 �i�Q�T�Q�H�Q�;�v �Q�7 �i�?�23�@�/�B�K�2�M�b�B�Q�M���H �1�m�+�H�B�/�2���M �b�T���+�2
���b �#�2�B�M�; �Q�T�2�M�- �~���i �Q�` �+�H�Q�b�2�/ �`�2�b�T�2�+�i�B�p�2�H�v�X

Example 3.4.5 �6�Q�` �H�Q�+���H �u���M�;���J�B�H�H�b �}�2�H�/A := s � w �i�?�2 �+�m�`�p���i�m�`�22�@�7�Q�`�KDw = : F �B�b �;�B�p�2�M
�#�v

F = dA + A ^ A . (3.4.26)

3.5 Yang-Mills equation

Remark 3.5.1 �� �H�Q�+���H �2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2 �u���M�;���J�B�H�H�b �+�m�`�p���i�m�`�2F �Q�M �� �G�Q�`�2�M�i�x�B���M �K���M�B�7�Q�H�/
M �r�B�i�? �Q�`�i�?�Q�M�Q�`�K���H �+�Q�7�`���K�2f ¶mg �B�b �;�B�p�2�M �#�v

Fmn = ¶mAn � ¶nAm � [Am, An] . (3.5.1)

Remark 3.5.2 �h�?�2 �u���M�;���J�B�H�H�b �+�m�`�p���i�m�`�2 �i�`���M�b�7�Q�`�K�b �m�M�/�2�` �� �H�Q�+���H �;���m�;�2 �i�`���M�b�7�Q�`�K���i�B�Q�M
L i j (m) �r�B�i�?m 2 Ui \ U j 6= 0 ���`�B�b�B�M�; �7�`�Q�K �i�r�Q �H�Q�+���H �b�2�+�i�B�Q�M�bsi : Ui ! P ���M�/sj : U j ! P
�`�2�H���i�2�/ �#�vsj (m) = si (m)L i j (m) �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �r���v

F( j)
mn(m) = L i j (m) � 1 F( i)

mn(m) L ij (m) , (3.5.2)

���M�/ �B�b �i�?�m�b �;�H�Q�#���H �B�X�2�XF 2 W2(M )�X
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Remark 3.5.3 �h�?�2 �u���M�;���J�B�H�H�b �2�[�m���i�B�Q�M �Q�M �� �G�Q�`�2�M�i�x�B���M �K���M�B�7�Q�H�/M �B�b �;�B�p�2�M �#�v

� D(� F) = J , (3.5.3)

�r�?�2�`�2 �i�?�21�@�7�Q�`�KJ 2 W1(M ) �B�b �i�?�2current �i�?���i ���`�B�b�2�b �7�`�Q�K �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 ���M�v �b�Q�m�`�+�2
�ó�+�?���`�;�2�ô �Q�M �i�?�2 �K���M�B�7�Q�H�/�X

Remark 3.5.4 �h�?�2 �u���M�;���J�B�H�H�b ���+�i�B�Q�M �U�+�Q�m�T�H�B�M�; �+�Q�M�b�i���M�ig�V

SYM =
1

2g2

Z

M
Tr(F ^ � F) (3.5.4)

�i�Q�;�2�i�?�2�` �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; ���+�i�B�Q�M �7�Q�` �i�?�2 �b�Q�m�`�+�2J�,

SJ =
1
g2Tr(A ^ � J) (3.5.5)

�;�B�p�2�b �`�B�b�2 �i�Q �i�?�2 ���#�Q�p�2 �u���M�;���J�B�H�H�b �2�[�m���i�B�Q�M �#�v �p���`�B���i�B�Q�M���H �T�`�B�M�+�B�T�H�2�X

Remark 3.5.5 �J���t�r�2�H�H�ö�b �i�?�2�Q�`�v �Q�7 �2�H�2�+�i�`�Q�K���;�M�2�i�B�b�K �i�?���i �r�2 �b���r �B�M �i�?�2 �H���b�i �+�?���T�i�2�` �B�b ��
�b�T�2�+�B���H �+���b�2 �Q�7 �u���M�;���J�B�H�H�b �i�?�2�Q�`�v �r�?�2�`�2 �i�?�2 �;���m�;�2 �;�`�Q�m�T �B�bU (1)�X
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Chapter 4

Yang–Mills equations on dS4

�>�2�`�2 �r�2 �`�2�p�B�2�r �i�?�2 �+�Q�M�7�Q�`�K���H �`�2�H���i�B�Q�M �Q�7 �i�?�24�@�/�B�K�2�M�b�B�Q�M���H �/�2 �a�B�i�i�2�` �b�T���+�2 �r�B�i�? �� �}�M�B�i�2
�G�Q�`�2�M�i�x�B���M �+�v�H�B�M�/�2�` �r�B�i�?S3�@�b�H�B�+�B�M�;�- �b�i�m�/�v �+���H�+�m�H�m�b �Q�MS3 ���M�/ �T�`�2�b�2�M�i �i�?�2 �u���M�;���J�B�H�H�b �}�2�H�/
�2�[�m���i�B�Q�M�b �Q�M �i�?�2 �+�v�H�B�M�/�2�`�X �h�?�2 �+�Q�M�i�2�M�i �Q�7 �i�?�B�b �+�?���T�i�2�` �B�b �T���`�i�B���H�H�v �i���F�2�M �7�`�Q�K �(�k�k���k�9�)1�X

4.1 The de Sitter-Minkowski correspondence via S3-cylinder

�h�?�2 �/�2 �a�B�i�i�2�` �b�T���+�2dS4 �B�M �7�Q�m�` �/�B�K�2�M�b�B�Q�M�b �?���b �� �M���i�m�`���H �2�K�#�2�/�/�B�M�; ���b �� �b�B�M�;�H�2�@�b�?�2�2�i�2�/
�?�v�T�2�`�#�Q�H�Q�B�/ �B�M �}�p�2�@�/�B�K�2�M�b�B�Q�M���H �J�B�M�F�Q�r�b�F�B �b�T���+�2R1,4 �r�B�i�? �+�Q�Q�`�/�B�M���i�2�b(q0, qA ); A = 1, 2, 3, 4
���M�/ �;�H�Q�#���H �H�2�M�;�i�? �b�+���H�2` ���M�/ �B�b �;�B�p�2�M �#�v

� q2
0 + q2

1 + q2
2 + q2

3 + q2
4 = `2. (4.1.1)

�P�M�2 �+���M �m�b�2 �i�?�2 �~���i �K�2�i�`�B�+ �Q�MR1,4

ds2
(1,4) = � dq2

0 + dq2
1 + dq2

2 + dq2
3 + dq2

4 (4.1.2)

�i�Q �+�Q�M�b�i�`�m�+�i �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �K�2�i�`�B�+ �Q�MdS4 �m�b�B�M�; �i�?�2 �+�Q�Q�`�/�B�M���i�2 �+�Q�M�b�i�`���B�M�i(4.1.1)�X �h�?�2
�K�2�i�`�B�+ �b�Q �Q�#�i���B�M�2�/ �B�b �+�Q�M�7�Q�`�K���H�H�v �2�[�m�B�p���H�2�M�i �i�Q �i�?�2 �Q�M�2 �Q�M �� �}�M�B�i�2 �G�Q�`�2�M�i�x�B���M �+�v�H�B�M�/�2�`I � S3

�r�B�i�?I = (0,p ) �Q�p�2�` �i�?�23�@�b�T�?�2�`�2S3�X �h�Q �b�2�2 �i�?�B�b�- �r�2 �2�K�T�H�Q�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�Q�`�/�B�M���i�2�b

qA = ` wA csct ���M�/ q5 = � ` cot t �r�B�i�? t 2 (0,p ) , (4.1.3)

�r�?�2�`�2wA ���`�2 �i�?�2 �M���i�m�`���H �2�K�#�2�/�/�B�M�; �+�Q�Q�`�/�B�M���i�2�b �Q�7S3 �B�MR4�, wA wA = 12�X �� �M���i�m�`���H
�?�v�T�2�`�b�T�?�2�`�B�+���H �T���`���K�2�i�`�B�b���i�B�Q�M �Q�7wA �B�b �;�B�p�2�M �#�v

w1 = sin c sin q cosf , w2 = sin c sin q sin f , w3 = sin c cosq , w4 = cosc ,
(4.1.4)

�r�B�i�?0 � c, q � p ���M�/0 � f � 2p �X �h�?�2 �K�Q�/�B�}�2�/ �K�2�i�`�B�+ �?���b �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�Q�`�K�,

ds2 = ds2
(1,4) jdS4

=
`2

sin2 t

�
� dt 2 + dW2

3

�
; dW 2

3 = dwA dwA jdS4
. (4.1.5)

�"�v �;�H�m�B�M�; �i�r�Q �+�Q�T�B�2�b �Q�7 �i�?�2�b�2 �G�Q�`�2�M�i�x�B���M �+�v�H�B�M�/�2�`�b ���it = 0�- �b�m�+�? �i�?���i �M�Q�rt 2 eI =
(� p , p )�- �Q�M�2 �}�M�/�b �i�?���i �?���H�7 �Q�7 �i�?�2 �`�2�b�m�H�i���M�i �+�v�H�B�M�/�2�`eI � S3 �B�b �+�Q�M�7�Q�`�K���H�H�v �2�[�m�B�p���H�2�M�i �i�Q
�i�?�2 �9 �/�B�K�2�M�b�B�Q�M���H �J�B�M�F�Q�r�b�F�B �b�T���+�2�X �h�Q �b�2�2 �i�?�B�b�- �+�Q�M�b�B�/�2�` �i�?�2 �7�Q�H�H�Q�r�B�M�; �T���`���K�2�i�`�B�x���i�B�Q�M �Q�7
(t, x, y, z) 2 R1,3

cot t =
r2� t2+ `2

2 ` t
, w1 = g

x
`

, w2 = g
y
`

, w3 = g
z
`

, w4 = g
r2� t2� `2

2 `2 , (4.1.6)

1The role of La and Ra in [ 22] is interchanged as compared to this thesis.
2Repeated indices are summed over.
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�r�?�2�`�2 �r�2 �?���p�2 ���#�#�`�2�p�B���i�2�/

FIGURE 4.1: An illustration of the map between a cylinder 2 I � S3 and Minkowski space R1,3.
The Minkowski coordinates cover the shaded area. The boundary of this area is given by the
curve w4= cosc= cost . Each point is a two-sphere spanned by f ŵ1, ŵ2, ŵ3g, which is mapped to

a sphere of constantr and t.

r2 = x2 + y2 + z2 & g =
2 `2

p
4 `2t2 + ( r2 � t2 + `2)2

=
2 `2

p
4 `2r2 + ( t2 � r2 + `2)2

. (4.1.7)

�� �b�i�`���B�;�?�i�7�Q�`�r���`�/ �+�Q�K�T�m�i���i�B�Q�M �v�B�2�H�/�b

cost � cosc = g > 0 , (4.1.8)

�r�?�B�+�? �b�?�Q�r�b �i�?���i �Q�M�H�v �?���H�7 �Q�7 �i�?�2 �+�v�H�B�M�/�2�`�- �+�Q�M�b�i�`���B�M�2�/ �#�vcost < cosc �- �B�b ���H�H�Q�r�2�/ �#�v �i�?�2
�K���T(4.1.6)�X �S�H�m�;�;�B�M�; �i�?�B�b �K���T �#���+�F �B�M�i�Q �i�?�2 �/�2 �a�B�i�i�2�` �K�2�i�`�B�+(4.1.5) �r�2 �Q�#�i���B�M

ds2 =
`2

t2

�
� dt2 + dx2 + dy2 + dz2�

�r�B�i�? (x, y, z) � (x1, x2, x3) 2 R3 & t 2 R , (4.1.9)

�r�?�B�+�? �B�b �i�?�2 �J�B�M�F�Q�r�b�F�B �K�2�i�`�B�+ �m�T �i�Q �� �+�Q�M�7�Q�`�K���H �7���+�i�Q�`3�X �� �b�K�Q�Q�i�? �;�H�m�B�M�; �Q�7 �i�?�2 �i�r�Q
�+�v�H�B�M�/�2�`�b ���+�`�Q�b�b �i�?�2 �i�B�K�2 �b�H�B�+�2t = t = 0 �B�b �M�B�+�2�H�v �/�2�T�B�+�i�2�/ �B�M �U�6�B�;�X�9�X�R�V�X �L�Q�r�- �H�Q�Q�F�B�M�; ���i
�i�?�2 �K���T�b(4.1.4) ���M�/(4.1.6) �r�2 �b�2�2 �� �a�P�U�j�V�@�b�v�K�K�2�i�`�v �r�?�B�+�? �r�2 �+���M �2�t�T�H�Q�B�i �#�v �r�`�B�i�B�M�;

wa = sin c ŵa ���M�/ xa = r ŵa �7�Q�à = 1, 2, 3 ���M�/r = `
g sin c , (4.1.10)

�r�?�2�`�2 �i�?�2 �m�M�B�iS2 �+�Q�Q�`�/�B�M���i�2�bŵa ���`�2 �;�B�p�2�M �#�v

ŵ1 = sin q cosf , ŵ2 = sin q sin f ���M�/ ŵ3 = cosq . (4.1.11)

�q�2 �+���M �B�/�2�M�i�B�7�v �i�?�2 �m�M�B�iS2 �#�2�i�r�2�2�M �i�?�2 �J�B�M�F�Q�r�b�F�B �b�T���+�2 ���M�/ �i�?�2 �/�2 �a�B�i�i�2�` �b�T���+�2 �m�b�B�M�;
�U�9�X�R�X�e�V ���M�/ �U�9�X�R�X�R�y�V�- �b�Q �i�?���i �r�2 �?���p�2 ���M �2�z�2�+�i�B�p�2 �K���T �#�2�i�r�2�2�M �+�Q�Q�`�/�B�M���i�2�b(t, r) ���M�/(t , c )�,

t
`

=
sin t

cost � cosc
���M�/

r
`

=
sin c

cost � cosc
�7�Q�` c > jt j , (4.1.12)

�r�?�B�+�? �`�2�p�2���H�b �i�?���i �i�?�2 �i�`�B���M�;�m�H���`(t , c ) �/�Q�K���B�M �U�r�?�2�`�2 �i�?�2 �T�Q�B�M�i�b �`�2�T�`�2�b�2�M�i �m�M�B�iS2�V �B�b
�M�Q�i�?�B�M�; �#�m�i �i�?�2 �S�2�M�`�Q�b�2 �/�B���;�`���K �Q�7 �J�B�M�F�Q�r�b�F�B �b�T���+�2 �U�a�2�2 �6�B�;�X�9�X�k�V�X �h�?�2 �b�T�2�+�B���H �H�B�M�2�b ���M�/
�T�Q�B�M�i�b �B�M �6�B�;�X�9�X�k���`�2 �;�B�p�2�M �#�v

3In fact, the map (4.1.6) covers only the positive half of the Minkowski space i.e. t 2 R + for the original
cylinder I � S3.
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FIGURE 4.2: Penrose diagram of Minkowski space R1,3. Each point hides a two-sphere S23f q, f g.
Blue curves indicate t= �+�Q�M�b�islices while brown curves depict the world volumes of r= �+�Q�M�b�i

spheres. The lightcone of the Minkowski-space origin is drawn in red.

t = 0 �b�Q�m�i�? �T�Q�H�2 �#�Q�m�M�/���`�v�� �M�Q�`�i�? �T�Q�H�2t = � p c � t = p
(t , c ) (0,c ) ( t , p ) ( � c, c ) (0,p ) (0, 0) ( � p , p ) (� p � c, c )

(t, r) (0,r) ( t, 0) ( � ¥ , ¥ ) (0, 0) ( t, ¥ ) ( � ¥ , r) (� r, r)
t= 0 r= 0 I � �Q�`�B�;�B�M i0 i � �H�B�;�?�i�+�Q�M�2

�r�B�i�? �i�?�2 �J�B�M�F�Q�r�b�F�B �b�T���i�B���H ���M�/ �i�2�K�T�Q�`���H �B�M�}�M�B�i�vi0 ���M�/i � �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �2�/�;�2�b
�r�?�B�H�2 �i�?�2 �J�B�M�F�Q�r�b�F�B �M�m�H�H �B�M�}�M�B�i�vI � �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �+�Q�M�7�Q�`�K���H �#�Q�m�M�/���`�vc= jt j �Q�7
�i�?�2 �S�2�M�`�Q�b�2 �/�B���;�`���K�X

�1�[�m���i�B�Q�M(4.1.12) �+���M �#�2 �m�b�2�/ �i�Q �Q�#�i���B�M �i�?�2 �C���+�Q�#�B���M �7�Q�` �i�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �#�2�i�r�2�2�M �i�?�2
�+�Q�Q�`�/�B�M���i�2�bym 2 f t , c , q, f g ���M�/xm 2 f t, r, q, f g�,

�
Jm

m

�
:=

¶(t , c , q, f )
¶(t, r, q, f )

=
1
`

�
p � q

q � p

�
� 12 , (4.1.13)

�r�?�2�`�2 �i�?�2 �T�Q�H�v�M�Q�K�B���H�bp, q ���`�2 �;�B�p�2�M �#�v

p = g2

`2 (r2+ t2+ `2)/2 = 1� cost cosc ���M�/ q = g2

`2 t r = sin t sin c . (4.1.14)

�� �K�Q�`�2 �/�B�`�2�+�i �r���v �Q�7 �b�2�2�B�M�; �i�?�2 �+�Q�M�7�Q�`�K���H �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2 �#�2�i�r�2�2�M �J�B�M�F�r�Q�b�F�B �b�T���+�2 ���M�/
�i�?�2S3�@�+�v�H�B�M�/�2�` �B�b �p�B�� �*���`�i�2�`�@�S�2�M�`�Q�b�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �i�?���i �`�2���/�B�H�v �T�`�Q�/�m�+�2�b �i�?�2 �H�B�;�?�i�+�Q�M�2
�T�B�+�i�m�`�2 �U�b�2�2 ���T�T�2�M�/�B�t�� �V�X
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4.1.1 Structure of 3-sphere and its harmonics

�h�?�2 �T�`�2�b�2�M�+�2 �Q�7S3 �B�M �i�?�2 �K�2�i�`�B�+(4.1.5) �B�b ���M ���/�/�2�/ ���/�p���M�i���;�2�- �r�?�B�+�? �+���M �#�2 �2�t�T�H�Q�B�i�2�/ �i�Q
�r�`�B�i�2 ��SO(4)�@�B�M�p���`�B���M�i �;���m�;�2 �+�Q�M�M�2�+�i�B�Q�M ���M�/ �Q�#�i���B�M �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �}�2�H�/�b �#�v �b�Q�H�p�B�M�;
�u���M�;���J�B�H�H�b �2�[�m���i�B�Q�M �Q�M �i�?�2 �G�Q�`�2�M�i�x�B���M �+�v�H�B�M�/�2�`�X �h�?�2�b�2 �[�m���M�i�B�i�B�2�b �+���M �#�2 �H���i�2�` �2�t�T�Q�`�i�2�/
�i�Q �i�?�2 �J�B�M�F�Q�r�b�F�B �b�T���+�2�i�B�K�2 �Q�r�B�M�; �i�Q �i�?�2 �+�Q�M�7�Q�`�K���H �B�M�p���`�B���M�+�2 �Q�7 �i�?�2 �p���+�m�m�K �u���M�;���J�B�H�H�b
�2�[�m���i�B�Q�M �B�M �7�Q�m�` �/�B�K�2�M�b�B�Q�M�b�X �h�Q �i�?�B�b �2�M�/�- �r�2 �b�i���`�i �r�B�i�? �i�?�2 �;�`�Q�m�TSO(4)�- �r�?�B�+�? �B�b �B�b�Q�K�Q�`�@
�T�?�B�+ �i�Q �i�r�Q �+�Q�T�B�2�b �Q�7SU(2) �U�m�T �i�Q ��Z 2 �;�`���/�B�M�;�V�X �1���+�? �Q�7 �i�?�2�b�2SU(2) �?���b �� �;�`�Q�m�T ���+�i�B�Q�M
�i�?���i �;�2�M�2�`���i�2�b �� �H�2�7�i �U�`�B�;�?�i�V �K�m�H�i�B�T�H�B�+���i�B�Q�M �U���X�F�X���X �i�`���M�b�H���i�B�Q�M�V �Q�MS3�X �h�?�B�b �+���M �2���b�B�H�v �#�2
�+�?�2�+�F�2�/ �m�b�B�M�; �i�?�2 �K���T

g : S3 ! SU(2); (w1, w2, w3, w4) 7! � i
�

b a�

a � b�

�
, (4.1.15)

�r�B�i�?a := w1 + iw2 ���M�/ b := w3 + iw4�X �h�?�B�b �T���`���K�2�i�2�`�B�x���i�B�Q�M �Q�7g �2�M�b�m�`�2�b �i�?���i �i�?�2
�B�/�2�M�i�B�i�v �2�H�2�K�2�M�ie= 12 �Q�7 �i�?�2 �;�`�Q�m�TSU(2) �+���M �#�2 �Q�#�i���B�M�2�/ �7�`�Q�K(0, 0, 0, 1) �B�X�2�X �i�?�2 �L�Q�`�i�?
�T�Q�H�2 �Q�7S3�X �A�i �B�b �r�2�H�H �F�M�Q�r�M �i�?���iS3 �B�b �i�?�2 �;�`�Q�m�T �K���M�B�7�Q�H�/ �Q�7SU(2)�X �E�2�2�T�B�M�; �i�?�B�b �B�M �K�B�M�/�-
�r�2 �+�Q�M�b�B�/�2�` �i�?�2 �*���`�i���M �Q�M�2�@�7�Q�`�K

Wl (g) := g� 1 dg = ea Ta, �r�B�i�?Ta = � isa (4.1.16)

�#�2�B�M�; �i�?�2SU(2) �;�2�M�2�`���i�Q�`�b�X �h�?�2 �H�2�7�i�@�B�M�p���`�B���M�i �Q�M�2�@�7�Q�`�K4 ea �+���M ���H�i�2�`�M���i�B�p�2�H�v �#�2 �2�t�T�`�2�b�b�2�/
�m�b�B�M�; �i�?�2 �b�Q �+���H�H�2�/ �b�2�H�7�@�/�m���H �ö�i �>�Q�Q�7�i �b�v�K�#�Q�Hha

BC
�,

ea = � ha
BC

wB dwC �r�B�i�? ha
bc = #abc ���M�/ ha

b4 = � ha
4b = da

b . (4.1.17)

�h�?�2�v �b���i�B�b�7�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �m�b�2�7�m�H �B�/�2�M�i�B�i�B�2�b

dabea eb = dW2
3 ���M�/ dea + #abce

b ^ ec = 0. (4.1.18)

�h�?�2 �H�2�7�i�@�B�M�p���`�B���M�i �p�2�+�i�Q�` �}�2�H�/�bLa �;�2�M�2�`���i�B�M�; �i�?�2 �`�B�;�?�i �i�`���M�b�H���i�B�Q�M�b ���`�2 �/�m���H �i�Qea ���M�/ ���`�2
�;�B�p�2�M �#�v

La = � ha
BC

wB
¶

¶wC
) [La, Lb] = 2#abcLc . (4.1.19)

�A�M �� �b�B�K�B�H���` �r���v�- �i�?�2 �`�B�;�?�i�@�B�M�p���`�B���M�i �p�2�+�i�Q�` �}�2�H�/�bRa �;�2�M�2�`���i�B�M�; �i�?�2 �H�2�7�i �i�`���M�b�H���i�B�Q�M�b ���`�2
�;�B�p�2�M �#�v

Ra = � h̃a
BC

wB
¶

¶wC
) [Ra, Rb] = 2#abcRc , (4.1.20)

�r�?�2�`�2 �i�?�2 ���M�i�B �b�2�H�7���/�m���H �ö�i �>�Q�Q�7�i �b�v�K�#�Q�H�bh̃a
BC

���`�2 �Q�#�i���B�M�2�/ �7�`�Q�K(4.1.17) �#�v �~�B�T�T�B�M�; �i�?�2
B, C = 4 �b�B�;�M�X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �p�2�+�i�Q�` �}�2�H�/�bLa ���M�/Ra ���+�i �Q�M �i�?�2 �Q�M�2�@�7�Q�`�K�bea �p�B�� �i�?�2�B�`
�G�B�2 �/�2�`�B�p���i�B�p�2�- �r�?�B�+�? �+���M �#�2 �T�2�`�7�Q�`�K�2�/ �m�b�B�M�; �*���`�i���M �7�Q�`�K�m�H�� �U�b�2�2 �a�2�+�i�B�Q�M�k�X�e�V�,

La eb := L La eb = d � iLae
b + iLa � deb

= d
�

eb(La)
�

� #b
ij iLa

�
ei ^ ej

�

= d
�

db
a

�
� #b

ij

�
ei (La)ej � ej (La)ei

�

= 2#abce
c ,

(4.1.21)

�r�?�2�`�2 �B�M �i�?�2 �b�2�+�Q�M�/ �H�B�M�2 �r�2 �?���p�2 �m�b�2�/(4.1.18)�X �� �b�B�K�B�H���` �+���H�+�m�H���i�B�Q�M �7�Q�` �i�?�2 ���+�i�B�Q�M �Q�7Ra

�v�B�2�H�/�b
Ra eb = 0 . (4.1.22)

4Named so because they remain invariant under the dragging induced by the left SU(2) multiplication.
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�q�2 �+���M �M�Q�r �r�`�B�i�2 �i�?�2 �/�B�z�2�`�2�M�i�B���Hd �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M�bf 2 C¥
�
I � S3

�
�m�b�B�M�;La

5 ���b

d f = dt ¶ t f + ea La f . (4.1.23)

�6�m�M�+�i�B�Q�M�b �Q�MS3 �+���M �#�2 �2�t�T���M�/�2�/ �B�M �� �#���b�B�b �Q�7 �?���`�K�Q�M�B�+�bYj (c, q, f ) �r�B�i�?2j 2 N0�- �r�?�B�+�?
���`�2 �2�B�;�2�M�7�m�M�+�i�B�Q�M�b �Q�7 �i�?�2 �b�+���H���` �G���T�H���+�B���M�-6

� 4 3Yj = 2j(2j+ 2) Yj = 4j( j+ 1) Yj = � 1
2(L2 + R2) Yj = � 1

4(D2 + P 2) Yj , (4.1.24)

�r�?�2�`�2L2 = LaLa ���M�/R2 = RaRa ���`�2 �U�K�B�M�m�b �7�Q�m�` �i�B�K�2�b�V �i�?�2 �*���b�B�K�B�`�b �Q�7su(2)L ���M�/su(2)R�-
�`�2�b�T�2�+�i�B�p�2�H�v�-

� 1
4L2 Yj = � 1

4R2 Yj = � 1
4 4 3Yj = j( j+ 1) Yj . (4.1.25)

�q�2 �?���p�2 ���H�b�Q �B�M�i�`�Q�/�m�+�2�/D2 = DaDa ���M�/P 2 = PaPa �r�B�i�?

Da = Ra + La = � 2# bc
a wb ¶c ���M�/ Pa = Ra � La = 2w[a ¶4] (4.1.26)

�r�B�i�?¶A � ¶
¶wA

�b�Q �i�?���i

[Da, Db] = 2# c
ab Dc , [Da, Pb] = 2# c

ab Pc , [Pa, Pb] = 2# c
ab Dc . (4.1.27)

�>�2�M�+�2�-fD ag �b�T���M�b �i�?�2 �/�B���;�Q�M���H �b�m�#���H�;�2�#�`��su(2)D � so(4)�- �r�?�B�+�? �;�2�M�2�`���i�2�b �i�?�2 �b�i���#�B�H�B�x�2�`
�b�m�#�;�`�Q�m�T �a�P�U�j�V �B�M �i�?�2 �+�Q�b�2�i �`�2�T�`�2�b�2�M�i���i�B�Q�MS3 �= �a�P(4)/ �a�P(3)�X �h�?�2�`�2�7�Q�`�2�-D2 �B�b �U�K�B�M�m�b
�7�Q�m�` �i�B�K�2�b�V �i�?�2 �*���b�B�K�B�` �Q�7su(2)D �- �r�B�i�? �2�B�;�2�M�p���H�m�2�bl ( l+ 1) �7�Q�`l = 0, 1, . . . , 2j�- ���M�/14D2 =
4 2 �B�b �i�?�2 �b�+���H���` �G���T�H���+�B���M �Q�M �i�?�2S2 �b�H�B�+�2�b �i�`���+�2�/ �Q�m�i �B�MS3 �#�v �i�?�2 �a�P�U�j�VD ���+�i�B�Q�M�X

�h�Q �7�m�`�i�?�2�` �+�?���`���+�i�2�`�B�x�2 �� �+�Q�K�T�H�2�i�2 �#���b�B�b �Q�7S3 �?���`�K�Q�M�B�+�b�- �i�?�2�`�2 ���`�2 �i�r�Q �M���i�m�`���H �Q�T�i�B�Q�M�b�-
�+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�r�Q �/�B�z�2�`�2�M�i �+�Q�K�T�H�2�i�2 �+�?�Q�B�+�2�b �Q�7 �K�m�i�m���H�H�v �+�Q�K�K�m�i�B�M�; �Q�T�2�`���i�Q�`�b �i�Q �#�2
�/�B���;�Q�M���H�B�x�2�/�X �6�B�`�b�i�- �i�?�2 �H�2�7�i�@�`�B�;�?�i �U�Q�` �i�Q�`�Q�B�/���H�V �?���`�K�Q�M�B�+�bYj;m,n ���`�2 �2�B�;�2�M�7�m�M�+�i�B�Q�M�b �Q�7L2 =
R2�-L3 ���M�/R3�-

i
2 L3 Yj;m,n = n Yj;m,n ���M�/ i

2 R3 Yj;m,n = m Yj;m,n , (4.1.28)

���M�/ �?�2�M�+�2 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �H���/�/�2�` �Q�T�2�`���i�Q�`�b

L� = ( L1 � iL2)/
p

2 ���M�/ R� = ( R1 � iR2)/
p

2 (4.1.29)

���+�i ���b
i
2 L� Yj;m,n =

q
( j � n)( j � n+ 1)/2 Yj;m,n� 1 ,

i
2 R� Yj;m,n =

q
( j � m)( j � m+ 1)/2 Yj;m� 1,n .

(4.1.30)

�h�?�2 �M�Q�`�K���H�B�x�2�/ �?���`�K�Q�M�B�+�bYj;m,n �+���M �#�2 �2�t�T���M�/�2�/ �B�M �i�2�`�K�b �Q�7 �7�m�M�+�i�B�Q�M�ba, b ���M�/ �i�?�2�B�`
�+�Q�K�T�H�2�t �+�Q�M�D�m�;���i�2�b ���b

Yj;m,n(w) =
2j

å
k= 0

Kj,m,n(k) an+ m+ k āk bj � m� k b̄j � n� k �r�B�i�?

Kj,m,n(k) = ( � 1)m+ n+ k

r
2j + 1
2p 2

p
( j + m)!( j � m)!( j + n)!( j � n)!

(n + m + k)!( j � n � k)!( j � m � k)!k!
.

(4.1.31)

5One can useRa and its dual 1-form as well.
6The SO(4) spin of these functions is actually 2j, but we label them with half their spin, for reasons to be

clear below.
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�h�?�2�v �b���i�B�b�7�v �i�?�2 �Q�`�i�?�Q�M�Q�`�K���H�B�i�v �+�Q�M�/�B�i�B�Q�M
Z

d3W3 Yj;m,n Ȳj0;m0,n0 = dj,j0 dm,m0 dn,n0 �r�B�i�? d3W3 = sin2 c sin qdc dqdf . (4.1.32)

�a�2�+�Q�M�/�- �i�?�2 ���/�D�Q�B�M�i �U�Q�` �?�v�T�2�`�b�T�?�2�`�B�+���H�V �?���`�K�Q�M�B�+�beYj;l ,M ���`�2 �2�B�;�2�M�7�m�M�+�i�B�Q�M�b �Q�7L2 = R2�-D2

���M�/D3�-

� 1
4 D2 eYj;l ,M = l ( l+ 1) eYj;l ,M ���M�/ i

2 D3 eYj;l ,M = M eYj;l ,M , (4.1.33)

�r�B�i�? �i�?�2 �H���/�/�2�`�@�Q�T�2�`���i�Q�` ���+�i�B�Q�M�b �(�R�3�)

i
2 D � eYj;l ,M =

q
( l � M )( l � M+ 1)/2 eYj;l ,M � 1 ,

i
2 P� eYj;l ,M = �

q
( l � M � 1)( l � M )/2 cj,l

eYj;l � 1,M � 1

�
q

( l � M+ 1)( l � M+ 2)/2 cj,l+ 1
eYj;l+ 1,M � 1 ,

i
2 P3 eYj;l ,M =

p
l2� M 2 cj,l

eYj;l � 1,M +
q

( l+ 1)2� M 2 cj,l+ 1
eYj;l+ 1,M ,

(4.1.34)

�r�?�2�`�2
cj,l =

q �
(2j+ 1)2 � l2

�
/

�
(2l � 1)(2l+ 1)

�
. (4.1.35)

�A�M �i�?�B�b �+���b�2�- �i�?�2�`�2 �2�t�B�b�i�b �� �`�2�+�m�`�b�B�p�2 �+�Q�M�b�i�`�m�+�i�B�Q�M �7�Q�` �?���`�K�Q�M�B�+�b �Q�MSk+ 1 �7�`�Q�K �i�?�Q�b�2 �Q�MSk�-

eYj;l ,M (c, q, f ) = Rj,l (c ) Yl ,M (q, f ) ; Rj,l (c ) = i2j+ l

r
2j+ 1
sin c

(2j+ l+ 1)!
(2j � l )! P

� l � 1
2

2j+ 1
2

(cosc ) , (4.1.36)

�r�?�2�`�2Yl ,M ���`�2 �i�?�2 �b�i���M�/���`�/S2 �b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�b ���M�/Pb
a �/�2�M�Q�i�2 �i�?�2 ���b�b�Q�+�B���i�2�/ �G�2�;�2�M�/�`�2

�T�Q�H�v�M�Q�K�B���H�b �Q�7 �i�?�2 �}�`�b�i �F�B�M�/�X7 �h�?�2 �i�r�Q �#���b�2�b �Q�7 �?���`�K�Q�M�B�+�b ���`�2 �`�2�H���i�2�/ �#�v �i�?�2 �b�i���M�/���`�/
�*�H�2�#�b�+�?�@�:�Q�`�/���M �b�2�`�B�2�b �7�Q�` �i�?�2 ���M�;�m�H���` �K�Q�K�2�M�i�m�K ���/�/�B�i�B�Q�Mj 
 j = 0 � 1 � . . . � 2j�-

Yj;m,n =
2j

å
l= 0

l

å
M= � l

Cl ,M
m,n

eYj;l ,M , �r�B�i�? Cl ,M
m,n = h2j; l , M j j, m; j, ni (4.1.37)

�#�2�B�M�; �i�?�2 �*�H�2�#�b�+�?�@�:�Q�`�/���M �+�Q�2�{�+�B�2�M�i�b �2�M�7�Q�`�+�B�M�;m+ n= M ���M�/l 2 f 0, 1, . . . , 2jg�X

�� �b�Q�K�2�r�?���i �+�m�K�#�2�`�b�Q�K�2 �+���H�+�m�H���i�B�Q�M �B�M�p�Q�H�p�B�M�;(4.1.6)�- (4.1.7) ���M�/(4.1.17) �;�B�p�2�b �m�b �i�?�2
�+�v�H�B�M�/�2�` �Q�M�2���7�Q�`�K�b �B�M �J�B�M�F�Q�r�b�F�B �+�Q�Q�`�/�B�M���i�2�b�,

e0 := dt = g2

`3

� 1
2(t2+ r2+ `2) dt � t xkdxk�

= g2

`3

� 1
2(t2+ r2+ `2) dt � t r dr

�
���M�/

ea = g2

`3

�
t xadt �

� 1
2(t2� r2+ `2) dak + xaxk + ` #ajkx j � dxk�

= g2

`3

�
x̂a� r t dt � 1

2(t2+ r2+ `2) dr
�

� 1
2(t2� r2+ `2) r dx̂a � ` r2#ajkx̂ jdx̂k� .

(4.1.38)

7With fractional indices, it is rather a Gegenbauer polynomial, but also a hypergeometric function (see
eq. (2.8) of [25, 26]).
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�q�2 �7�m�`�i�?�2�` �M�Q�i�2 �/�Q�r�M �i�?�2 �2�t�T�`�2�b�b�B�Q�M�b �7�Q�` �i�?�2 �p�2�+�i�Q�` �}�2�H�/�bLa �B�M �i�2�`�K�b �Q�7S3 ���M�;�H�2�b �#�v �m�b�B�M�;
(4.1.4) �B�M(4.1.19) �7�Q�` �H���i�2�` �T�m�`�T�Q�b�2�b�,

L1 = sin qcosf ¶ c + ( cot c cosqcosf + sin f ) ¶q � (cot c cscqsin f � cot qcosf ) ¶f ,

L2 = sin qsin f ¶ c + ( cot c cosqsin f � cosf ) ¶q + ( cot c cscqcosf + cot qsin f ) ¶f ,

L3 = cosq ¶c � cot c sin q ¶q � ¶f .
(4.1.39)

4.2 Yang-Mills �eld equations

�P�M�2 �+���M �K���F�2 �m�b�2 �Q�7 �i�?�2�b�2 �H�2�7�i�@�B�M�p���`�B���M�i �Q�M�2 �7�Q�`�K�bea �i�Q �2�t�T���M�/ �� �;�2�M�2�`�B�+ �u���M�;���J�B�H�H�b �;���m�;�2
�T�Q�i�2�M�i�B���HA �U�B�M �i�?�2 �i�2�K�T�Q�`���H �;���m�;�2A t = 0�V ���b

A = Xa(t , g) ea, (4.2.1)

�r�?�2�`�2 �i�?�2 �i�?�`�2�2SU(2) �K���i�`�B�+�2�bXa �/�2�T�2�M�/�b�- �B�M �;�2�M�2�`���H�- �Q�M �#�Q�i�? �i�?�2 �+�v�H�B�M�/�2�` �T���`���K�2�i�2�`t
���M�/ �B�M�i�2�`�M���HS3 �+�Q�Q�`�/�B�M���i�2�bw �p�B�� �i�?�2 �K���Tg (4.1.15)�X �h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �}�2�H�/ �b�i�`�2�M�;�i�?F �-
�7�Q�` �i�?�B�b �;���m�;�2 �+�Q�M�M�2�+�i�B�Q�MA �- �B�b �;�B�p�2�M �#�v

F = dA + A ^ A = �Xa e0 ^ ea +
1
2

�
L[b Xc] � 2eabcXa + [Xb, Xc]

�
eb ^ ec , (4.2.2)

�r�?�2�`�2e0 := dt ���M�/ �i�?�2 �/�Q�i �Q�MXa �`�2�7�2�`�b �i�Q �B�i�b �/�2�`�B�p���i�B�p�2 �r�X�`�X�i�Xt �X �h�?�2 �u���M�;���J�B�H�H�b �2�[�m���i�B�Q�M
�7�Q�` �i�?�B�b �;���m�;�2 �}�2�H�/A �B�X�2�X

d � F + A ^ �F � �F ^ A = 0 , (4.2.3)

���7�i�2�` �� �b�i�`���B�;�?�i�7�Q�`�r���`�/ �+���H�+�m�H���i�B�Q�M�- �v�B�2�H�/�b �i�?�2 �+�Q�M�b�i�`���B�M�i �+�Q�M�/�B�i�B�Q�M

� 2 i Ja Xa + [ Xa, �Xa] = 0 . (4.2.4)

���M�/ �i�?�2 �}�2�H�/ �2�[�m���i�B�Q�M

Ẍa = � 4
�
J2+ 1

�
Xa � 4 i eabcJb Xc + 4 Ja Jb Xb + 3eabc[Xb, Xc]

+ 2 i [Xa, Jb Xb] + 2 i [Xb, Ja Xb] + 4 i [Jb Xa, Xb] � [Xb, [Xa, Xb]] ,
(4.2.5)

�r�?�2�`�2 �i�?�2 �Q�T�2�`���i�Q�`�bJa ���M�/J2 ���`�2 �;�B�p�2�M �#�v

Ja :=
i
2

La ���M�/ J2 := Ja Ja . (4.2.6)

�6�B�M�/�B�M�; �� �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M �7�Q�` �i�?�B�b �2�[�m���i�B�Q�M �B�b �� �/���m�M�i�B�M�; �i���b�F�- �#�m�i �T�`�Q�;�`�2�b�b �+���M �#�2 �K���/�2
�B�M �i�?�2 �i�r�Q �H�B�K�B�i�B�M�; �+���b�2�b �#�2�H�Q�r�X

�P�M�2 �Q�7 �i�?�2 �H�B�K�B�i�B�M�; �+���b�2 �Q�7(4.2.5) �B�b �i�?���i �Q�7 �i�?�2 ���#�2�H�B���M �Q�M�2�- �r�?�2�`�2 ���H�H �i�?�2 �+�Q�K�K�m�i���i�Q�`�b
�p���M�B�b�? �i�Q �v�B�2�H�/

Ẍa = � 4
�
J2+ 1

�
Xa + 2 i eabcJb Xc . (4.2.7)

�6�m�`�i�?�2�`�K�Q�`�2 �i�?�2 �+�Q�M�b�i�`���B�M�i(4.2.4) �B�M �i�?�B�b �+���b�2 �#�2�+�Q�K�2�b

Ja Xa = 0 . (4.2.8)

�P�M�2 �i�?�B�M�; �i�Q �M�Q�i�2 �?�2�`�2 �B�b �i�?���i �i�?�2 ���#�Q�p�2 �+�Q�M�b�i�`���B�M�i ���H�Q�M�; �r�B�i�? �i�?�2 �i�2�K�T�Q�`���H �;���m�;�2A t = 0 �B�b
�M�Q�i �i�?�2 �m�b�m���H �*�Q�m�H�Q�K�# �;���m�;�2 �Q�M �J�B�M�F�Q�r�b�F�B �b�T���+�2�X �A�M �7���+�i�- �r�2 �+���M �K���F�2 �m�b�2 �Q�7 �i�?�2 �B�M�p�2�`�b�2
�C���+�Q�#�B���M(4.1.13) �r�?�B�H�2 �T�`�Q�K�Q�i�B�M�; �i�?�2 �;���m�;�2 �T�Q�i�2�M�i�B���H �i�Q �i�?�2 �J�B�M�F�Q�r�b�F�B �b�T���+�2A = A a ea=
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Amdxm= A �i�Q �;�2�i

0 = A t = A (¶t ) = A
�

`2

g2 (p¶t + q¶r )
�

=)
�
r2 + t2 + `2�

A t + 2r t A r = 0 . (4.2.9)

�a�Q�H�m�i�B�Q�M �i�Q(4.2.7) �r���b �Q�#�i���B�M�2�/ �B�M �(�j�) �m�b�B�M�; �?�v�T�2�`�b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�bYj;m,n ���b �r�2 �r�B�H�H �b�2�2
�B�M �i�?�2 �M�2�t�i �+�?���T�i�2�`�X

���M�Q�i�?�2�` �H�B�K�B�i�B�M�; �+���b�2 �Q�7(4.2.5) �B�b �r�?�2�M �� �K�Q�`�2 �b�v�K�K�2�i�`�B�+SO(4)�@�2�[�m�B�p���`�B���M�i �+�Q�M�/�B�i�B�Q�M �B�b
�B�K�T�Q�b�2�/ �v�B�2�H�/�B�M�; �(�d�-�R�y�) �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�Q�`�K �Q�7Xa�,

Xa =
1
2

(1 + y (t )) Ta (4.2.10)

�r�B�i�? �b�Q�K�2 �7�m�M�+�i�B�Q�My : I ! R ���M�/SU(2) �;�2�M�2�`���i�Q�`�bTa �b���i�B�b�7�v�B�M�; �i�?�2 �G�B�2 ���H�;�2�#�`��

[Ta, Tb] = 2eabcTc . (4.2.11)

�J�Q�`�2�Q�p�2�`�- �r�2 �r�Q�`�F �B�M �i�?�2 ���/�D�Q�B�M�i �`�2�T�`�2�b�2�M�i���i�B�Q�M �7�Q�` �i�?�2 �G�B�2 ���H�;�2�#�`�� �;�2�M�2�`�i�Q�`�bTa �r�?�2�`�2
tr (Ta Tb)= � 8dab�X �h�?�2 �+�Q�M�b�i�`���B�M�i(4.2.4) �7�Q�` �i�?�B�b �b�v�K�K�2�i�`�B�+ ���M�b���i�x�- �B�X�2�X

[Xa, �Xa] = 0 (4.2.12)

�B�b ���m�i�Q�K���i�B�+���H�H�v �b���i�B�b�}�2�/ ���M�/ �i�?�2 �2�[�m���i�B�Q�M(4.2.5) �#�2�+�Q�K�2�b

Ẍa = � 4Xa + 3eabc[Xb, Xc] � [Xb, [Xa, Xb]] . (4.2.13)

�a�Q�H�m�i�B�Q�M �i�Q �i�?�B�b �2�[�m���i�B�Q�M �r���b �Q�#�i���B�M�2�/ �B�M �(�k�d�) ���b �r�2 �r�B�H�H �b�2�2 �B�M �*�?���T�i�2�`�e�X
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Chapter 5

Abelian solutions: U (1)

�A�M �i�?�B�b �+�?���T�i�2�` �r�2 �T�`�2�b�2�M�i �i�?�2 �F�M�Q�i�i�2�/ �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �}�2�H�/�b ���`�B�b�B�M�; �p�B�� �i�?�2 �ó�/�2 �a�B�i�i�2�`�ô
�K�2�i�?�Q�/ ���M�/ �b�i�m�/�v �B�i�b �p���`�B�Q�m�b �T�`�Q�T�2�`�i�B�2�b�X �h�?�2 �+�Q�M�i�2�M�i �Q�7 �i�?�B�b �+�?���T�i�2�` �?���b �;�2�M�2�`���i�2�/ �i�?�`�2�2
�T�m�#�H�B�b�?�2�/ �r�Q�`�F�b�, �(�k�k�- �k�j�- �k�3�)�X �a�2�+�i�B�Q�M�8�X�9�Q�M �M�m�H�H �b�Q�H�m�i�B�Q�M�b �B�b �/�m�2 �i�Q �P�H���7 �G�2�+�?�i�2�M�7�2�H�/
�r�B�i�? �p�2�`�B�}�+���i�B�Q�M �#�v �*�Q�H�B�M �"�2�+�F�2�` ���M�/ �b�Q�K�2 �+�H���`�B�}�+���i�B�Q�M�b �7�`�Q�K �>���`���H�/ �a�F���`�F�2�X �A �?���p�2 �#�2�2�M
�B�M�p�Q�H�p�2�/ ���i ���H�H �b�i���;�2�b �Q�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �r�Q�`�F�b �7�Q�` �i�?�2 �`�2�b�i �Q�7 �i�?�2 �b�2�+�i�B�Q�M�b �B�M �i�?�B�b �+�?���T�i�2�`�X

5.1 Family of "knot" solutions

�A�i �r���b �b�?�Q�r�M �B�M �(�j�)�- �i�?���i �i�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M �Q�7(4.2.7) �/�2�+�Q�K�T�Q�b�2�b �B�M�i�Q �b�T�B�M�@j �`�2�T�`�2�b�2�M�i���i�B�Q�M�b
�Q�7so(4) ���M�/ ���`�2 �H���#�2�H�H�2�/ �r�B�i�? �?�v�T�2�`�b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�b �Q�7S3�X �q�2 �`�2�p�B�2�r �i�?�2 �+�Q�M�b�i�`�m�+�i�B�Q�M
�Q�7 �i�?�2�b�2 �b�Q�H�m�i�B�Q�M�b �#�2�H�Q�r �B�M �i�r�Q �b�i�2�T�b�, �}�`�b�i �r�2 �b�Q�H�p�2(4.2.7) �Q�M �i�?�2S3�@�+�v�H�B�M�/�2�`�- ���M�/ �i�?�2�M �r�2
�T�m�H�H �i�?�2�b�2 �b�Q�H�m�i�B�Q�M �#���+�F �i�Q �J�B�M�F�Q�r�b�F�B �b�T���+�2 �m�b�B�M�;(t , c ) ! (t, r) �+�Q�Q�`�/�B�M���i�2 �i�`���M�b�7�Q�`�K���i�B�Q�M�X

5.1.1 Generic solution on the S3-cylinder

�h�Q �b�Q�H�p�2(4.2.7) �r�2 �}�`�b�i �r�`�B�i�2 �B�i �/�Q�r�M �B�M �i�2�`�K�b �Q�7 �i�?�2 �H���/�/�2�` �Q�T�2�`���i�Q�`�bJ� ���M�/J3 (4.2.6)
�i�Q�;�2�i�?�2�` �r�B�i�? �i�?�2 �`�2�/�2�}�M�2�/ �7�m�M�+�i�B�Q�M�b

X � :=
1

p
2

(X1 � iX2) (5.1.1)

���b �7�Q�H�H�Q�r�b
¶2

t X+ = � 4 ( J2 � J3 + 1)X+ � 4 J+ X3 ,

¶2
t X3 = � 4 ( J2 + 1)X3 + 4 J+ X � � 4 J� X+ ,

¶2
t X � = � 4 ( J2 + J3 + 1)X � + 4 J� X3 .

(5.1.2)

�a�B�K�B�H���`�H�v�- �i�?�2 �+�Q�M�b�i�`���B�M�i �+�Q�M�/�B�i�B�Q�M(4.2.8) �i���F�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�Q�`�K

0 = J3 X3 + J+ X � + J� X+ . (5.1.3)

�q�2 �+���M �b�Q�H�p�2(5.1.2) �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; ���M�b���i�x

X+ = å
j,m,n

Z j;m,n
+ eiWj,m,n t ; Z j;m,n

+ = c+ Yj;m,n+ 1 ,

X3 = å
j,m,n

Z j;m,n
3 eiWj,m,n t ; Z j;m,n

3 = c3 Yj;m,n , ���M�/

X � = å
j,m,n

Z j;m,n
� eiWj,m,n t ; Z j;m,n

� = c� Yj;m,n� 1 ,

(5.1.4)
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�r�?�2�`�2X � ( j, m, n) �r�B�i�?� 2 f + , 3,�g �?���b �#�2�2�M �2�t�T���M�/�2�/ �B�M �i�2�`�K�b �Q�7S3 �?���`�K�Q�M�B�+�b�X �S�H�m�;�;�B�M�;
�i�?�B�b ���M�b���i�x �B�M(5.1.2) ���M�/ �m�b�B�M�;(4.1.30) �r�2 �}�M�/�- �7�Q�` �2�p�2�`�v �K�Q�/�2( j, m, n)�- ���M �2�B�;�2�M�p���H�m�2
�2�[�m���i�B�Q�M �7�Q�` �i�?�2 �p�2�+�i�Q�`(c+ c3 c� )T�,

M

0

@
c+
c3

c�

1

A = W( j, m, n)2

0

@
c+
c3

c�

1

A , �r�B�i�?

M =

 
4( j2+ j � n) 2

p
2( j � n)( j+ n+ 1) 0

2
p

2( j � n)( j+ n+ 1) 4( j2+ j+ 1) � 2
p

2( j+ n)( j � n+ 1)
0 � 2

p
2( j+ n)( j � n+ 1) 4( j2+ j+ n)

!

,

(5.1.5)

�r�?�B�+�? ���/�K�B�i�b ���M �2�B�;�2�M�b�v�b�i�2�K �r�B�i�?3 �/�B�b�i�B�M�+�i �2�B�;�2�M�p���H�m�2�bW2
j �U�i�?���i �i�m�`�M�b �Q�m�i �i�Q �#�2 �B�M�/�2�@

�T�2�M�/�2�M�i �Q�7m ���M�/n�V ���M�/ �i�?�2�B�` �+�Q�`�`�2�b�T�Q�M�/�B�M�; �2�B�;�2�M�p�2�+�i�Q�`�b�X �P�M�2 �Q�7 �i�?�2�b�2 �2�B�;�2�M�p�2�+�i�Q�`�b �/�Q�2�b
�M�Q�i �b���i�B�b�7�v �i�?�2 �+�Q�M�b�i�`���B�M�i(5.1.3) ���M�/ �B�b�- �i�?�2�`�2�7�Q�`�2�- �/�B�b�+���`�/�2�/�X �q�2 �H���#�2�H �i�?�2 �`�2�K���B�M�B�M�; �i�r�Q
�2�B�;�2�M�b�v�b�i�2�K�b ���b �i�v�T�2 �A�- �r�B�i�? �2�B�;�2�M�7�`�2�[�m�2�M�+�vW2

j = 4( j+ 1)2�- ���M�/ �i�v�T�2 �A�A�- �r�B�i�? �2�B�;�2�M�7�`�2�[�m�2�M�+�v

W2
j = 4 j2�- ���b �7�Q�H�H�Q�r�b

• �i�v�T�2 �A �,j � 0 , m = � j, . . . ,+ j , n = � j � 1, . . . ,j+ 1 , Wj = � 2 ( j+ 1) ,

Z ( j;m,n)
+ �A (w) =

q
( j � n)( j � n+ 1)/2 Yj;m,n+ 1(w) ,

Z ( j;m,n)
3 �A (w) =

q
( j+ 1)2 � n2 Yj;m,n(w) ,

Z ( j;m,n)
� �A (w) = �

q
( j+ n)( j+ n+ 1)/2 Yj;m,n� 1(w) .

(5.1.6)

• �i�v�T�2 �A�A �,j � 1 , m = � j, . . . ,+ j , n = � j+ 1, . . . ,j � 1 , Wj = � 2 j ,

Z ( j;m,n)
+ �A�A(w) = �

q
( j+ n)( j+ n+ 1)/2 Yj;m,n+ 1(w) ,

Z ( j;m,n)
3 �A�A (w) =

q
j2 � n2 Yj;m,n(w) ,

Z ( j;m,n)
� �A�A(w) =

q
( j � n)( j � n+ 1)/2 Yj;m,n� 1(w) .

(5.1.7)

�q�2 �i���F�2 �� �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�2�b�2 �#���b�B�b �b�Q�H�m�i�B�Q�M�b ���M�/ �r�`�B�i�2 �/�Q�r�M �i�?�2 �U�`�2���H�@�p���H�m�2�/�V
�;���m�;�2 �T�Q�i�2�M�i�B���H ���b

A =
n ¥

å
2j= 0

X j
a �A(w) e2( j+ 1) i t + �+�X�+�X

o
ea +

n ¥

å
2j= 2

X j
a �A�A(w) e2j it + �+�X�+�X

o
ea , (5.1.8)

�r�?�2�`�2 �r�2 �?���p�2 �`�2�Q�`�;���M�B�x�2�/ �i�?�2 �+�Q�K�T�H�2�t ���M�;�m�H���` �7�m�M�+�i�B�Q�M�bX j
a ���b

X j
1 = 1p

2

�
Z j

+ + Z j
�

�
, X j

2 = ip
2

�
Z j

� � Z j
+

�
, X j

3 = Z j
3 (5.1.9)

�7�Q�` �#�Q�i�? �i�v�T�2�b ���M�/ �2�t�T���M�/�2�/ �i�?�2 �7�m�M�+�i�B�Q�M�bZ j
� ���M�/Z j

3 �B�M�i�Q �i�?�2 ���#�Q�p�2 �b�T�B�M�@j �#���b�B�b �b�Q�H�m�i�B�Q�M�b
�Q�7 �i�v�T�2 �A(5.1.6) ���M�/ �i�v�T�2 �A�A(5.1.7) �U�7�Q�`� 2 f + , 3,�g �V�-

Z j
� �A(w) =

j

å
m= � j

j+ 1

å
n= � j � 1

l �A
j;m,n Z ( j;m,n)

� �A (w) ���M�/

Z j
� �A�A(w) =

j

å
m= � j

j � 1

å
n= � j+ 1

l �A�A
j;m,n Z ( j;m,n)

� �A�A (w) ,

(5.1.10)
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�r�B�i�?(2j+ 1)(2j+ 3) ���`�#�B�i�`���`�v �+�Q�K�T�H�2�t �+�Q�2�{�+�B�2�M�i�bl �A
j;m,n ���M�/(2j+ 1)(2j � 1) �+�Q�2�{�+�B�2�M�i�bl �A�A

j;m,n�X

�U�L�Q�i�2 �i�?���i �i�v�T�2�@�A�A �b�Q�H�m�i�B�Q�M�b ���`�2 ���#�b�2�M�i �7�Q�`j= 0 ���M�/j= 1
2�X�V

�A�M�b�2�`�i�B�M�;(5.1.6) ���M�/(5.1.7) �B�M�i�Q(5.1.10) ���M�/ �i�?�2 �`�2�b�m�H�i �B�M�i�Q(5.1.9) �T�`�Q�p�B�/�2�b �� �?���`�K�Q�M�B�+
�2�t�T���M�b�B�Q�M

X j
a(w) =

j

å
m= � j

j

å
n= � j

X j;m,n
a Yj;m,n(w) (5.1.11)

�7�Q�` �#�Q�i�? �i�v�T�2�b �Q�7 ���M�;�m�H���` �7�m�M�+�i�B�Q�M�b �B�M(5.1.8)�X �U�L�Q�i�2 �i�?�2 �/�B�z�2�`�2�M�i �`���M�;�2 �Q�7n �7�Q�X̀ j;m,n
a ���M�/

Z j;m,n
� �c �i�?�2�v ���`�2 �M�Q�i �2���b�B�H�v �`�2�H���i�2�/ ���bX j

a ���M�/Z j
� ���`�2 �B�M(5.1.9)�X�V

�A�i �B�b �m�b�2�7�m�H �7�Q�` �H���i�2�` �T�m�`�T�Q�b�2�b �i�Q �B�M�i�`�Q�/�m�+�2 �?�2�`�2 �i�?�2 �ó�b�T�?�2�`�2�@�7�`���K�2�ô �2�H�2�+�i�`�B�+ ���M�/ �K���;�M�2�i�B�+
�}�2�H�/�b�-

F = Ea ea^ et + 1
2 Ba #a

bceb^ ec . (5.1.12)

�6�Q�` �� �}�t�2�/ �i�v�T�2 �U�A �Q�` �A�A�V ���M�/ �b�T�B�Mj�- �r�2 �K���v �2�H�B�K�B�M���i�2L[bAc] �B�M(4.2.2) �U�r�B�i�?�Q�m�i �i�?�2
�+�Q�K�K�m�i���i�Q�` �i�2�`�K�V �#�v �m�b�B�M�;(4.2.7) ���M�/ �2�K�T�H�Q�v

¶2
t A ( j) = � W2

j A ( j) ���M�/ L2 A ( j) = � 4j( j+ 1) A ( j) (5.1.13)

�i�Q �Q�#�i���B�M
E( j)

a = � ¶t X ( j)
a ���M�/ B( j)

a = � Wj X ( j)
a , (5.1.14)

�r�?�2�`�2 �i�?�2 �m�T�T�2�` �b�B�;�M �T�2�`�i���B�M�b �i�Q �i�v�T�2 �A ���M�/ �i�?�2 �H�Q�r�2�` �Q�M�2 �i�Q �i�v�T�2 �A�A�X �q�2 �M�Q�i�2 �B�M �T���b�b�B�M�;
�i�?���i�- �/�m�2 �i�Q �i�?�2 �+�Q�K�T���+�i�M�2�b�b �Q�7 �i�?�2 �G�Q�`�2�M�i�x�B���M �+�v�H�B�M�/�2�`�- �i�?�2 �b�T�?�2�`�2�@�7�`���K�2 �2�M�2�`�;�v ���M�/ ���+�i�B�Q�M
���`�2 ���H�r���v�b �}�M�B�i�2�X

�.�m�2 �i�Q �i�?�2 �H�B�M�2���`�B�i�v �Q�7 �J���t�r�2�H�H �i�?�2�Q�`�v�- �i�?�2 �Q�p�2�`���H�H �b�+���H�2 �Q�7 ���M�v �b�Q�H�m�i�B�Q�M �B�b ���`�#�B�i�`���`�v�X �6�m�`�@
�i�?�2�`�K�Q�`�2�- �i�?�2 �T���`�B�i�v �i�`���M�b�7�Q�`�K���i�B�Q�ML $ R ���M�/m $ n �B�M�i�2�`�+�?���M�;�2�b �� �b�T�B�M�@j �b�Q�H�m�i�B�Q�M �Q�7
�i�v�T�2 �A �r�B�i�? �� �b�T�B�M�@( j+ 1) �b�Q�H�m�i�B�Q�M �Q�7 �i�v�T�2 �A�A�X �6�B�M���H�H�v�- �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �/�m���H�B�i�v ���i �}�t�2�/j �B�b
�`�2���H�B�x�2�/ �#�v �b�?�B�7�i�B�M�;Wj t �#�vp

2 �7�Q�` �i�v�T�2 �A �Q�` �#�v� p
2 �7�Q�` �i�v�T�2 �A�A�- �r�?�B�+�? �K���T�bA �i�Q �� �/�m���H

�+�Q�M�}�;�m�`���i�B�Q�MA �. ���M�/ �H�B�F�2�r�B�b�2F �i�QF �. �X

5.1.2 Pulling the solution back to Minkowski space

�q�2 �?���p�2 �+�Q�K�T�H�2�i�2�H�v �b�Q�H�p�2�/ �i�?�2 �p���+�m�m�K �J���t�r�2�H�H �2�[�m���i�B�Q�M�b �Q�M �i�?�2 �G�Q�`�2�M�i�x�B���M �+�v�H�B�M�/�2�`I � S3

���M�/�- �?�2�M�+�2�- �Q�M �/�2 �a�B�i�i�2�` �b�T���+�2 �/�a4�X �"�v �+�Q�M�7�Q�`�K���H �B�M�p���`�B���M�+�2�- �i�?�B�b �b�Q�H�m�i�B�Q�M �+���`�`�B�2�b �Q�p�2�` �i�Q
���M�v �+�Q�M�7�Q�`�K���H�H�v �2�[�m�B�p���H�2�M�i �b�T���+�2�i�B�K�2�X �q�2 �i�`���M�b�H���i�2 �Q�m�` �J���t�r�2�H�H �b�Q�H�m�i�B�Q�M�b �7�`�Q�KeI � S3 �i�Q
R1,3 �b�B�K�T�H�v �#�v �i�?�2 �+�Q�Q�`�/�B�M���i�2 �+�?���M�;�2

t = t (t, x, y, z) ���M�/ wA = wA (t, x, y, z)

�Q�` t = t (t, r) ���M�/ c = c (t, r) .
(5.1.15)

�A�M �Q�i�?�2�` �r�Q�`�/�b�- ���#�#�`�2�p�B���i�B�M�;x � f xmg ���M�/y � f yr g ���M�/ �2�t�T���M�/�B�M�;

A = Xa
�
t (x), g(x)

�
ea(x) = Am(x) dxm = A r (y) dyr ���M�/

dA = ¶t Xa e0^ ea +
�
Lb Xc � Xa #a

bc

�
eb^ ec

= 1
2Fmn(x) dxm̂ dxn = 1

2Frl (y) dyr ^ dyl

(5.1.16)

�m�b�B�M�;(4.1.38) �r�2 �K���v �`�2���/ �Q�zAm �U�M�Q�i�2 �i�?���iA t 6= 0�- ���b �/�B�b�+�m�b�b�2�/ �#�2�7�Q�`�2�V ���M�/Fmn ���M�/ �i�?�m�b
�i�?�2 �2�H�2�+�i�`�B�+ ���M�/ �K���;�M�2�i�B�+ �}�2�H�/�b

F = F = Ea dxa ^ dt +
1
2

Ba #a
bcdxb^ dxc (5.1.17)
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�B�M �*���`�i�2�b�B���M �Q�` �B�M �b�T�?�2�`�B�+���H �+�Q�Q�`�/�B�M���i�2�b�X �A�M �;�2�M�2�`���H�- �i�?�2 �F�M�Q�i�i�2�/ �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �}�2�H�/�b ���`�B�b�@
�B�M�; �7�`�Q�K �i�?�2 �#���b�B�b �+�Q�M�}�;�m�`���i�B�Q�M�b(5.1.6) ���`�2 �+�Q�K�T�H�2�t�- �i�?�2 �#���b�B�b �+�Q�M�}�;�m�`���i�B�Q�M�b �Q�M �J�B�M�F�Q�r�b�F�B
�b�T���+�2 �r�B�H�H ���H�b�Q �#�2 �+�Q�K�T�H�2�t�X �>�2�M�+�2�- �i�?�2�v �+�Q�K�#�B�M�2 �i�r�Q �T�?�v�b�B�+���H �b�Q�H�m�i�B�Q�M�b�- �M���K�2�H�v �i�?�2 �`�2���H
���M�/ �B�K���;�B�M���`�v �T���`�i�b1�- �r�?�B�+�? �r�2 �/�2�M�Q�i�2 ���b

( j; m, n)R �+�Q�M�}�;�m�`���i�B�Q�M ���M�/( j; m, n) I �+�Q�M�}�;�m�`���i�B�Q�M,

�`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2�b�2 �F�M�Q�i�i�2�/ �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �}�2�H�/�b(5.1.17) �7�Q�` �i�?�2 �#���b�B�b �+�Q�M�}�;�m�`���i�B�Q�M�b(5.1.6)
���M�/(5.1.7) �B�M�+�`�2���b�2 �B�M �+�Q�K�T�H�2�t�B�i�v �r�B�i�? �B�M�+�`�2���b�B�M�;j�- ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�8�X�R�X

�6�m�`�i�?�2�`�K�Q�`�2�- �B�i �+�Q�K�2�b �B�M �?���M�/�v �i�?���iA �}�M���H�H�v �+�Q�M�i���B�M�b �Q�M�H�v �2�p�2�M �T�Q�r�2�`�b �Q�7g ���M�/ �/�2�T�2�M�/�b
�Q�Mt �Q�M�H�v �i�?�`�Q�m�;�? �B�M�i�2�;�`���H �T�Q�r�2�`�b �Q�7

exp(2i t ) =
[(` + i t)2 + r2]2

4 `2t2 + ( r2 � t2 + `2)2 . (5.1.18)

�h�?�2�`�2�7�Q�`�2�- �Q�m�` �J�B�M�F�Q�r�b�F�B �b�Q�H�m�i�B�Q�M�b �?���p�2 �i�?�2 �`�2�K���`�F���#�H�2 �T�`�Q�T�2�`�i�v �Q�7 �#�2�B�M�; �`���i�B�Q�M���H �7�m�M�+�i�B�Q�M�b
�Q�7(t, x, y, z)�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �i�?�2�B�` �2�H�2�+�i�`�B�+ ���M�/ �K���;�M�2�i�B�+ �}�2�H�/�b ���`�2 �Q�7 �i�?�2 �7�Q�`�K

�i�v�T�2 �A�,
P2(2j+ 1) (x)
Q2(2j+ 3) (x)

, �i�v�T�2 �A�A�,
P2(2j � 1) (x)
Q2(2j+ 1) (x)

(5.1.19)

�r�?�2�`�2Pr ���M�/Qr �/�2�M�Q�i�2 �T�Q�H�v�M�Q�K�B���H�b �Q�7 �/�2�;�`�2�2r�X �h�?�m�b�- ���b �2�t�T�2�+�i�2�/�- �i�?�2�B�` �2�M�2�`�;�v ���M�/
���+�i�B�Q�M ���`�2 �}�M�B�i�2�X �A�M�/�2�2�/�- �i�?�2 �}�2�H�/�b �7���H�H �Q�z �H�B�F�2r � 4 ���i �b�T���i�B���H �B�M�}�M�B�i�v �7�Q�` �}�t�2�/ �i�B�K�2�- �#�m�i
�i�?�2�v �/�2�+���v �K�2�`�2�H�v �H�B�F�2(t � r) � 1 ���H�Q�M�; �i�?�2 �H�B�;�?�i�@�+�Q�M�2�X �>�2�M�+�2�- �i�?�2 ���b�v�K�T�i�Q�i�B�+ �2�M�2�`�;�v �~�Q�r �B�b
�+�Q�M�+�2�M�i�`���i�2�/ �Q�M �T���b�i ���M�/ �7�m�i�m�`�2 �M�m�H�H �B�M�}�M�B�i�vI � �- ���b �B�i �b�?�Q�m�H�/ �#�2�- �#�m�i �T�2���F�b �Q�M �i�?�2 �H�B�;�?�i�@
�+�Q�M�2 �Q�7 �i�?�2 �b�T���+�2�i�B�K�2 �Q�`�B�;�B�M�X �a�B�M�+�2 �Q�M �/�2 �a�B�i�i�2�` �b�T���+�2 �Q�m�` �#���b�B�b �b�Q�H�m�i�B�Q�M�b �U�8�X�R�X�e�V ���M�/ �U�8�X�R�X�d�V
�7�Q�`�K �� �+�Q�K�T�H�2�i�2 �b�2�i�- �i�?�2�B�` �J�B�M�F�Q�r�b�F�B �`�2�H���i�B�p�2�b ���`�2 ���H�b�Q �+�Q�K�T�H�2�i�2 �B�M �i�?�2 �b�T���+�2 �Q�7 �}�M�B�i�2�@���+�i�B�Q�M
�+�Q�M�}�;�m�`���i�B�Q�M�b�X

FIGURE 5.1: Electric (red) and magnetic (green) �eld lines at t= 0 with 4 �xed seed points. Left:
( j; m, n) = ( 0; 0, 1) I con�guration, Center: ( j; m, n) = ( 1

2; � 1
2, 3

2)R con�guration, Right: ( j; m, n) =
(1; 1, 2) I con�guration. More self-knotted �eld lines start appearing with additional seed points in

the simulation.

�6�Q�` �B�H�H�m�b�i�`���i�B�Q�M�- �r�2 �/�B�b�T�H���v �� �i�v�T�2 �A �#���b�B�b �b�Q�H�m�i�B�Q�M �r�B�i�?( j; m, n) = ( 1; 0, 0) �Q�#�i���B�M�2�/ �7�`�Q�K

X � µ 1p
2

(w1� iw2)(w3� iw4) cos 4t ���M�/ X3 µ (w2
1+ w2

2� w2
3� w2

4) cos 4t . (5.1.20)

1The notation should not be confused with the type I con�guration ( 5.1.6).
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�A�i �#�Q�/�2�b �r�2�H�H �i�Q �+�Q�K�#�B�M�2 �i�?�2�b�2 �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b �B�M�i�Q �i�?�2 �_�B�2�K���M�M���a�B�H�#�2�`�b�i�2�B�M �p�2�+�i�Q�`

S = E + iB (5.1.21)

�r�?�Q�b�2 �+�Q�K�T�Q�M�2�M�i�b�- �7�Q�`(5.1.20)�- ���`�2 �U�m�T �i�Q �Q�p�2�`���H�H �b�+���H�2�V

Sx = �
2i
N

n
2y + 3ity � xz + 2t2y + 2itxz � 8x2y � 8y3 + 4yz2 + 4it3y

� 6t2xz � 8itx2y � 8ity3 + 4ityz2 + 10x3z + 10xy2z � 2xz3

+ 2( i txz + yr2)( � t2+ r2) + ( i ty � xz)( � t2+ r2)2
o

,

(5.1.22)

Sy =
2i
N

n
2x + 3itx + yz + 2t2x � 2ityz � 8x3 � 8xy2 + 4xz2 + 4it3x

+ 6t2yz � 8itx3 � 8itxy2 + 4itxz2 � 10x2yz � 10y3z + 2yz3

+ 2(� i tyz+ xr2)( � t2+ r2) + ( i tx + yz)( � t2+ r2)2
o

, &

(5.1.23)

Sz =
i
N

n
1 + 2it + t2 � 11x2 � 11y2 + 3z2 + 4it3 � 16itx2 � 16ity2 + 4itz2 � t4

� 2t2x2 � 2t2y2 � 2t2z2 + 11x4 + 22x2y2 � 10x2z2 + 11y4 � 10y2z2

+ 3z4 + 2it(t2� 3r2+ 2z2)( t2� r2) � (t2+ r2)( � t2+ r2)2
o

,

(5.1.24)

�r�B�i�?N =
�
(t � i)2 � r2

� 5
�X �q�2 �+���M ���H�b�Q �Q�#�i���B�M �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b �+�Q�`�`�2�@

�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �;���m�;�2 �}�2�H�/(5.1.8)�- �i�?���i �+�Q�M�b�B�b�i�b �Q�7 �+�Q�K�T�H�2�t �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M�b �Q�7 �i�?�2�b�2
�#���b�B�b �b�Q�H�m�i�B�Q�M�b�X �q�2 �/�2�K�Q�M�b�i�`���i�2 �i�?�B�b �7�Q�` �i�?�2 �7���K�Q�m�b �>�Q�T�7���_���M�½�/�� �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�-
�r�?�B�+�? �r���b �}�`�b�i �/�B�b�+�Q�p�2�`�2�/ �#�v �_���M�½�/�� �B�M �R�N�3�N �(�R�) �m�b�B�M�; �i�?�2 �>�Q�T�7 �}�#�`���i�B�Q�M�X �h�?�2 �_�B�2�K���M�M��
�a�B�H�#�2�`�b�i�2�B�M �p�2�+�i�Q�`S �7�Q�` �i�?�B�b �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M �B�b �;�B�p�2�M �#�v �(�j�)

S =
1

(( t � i)2� r2)3

0

@
(x� i y)2� (t � i � z)2

i(x� i y)2+ i(t � i � z)2

� 2(x� i y)( t � i � z)

1

A . (5.1.25)

�q�2 �}�M�/ �i�?���i �i�?�B�b �b�Q�H�m�i�B�Q�M�- �B�M �Q�m�` �+�Q�M�b�i�`�m�+�i�B�Q�M�- �B�b �`�2�H���i�2�/ �i�Q(0, 0, 1) I �#���b�B�b �+�Q�M�}�;�m�`���i�B�Q�M�b
���M�/ �B�b �Q�#�i���B�M�2�/ �#�v �m�b�B�M�; �7�Q�H�H�Q�r�B�M�; �+�Q�2�{�+�B�2�M�i�b �B�M(5.1.10)

l I
0;0,� 1 = 0 , l I

0;0,0 = 0 , ���M�/ l I
0;0,1 =

p
4

. (5.1.26)

�J�Q�`�2�Q�p�2�`�- �r�2 �}�M�/ �i�?���i �b�Q�K�2 �Q�7 �Q�m�` �#���b�B�b �+�Q�M�}�;�m�`���i�B�Q�M�b ���`�2 �`�2�H���i�2�/ �i�Q �i�?�2(p, q)�@�i�Q�`�m�b �F�M�Q�i�b
���`�B�b�B�M�; �7�`�Q�K �"���i�2�K���M�ö�b �+�Q�M�b�i�`�m�+�i�B�Q�M �(�k�)�X �q�2 �B�H�H�m�b�i�`���i�2 �i�?�B�b �T�Q�B�M�i �B�M �6�B�;�m�`�2�8�X�R�r�?�2�`�2 �r�2
�}�M�/ �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2�b�,

�>�Q�T�}�Q�M$ (1, 1) , ( 1
2, � 1

2, 3
2)R $ (2, 1) , (1, 1, 2) I $ (1, 3) . (5.1.27)

5.2 Symmetry analysis

�h�?�2 �K���B�M ���/�p���M�i���;�2 �Q�7 �+�Q�M�b�i�`�m�+�i�B�M�; �J�B�M�F�Q�r�b�F�B�@�b�T���+�2 �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b
�p�B�� �i�?�2 �/�2�i�Q�m�` �Q�p�2�` �/�2 �a�B�i�i�2�` �b�T���+�2 �B�b �i�?�2 �2�M�?���M�+�2�/ �K���M�B�7�2�b�i �b�v�K�K�2�i�`�v �Q�7 �Q�m�` �+�Q�M�b�i�`�m�+�i�B�Q�M�X
�h�?�2 �B�b�Q�K�2�i�`�v �;�`�Q�m�T �a�P�U�R�-�9�V �Q�7 �/�a4 �B�b �;�2�M�2�`���i�2�/ �#�v �UA, B = 1, 2, 3, 4���M�/a, b, c = 1, 2, 3�-
���#�#�`�2�p�B���i�2¶

¶qB
� ¶B�V

fM AB � � q[A¶B] , M 0B� q(0¶B)g = fM ab= #abcDc , M 4a= Pa , M 04= P0 , M 0b= Kbg ,
(5.2.1)
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�r�?�B�+�? �+���M �#�2 �+�Q�M�i�`���+�i�2�/ �U�r�B�i�?` ! ¥ �V �i�Q �i�?�2 �B�b�Q�K�2�i�`�v �;�`�Q�m�T �A�a�P�U�R�-�j�V �Q�7R1,3 �U�i�?�2 �S�Q�B�M�+���`�û
�;�`�Q�m�T�V �;�2�M�2�`���i�2�/ �#�v �Um, n = 0, 1, 2, 3���M�/i, j, k = 1, 2, 3�V

f Mmn, Pmg = f M i j = #i jk Dk , Pi , P0 , M0j= Kjg , (5.2.2)

�r�?�2�`�2 �i�?�2 �i�r�Q �b�2�i�b ���`�2 �Q�`�/�2�`�2�/ �H�B�F�2�r�B�b�2�- ���M�/ �r�2 �2�K�T�H�Q�v �U���b ���H�2���/�v �2���`�H�B�2�`�V �+���H�H�B�;�`���T�?�B�+
�b�v�K�#�Q�H�b �7�Q�` �/�2 �a�B�i�i�2�` �[�m���M�i�B�i�B�2�b ���M�/ �b�i�`���B�;�?�i �b�v�K�#�Q�H�b �7�Q�` �J�B�M�F�Q�r�b�F�B���M �Q�M�2�b�X �>�2�`�2�-D
�/�2�M�Q�i�2�b �b�T���i�B���H �`�Q�i���i�B�Q�M�b�-P ���`�2 �i�`���M�b�H���i�B�Q�M�b�- ���M�/K �b�i���M�/ �7�Q�` �#�Q�Q�b�i�b �B�M �J�B�M�F�Q�r�b�F�B �b�T���+�2�X

�a�B�M�+�2 �i�?�2 �i�r�Q �b�T���+�2�b ���`�2 �+�Q�M�7�Q�`�K���H�H�v �2�[�m�B�p���H�2�M�i ���H�`�2���/�v ���i`< ¥ �p�B��(4.1.6)�- �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�@
�B�M�; �;�2�M�2�`���i�Q�`�b �b�?�Q�m�H�/ �#�2 �`�2�H���i�2�/�X �A�M�/�2�2�/�- �i�?�2 �+�Q�K�K�Q�M �a�P�U�j�V �b�m�#�;�`�Q�m�T �B�M

SO(1, 4) � SO(4) � SO(3) ���M�/ ISO(1, 3) � SO(1, 3) � SO(3) (5.2.3)

�B�b �B�/�2�M�i�B�}�2�/�-D i= D i= � 2# k
ij x j¶k�X �>�Q�r�2�p�2�`�- ���M�v �Q�i�?�2�` �;�2�M�2�`���i�Q�` �#�2�+�Q�K�2�b �M�Q�M�H�B�M�2���`�H�v �`�2���H�B�x�2�/

�r�?�2�M �K���T�T�2�/ �i�Q �i�?�2 �Q�i�?�2�` �b�T���+�2 �p�B��(4.1.12)�X �6�Q�` �2�t���K�T�H�2�- �i�?�2 �r�Q�m�H�/�@�#�2 �i�`���M�b�H���i�B�Q�MP3

�/�2�}�M�2�/ �B�M(4.1.26) �`�2���/�b

P3 = L3 � R3 = � 2 cosq ¶c + 2 cotc sin q ¶q

= 1
` cosq

�
2r t ¶t + ( t2+ r2+ `2) ¶r

�
� 1

` r (t2� r2+ `2) sin q ¶q

! 2`
�
cosq ¶r � 1

r sin q ¶q
�

= 2` ¶z = ` Pz �7�Q�`̀ ! ¥

(5.2.4)

���b �B�i �b�?�Q�m�H�/ �#�2�X �a�B�K�B�H���`�H�v�-P0 ! ` P0 ���M�/Kb ! Kj �7�Q�`` ! ¥ �r�?�2�M �2�t�T���M�/�2�/ ���`�Q�m�M�/
(t, r) = ( ` , 0) �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2S3 �b�Q�m�i�? �T�Q�H�2 ���iq0= 0�X �L�2�p�2�`�i�?�2�H�2�b�b�- �i�?�2 �/�2 �a�B�i�i�2�`
�+�Q�M�b�i�`�m�+�i�B�Q�M �2�M�D�Q�v�b ���M �a�P�U�9�V �+�Q�p���`�B���M�+�2 �U�;�2�M�2�`���i�2�/ �#�vDa ���M�/Pa�V �r�?�B�+�? �2�t�i�2�M�/�b �i�?�2
�Q�#�p�B�Q�m�b �a�P�U�j�V �+�Q�p���`�B���M�+�2 �B�M �J�B�M�F�Q�r�b�F�B �b�T���+�2�X �A�i ���H�H�Q�r�b �m�b �i�Q �+�Q�M�M�2�+�i ���H�H �b�Q�H�m�i�B�Q�M�b �Q�7 ��
�;�B�p�2�M �i�v�T�2 �U�A �Q�` �A�A�V �r�B�i�? �� �}�t�2�/ �p���H�m�2 �Q�7 �i�?�2 �b�T�B�Mj �#�v �i�?�2 ���+�i�B�Q�M �Q�7 �a�P�U�9�V �H���/�/�2�` �Q�T�2�`���i�Q�`�b
L� ���M�/R� �Q�D̀ � ���M�/P� �- �r�?�B�+�? �B�b �M�Q�M�@�Q�#�p�B�Q�m�b �Q�M �i�?�2 �J�B�M�F�Q�r�b�F�B �b�B�/�2�X �P�M �i�?�2 �Q�i�?�2�`
�?���M�/�- �J�B�M�F�Q�r�b�F�B �#�Q�Q�b�i�b ���M�/ �i�`���M�b�H���i�B�Q�M�b �?���p�2 �M�Q �b�B�K�T�H�2 �`�2���H�B�x���i�B�Q�M �Q�M �/�2 �a�B�i�i�2�` �b�T���+�2�X

���+�i�m���H�H�v�- �J���t�r�2�H�H �i�?�2�Q�`�v �Q�M �2�B�i�?�2�` �b�T���+�2 �B�b ���H�b�Q �B�M�p���`�B���M�i �m�M�/�2�` �+�Q�M�7�Q�`�K���H �i�`���M�b�7�Q�`�K���i�B�Q�M�b�X
�h�?�2�b�2 �K���v �#�2 �;�2�M�2�`���i�2�/ �#�v �i�?�2 �B�b�Q�K�2�i�`�v �;�`�Q�m�T �i�Q�;�2�i�?�2�` �r�B�i�? �� �+�Q�M�7�Q�`�K���H �B�M�p�2�`�b�B�Q�M�X �P�M
�i�?�2 �J�B�M�F�Q�r�b�F�B �b�B�/�2�- �i�?�2 �H���i�i�2�` �B�b

J : xm 7!
xm

x � x
�r�B�i�? x � x = r2 � t2 . (5.2.5)

�q�2 �?���p�2 �i�Q �/�B�b�i�B�M�;�m�B�b�? �i�r�Q �+���b�2�b�,

�b�T���+�2�H�B�F�2�,t2 < r2 ) J> :
�
t, r, q, f

�
7!

� t
r2� t2 , r

r2� t2 , q, f
�

,

�i�B�K�2�H�B�F�2�,t2 > r2 ) J< :
�
t, r, q, f

�
7!

� � t
t2� r2 , r

t2� r2 , p � q, f + p
�

.
(5.2.6)

�P�M �i�?�2 �/�2 �a�B�i�i�2�` �b�B�/�2�- �i�?�B�b �B�b �2�B�i�?�2�` �U�b�T���+�2�H�B�F�2�V �� �`�2�~�2�+�i�B�Q�M �Q�M �i�?�2S3 �2�[�m���i�Q�`c= p
2 �Q�`

�U�i�B�K�2�H�B�F�2�V ��p �@�b�?�B�7�i �B�M �+�v�H�B�M�/�2�` �i�B�K�2t �T�H�m�b ���MS2 ���M�i�B�T�Q�/���H �~�B�T�-

�b�T���+�2�H�B�F�2�,jt j+ c < p ) J > :
�
t , c , q, f

�
7!

�
t , p � c, q, f

�
,

�i�B�K�2�H�B�F�2�,jt j+ c > p ) J < :
�
t , c , q, f

�
7!

�
t � p , c , p � q, f + p

�
.

(5.2.7)

�A�M �i�?�2 �b�T���+�2�H�B�F�2 �+���b�2�- �K�2�`�2�H�v �i�?�2 �b�B�;�M �Q�7w4� cosc �;�2�i�b �~�B�T�T�2�/�- �r�?�B�+�? ���K�Q�m�M�i�b �i�Q �� �T���`�B�i�v
�~�B�TL $ R�X �A�M �i�?�2 �i�B�K�2�H�B�F�2 �+���b�2�- �#�Q�i�?cost ���M�/sin t �+�?���M�;�2 �b�B�;�M�- �r�?�B�+�? �+�Q�K�#�B�M�2�b ��
�i�B�K�2 �`�2�p�2�`�b���H �r�B�i�? �� �`�2�~�2�+�i�B�Q�M ���it = p

2 �Q�t̀ = � p
2 �X �L�Q�i�2 �i�?���i �B�i �B�b �/�B�z�2�`�2�M�i �7�`�Q�K �i�?�2S3

���M�i�B�T�Q�/���H �K���T�- �r�?�B�+�? �B�b �M�Q�i �� �`�2�~�2�+�i�B�Q�M �#�m�i �� �T�`�Q�T�2�` �`�Q�i���i�B�Q�M�-wA 7! � wA �Q�(̀c, q, f ) 7!
(p � c, p � q, f + p )�X �h�?�2 �H�B�;�?�i�+�Q�M�2 �B�b �b�B�M�;�m�H���` �m�M�/�2�` �i�?�2 �B�M�p�2�`�b�B�Q�M�c �B�i �B�b �K���T�T�2�/ �i�Q �i�?�2



�*�?���T�i�2�` �8�X ���#�2�H�B���M �b�Q�H�m�i�B�Q�M�b�,U (1) 49

�+�Q�M�7�Q�`�K���H �#�Q�m�M�/���`�vr= � t= ¥ �Q�c̀= � t �X �q�2 �B�M�7�2�` �i�?���i �i�?�2 �+�Q�M�7�Q�`�K���H �B�M�p�2�`�b�B�Q�M ���H�H�Q�r�b �m�b
�i�Q �`�2�H���i�2 �i�v�T�2�@�A ���M�/ �i�v�T�2�@�A�A �b�Q�H�m�i�B�Q�M�b �Q�7 �i�?�2 �b���K�2 �b�T�B�M�X �A�i �B�b �2���b�B�H�v �+�?�2�+�F�2�/ �i�?���i �i�?�2 �b�T���i�B���H
�7���H�H�@�Q�z �#�2�?���p�B�Q�` �Q�7 �Q�m�` �`���i�B�Q�M���H �b�Q�H�m�i�B�Q�M�b �B�b �M�Q�i �K�Q�/�B�}�2�/ �#�v �i�?�2 �B�M�p�2�`�b�B�Q�M�X

�6�B�M���H�H�v�- �Q�M�2 �K���v �+�Q�M�b�B�/�2�` �/�B�H���i���i�B�Q�M�b �B�M �J�B�M�F�Q�r�b�F�B �b�T���+�2�-

xm 7! l xm �7�Q� l̀ 2 R+ . (5.2.8)

�>�Q�r�2�p�2�`�- �i�?�B�b ���K�Q�m�M�i�b �i�Q �� �i�`�B�p�B���H �`�2�b�+���H�B�M�; ���H�b�Q ���+�?�B�2�p�2�/ �#�v �+�?���M�;�B�M�; �i�?�2 �/�2 �a�B�i�i�2�` �`���/�B�m�b�-
` 7! l ` �- ���b �i�?�2 �b�+���H�2` �r���b �`�2�K�Q�p�2�/ �Q�M �i�?�2 �G�Q�`�2�M�i�x�B���M �+�v�H�B�M�/�2�`�X

5.3 Conformal group and Noether charges

�A�i �B�b �r�2�H�H �F�M�Q�r�M �(�k�N�) �i�?���i �7�`�2�2 �J���t�r�2�H�H �i�?�2�Q�`�v �Q�MR1,3 ���`�B�b�B�M�; �7�`�Q�K �i�?�2 ���+�i�B�Q�M

S
�
Am

�
=

Z
d4x L ; L = � 1

4FmnFmn (5.3.1)

�B�b �B�M�p���`�B���M�i �m�M�/�2�` �i�?�2 �+�Q�M�7�Q�`�K���H �;�`�Q�m�TSO(2, 4)�X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 ���#�Q�p�2 ���+�i�B�Q�M �B�b ���H�b�Q
�B�M�p���`�B���M�i �m�M�/�2�` �i�?�2 �;���m�;�2 �i�`���M�b�7�Q�`�K���i�B�Q�M�b�,Am(x) ! Am(x) + ¶ml (x)�X �h�?�2 �+�Q�M�7�Q�`�K���H
�;�`�Q�m�T �B�b �;�2�M�2�`���i�2�/ �#�v �i�`���M�b�7�Q�`�K���i�B�Q�M�bxm ! xm+ zm(x)�- �r�?�2�`�2 �i�?�2 �p�2�+�i�Q�` �}�2�H�/�bzm �Q�#�2�v
�i�?�2 �+�Q�M�7�Q�`�K���H �E�B�H�H�B�M�; �2�[�m���i�B�Q�M�b�,

zm,n + zn,m = 1
2 hmnza

,a �r�B�i�? f hmng = �/�B���;(� 1, 1, 1, 1) . (5.3.2)

�h�?�2 �+�Q�M�b�2�`�p�2�/ �L�Q�2�i�?�2�` �+�m�`�`�2�M�iJm �B�b �Q�#�i���B�M�2�/ �#�v �2�[�m���i�B�M�; �i�?�2 �ó�Q�M�@�b�?�2�H�H �p���`�B���i�B�Q�M�ô �Q�7 �i�?�2
���+�i�B�Q�M �r�?�2�`�2 �i�?�2 �p���`�B���i�B�Q�M�bdAm ���`�2 ���`�#�B�i�`���`�v ���M�/ �i�?�2 �}�2�H�/�bAm �b���i�B�b�}�2�b �i�?�2 �1�m�H�2�`�@�G���M�;�`���M�;�2
�2�[�m���i�B�Q�M�b �r�B�i�? �B�i�b �ó�b�v�K�K�2�i�`�v �p���`�B���i�B�Q�M�ô �r�?�2�`�2 �i�?�2 �}�2�H�/�bAm ���`�2 ���`�#�B�i�`���`�v �#�m�i �p���`�B���i�B�Q�M�b
dAm �b���i�B�b�7�v �i�?�2 �b�v�K�K�2�i�`�v �+�Q�M�/�B�i�B�Q�M�X �h�?�2 �+�Q�`�`�2�+�i �p���`�B���i�B�Q�MdAm �B�b �Q�#�i���B�M�2�/ �#�v �B�K�T�Q�b�B�M�;
�i�?�2 �;���m�;�2 �B�M�p���`�B���M�+�2 �Q�M �i�?�2 �G�B�2 �/�2�`�B�p���i�B�p�2 �Q�7Am �r�X�`�X�i�X �i�?�2 �p�2�+�i�Q�` �}�2�H�/zm�,

L za Am := A0
m(x) � Am(x) = � za ¶aAm � Aa ¶mza �! dAm = Fmnzn . (5.3.3)

�6�B�M���H�H�v�- �i�?�2 �+�Q�M�b�2�`�p�2�/ �+�m�`�`�2�M�i �B�b �Q�#�i���B�M�2�/ ���b

Jm =
¶L

¶A r ,m
dA r + zmL = zr �

FmaFra � 1
4dm

r F2�
�r�B�i�? F2 = Fbg Fbg , (5.3.4)

�r�?�B�+�? �b���i�B�b�}�2�b �i�?�2 �+�Q�M�i�B�M�m�B�i�v �2�[�m���i�B�Q�M ���M�/ �;�B�p�2�b �i�?�2 �+�Q�M�b�2�`�p�2�/ �U�B�M �i�B�K�2�V �+�?���`�;�2Q2�,

¶mJm = 0 =)
dQ
dt

= �
Z

¶V
d2s � J = 0 ; Q =

Z

V
d3x J0 . (5.3.5)

�"�2�7�Q�`�2 �T�`�Q�+�2�2�/�B�M�; �7�m�`�i�?�2�`�- �� �+�Q�m�T�H�2 �Q�7 �`�2�K���`�F�b �T�2�`�i���B�M�B�M�; �i�Q �i�?�2 �b�m�#�b�2�[�m�2�M�i �+���H�+�m�H���i�B�Q�M�b
���`�2 �B�M �Q�`�/�2�`�,

• ���H�H �i�?�2 �+�?���`�;�2�bQ ���`�2 �+�Q�K�T�m�i�2�/ ���it= 0 �Q�r�B�M�; �i�Q �i�?�2 �b�B�K�T�H�2J0 �2�t�T�`�2�b�b�B�Q�M�b �Q�M �i�?�B�b
�i�B�K�2�@�b�H�B�+�2�X �h�Q �i�?���i �2�M�/�- �r�2 �`�2�+�Q�`�/ �i�?�2 �7�Q�H�H�Q�r�B�M�; �m�b�2�7�m�H �B�/�2�M�i�B�i�B�2�b ���it= t = 0�,

ea
i = 1

` (g w4 da
i � wa wi + eaic g wc) , ea

i eb
i = g2

`2 dab

g = 1 � w4 , d3x = `3

g3 d3W3 ; d3W3 := e1 ^ e2 ^ e3 .
(5.3.6)

2For source-free �elds the current J is assumed to vanish when the surface ¶V is taken to in�nity.
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�J�Q�`�2�Q�p�2�`�- �i�?�2 �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �}�2�H�/�b ���it= 0 ���`�2 �;�B�p�2�M �B�M �i�2�`�K�b �Q�7 �i�2�i�`���/�bet = et
mdxm

���M�/ea= ea
mdxm ���b �7�Q�H�H�Q�r�b�,

Ei = et
0 ea

i Ea ���M�/ Bi = 1
2 ei jk eabce

b
j ec

k Ba (5.3.7)

�m�b�B�M�; �i�?�22�@�7�Q�`�K(5.1.12) ���M�/ �B�i�b �J�B�M�F�Q�r�b�F�B �+�Q�m�M�i�2�`�T���`�i(5.1.17)�X

• �h�?�2 �+�?���`�;�2�b ���`�2 �+�Q�K�T�m�i�2�/ �7�Q�` �i�v�T�2 �A(5.1.6) �b�Q�H�m�i�B�Q�M�b �Q�M�H�v �U�2�t�+�2�T�i �7�Q�` �i�?�2 �2�M�2�`�;�v ���M�/
�i�?�2 �`�2�H���i�2�/ �?�2�H�B�+�B�i�v�V ���M�/ �r�2 �`�2�H���#�2�H �i�?�2 �+�Q�K�T�H�2�t �+�Q�2�{�+�B�2�M�i�b(5.1.10) l I

j;m,n ���bL j;m,n

�7�Q�` �+�Q�M�p�2�M�B�2�M�+�2�X

• �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2�b�2 �+�?���`�;�2�bQ ���`�2 �+�Q�K�T�m�i�2�/ �7�Q�` �� �}�t�2�/ �b�T�B�M�@j ���M�/�- �i�?�m�b�- �r�2 �r�B�H�H
�b�m�T�T�`�2�b�b �i�?�2 �B�M�/�2�tj �7�`�Q�K �M�Q�r �Q�M�r���`�/�- �m�M�H�2�b�b �M�2�+�2�b�b���`�v�X �L�Q�i�2 �i�?���i �i�?�2 �b�T�?�2�`�2�@�7�`���K�2
�1�J �}�2�H�/�b �7�Q�` �}�t�2�/j �+���M �#�2 �Q�#�i���B�M�2�/ �#�v �m�b�B�M�; �i�?�2 �2�t�T���M�b�B�Q�M(5.1.8) �U�7�Q�` �i�v�T�2 �A �Q�M�H�v�V
�B�M(5.1.14) ���b

A a = Xa(w) eWit + X̄a(w) e� Wit )
�

Ea = � i WXa eWit + i WX̄a e� Wit

Ba = � WXa eWit � WX̄a e� Wit

�

(5.3.8)
�r�B�i�?̄Xa �/�2�M�Q�i�B�M�; �i�?�2 �+�Q�K�T�H�2�t �+�Q�M�D�m�;���i�2 �Q�7Xa�X �L�Q�i�B�+�2 �i�?���i �7�Q�` �i�v�T�2 �A�A �i�?�2 �Q�p�2�`���H�H
�b�B�;�M �B�MBa �~�B�T�b�X

• �h�?�2 �b�B�K�T�H�B�}�+���i�B�Q�M�b �#�2�H�Q�r �7�Q�` �i�?�2 �+�?���`�;�2 �/�2�M�b�B�i�vJ0 ���`�2 �+���`�`�B�2�/ �Q�m�i �m�b�B�M�; �i�?�2 �?���`�K�Q�M�B�+
�2�t�T���M�b�B�Q�M(5.1.11) �7�Q�` �i�?�2 �i�v�T�2 �A �b�Q�H�m�i�B�Q�M(5.1.6)�X

• �q�2 �7�`�2�[�m�2�M�i�H�v �m�b�2 �#�2�H�Q�r �i�?�2 �r�2�H�H �F�M�Q�r�M �7���+�i �i�?���i ���M �Q�/�/f wA g �B�M�i�2�;�`���H �Q�p�2�`S3

�p���M�B�b�?�2�b �#�2�+���m�b�2 �Q�7 �i�?�2 �Q�T�T�Q�b�B�i�2 �+�Q�M�i�`�B�#�m�i�B�Q�M�b �+�Q�K�B�M�; �7�`�Q�K �i�?�2 ���M�i�B�T�Q�/���H �T�Q�B�M�i�b �Q�M
�i�?�2 �b�T�?�2�`�2�X �A�M �T���`�i�B�+�m�H���`�- �B�i �+���M �#�2 �+�?�2�+�F�2�/ �i�?���i �i�?�2 �7�Q�H�H�Q�r�B�M�; �B�M�i�2�;�`���H �p���M�B�b�?�2�b3�,
Z

d3W3 (w1)a (w2)b (w3)c (w4)d Yj;m,n Y j;m0,n0 = 0 �7�Q� à+ b+ c+ d 2 2N0 + 1 .

(5.3.9)

�>���p�B�M�; �K���/�2 �i�?�2�b�2 �`�2�K���`�F�b�- �r�2 �M�Q�r �T�`�Q�+�2�2�/ �i�Q �+�Q�K�T�m�i�2 �i�?�2 �+�?���`�;�2�bQ �7�Q�` �p���`�B�Q�m�b �+�Q�M�7�Q�`�K���H
�i�`���M�b�7�Q�`�K���i�B�Q�M�bzm �Q�#�2�v�B�M�;(5.3.2) �B�M �7�Q�H�H�Q�r�B�M�; �7�Q�m�` �+���i�2�;�Q�`�B�2�b�X

5.3.1 Translations

���M �2���b�B�H�v �b�2�2�M �b�Q�H�m�i�B�Q�M �i�Q(5.3.2) �B�b �i�?�2 �b�2�i �Q�7 �7�Q�m�` �+�Q�M�b�i���M�i �i�`���M�b�H���i�B�Q�M�b

zm = em , (5.3.10)

�r�?�B�+�? ���H�b�Q �T���`�i�H�v �;�2�M�2�`���i�2�b �i�?�2 �S�Q�B�M�+���`�û �;�`�Q�m�T ���M�/ �;�B�p�2 �`�B�b�2 �i�Q �i�?�2 �m�b�m���H �b�i�`�2�b�b�@�2�M�2�`�;�v
�i�2�M�b�Q�` �Q�7 �2�H�2�+�i�`�Q�/�v�M���K�B�+�b

Jm = Tm
n = FmaFna � 1

4dm
n F2 , (5.3.11)

�+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2m�@�+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �i�`���M�b�H���i�B�Q�M �7�Q�` ���M ���`�#�B�i�`���`�ven�X �h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�;
�+�?���`�;�2�b ���`�2 �i�?�2 �2�M�2�`�;�vE ���M�/ �i�?�2 �K�Q�K�2�M�i�m�K �S�X

Energy. �h�?�2 �2�t�T�`�2�b�b�B�Q�M �Q�7 �i�?�2 �2�M�2�`�;�v �/�2�M�b�B�i�ve := T00 �b�B�K�T�H�B�}�2�b �i�Q

e :=
1
2

�
E2

i + B2
i

�
=

� g
`

� 4
r �r�B�i�? r = 1

2

�
E2

a + B2
a

�
, (5.3.12)

3Note that the power of wA in Yj;m,nȲj;m0,n0 is always even. One way to check this is by employing the
toroidal coordinates: w1 = cosh cosk1, w2 = cosh sin k1, w3 = sin h cosk2, w4 = sin h sin k2 with h 2 (0, p

2 )
and k1, k2 2 (0, 2p ) in (4.1.31). The resultant selection rules coming from k1, k2 integral would yield m � m02
2k+ 1

2 with k 2 N 0, which is not feasible for �xed j.
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�r�?�B�+�?�- �B�M �i�m�`�M�- �b�B�K�T�H�B�}�2�b �i�?�2 �2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2 �2�M�2�`�;�vE �i�Q

E =
Z

V
d3x e = 1

2`

Z

S3
d3W3 (1 � cosc )

�
E2

a + B2
a

�
. (5.3.13)

�L�Q�i�B�+�2 �?�2�`�2 �i�?���i �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2S3 �p�Q�H�m�K�2 �K�2���b�m�`�2d3W3 �B�b �+�?�Q�b�2�M �i�Q �T�`�Q�p�B�/�2 �� �T�Q�b�B�@
�i�B�p�2 �`�2�b�m�H�i�X �6�`�Q�K(5.3.8) �r�2 �}�M�/ �i�?���i �i�?�2 �ó�b�T�?�2�`�2�@�7�`���K�2�ô �2�M�2�`�;�v �/�2�M�b�B�i�v �B�b �i�B�K�2�@�B�M�/�2�T�2�M�/�2�M�i
���M�/ �?���b �b�B�K�B�H���` �2�t�T�`�2�b�b�B�Q�M �7�Q�` �#�Q�i�? �b�Q�H�m�i�B�Q�M �i�v�T�2�b �U�r�B�i�? ���T�T�`�Q�T�`�B���i�2 �2�B�;�2�M�7�`�2�[�m�2�M�+�vW�V�,

1
2

�
E2

a + B2
a

�
= 2W2 XaX̄a(w) . (5.3.14)

�h�?�2 �`�2�b�m�H�i���M�i �2�t�T�`�2�b�b�B�Q�M �7�Q�`E �B�M �i�2�`�K�b �Q�7 �+�Q�K�T�H�2�t �T���`���K�2�i�2�`�bl m,n �U�7�Q�` �#�Q�i�? �b�Q�H�m�i�B�Q�M �i�v�T�2�b�V
�B�b �;�B�p�2�M �#�v

E =
1
`

(2j + 1) W3 å
m,n

j l m,nj2 . (5.3.15)

�L�Q�i�B�+�2 ���;���B�M �?�2�`�2 �i�?���i �7�Q�` �i�v�T�2 �A �b�Q�H�m�i�B�Q�M�b �r�2 �r�Q�m�H�/ �?���p�2L m,n �B�M �i�?�2 ���#�Q�p�2 �2�t�T�`�2�b�b�B�Q�M�X

Helicity. ���H�i�?�Q�m�;�? �?�2�H�B�+�B�i�v �B�b �M�Q�i �� �L�Q�2�i�?�2�` �+�?���`�;�2 �Q�7 �i�?�2 �+�Q�M�7�Q�`�K���H �;�`�Q�m�T�- �B�i �B�b �M�2�p�2�`�i�?�2�H�2�b�b
�� �+�Q�M�b�2�`�p�2�/ �[�m���M�i�B�i�v �7�Q�` �i�?�2 �J���t�r�2�H�H �b�v�b�i�2�K ���M�/ �i�m�`�M�b �Q�m�i �i�Q �#�2 �`�2�H���i�2�/ �i�Q �i�?�2 �2�M�2�`�;�v�X �h�?�2
�2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2 �?�2�H�B�+�B�i�v �B�b �K�2�i�`�B�+�@�7�`�2�2 ���M�/ �+���M �i�?�m�b �#�2 �2�p���H�m���i�2�/ �Q�p�2�` ���M�v �b�T���i�B���H �b�H�B�+�2�X
�*�?�Q�Q�b�B�M�; ���;���B�Mt= t = 0�-

h = h�K���; + h�2�H=
1
2

Z

R3

�
A ^ F + AD ^ FD

�
= �

1
2

Z

S3
d3W3 (1 � cosc )

�
A aBa + A D

a Ea
�

,

(5.3.16)
�r�?�2�`�2 �i�?�2 �b�m�#�b�+�`�B�T�i�f�b�m�T�2�`�b�+�`�B�T�i`D0 �`�2�7�2�`�b �i�Q �i�?�2 �/�m���H �}�2�H�/�b�X �P�M�+�2 ���;���B�M�- �i���F�B�M�; �i�v�T�2 �A
�U�m�T�T�2�` �b�B�;�M�V �Q�` �i�v�T�2 �A�A �U�H�Q�r�2�` �b�B�;�M�V ���M�/ �}�t�B�M�; �i�?�2 �b�T�B�Mj �r�2 �Q�#�i���B�M

A D
a = � i Xa(w) eWit � i X̄a(w) e� Wit , (5.3.17)

�r�?�B�+�? �v�B�2�H�/�b �� �+�Q�M�b�i���M�i �ó�b�T�?�2�`�2�@�7�`���K�2�ô �?�2�H�B�+�B�i�v �/�2�M�b�B�i�v

� 1
2

�
A aBa + A D

a Ea
�

= � 2WXaX̄a(w) . (5.3.18)

���b �� �`�2�b�m�H�i�- �2�p�2�M �#�2�7�Q�`�2 �T�2�`�7�Q�`�K�B�M�; �i�?�2S3 �B�M�i�2�;�`���i�B�Q�M�- �r�2 �}�M�/ �� �H�B�M�2���` �?�2�H�B�+�B�i�v�@�2�M�2�`�;�v
�`�2�H���i�B�Q�M

Wh = � ` E �7�Q�` �}�t�2�/ �b�T�B�M ���M�/ �i�v�T�2. (5.3.19)

�a�B�M�+�2 �i�?�2 �?�2�H�B�+�B�i�v �K�2���b�m�`�2 ���M ���p�2�`���;�2 �Q�7 �i�?�2 �H�B�M�F�B�M�; �M�m�K�#�2�`�b �Q�7 ���M�v �i�r�Q �2�H�2�+�i�`�B�+ �Q�` �K���;�M�2�i�B�+
�}�2�H�/ �H�B�M�2�b �(�j�y���j�k�)�- �i�?�2 �H���i�i�2�` �K�m�b�i �#�2 �`�2�H���i�2�/ �i�Q �i�?�2 �p���H�m�2j �Q�7 �i�?�2 �b�T�B�M�X �h�?�2 �B�M�/�B�p�B�/�m���H �H�B�M�F�B�M�;
�M�m�K�#�2�` �Q�7 �i�r�Q �}�2�H�/ �H�B�M�2�b�- �?�Q�r�2�p�2�`�- ���T�T�2���`�b �M�2�B�i�?�2�` �i�Q �#�2 �B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2 �H�B�M�2�b �+�?�Q�b�2�M
�M�Q�` �+�Q�M�b�i���M�i �B�M �i�B�K�2�- ���b �Q�m�` �Q�#�b�2�`�p���i�B�Q�M�b �B�M�/�B�+���i�2�X ���M �2�t�+�2�T�i�B�Q�M ���`�2 �i�?�2 �_���¢���/�����>�Q�T�7
�F�M�Q�i�b �/�B�b�+�m�b�b�2�/ �#�2�7�Q�`�2�- �r�?�B�+�? �/�B�b�T�H���v �� �+�Q�M�b�2�`�p�2�/ �H�B�M�F�B�M�; �M�m�K�#�2�` �Q�7 �m�M�B�i�v �#�2�i�r�2�2�M ���M�v �T���B�`
�Q�7 �2�H�2�+�i�`�B�+ �Q�` �K���;�M�2�i�B�+ �}�2�H�/ �H�B�M�2�b�X

Momentum. �6�Q�` �i�?�2 �K�Q�K�2�M�i�m�K �/�2�M�b�B�i�B�2�bpi = T0i = ( �1 � �" ) i �r�2 �Q�#�i���B�M ���M �B�M�i�2�`�2�b�i�B�M�;
�+�Q�`�`�2�b�T�Q�M�/�2�M�+�2 �`�2�H���i�B�M�; �i�?�2 �Q�M�2�@�7�Q�`�Kp := pi dxi �Q�M �J�B�M�F�Q�r�b�F�B �b�T���+�2 �r�B�i�? �� �b�B�K�B�H���` �Q�M�2 �Q�M
�/�2 �a�B�i�i�2�` �b�T���+�2�,

p = ( g
` )3 Pa ea = : ( g

` )3 P �r�B�i�? Pa := #abcEb Bc . (5.3.20)

�� �b�i�`���B�;�?�i�7�Q�`�r���`�/ �+���H�+�m�H���i�B�Q�M �i�?�2�M �v�B�2�H�/�b �i�?�2 �2�t�T�`�2�b�b�B�Q�M �Q�7 �K�Q�K�2�M�i��Pi �,

Pi =
Z

V
d3x pi =

Z

S3
d3W3 Pa ea

i = 2i W2 #abc

Z

S3
d3W3 ea

i Xb X̄c (5.3.21)
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j = 1/2 j = 1

P3

9
`

�
jL � 1/2, � 3/2 j2 � j L � 1/2,1/2 j2

� 2jL � 1/2,3/2 j2 + 2jL 1/2, � 3/2 j2

+ jL 1/2, � 1/2 j2 � j L 1/2,3/2 j2
�

24
`

�
jL � 1,� 2j2 � j L � 1,0j2 � 2jL � 1,1j2 � 3jL � 1,2j2

+ 2jL 0,� 2j2 + jL 0,� 1j2 � j L 0,1j2 � 2jL 0,2j2

+ 3jL 1,� 2j2 + 2jL 1,� 1j2 + jL 1,0j2 � j L 1,2j2
�

Pf

9
�

2jL � 1/2, � 3/2 j2 + jL � 1/2, � 1/2 j2

� j L � 1/2,3/2 j2 + jL 1/2, � 3/2 j2

� j L 1/2,1/2 j2 � 2jL 1/2,3/2 j2
�

24
�

3jL � 1,� 2j2 + 2jL � 1,� 1j2 + jL � 1,0j2 � j L � 1,2j2

+ 2jL 0,� 2j2 + jL 0,� 1j2 � j L 0,1j2 � 2jL 0,2j2

+ jL 1,� 2j2 � j L 1,0j2 � 2jL 1,1j2 � 3jL 1,2j2
�

L3

9`
�

� 2jL � 1/2, � 3/2 j2 � j L � 1/2, � 1/2 j2

+ jL � 1/2,3/2 j2 � j L 1/2, � 3/2 j2

+ jL 1/2,1/2 j2 + 2jL 1/2,3/2 j2
�

� 24̀
�

3jL � 1,� 2j2 + 2jL � 1,� 1j2 + jL � 1,0j2

� j L � 1,2j2 + 2jL 0,� 2j2 + jL 0,� 1j2

� j L 0,1j2 � 2jL 0,2j2 + jL 1,� 2j2

� j L 1,0j2 � 2jL 1,1j2 � 3jL 1,2j2
�

TABLE 5.1: Expressions ofP3, Pf and L3 for j = 1/2 ���M�/1.

�r�B�i�?ea
i �;�B�p�2�M �#�v(5.3.6)�X �h�?�2 �`�2�b�m�H�i�b �7�Q�`j = 0 ���`�2

P( j= 0)
1 = �

p
2

` (( L̄ 0,� 1 + L̄ 0,1) L 0,0 + L̄ 0,0 (L 0,� 1 + L 0,1)) ,

P( j= 0)
2 = i

p
2

` (( � L̄ 0,� 1 + L̄ 0,1) L 0,0 + L̄ 0,0 (L 0,� 1 � L 0,1)) ,

P( j= 0)
3 = 2

`

�
jL 0,� 1j2 � j L 0,1j2

�
.

(5.3.22)

���b �� �+�Q�M�b�B�b�i�2�M�+�v �`�2�[�m�B�`�2�K�2�M�i�- �r�2 �+�?�2�+�F �i�?���i �i�?�2 �p�2�+�i�Q�` �+�?���`�;�2�bPi ���`�2 �`�Q�i���i�2�/ ���+�+�Q�`�/�B�M�; �i�Q
�i�?�2 ���H�;�2�#�`�� �Q�7Da (4.1.26) �U�a�2�2 ���T�T�2�M�/�B�t�" �V�,

Da Pb = 2#abcPc . (5.3.23)

�q�2 ���H�b�Q �M�Q�i�2 �/�Q�r�MP3 �7�Q�`j = 1/2 ���M�/1 �B�M �i���#�H�2�8�X�R�X �P�M�2 �+���M �+�Q�K�T�m�i�2 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�;
P1 ���M�/P2 �7�Q�`j = 1/2 ���M�/j = 1 �#�v �2�K�T�H�Q�v�B�M�; �i�?�2 ���+�i�B�Q�M �Q�7 ���M ���T�T�`�Q�T�`�B���i�2Da �Q�7 �i�?�2 �i���#�H�2
�B�M ���T�T�2�M�/�B�t�" �X

�q�2 �+���M ���/�/�B�i�B�Q�M���H�H�v �+�Q�K�T�m�i�2 �i�?�2 �b�T�?�2�`�B�+���H �+�Q�K�T�Q�M�2�M�i�b �Q�7 �i�?�2 �K�Q�K�2�M�i�m�K(Pr , Pq, Pf ) �#�v
�H�2�i�i�B�M�; �i�?�2 �Q�M�2�@�7�Q�`�Kea �B�M(5.3.20) ���+�i �Q�M �i�?�2 �p�2�+�i�Q�` �}�2�H�/�b(¶r , ¶q, ¶f )�X �A�M �T�`���+�i�B�+�2�- �r�2 �}�`�b�i
�r�`�B�i�2¶r = � g

` ¶c �m�b�B�M�;(4.1.13) ���i t= 0 ���M�/ �i�?�2�M �B�M�p�2�`�i �i�?�2 �p�2�+�i�Q�` �}�2�H�/�b(¶r , ¶q, ¶f ) �B�M �i�2�`�K�b
�Q�7 �i�?�2 �H�2�7�i �B�M�p���`�B���M�i �p�2�+�i�Q�` �}�2�H�/�b(L1, L2, L3) �m�b�B�M�;(4.1.39)�X �6�B�M���H�H�v�- �m�b�B�M�; �i�?�2 �/�m���H�B�i�v �`�2�H���i�B�Q�M
ea(Lb) = da

b �r�2 �Q�#�i���B�M

Pr = �
1
`

Z

S3
d3W3 (1 � cosc ) (sin qcosf P1 + sin qsin f P2 + cosqP3) ,

Pq =
Z

S3
d3W3 sin c cosc

�
(cosqcosf + tan c sin f ) P1

+ ( cosqsin f � tan c cosf )P2 � sin qP3

�
,

Pf =
Z

S3
d3W3 sin2 c sin q

�
(cosqcosf � cot c sin f ) P1

+ ( cosqsin f + cot c cosf ) P2 � sin qP3

�
.

(5.3.24)
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�6�`�Q�K �i�?�2 �2�t�T�`�2�b�b�B�Q�M �Q�7Pr �r�2 �b�2�2 �i�?���i �i�?�2 �B�M�i�2�;�`���M�/ �Q�p�2�`S2 �B�X�2�XŵaPa (4.1.10) �B�b ���M �Q�/�/
�7�m�M�+�i�B�Q�M4�- �r�?�B�+�? �K���F�2�bPr �p���M�B�b�?�X �q�2 ���H�b�Q �}�M�/ �r�B�i�? �2�t�T�H�B�+�B�i �+���H�+�m�H���i�B�Q�M�b �U�p�2�`�B�}�2�/ �7�Q�` �m�T �i�Q
j = 1�V �i�?���iPq �p���M�B�b�?�2�b�X �6�Q�`j = 0 �r�2 �}�M�/ �i�?���iPf �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�QP3�,

P( j= 0)
f = ` P( j= 0)

3 = 2
�
jL 0,� 1j2 � j L 0,1j2

�
. (5.3.25)

�h�?�2 �2�t�T�`�2�b�b�B�Q�M�b �Q�7Pf �7�Q�`j = 1/2 ���M�/1 �?���b �#�2�2�M �`�2�+�Q�`�/�2�/ �B�M �i�?�2 �i���#�H�2�8�X�R�X

5.3.2 Lorentz transformations

���M�Q�i�?�2�` �b�Q�H�m�i�B�Q�M �Q�7(5.3.2) �B�b �;�B�p�2�M �#�v

zm(x) = em
n xn �r�?�2�`�2emn = � enm , (5.3.26)

�r�?�B�+�? �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�?�2 �b�B�t �;�2�M�2�`���i�Q�`�b �Q�7 �i�?�2 �G�Q�`�2�M�i�x �;�`�Q�m�TSO(1, 3)�X �h�?�2�b�2 �b�B�t �i�Q�;�2�i�?�2�`
�r�B�i�? �i�?�2 ���#�Q�p�2 �7�Q�m�` �i�`���M�b�H���i�B�Q�M�b �;�2�M�2�`���i�2�b �i�?�2 �7�m�H�H �S�Q�B�M�+���`�û �;�`�Q�m�T�X �h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�B�t
�+�?���`�;�2�b ���`�2 �;�`�Q�m�T�2�/ �B�M�i�Q �i�?�2 �#�Q�Q�b�iK ���M�/ �i�?�2 ���M�;�m�H���` �K�Q�K�2�M�i�m�KL�X

Boost. �h�?�2 �+�Q�M�b�2�`�p�2�/ �+�?���`�;�2 �/�2�M�b�B�i�B�2�b ���`�B�b�B�M�; �7�`�Q�KJ0 (5.3.4) �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Qe0i ���`�2 �i�?�2
�#�Q�Q�b�i �/�2�M�b�B�i�B�2�bk = r x � p t�- �r�?�B�+�? �b�B�K�T�H�B�7�v �7�Q�`t= 0 �i�Q

ki = ( g
` )3 K i �r�B�i�? K i = r w i . (5.3.27)

�h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �+�?���`�;�2�bKi �p���M�B�b�?�2�b �#�2�+���m�b�2 �Q�7 �i�?�2 �Q�/�/ �B�M�i�2�;�`���M�/ ���b �/�B�b�+�m�b�b�2�/ �B�M ���M
�2���`�H�B�2�` �`�2�K���`�F�,

Ki =
Z

V
d3x ki =

Z

S3
d3W3 K i = 2

Z

S3
d3W3 wi X j

a X̄ j
a = 0 . (5.3.28)

Angular momentum. �h�?�2 �Q�i�?�2�` �i�?�`�2�2 �+�Q�M�b�2�`�p�2�/ �+�?���`�;�2 �/�2�M�b�B�i�B�2�bJ0 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Qei j

�B�M(5.3.4) ���`�2 �i�?�2 ���M�;�m�H���` �K�Q�K�2�M�i�m�K �/�2�M�b�B�i�B�2�bl = p � x�- �r�?�B�+�? �i���F�2�b �� �b�B�K�T�H�2 �7�Q�`�K �D�m�b�i
�H�B�F�2 �B�M �K�Q�K�2�M�i�m�K(5.3.20)�,

l i dxi = ( g
` )2 L a ea �r�B�i�? L a = #abcPb wc . (5.3.29)

�h�?�2 �2�t�T�`�2�b�b�B�Q�M�b �7�Q�` �i�?�2 �+�?���`�;�2�bLi �b�B�K�T�H�B�7�v �i�Q

Li =
Z

V
d3x l i =

Z

S3
d3W3 ( `

g ) L a ea
i = 2i` W2

Z

S3
d3W3

1
g ea

i (X̄a wbXb � Xa wbX̄b) .

(5.3.30)
�1�t�T�H�B�+�B�i �+���H�+�m�H���i�B�Q�M �b�?�Q�r �i�?���i �7�Q�`j= 0 �i�?�2 ���M�;�m�H���` �K�Q�K�2�M�i��Li ���`�2 �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2
�K�Q�K�2�M�i��Pi �,

L( j= 0)
i = � `2 P( j= 0)

i . (5.3.31)

�h�?�B�b �B�b�- �?�Q�r�2�p�2�`�- �M�Q�i �i�`�m�2 �7�Q�` �?�B�;�?�2�` �b�T�B�Mj�X �h�?�2 ���M�;�m�H���` �K�Q�K�2�M�i��Li �?���b �i�?�2 �b���K�2 �`�Q�i���i�B�Q�M
�#�2�?���p�B�Q�m�` ���b �7�Q�` �i�?�2 �K�Q�K�2�M�i��Pi (5.3.23)�X �q�2 �i�?�2�`�2�7�Q�`�2 �M�Q�i�2 �/�Q�r�M �i�?�2 �`�2�b�m�H�i�b �Q�7L3 �7�Q�`
j = 1/2 ���M�/1 �B�M �i���#�H�2�8�X�R�- �7�`�Q�K �r�?�B�+�? �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �2�t�T�`�2�b�b�B�Q�M�b �Q�7L1 ���M�/L2 �+���M �#�2
�Q�#�i���B�M�2�/ �m�b�B�M�; �i�?�2 �i���#�H�2 �B�M ���T�T�2�M�/�B�t�" �X

�q�2 �+���M ���;���B�M �+�Q�K�T�m�i�2 �i�?�2 �b�T�?�2�`�B�+���H �+�Q�K�T�Q�M�2�M�i�b �Q�7 �i�?�2 ���M�;�m�H���` �K�Q�K�2�M�i�m�K(Lr , Lq, Lf )
�m�b�B�M�; �i�?�2 �`�2�H���i�B�Q�M�b(5.3.24) �#�v �`�2�T�H���+�B�M�;P �r�B�i�?L �B�M �B�i�X �q�2 �`�2���H�B�x�2 �i�?���i �i�?�2S2 �B�M�i�2�;�`���M�/
�7�Q�`Lr �r�Q�m�H�/ �Q�M�H�v �?���p�2 �i�2�`�K�b �H�B�F�2ŵaŵbPc�- �r�?�B�+�? ���`�2 ���H�H �Q�/�/ �7�m�M�+�i�B�Q�M�b5 �Q�7f ���M�/�- �i�?�2�`�2�7�Q�`�2�-
�i�?�2f �B�M�i�2�;�`���H �Q�p�2�` �i�?�2 �/�Q�K���B�M(0, 2p ) �r�Q�m�H�/ �K���F�2Lr �p���M�B�b�?�X �q�2 ���H�b�Q �}�M�/�- �r�B�i�? �2�t�T�H�B�+�B�i

4The terms of Pa using (4.1.36) are proportional to Yl ,M Yl0,M 0, which is even in ŵa for a �xed j.
5Here again the terms of Pc, which goes like Yl ,M Yl0,M 0 (4.1.36), are all even functions of f for a �xed j.
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�+�Q�K�T�m�i���i�B�Q�M�b�- �i�?���i �i�?�2 �+�?���`�;�2�bLq ���M�/Lf �7�Q�`j= 0 ���`�2 �T�`�Q�T�Q�`�i�B�Q�M���H �i�QP3�,

L( j= 0)
q = 4

3 `2 P( j= 0)
3 ���M�/ L( j= 0)

f = � 1
3 `2 P( j= 0)

3 . (5.3.32)

���b �� �M�Q�M �i�`�B�p�B���H �2�t���K�T�H�2�- �r�2 �+�Q�H�H�2�+�i �i�?�2�b�2 �+�?���`�;�2�b �7�Q�`j = 1/2 �#�2�H�Q�r�,

L( j= 1/2 )
q = 12

5 `
�

9jL � 1/2, � 3/2 j2 + 6jL � 1/2, � 1/2 j2 + jL � 1/2,1/2 j2 � 6jL � 1/2,3/2 j2

+ 6jL 1/2, � 3/2 j2 � j L 1/2, � 1/2 j2 � 6jL 1/2,1/2 j2 � 9jL 1/2,3/2 j2
�

,
(5.3.33)

L( j= 1/2 )
f = � 3

5`
�

6jL � 1/2, � 3/2 j2 � j L � 1/2, � 1/2 j2 � 6jL � 1/2,1/2 j2 � 9jL � 1/2,3/2 j2

+ 9jL 1/2, � 3/2 j2 + 6jL 1/2, � 1/2 j2 + jL 1/2,1/2 j2 � 6jL 1/2,3/2 j2

+
p

3
�
L̄ 1/2, � 3/2 L � 1/2, � 1/2 � L̄ 1/2,1/2 L � 1/2,3/2

+ L̄ � 1/2, � 1/2 L 1/2, � 3/2 � L̄ � 1/2,3/2 L 1/2,1/2
� �

.

(5.3.34)

5.3.3 Dilatation

�A�i �B�b �2���b�v �i�Q �p�2�`�B�7�v �i�?���i �� �+�Q�M�b�i���M�i �`�2�b�+���H�B�M�; �#�vl �,

zm = l xm (5.3.35)

�B�b ���H�b�Q �� �b�Q�H�m�i�B�Q�M �Q�7(5.3.2)�X �h�?�2 �+�?���`�;�2 �/�2�M�b�B�i�v �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�B�b �b�B�M�;�H�2 �;�2�M�2�`���i�Q�` �Q�7
�i�?�2 �+�Q�M�7�Q�`�K���H �;�`�Q�m�T �B�bp � x � e t�- �r�?�B�+�? �7�Q�`t= 0 �b�B�K�T�H�B�}�2�b �i�Q

pi xi = ( g
` )3 Pa wa . (5.3.36)

�h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �+�?���`�;�2D �p���M�B�b�?�2�b �#�2�+���m�b�2 �Q�7 �i�?�2 �Q�/�/ �B�M�i�2�;�`���M�/�,

D =
Z

V
d3x pi xi = 2i W2 #abc

Z

S3
d3W3 wa Xb X̄c = 0 . (5.3.37)

5.3.4 Special conformal transformations

�� �7���B�`�H�v �b�i�`���B�;�?�i�7�Q�`�r���`�/ �+���H�+�m�H���i�B�Q�M �b�?�Q�r�b �i�?���i �i�?�2 �7�Q�H�H�Q�r�B�M�; �M�Q�i �b�Q �Q�#�p�B�Q�m�b �i�`���M�b�7�Q�`�K���i�B�Q�M

zm = 2 xmbnxn � bmxnxn (5.3.38)

���H�b�Q �b���i�B�b�}�2�b(5.3.2)�X �h�?�2 �7�Q�m�` �;�2�M�2�`���i�Q�`�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Qbm �;�B�p�2 �`�B�b�2 �i�Q �7�Q�m�` �/�B�z�2�`�2�M�i
�+�?���`�;�2�bV0 ���M�/V �X

Scalar SCT. �h�?�2 �+�?���`�;�2 �/�2�M�b�B�i�vJ0 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Qb0 �B�b

v0 = ( x2 + t2) e� 2t p � x , (5.3.39)

�r�?�B�+�? �7�Q�`t= 0 �b�B�K�T�H�B�}�2�b �i�Q
v0 = x2 e = ( g

` )2r w 2
a . (5.3.40)

�h�?�2 �2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �+�?���`�;�2V0 �i���F�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�B�K�T�H�2 �7�Q�`�K�,

V0 =
Z

V
d3x v0 =

Z

S3
d3W3 ( `

g ) (1 � w2
4) r = 2` W2

Z

S3
d3W3 (1 + w4) Xa X̄a . (5.3.41)
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�>�2�`�2 ���;���B�M �i�?�2w4 �i�2�`�K �Q�7 �i�?�2 �B�M�i�2�;�`���H�- �#�2�B�M�; �Q�/�/�- �p���M�B�b�?�2�b ���M�/ �v�B�2�H�/�b

V0 = `2 E = 8 ` ( j + 1)3(2j + 1) å
m,n

jL m,nj2 . (5.3.42)

Vector SCT. �h�?�2 �+�?���`�;�2 �/�2�M�b�B�i�B�2�bJ0 �i�?���i �+�Q�`�`�2�b�T�Q�M�/ �i�Qbi �`�2���/�,

v = 2x(x � p) � 2t x e� (x2 � t2)p . (5.3.43)

�h�?�B�b �b�B�K�T�H�B�7�v ���it= 0 ���M�/ �i���F�2�b �� �b�i�`�m�+�i�m�`�2 �b�B�K�B�H���` �i�Q �i�?�2 �K�Q�K�2�M�i�m�K �/�2�M�b�B�i�B�2�bpi (5.3.20)�,

vi dxi = ( g
` ) Va ea �r�B�i�? Va = 2wa (Pb wb) � w2

b Pa . (5.3.44)

�h�?�2 �2�t�T�`�2�b�b�B�Q�M�b �7�Q�` �i�?�2 �+�?���`�;�2�bVi �i�?�2�M �b�B�K�T�H�B�7�v �i�Q

Vi =
Z

V
d3x vi = 2i `2 W2

Z

S3
d3W3 g � 2ea

i

�
2#bcdwa wb Xc X̄d � #abc(1 � w2

4) Xb X̄c
�

.

(5.3.45)
�q�B�i�? �2�t�T�H�B�+�B�i �+�Q�K�T�m�i���i�B�Q�M �r�2 �Q�#�b�2�`�p�2 �i�?���i �i�?�2 �+�?���`�;�2�bVi ���`�2 �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �K�Q�K�2�M�i��
Pi �U�p�2�`�B�}�2�/ �2�t�T�H�B�+�B�i�H�v �7�Q�` �m�T �i�Qj= 1�V

Vi = `2 Pi . (5.3.46)

���b �#�2�7�Q�`�2�- �r�2 �+���M �+�Q�K�T�m�i�2 �i�?�2 �b�T�?�2�`�B�+���H �+�Q�K�T�Q�M�2�M�i�b(Vr , Vq, Vf ) �#�v �m�b�B�M�; �i�?�2 �2�t�T�`�2�b�b�B�Q�M�b
(5.3.24) ���M�/ �`�2�T�H���+�B�M�;P �r�B�i�?V �B�M �B�i�X �q�2 �M�Q�i�B�+�2 �i�?���i �i�?�2 �+�?���`�;�2Vr �p���M�B�b�?�2�b �Q�r�B�M�; �i�Q �i�?�2
�Q�/�/S2 �B�M�i�2�;�`���M�/6 �D�m�b�i �H�B�F�2 �B�M �i�?�2 �+���b�2 �Q�7Pr �X �>�Q�r�2�p�2�`�- �m�M�H�B�F�2Pq �?�2�`�2 �i�?�2 �+�?���`�;�2Vq �B�b �M�Q�M�@
�p���M�B�b�?�B�M�;�X �1�t�T�H�B�+�B�i �+���H�+�m�H���i�B�Q�M�b �b�?�Q�r �i�?���i �7�Q�`j = 0 �i�?�2 �+�?���`�;�2�bVq ���M�/Vf ���`�2 �T�`�Q�T�Q�`�i�B�Q�M���H
�i�Q �i�?�2 �K�Q�K�2�M�i�m�KP3�,

V ( j= 0)
q = � 4

3`3 P( j= 0)
3 ���M�/ V ( j= 0)

f = � 5
3`3 P( j= 0)

3 . (5.3.47)

���/�/�B�i�B�Q�M���H�H�v�- �r�2 �`�2�+�Q�`�/ �#�2�H�Q�r �i�?�2 �+�?���`�;�2�bVq ���M�/Vf �7�Q�` �i�?�2 �M�Q�M�@�i�`�B�p�B���H �+���b�2 �Q�7j= 1/2

V ( j= 1/2 )
q = � 6

5`2
�

9jL � 1/2, � 3/2 j2 + jL � 1/2, � 1/2 j2 � 9jL � 1/2,1/2 j2 � 21jL � 1/2,3/2 j2

+ 21jL 1/2, � 3/2 j2 + 9jL 1/2, � 1/2 j2 � j L 1/2,1/2 j2 � 9jL 1/2,3/2 j2
�

,

(5.3.48)

V ( j= 1/2 )
f = � 3

5`2
�

42jL � 1/2, � 3/2 j2 + 33jL � 1/2, � 1/2 j2 + 8jL � 1/2,1/2 j2 � 33jL � 1/2,3/2 j2

+ 33jL 1/2, � 3/2 j2 � 8jL 1/2, � 1/2 j2 � 33jL 1/2,1/2 j2 � 42jL 1/2,3/2 j2

+ 8
p

3
�

� L̄ 1/2, � 3/2 L � 1/2, � 1/2 + L̄ 1/2,1/2 L � 1/2,3/2

� L̄ � 1/2, � 1/2 L 1/2, � 3/2 + L̄ � 1/2,3/2 L 1/2,1/2
� �

.

(5.3.49)
�P�M�2 �+���M �+�Q�K�T�m�i�2 �i�?�2�b�2 �+�?���`�;�2�b �7�Q�` �?�B�;�?�2�` �b�T�B�M�@j �#�v �7�Q�H�H�Q�r�B�M�; �i�?�2 �b���K�2 �b�i�`���i�2�;�v�X

5.3.5 Applications

�h�?�2 �K�2�i�?�Q�/ �Q�7 �+�Q�M�b�i�`�m�+�i�B�M�; �`���i�B�Q�M���H �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �}�2�H�/�b �T�`�2�b�2�M�i�2�/ �B�M �i�?�B�b �T���T�2�` �?���b �i�?�2
���/�/�2�/ ���/�p���M�i���;�2 �i�?���i �B�i �T�`�Q�/�m�+�2�b �� �+�Q�K�T�H�2�i�2 �b�2�i �H���#�2�H�H�2�/ �#�v( j, m, n)�c ���M�v �2�H�2�+�i�`�Q�K���;�M�2�i�B�+
�}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M �?���p�B�M�; �}�M�B�i�2 �2�M�2�`�;�v �+���M�- �B�M �T�`�B�M�+�B�T�H�2�- �#�2 �Q�#�i���B�M�2�/ �7�`�Q�K ���M �2�t�T���M�b�B�Q�M
�H�B�F�2 �B�M �U�8�X�R�X�3�@�8�X�R�X�R�y�V�- ���H�#�2�B�i �r�B�i�? �� �p���`�v�B�M�;j�X �h�?�2 �Q�T�2�`���i�B�Q�M���H �/�B�{�+�m�H�i�v �B�M�p�Q�H�p�2�/ �B�M �i�?�B�b

6Observe that the terms in Va (5.3.44) are all even in ŵa.
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�T�`�Q�+�2�/�m�`�2 �?���b �i�Q �/�Q �r�B�i�? �i�?�2 �7���+�i �i�?���i �i�?�B�b �b�2�i �B�b �B�M�}�M�B�i�2 ���bj 2 N
2 �X �h�?�2�`�2 ���`�2�- �?�Q�r�2�p�2�`�-

�K���M�v �B�K�T�Q�`�i���M�i �+���b�2�b �r�?�2�`�2 �Q�M�H�v �� �}�M�B�i�2 �M�m�K�#�2�` �Q�7 �F�M�Q�i�@�#���b�B�b �b�Q�H�m�i�B�Q�M�b �U�b�Q�K�2�i�B�K�2�b �Q�M�H�v
�r�B�i�? �� �}�t�2�/j�V �M�2�2�/ �i�Q �#�2 �+�Q�K�#�B�M�2�/ �i�Q �;�2�i �i�?�2 �/�2�b�B�`�2�/ �1�J �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�X �P�M�2 �b�m�+�?
�p�2�`�v �B�K�T�Q�`�i���M�i �+���b�2 �B�b �i�?���i �Q�7 �i�?�2 �>�Q�T�}���M �b�Q�H�m�i�B�Q�M �/�B�b�+�m�b�b�2�/ �#�2�7�Q�`�2�X �"�2�H�Q�r �r�2 ���M���H�v�b�2 �i�r�Q
�p�2�`�v �B�M�i�2�`�2�b�i�B�M�; �;�2�M�2�`���H�B�b���i�B�Q�M�b �Q�7 �i�?�2 �>�Q�T�}���M �b�Q�H�m�i�B�Q�M �T�`�2�b�2�M�i�2�/ �B�M �(�R�9�) �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7
�T�`�2�b�2�M�i �+�Q�M�b�i�`�m�+�i�B�Q�M�X �A�i �B�b �B�K�T�2�`���i�B�p�2 �i�Q �M�Q�i�2 �?�2�`�2 �i�?���i �r�?�B�H�2 �i�?�2 �b�+�Q�T�2 �Q�7 �+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7
�� �M�2�r �b�Q�H�m�i�B�Q�M �7�`�Q�K �i�?�2 �F�M�Q�r�M �Q�M�2�b ���b �T�`�2�b�2�M�i�2�/ �B�M �(�R�9�) �B�b �H�B�K�B�i�2�/�- �i�?�2 �b���K�2 �B�b �M�Q�i �i�`�m�2
�7�Q�` �i�?�2 �K�2�i�?�Q�/ �T�`�2�b�2�M�i�2�/ �B�M �i�?�B�b �T���T�2�`�- �r�?�B�+�? �#�v �/�2�b�B�;�M �+���M �T�`�Q�/�m�+�2 ���`�#�B�i�`���`�v �M�m�K�#�2�`
�Q�7 �M�2�r �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b�X �a�Q�K�2 �Q�7 �i�?�2�b�2 �T�Q�b�b�B�#�H�2 �M�2�r �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b �Q�#�i���B�M�2�/ �7�`�Q�K
�i�?�2j= 0 �b�2�+�i�Q�` �U�T�Q�b�b�B�#�H�v �7�`�Q�Kj= 1/2 �Q�1̀ ���b �r�2�H�H�V �+�Q�m�H�/ �}�M�/ �2�t�T�2�`�B�K�2�M�i���H ���T�T�H�B�+���i�B�Q�M �r�B�i�?
�B�K�T�`�Q�p�2�/ �2�t�T�2�`�B�K�2�M�i���H �i�2�+�?�M�B�[�m�2�b �H�B�F�2 �B�M �(�8�)�X

FIGURE 5.2: Sample electric (red) and magnetic (green) �eld lines at t= 0. Left: time-translated
Hop�an with c = 60, Right: Rotated Hop�an with q = 1.

�"���i�2�K���M�ö�b �+�Q�M�b�i�`�m�+�i�B�Q�M�- �2�K�T�H�Q�v�2�/ �B�M �(�R�9�)�- �?�B�M�;�2�b �Q�M �� �D�m�/�B�+�B�Q�m�b ���M�b���i�x �7�Q�` �i�?�2 �_�B�2�K���M�M�@
�a�B�H�#�2�`�b�i�2�B�M �p�2�+�i�Q�`(5.1.21) �b���i�B�b�7�v�B�M�; �J���t�r�2�H�H�ö�b �2�[�m���i�B�Q�M�b�,

S = r a � r b =) r � S = 0 & i ¶tS = r � S , (5.3.50)

�m�b�B�M�; �� �T���B�` �Q�7 �+�Q�K�T�H�2�t �7�m�M�+�i�B�Q�M�b(a, b)�X ���M �B�M�i�2�`�2�b�i�B�M�; �;�2�M�2�`���H�B�x���i�B�Q�M �Q�7 �i�?�2 �>�Q�T�}���M
�b�Q�H�m�i�B�Q�M �B�b �Q�#�i���B�M�2�/ �B�M �2�[�m���i�B�Q�M�b �U�j�X�R�e�@�j�X�R�d�V �Q�7 �(�R�9�) �m�b�B�M�; �U�+�Q�K�T�H�2�t�V �i�B�K�2�@�i�`���M�b�H���i�B�Q�M �U�h�h�V
�i�Q �Q�#�i���B�M �i�?�2 �7�Q�H�H�Q�r�B�M�;(a, b) �T���B�` �U�m�T �i�Q �� �M�Q�`�K���H�B�x���i�B�Q�M�V

(a, b)TT =
�

A � 1 � iz
A + i(t + ic)

,
x � iy

A + i(t + ic)

�
; A = 1

2

�
x2 + y2 + z2 � (t + ic)2 + 1

�
,

(5.3.51)
�r�?�2�`�2c �B�b �� �+�Q�M�b�i���M�i �`�2���H �T���`���K�2�i�2�`�X �h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �1�J �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M �B�b �Q�#�i���B�M�2�/�-
�B�M �Q�m�` �+���b�2�- �#�v �+�?�Q�Q�b�B�M�;`= 1� c ���M�/ �Q�M�H�v �i�?�2 �7�Q�H�H�Q�r�B�M�;j= 0�- ���M�/ �?�2�M�+�2 �i�v�T�2 �A�- �+�Q�K�T�H�2�t
�+�Q�2�{�+�B�2�M�i�b �B�M(5.1.10)

(L 0;0,1 , L 0;0,0 , L 0;0,� 1)TT =
�

0 , 0 , � i
p

2`2

�
. (5.3.52)

�� �b���K�T�H�2 �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �F�M�Q�i �+�Q�M�}�;�m�`���i�B�Q�M �Q�7 �i�?�B�b �K�Q�/�B�}�2�/ �>�Q�T�}���M �B�b �B�H�H�m�b�i���i�2�/ �B�M �}�;�m�`�2
�8�X�k�X ���M�Q�i�?�2�` �B�M�i�2�`�2�b�i�B�M�; �;�2�M�2�`���H�B�x���i�B�Q�M �Q�7 �i�?�2 �>�Q�T�}���M �B�b �+�Q�M�b�i�`�m�+�i�2�/ �B�M �2�[�m���i�B�Q�M�b �U�j�X�k�y�@
�j�X�k�R�V �Q�7 �(�R�9�) �m�b�B�M�; �� �U�+�Q�K�T�H�2�t�V �`�Q�i���i�B�Q�M �U�_�V �i�Q �;�2�i �i�?�2 �7�Q�H�H�Q�r�B�M�;(a, b) �T���B�` �U���;���B�M�- �m�T �i�Q ��
�M�Q�`�K���H�B�x���i�B�Q�M�V

(a, b)R =
�

A � 1 + i(zcos iq+ x sin iq)
A + i t

,
x cos iq � zsin iq � iy

A + i t

�
, (5.3.53)
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Time-translated Hop�an Rotated Hop�an

Energy (E) 2p 2

(1� c)5 = : ETT 2p 2 cosh2 q = : ER

Momentum ( P)
�
0 , 0 , 1

4

�
ETT

�
0 , � 1

4 tanh q , 1
4 sechq

�
ER

Boost (K) (0 , 0 , 0) (0 , 0 , 0)

Ang. momentum ( L)
�
0 , 0 , � 1

4(1 � c)2
�

ETT
�
0 , 1

4 tanh q , � 1
4 sechq

�
ER

Dilatation (D) 0 0

Scalar SCT (V0) (1 � c)2ETT ER

Vector SCT (V)
�
0 , 0 , 1

4(1 � c)2
�

ETT
�
0 , � 1

4 tanh q , 1
4 sechq

�
ER

TABLE 5.2: Conformal charges for the time-translated and rotated Hop�an
con�gurations.

�r�?�2�`�2A = 1
2

�
x2 + y2 + z2 � t2 + 1

�
�X �h�Q �;�2�i �i�?�B�b �T���`�i�B�+�m�H���` �1�J �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M �r�2 �M�2�2�/

�i�Q �b�2�i`= 1 ���M�/ �m�b�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�K�#�B�M���i�B�Q�M �Q�7 �Q�M�H�vj= 0 �i�v�T�2 �A �+�Q�2�{�+�B�2�M�i�b �B�M(5.1.10)

(L 0;0,1 , L 0;0,0 , L 0;0,� 1)R =
�

i
p
4

(coshq � 1) , �
p

2
p

2
sinh q , � i

p
4

(coshq+ 1)
�

.

(5.3.54)
�q�2 �B�H�H�m�b�i�`���i�2 �i�?�2 �1�J �}�2�H�/ �H�B�M�2�b �7�Q�` �� �b���K�T�H�2q �p���H�m�2 �Q�7 �i�?�B�b �K�Q�/�B�}�2�/ �>�Q�T�}���M �B�M �}�;�m�`�2
�8�X�k�X �q�2 �M�Q�i�2 �/�Q�r�M �i�?�2 �+�Q�M�7�Q�`�K���H �+�?���`�;�2�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2�b�2 �b�Q�H�m�i�B�Q�M�b �B�M �i���#�H�2�8�X�k
�#�v �T�H�m�;�;�B�M�; �i�?�2j= 0 �+�Q�2�{�+�B�2�M�i�b(5.3.52) ���M�/(5.3.54) �B�M �i�?�2 ���T�T�`�Q�T�`�B���i�2 �7�Q�`�K�m�H���2 �Q�7 �i�?�2
�T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�X �h�?�2 �`�2�b�m�H�i�b �K���i�+�?�2�b �r�B�i�? �i�?�2 �Q�M�2�b �;�B�p�2�M �B�M �(�R�9�) �m�T �i�Q �� �`�2�b�+���H�B�M�; �Q�7 �i�?�2
�2�M�2�`�;�v�- �r�?�B�+�? �+���M �#�2 ���+�?�B�2�p�2�/ �#�v ���M ���T�T�`�Q�T�`�B���i�2 �+�?�Q�B�+�2 �Q�7 �M�Q�`�K���H�B�x���i�B�Q�M�X

5.4 Null �elds

���M �B�M�i�2�`�2�b�i�B�M�; �b�m�#�b�2�i �Q�7 �p���+�m�m�K �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �}�2�H�/�b ���`�2 �i�?�Q�b�2 �r�B�i�? �p���M�B�b�?�B�M�; �G�Q�`�2�M�i�x
�B�M�p���`�B���M�i�b�-

~E2 � ~B2 = 0 ���M�/ ~E � ~B = 0 ()
� ~E � i~B

� 2 = 0 . (5.4.1)

���b �� �b�+���H���` �2�[�m���i�B�Q�M �B�i �K�m�b�i �2�[�m���H�H�v �?�Q�H�/ �Q�M �i�?�2 �/�2 �a�B�i�i�2�` �b�B�/�2�- ���M�/ �b�Q �r�2 �+���M �i�`�v �i�Q
�+�?���`���+�i�2�`�B�x�2 �b�m�+�? �+�Q�M�}�;�m�`���i�B�Q�M�b �r�B�i�? �Q�m�` �a�P�U�9�V �#���b�B�b ���#�Q�p�2�X �6�Q�` �� �;�B�p�2�M �i�v�T�2 ���M�/ �b�T�B�M�- �i�?�2
�2�t�T�`�2�b�b�B�Q�M�b �B�M(5.3.8) �B�K�K�2�/�B���i�2�H�v �;�B�p�2 �i�?�2 �_�B�2�K���M�M�@�a�B�H�#�2�`�b�i�2�B�M �p�2�+�i�Q�` �Q�M �i�?�2S3 �+�v�H�B�M�/�2�`�-

Ea � i Ba = � 2i WXa(w) eWit , (5.4.2)

�r�?�2�`�2 �i�?�2 �m�T�T�2�` �U�H�Q�r�2�`�V �b�B�;�M �T�2�`�i���B�M�b �i�Q �i�v�T�2 �A �U�A�A�V�X �L�Q�i�2 �i�?���i �i�?�2 �M�2�;���i�B�p�2�@�7�`�2�[�m�2�M�+�v �T���`�i
�Q�7 �i�?�B�b �}�2�H�/ �?���b �+���M�+�2�H�H�2�/�X �h�?�2 �p���M�B�b�?�B�M�; �Q�7(Ea� iBa)(Ea� iBa) �B�b �i�?�2�M �2�[�m�B�p���H�2�M�i �i�Q ��
�+�Q�M�/�B�i�B�Q�M �Q�M �i�?�2 ���M�;�m�H���` �7�m�M�+�i�B�Q�M�b�-

0 = X1(w)2 + X2(w)2 + X3(w)2 = 2Z+ (w)Z� (w) + Z3(w)2 . (5.4.3)

�q�?�2�M �2�t�T���M�/�B�M�; �i�?�2 ���M�;�m�H���` �7�m�M�+�i�B�Q�M�bZ j
� �A�Q�Z̀ j

� �A�A�B�M�i�Q �#���b�B�b �b�Q�H�m�i�B�Q�M�b �r�B�i�?(5.1.10)�- �Q�M�2

���`�`�B�p�2�b ���i �� �b�v�b�i�2�K �Q�7 �?�Q�K�Q�;�2�M�2�Q�m�b �[�m���/�`���i�B�+ �2�[�m���i�B�Q�M�b �7�Q�` �i�?�2 �7�`�2�2 �+�Q�2�{�+�B�2�M�i�bl �A�f�A�A
j;m,n�X

�G�2�i �m�b ���M���H�v�x�2 �i�?�2 �b�B�i�m���i�B�Q�M �7�Q�` �i�v�T�2 �A ���M�/ �b�T�B�Mj�X �h�?�2 �7�m�M�+�i�B�Q�M�bZ j
� (w) �i�`���M�b�7�Q�`�K �m�M�/�2�` ��
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( j, j) �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7su(2)L � su(2)R�X �h�?�2 �M�m�H�H �+�Q�M�/�B�i�B�Q�M(5.4.3) �i�?�2�M �v�B�2�H�/�b �� �`�2�T�`�2�b�2�M�@
�i���i�B�Q�M �+�Q�M�i�2�M�i �Q�7(0, 0) � (1, 1) � . . . � (2j, 2j) ���M�/ �K���v �i�?�m�b �#�2 �2�t�T���M�/�2�/ �B�M�i�Q �i�?�2 �+�Q�`�`�2�@
�b�T�Q�M�/�B�M�; �?���`�K�Q�M�B�+�b�X �6�m�`�i�?�2�`�K�Q�`�2�- �h�?�2 �B�M�/�2�T�2�M�/�2�M�i �p���M�B�b�?�B�M�; �Q�7 ���H�H �+�Q�2�{�+�B�2�M�i�b �T�`�Q�/�m�+�2�b
1
6(4j+ 1)(4j+ 2)(4j+ 3) �2�[�m���i�B�Q�M�b �7�Q�` �i�?�2(2j+ 1)(2j+ 3) �T���`���K�2�i�2�`�bl j;m,n �U�M�Q�i�2 �i�?�2 �`���M�;�2�b
�Q�7m ���M�/n �7�Q�` �i�v�T�2 �A�V�X �*�H�2���`�H�v�- �i�?�B�b �b�v�b�i�2�K �B�b �p���b�i�H�v �Q�p�2�`�/�2�i�2�`�K�B�M�2�/�X �>�Q�r�2�p�2�`�- �B�i �i�m�`�M�b �Q�m�i
�i�?���i �Q�M�H�v4j2+ 6j+ 1 �2�[�m���i�B�Q�M�b ���`�2 �B�M�/�2�T�2�M�/�2�M�i�- �b�i�B�H�H �H�2���p�B�M�;2j+ 2 �7�`�2�2 �+�Q�K�T�H�2�t �T���`���K�2�i�2�`�b
�7�Q�` �i�?�2 �b�Q�H�m�i�B�Q�M �b�T���+�2�X �h�?�2 �B�M�/�2�T�2�M�/�2�M�i �2�[�m���i�B�Q�M�b �+���M �#�2 �Q�`�;���M�B�x�2�/ ���b �U�b�m�T�T�`�2�b�b�B�M�;j�V

l 2
m,n � l m,n� 1 l m,n+ 1 �7�Q� m̀, n = � j . . . , j ,

l m,j+ 1 l m+ 1,� j � 1 = l m+ 1,j+ 1 l m,� j � 1 �7�Q� m̀ = � j, . . . , j � 1 .
(5.4.4)

�q�2 �?���p�2 �+�?�2�+�F�2�/ �7�Q�`j � 5 �i�?���i �i�?�2 �m�T�T�2�` �2�[�m���i�B�Q�M�b ���`�2 �b�Q�H�p�2�/ �#�v7

l 2j+ 2
m,n =

q
( 2j+ 2

j+ 1� n) l j+ 1� n
m,� j � 1 l j+ 1+ n

m,j+ 1 �7�Q� m̀ = � j, . . . , j ���M�/ n = � j � 1, . . . ,j+ 1 ,

(5.4.5)
�r�?�B�H�2 �i�?�2 �H�Q�r�2�` �Q�M�2�b �B�K�T�H�v �i�?���i �i�?�2 �?�B�;�?�2�b�i �r�2�B�;�?�i�bn= j+ 1 ���`�2 �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �H�Q�r�2�b�i
�r�2�B�;�?�i�bn= � j � 1 �U�B�M�/�2�T�2�M�/�2�M�i �Q�7m�V�-

l m,� j � 1 = w l m,j+ 1 �7�Q� ẁ 2 C� . (5.4.6)

�h�?�2�`�2�7�Q�`�2�- �i�?�2 �7�m�H�H �U�;�2�M�2�`�B�+�V �b�Q�H�m�i�B�Q�M �`�2���/�b

l m,n =
q

( 2j+ 2
j+ 1� n) w

j+ 1� n
2j+ 2 e2p ikm

j+ 1� n
2j+ 2 zm �r�B�i�? zm 2 C ���M�/ km 2 f 0, 1, . . . , 2j+ 1g ,

(5.4.7)
�+�Q�M�i���B�M�B�M�;2j+ 2 �+�Q�K�T�H�2�t �T���`���K�2�i�2�`�bzm ���M�/q ���b �r�2�H�H ���b2j �/�B�b�+�`�2�i�2 �+�?�Q�B�+�2�bf kmg �U�Q�M�2 �Q�7
�i�?�2�K �+���M �#�2 ���#�b�Q�`�#�2�/ �B�M�i�Qzm�V�X �h�?�B�b �+�Q�K�T�H�2�i�2�H�v �b�T�2�+�B�}�2�b �i�?�2 �i�v�T�2�@�A �M�m�H�H �}�2�H�/�b �7�Q�` �� �;�B�p�2�M
�b�T�B�M�X �h�v�T�2�@�A�A �M�m�H�H �}�2�H�/�b ���`�2 �2���b�B�H�v �Q�#�i���B�M�2�/ �#�v ���T�T�H�v�B�M�; �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �/�m���H�B�i�v �i�Q �i�v�T�2�@�A
�M�m�H�H �}�2�H�/�b�X

�A�M �i�?�2 �b�B�K�T�H�2�b�i �+���b�2 �Q�7j= 0�- �i�?�2 �b�B�M�;�H�2 �2�[�m���i�B�Q�Ml 2
0,0 = 2l 0,� 1l 0,1 �/�2�b�+�`�B�#�2�b �� �;�2�M�2�`�B�+ �`���M�F�@�j

�[�m���/�`�B�+ �B�MCP2�- �Q�` �� �+�Q�M�2 �Q�p�2�` �� �b�T�?�2�`�2CP1 �B�M�b�B�/�2 �i�?�2 �T���`���K�2�i�2�` �b�T���+�2C3�X �6�Q�` �?�B�;�?�2�` �b�T�B�M�-
�i�?�2 �K�Q�/�m�H�B �b�T���+�2 �Q�7 �i�v�T�2�@�A �M�m�H�H �}�2�H�/�b �`�2�K���B�M�b �� �+�Q�K�T�H�2�i�2�@�B�M�i�2�`�b�2�+�i�B�Q�M �T�`�Q�D�2�+�i�B�p�2 �p���`�B�2�i�v �Q�7
�+�Q�K�T�H�2�t �/�B�K�2�M�b�B�Q�M2j+ 1�X

�q�2 �+�Q�M�+�H�m�/�2 �i�?�2 �a�2�+�i�B�Q�M �r�B�i�? �� �/�B�b�T�H���v �Q�7 �i�v�T�B�+���H �}�2�H�/ �H�B�M�2�b �U�b�2�2 �6�B�;�m�`�2�8�X�j�V �7�Q�` �� �i�v�T�2 �A
j= 1

2 ���M�/j= 1 �M�m�H�H �}�2�H�/ ���it= 0�X �6�Q�`t6= 0 �i�?�2 �T�B�+�i�m�`�2�b �;�2�i �b�K�Q�Q�i�?�H�v �/�B�b�i�Q�`�i�2�/�X

5.5 Flux transport

�q�2 �?���p�2 �b�2�2�M �i�?���i �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �2�M�2�`�;�v �B�b �`���/�B���i�2�/ ���r���v ���H�Q�M�; �i�?�2 �H�B�;�?�i�@�+�Q�M�2�b�X �G�2�i �m�b
�i�`�v �i�Q �[�m���M�i�B�7�v �B�i�b ���K�Q�m�M�i �Q�p�2�` �7�m�i�m�`�2 �M�m�H�H �B�M�}�M�B�i�vI + �X �"�2�7�Q�`�2 �T�`�Q�+�2�2�/�B�M�; �7�m�`�i�?�2�` �r�2 �M�Q�i�2
�/�Q�r�M �i�?�2 �/�2�i�2�`�K�B�M���M�i �Q�7 �i�?�2 �C���+�Q�#�B���MJ (4.1.13)

j�/�2�iJj =
p2� q2

`2 =
g2

`2 =
sin2t

t2 =
sin2c

r2 �r�B�i�? g2 = p2� q2 (5.5.1)

���M�/ �i�?�2 �b�T�?�2�`�B�+���H �J�B�M�F�Q�r�b�F�B �+�Q�K�T�Q�M�2�M�i�b

A t = A t Jt
t + A c Jc

t , Ar = A t Jt
r + A c Jc

r , Aq = A q , A f = A f , (5.5.2)

7These are the generic solutions. There exist also special solutions given by (5.4.6) and l m,n = 0 for jnj 6=
j+ 1, for arbitrarily selected choices of m 2 f� j, . . . , jg.
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FIGURE 5.3: Sample electric (red) and magnetic (green) �eld lines at t= 0. Left: a pair of electric

and a pair of magnetic �eld lines for the ( j; m, n) =
�

1
2; 1

2, 3
2

�

R
�eld con�guration. Right: a pair of

electric �eld lines, a magnetic �eld line of self-linking one and a magnetic �eld line of self-linking
seven for the ( j; m, n) = ( 1; 0, 2)R �eld con�guration.

�Q�` ���M�v �Q�i�?�2�` �b�m�+�? �i�2�M�b�Q�` �+�Q�K�T�Q�M�2�M�i ���`�B�b�B�M�; �/�m�2 �i�Q(4.1.13)�X �6�Q�` �H���i�2�` �m�b�2�- �r�2 ���H�b�Q �M�Q�i�2 �?�2�`�2
�i�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �Q�7 �i�?�2 �p�Q�H�m�K�2 �7�Q�`�K

d4x = dt r 2dr d2W2 = r2 j�/�2�iJj � 1dt dc d2W2 = sin2c j�/�2�iJj � 2dt dc d2W2 =
`4

g4 dt d3W3 .

(5.5.3)

�h�?�2 �2�M�2�`�;�v �~�m�t ���i �i�B�K�2t0 �T���b�b�B�M�; �i�?�`�Q�m�;�? �� �i�r�Q�@�b�T�?�2�`�2 �Q�7 �`���/�B�m�br0 �+�2�M�i�2�`�2�/ ���i �i�?�2 �b�T���i�B���H
�Q�`�B�;�B�M �B�b �;�B�p�2�M �#�v

F (t0, r0) =
Z

S2(r0)
d2~s �

� ~E � ~B
�
(t0, r0, q, f ) =

Z

S2
r2
0 d2W2 T(M )

t r (t0, r0, q, f ) , (5.5.4)

�r�?�2�`�2d2W2 = sin qdqdf �- ���M�/T(M )
t r �B�b �i�?�2(t, r) �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �J�B�M�F�Q�r�b�F�B�@�b�T���+�2 �b�i�`�2�b�b�@

�2�M�2�`�;�v �i�2�M�b�Q�`

T(M )
m n = FmrFnl grl � 1

4gmnF2 �r�B�i�? (gmn) = �/�B���;(� 1, 1,r2, r2 sin2q) (5.5.5)

�7�Q�m̀, n, . . . 2 f t, r, q, f g�X �q�2 �+���`�`�v �Q�m�i �i�?�B�b �+�Q�K�T�m�i���i�B�Q�M �B�M �i�?�2S3�@�+�v�H�B�M�/�2�` �7�`���K�2 �#�v �m�b�B�M�;
�i�?�2 �+�Q�M�7�Q�`�K���H �`�2�H���i�B�Q�M�b

`2 T(dS)
m n = t2 T(M )

m n = sin2t T(cyl)
m n = sin2t T(cyl)

m n Jm
mJn

n �7�Q� m̀, n 2 f t , c , q, f g (5.5.6)

�r�B�i�? �i�?�2 �C���+�Q�#�B���M(4.1.13) ���M�/ �i�?�2 �7���+�i �i�?���ir sin t = t sin c �b�Q �i�?���i

F (t 0, c0) =
Z

S2
sin2c d2W2 T(cyl)

t r (t 0, c0, q, f ) =
Z

S2
sin2c d2W2 T(cyl)

m n Jm
t Jn

r . (5.5.7)

�� �b�i�`���B�;�?�i�7�Q�`�r���`�/ �+�Q�K�T�m�i���i�B�Q�M �m�b�B�M�;(gmn) = �/�B���;(� 1, 1, sin2c, sin2c sin2q) �i�?�2�M �v�B�2�H�/�b

F (t 0, c0) =
p q
`2

Z
d2W2

�
(F tq )2 + ( F cq)2 + 1

sin2q

�
(F tf )2 + ( F cf )2� �

+
p2+ q2

`2

Z
d2W2

�
F tq F cq + 1

sin2q
F tf F cf

�
.

(5.5.8)
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�h�?�2 �b�T�?�2�`�2�@�7�`���K�2 �+�Q�K�T�Q�M�2�M�i�bF mn �+���M �#�2 �+�Q�K�T�m�i�2�/ �#�v �2�t�T���M�/�B�M�;ea = ea
m dxm �B�M

F = Ea ea^ et + 1
2 Ba #a

bceb^ ec = F mn dxm^ dxn �r�B�i�? xn 2 f t , c , q, f g . (5.5.9)

�h�?�2 �2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2 �~�m�t �B�M �b�T�?�2�`�2�@�7�`���K�2 �}�2�H�/�b �i�?�2�M �#�2�+�Q�K�2�b

`2 F = p q sin2c
Z

S2
d2W2

h
(sin f E1 � cosf E2)2 + ( cosqcosf E1 + cosqsin f E2

� sin qE3)2 + ( sin f B1 � cosf B2)2

+ ( cosqcosf B1 + cosqsin f B2 � sin qB3)2
i

+ ( p2+ q2) sin2c
Z

S2
d2W2

h
(sin f B1 � cosf B2)(cosqcosf E1

+ cosqsin f E2 � sin qE3) � (sin f E1 � cosf E2)

� (cosqcosf B1 + cosqsin f B2 � sin qB3)
i

.

(5.5.10)

�h�?�2 �i�Q�i���H �2�M�2�`�;�v �~�m�t ���+�`�Q�b�b �7�m�i�m�`�2 �M�m�H�H �B�M�}�M�B�i�v �B�b �Q�#�i���B�M�2�/ �#�v �2�p���H�m���i�B�M�; �i�?�B�b �2�t�T�`�2�b�b�B�Q�M
�Q�MI + ���M�/ �B�M�i�2�;�`���i�B�M�; �Q�p�2�` �B�i�X �A�M�i�`�Q�/�m�+�B�M�; �+�v�H�B�M�/�2�` �H�B�;�?�i�@�+�Q�M�2 �+�Q�Q�`�/�B�M���i�2�b

u = t + c ���M�/ v = t � c �b�Q �i�?���i t+ r = � ` cot v
2 ���M�/ t � r = � ` cot u

2
(5.5.11)

�r�2 �+�?���`���+�i�2�`�B�x�2I + ���b
�

t+ r ! ¥

t � r 2 R

�
,

�
u 2 (0, 2p )

v = 0

�
) p = q = sin2c ���M�/ g = 0 .

(5.5.12)
�6�m�`�i�?�2�` �M�Q�i�B�+�B�M�; �i�?���i

d(t � r) =
` du
p+ q

=
` du

1 � cosu
���M�/ sin2c = sin2 u� v

2 = 1
2

�
1 � cos(u� v)

�
,

(5.5.13)
�r�2 �K���v �2�t�T�`�2�b�b �i�?�B�b �i�Q�i���H �~�m�t ���b

F + =
Z ¥

� ¥
d(t � r) F

�
�
I + =

Z 2p

0

` du
1 � cosu

F ( u
2 , u

2 ) (5.5.14)

�i�Q �Q�#�i���B�M

F + =
1
8`

Z
du (1� cosu)2

Z
d2W2

h�
cosqcosf E1 + cosqsin f E2 � sin qE3 + sin f B1

� cosf B2
	 2 +

�
cosqcosf B1 + cosqsin f B2 � sin qB3 � sin f E1 + cosf E2

	 2
i

(5.5.15)
�h�?�2 �b�[�m���`�2 �#�`���+�F�2�i �2�t�T�`�2�b�b�B�Q�M ���#�Q�p�2 �+���M �#�2 �7�m�`�i�?�2�` �b�B�K�T�H�B�}�2�/ �7�Q�` �� �}�t�2�/ �b�T�B�M ���M�/ �i�v�T�2 �#�v
�2�K�T�H�Q�v�B�M�;(5.3.8) ���H�Q�M�; �r�B�i�?(5.1.9)�-(5.1.10)�-(5.1.6) ���M�/(5.1.7) �i�Q �;�2�i

F ( j)
+ =

W2

4`

Z
du (1� cosu)2

Z
d2W2

�
� � Z j

+ e� i f (1 � cosq) � Z j
� ei f (1 � cosq) �

p
2Z j

3 sin q
�
�2

,

(5.5.16)
�r�?�2�`�2 �i�?�2 �m�T�T�2�` �U�H�Q�r�2�`�V �b�B�;�M �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �� �i�v�T�2�@�A �U�i�v�T�2�@�A�A�V �b�Q�H�m�i�B�Q�M�X �A�M �i�?�2 �b�T�2�+�B���H �+���b�2
�Q�7j = 0 (W= 2) �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M �i�Q �i�?�2 �i�r�Q�@�b�T�?�2�`�2 �B�M�i�2�;�`���H �Q�M�H�v �+�Q�K�2�b �7�`�Q�K �i�?�2 �T���`�i �r�?�B�+�?
�B�b �B�M�/�2�T�2�M�/�2�M�i �Q�7(q, f )�- �B�X�2�X4

3

�
jZ0

+ j2 + jZ0
� j2 + jZ0

3j2
�
�- �b�Q �i�?���i �i�?�2 �B�M�i�2�;�`���i�B�Q�M �+���M �2���b�B�H�v �#�2
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�T�2�`�7�Q�`�K�2�/ �#�v �T���b�b�B�M�; �i�Q �i�?�2 ���/�D�Q�B�M�i �?���`�K�Q�M�B�+�bỸj;l ,M (4.1.37) ���M�/ �m�b�B�M�;(4.1.36) �i�Q �;�2�i

F (0)
+ =

16
3 `

2pZ

0

du sin4 u
2

�
�R0,0( u

2 )
�
�2

1

å
n= � 1

j l 0,nj2 =
8
`

1

å
n= � 1

j l 0,nj2 = E(0) . (5.5.17)

�h�?�2 �b���K�2 �2�[�m���H�B�i�vF + = E �+�Q�M�i�B�M�m�2�b �i�Q �?�Q�H�/ �i�`�m�2 ���b �r�2 �;�Q �m�T �B�M �b�T�B�Mj �U�r�2 �p�2�`�B�}�2�/ �B�i �7�Q�`
j= 1

2 ���M�/j= 1�V�- �i�?�m�b �p���H�B�/���i�B�M�; �i�?�2 �2�M�2�`�;�v �+�Q�M�b�2�`�p���i�B�Q�M¶mTm0 = 0�X

5.6 Trajectories

�:�B�p�2�M �� �F�M�Q�i�i�2�/ �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�- �� �M���i�m�`���H �[�m�2�b�i�B�Q�M �i�?���i ���`�B�b�2�b �B�b �?�Q�r
�/�Q �+�?���`�;�2�/ �T���`�i�B�+�H�2�b �T�`�Q�T���;���i�2 �B�M �i�?�2 �#���+�F�;�`�Q�m�M�/ �Q�7 �b�m�+�? �� �}�2�H�/�\ �q�2 �T�`�Q�+�2�2�/ �i�Q ���/�/�`�2�b�b
�i�?�B�b �B�b�b�m�2 �?�2�`�2 �#�v ���M���H�v�x�B�M�;�- �r�B�i�? �M�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M�b�- �i�?�2 �i�`���D�2�+�i�Q�`�B�2�b �Q�7 �b�2�p�2�`���H �U�B�/�2�M�@
�i�B�+���H�V �+�?���`�;�2�/ �T�Q�B�M�i �T���`�i�B�+�H�2�b �7�Q�` �i�?�2 �7���K�B�H�v �Q�7 �F�M�Q�i�i�2�/ �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b(5.1.17) �i�?���i �r�2
�2�M�+�Q�m�M�i�2�`�2�/ �#�2�7�Q�`�2�X �q�2 �r�B�H�H �+�Q�M�b�B�/�2�` �i�v�T�2 �A(5.1.6) �#���b�B�b �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b �U�m�T �i�Qj= 1 �7�Q�`
�b�B�K�T�H�B�+�B�i�v�V ���M�/ �i�?�2 �>�Q�T�7���_���¢���/�� �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M(5.1.25)�X

�A�M �b�Q�K�2 �Q�7 �i�?�2 �b�B�K�m�H���i�B�Q�M�b �r�2 �2�K�T�H�Q�v �i�?�2 �K���t�B�K�m�K �Q�7 �i�?�2 �2�M�2�`�;�v �/�2�M�b�B�i�v ���i �i�B�K�2t�- �B�X�2�X
Emax(t) �U�i�?���i �Q�+�+�m�`�b ���i �b�2�p�2�`���H �T�Q�B�M�i�bxmax �i�?���i ���`�2 �H�Q�+���i�2�/ �b�v�K�K�2�i�`�B�+���H�H�v �r�B�i�? �`�2�b�T�2�+�i �i�Q
�i�?�2 �Q�`�B�;�B�M�V�- �7�Q�` �/�B�z�2�`�2�M�i �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b ���M�/ �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b�X �A�M �b�m�+�? �+���b�2�b �r�2 �?���p�2
�2�K�T�H�Q�v�2�/ �� �T���`���K�2�i�2�`Rmax(t) �Q�7 �ó�K���t�B�K���H�ô �`���/�B�m�b �/�2�}�M�2�/ �p�B��

E (t, xmax(t)) = Emax(t) =) Rmax(t) := jxmax(t)j . (5.6.1)

�� �+�?���`���+�i�2�`�B�b�i�B�+ �7�2���i�m�`�2 �Q�7 �i�?�2�b�2 �#���b�B�b �F�M�Q�i �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �}�2�H�/�b �B�b �i�?���i �i�?�2�v �?���p�2 �� �T�`�2�@
�7�2�`�`�2�/z�@���t�B�b �/�B�`�2�+�i�B�Q�M �/�m�2 �i�Q �Q�m�` �+�Q�M�p�2�M�i�B�Q�M �i�Q �/�B���;�Q�M���H�B�x�2 �i�?�2J3 ���+�i�B�Q�M �B�M(4.1.28)�c �M�Q�i�B�+�2
�?�2�`�2 �i�?���i �i�?�2 �a�P�U�j�V �B�b�Q�K�2�i�`�v �b�m�#�;�`�Q�m�T�- ���M�/ �?�2�M�+�2 �B�i�b �;�2�M�2�`���i�Q�`�bJa�- ���`�2 �B�/�2�M�i�B�}�2�/ �Q�M �i�?�2
�+�v�H�B�M�/�2�` ���M�/ �i�?�2 �J�B�M�F�Q�r�b�F�B �b�B�/�2 ���b �b�?�Q�r�M �B�M(5.2.3)�X �h�?�B�b �B�b �+�H�2���`�H�v �2�t�2�K�T�H�B�}�2�/ �B�M �6�B�;�m�`�2
�8�X�9�- �r�?�2�`�2 �i�?�2 �2�M�2�`�;�v �/�2�M�b�B�i�vE := 1

2(E2 + B2) �/�2�+�`�2���b�2�b ���H�Q�M�; �i�?�2z�@���t�B�b�X ���b �� �`�2�b�m�H�i�- �i�?�2
�#���b�B�b �}�2�H�/�b ���H�Q�M�; �i�?�2z�@���t�B�b �U�B�X�2�XE(t, x= 0,y= 0,z) ���M�/B(t, x= 0,y= 0,z)�V ���`�2 �2�B�i�?�2�` �/�B�`�2�+�i�2�/
�B�M �i�?�2xy�@�T�H���M�2 �Q�` ���H�Q�M�; �i�?�2z�@���t�B�b�X �A�M �7���+�i�- �7�Q�` �2�t�i�`�2�K�2 �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b( j; � j, � ( j+ 1)) �-
�7�Q�` ���M�vj> 0�- �i�?�2 �}�2�H�/�b ���H�Q�M�; �i�?�2z�@���t�B�b �p���M�B�b�? �7�Q�` ���H�H �i�B�K�2�b�X

FIGURE 5.4: Contour plots for energy densities at t= 0 (yellow), t= 1 (cyan) and t= 1.5 (purple) with
contour value 0.9Emax(t= 1.5). Left: Hopf–Ranãda con�guration, Center: ( j; m, n) = ( 1

2; � 1
2, � 3

2)R
con�guration, Right: ( j; m, n) = ( 1; � 1, 1)R con�guration.

�h�?�2 �i�`���D�2�+�i�Q�`�B�2�b �Q�7 �i�?�2�b�2 �T���`�i�B�+�H�2�b ���`�2 �;�Q�p�2�`�M�2�/ �#�v �i�?�2 �`�2�H���i�B�p�B�b�i�B�+ �G�Q�`�2�M�i�x �2�[�m���i�B�Q�M

dp
dt

= q(E` + v � B` ) , (5.6.2)
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�r�?�2�`�2q �B�b �i�?�2 �+�?���`�;�2 �Q�7 �i�?�2 �T���`�i�B�+�H�2�-p = egmv �B�b �i�?�2 �`�2�H���i�B�p�B�b�i�B�+ �i�?�`�2�2�@�K�Q�K�2�M�i�m�K�-v �B�b �i�?�2
�m�b�m���H �i�?�`�2�2�@�p�2�H�Q�+�B�i�v �Q�7 �i�?�2 �T���`�i�B�+�H�2�-m �B�b �B�i�b �K���b�b�-eg = ( 1 � v 2) � 1/2 �B�b �i�?�2 �G�Q�`�2�M�i�x �7���+�i�Q�`�-
���M�/E` ���M�/B` ���`�2 �/�B�K�2�M�b�B�Q�M�7�m�H �2�H�2�+�i�`�B�+ ���M�/ �K���;�M�2�i�B�+ �}�2�H�/�b �`�2�b�T�2�+�i�B�p�2�H�v�X �q�B�i�? �i�?�2 �2�M�2�`�;�v
�Q�7 �i�?�2 �T���`�i�B�+�H�2Ep = egm ���M�/dEp/d t = qv � E�- �Q�M�2 �+���M �`�2�r�`�B�i�2 �U�8�X�e�X�k�V �B�M �i�2�`�K�b �Q�7 �i�?�2
�/�2�`�B�p���i�B�p�2 �Q�7v �(�j�j�) ���b

dv
dt

=
q

gm
(E` + v � B` � (v � E` ) v) . (5.6.3)

�1�[�m���i�B�Q�M�b �U�8�X�e�X�k�V ���M�/ �U�8�X�e�X�j�V ���`�2 �2�[�m�B�p���H�2�M�i�- ���M�/ �2�B�i�?�2�` �Q�M�2 �+���M �#�2 �m�b�2�/ �7�Q�` �� �b�B�K�m�H���i�B�Q�M �T�m�`�@
�T�Q�b�2�c �i�?�2�v �Q�M�H�v �/�B�z�2�` �#�v �i�?�2 �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �M�Q�M�H�B�M�2���`�B�i�v �B�Mv�X �A�M �M���i�m�`���H �m�M�B�i�bh̄= c= e0= 1�-
�2�p�2�`�v �/�B�K�2�M�b�B�Q�M�7�m�H �[�m���M�i�B�i�v �+���M �#�2 �r�`�B�i�i�2�M �B�M �i�2�`�K�b �Q�7 �� �H�2�M�;�i�? �b�+���H�2�X �q�2 �`�2�H���i�2 ���H�H �/�B�@
�K�2�M�b�B�Q�M�7�m�H �[�m���M�i�B�i�B�2�b �i�Q �i�?�2 �/�2 �a�B�i�i�2�` �`���/�B�m�b` �7�`�Q�K �2�[�m���i�B�Q�M(4.1.1) ���M�/ �r�Q�`�F �r�B�i�? �i�?�2
�+�Q�`�`�2�b�T�Q�M�/�B�M�; �/�B�K�2�M�b�B�Q�M�H�2�b�b �Q�M�2�b ���b �7�Q�H�H�Q�r�b�,

T :=
t
`

, X :=
x
`

, V :=
dX
dT

� v , E := `2E` , ���M�/ B := `2B` . (5.6.4)

�J�Q�`�2�Q�p�2�`�- �i�?�2 �}�2�H�/�b ���`�2 �b�Q�H�m�i�B�Q�M�b �Q�7 �i�?�2 �?�Q�K�Q�;�2�M�2�Q�m�b �U�b�Q�m�`�+�2�@�7�`�2�2�V �J���t�r�2�H�H �2�[�m���i�B�Q�M�b�-
�b�Q �i�?�2�v �+���M �#�2 �7�`�2�2�H�v �`�2�b�+���H�2�/ �#�v ���M�v �/�B�K�2�M�b�B�Q�M�H�2�b�b �+�Q�M�b�i���M�i �7���+�i�Q�`l �X �*�Q�K�#�B�M�B�M�; �i�?�2
���#�Q�p�2 �+�Q�M�b�B�/�2�`���i�B�Q�M�b�- �Q�M�2 �+���M �`�2�r�`�B�i�2 �U�8�X�e�X�k�V �U�Q�` ���M���H�Q�;�Q�m�b�H�v �U�8�X�e�X�j�V�V �7�m�H�H�v �B�M �i�2�`�K�b �Q�7
�/�B�K�2�M�b�B�Q�M�H�2�b�b �[�m���M�i�B�i�B�2�b ���b

d( egV )
dT

= k(E + V � B) , (5.6.5)

�r�?�2�`�2k = q`3l
m �B�b �� �/�B�K�2�M�b�B�Q�M�H�2�b�b �T���`���K�2�i�2�`�X �P�M�2 �+�Q�M�b�2�[�m�2�M�+�2 �Q�7 �i�?�B�b �T���`���K�2�i�2�` �B�b �i�?���i

�r�2 �+���M �i�m�M�2 �i�?�2 �p���H�m�2�b �Q�7 �2���+�? �Q�7 �i�?�2 �+�Q�M�b�i���M�i�b �b�2�T���`���i�2�H�v�X �A�M �T���`�i�B�+�m�H���`�- �r�2 �+���M �K���F�2 �i�?�2
�+�?���`�;�2 ���b �b�K���H�H ���b �M�2�2�/�2�/ �r�B�i�?�Q�m�i �+�?���M�;�B�M�;k �b�m�+�? �i�?���i �i�?�2 �2�z�2�+�i �Q�7 �i�?�2 �#���+�F�`�2���+�i�B�Q�M �Q�M
�i�?�2 �i�`���D�2�+�i�Q�`�B�2�b �#�2�+�Q�K�2�b �M�2�;�H�B�;�B�#�H�2�X ���b �7�Q�` �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b�- �r�2 �K�Q�b�i�H�v �r�Q�`�F �B�M �i�?�2
�7�Q�H�H�Q�r�B�M�; �i�r�Q �K���B�M �b�+�2�M���`�B�Q�b�,

�U�R�VN �B�/�2�M�i�B�+���H �+�?���`�;�2�/ �T���`�i�B�+�H�2�b �r�B�i�?V 0� V (T= 0)= 0 �H�Q�+���i�2�/ �b�v�K�K�2�i�`�B�+���H�H�v �U�r�B�i�? �`�2�@
�b�T�2�+�i �i�Q �i�?�2 �Q�`�B�;�B�M�V�- �Q�`

�U�k�VN �B�/�2�M�i�B�+���H �+�?���`�;�2�/ �T���`�i�B�+�H�2�b �r�B�i�?X0� X(T= 0)= 0 �r�B�i�? �T���`�i�B�+�H�2 �p�2�H�Q�+�B�i�B�2�b �/�B�`�2�+�i�2�/
�`���/�B���H�H�v �Q�m�i�r���`�/ �B�M �� �b�v�K�K�2�i�`�B�+ �7���b�?�B�Q�M �U�r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �Q�`�B�;�B�M�c �b�?�Q�r�M �B�M �+�Q�H�Q�`�2�/
���`�`�Q�r�b�V�-

�r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �j �b�m�#�@�+���b�2�b �7�Q�` �#�Q�i�? �Q�7 �i�?�2�b�2 �+�Q�M�/�B�i�B�Q�M�b�,

�U���V���H�Q�M�; �� �H�B�M�2�-

�U�"�V�Q�M �� �+�B�`�+�H�2 �Q�7 �`���/�B�m�br�-

�U�*�V�Q�M �� �b�T�?�2�`�2 �Q�7 �`���/�B�m�br�X

�q�2 �p���`�v �b�2�p�2�`���H �T���`���K�2�i�2�`�b �B�M�+�H�m�/�B�M�; �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �r�B�i�? �/�B�z�2�`�2�M�i �/�B�`�2�+�i�B�Q�M�b �Q�7 �H�B�M�2�b
���M�/ �T�H���M�2�b �7�Q�` �2���+�? �+�Q�M�}�;�m�`���i�B�Q�M�- �i�?�2 �p���H�m�2 �Q�7k�- ���M�/ �i�?�2 �b�B�K�m�H���i�B�Q�M �i�B�K�2 �B�M �Q�`�/�2�` �i�Q �b�i�m�/�v
�i�?�2 �#�2�?���p�B�Q�` �Q�7 �i�?�2 �i�`���D�2�+�i�Q�`�B�2�b�X �A�M �b�2�p�2�`���H �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b �b�i�m�/�B�2�/ �#�2�H�Q�r�- �r�2 �}�M�/ �i�?���i
Rmax(0) = 0�- �b�Q �r�2 �m�b�2 �� �b�K���H�H �`���/�B�m�br �7�Q�` �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �Q�7 �F�B�M�/ �U�R�V �i�Q �#�2 ���#�H�2 �i�Q
�T�`�Q�#�2 �i�?�2 �T���`�i�B�+�H�2�b ���`�Q�m�M�/ �� �`�2�;�B�Q�M �Q�7 �K���t�B�K�m�K �2�M�2�`�;�v �Q�7 �i�?�2 �}�2�H�/�X �A�M �i�?�B�b �b�+�2�M���`�B�Q�- �i�?�2
�2�z�2�+�i �Q�7 �i�?�2 �}�2�H�/ �Q�M �i�?�2 �i�`���D�2�+�i�Q�`�B�2�b �Q�7 �i�?�2 �T���`�i�B�+�H�2�b �B�b �K�Q�`�2 �T�`�Q�K�B�M�2�M�i�- ���b �2�t�T�2�+�i�2�/�- ���M�/
�i�?�B�b �?�2�H�T�b �m�b �m�M�/�2�`�b�i���M�/ �b�K���H�H �T�2�`�i�m�`�#���i�B�Q�M�b �Q�7 �i�?�2 �i�`���D�2�+�i�Q�`�B�2�b ���b �+�Q�K�T���`�2�/ �i�Q �� �T���`�i�B�+�H�2
�b�i���`�i�B�M�; ���i �`�2�b�i �7�`�Q�K �i�?�2 �Q�`�B�;�B�M�X �h�?�2 �2�z�2�+�i �Q�7 �i�?�2 �}�2�H�/�b �Q�M �T���`�i�B�+�H�2�b �b�i���`�i�B�M�; �M�2���` �i�?�2
�K���t�B�K�m�K �Q�7 �i�?�2 �2�M�2�`�;�v �/�2�M�b�B�i�v �B�b ���H�b�Q �K�Q�`�2 �T�`�Q�K�B�M�2�M�i �7�Q�`Rmax(0)6= 0�- ���b �B�H�H�m�b�i�`���i�2�/ �B�M
�6�B�;�m�`�2�8�X�8�X �J�Q�`�2�Q�p�2�`�- �7�Q�` �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �Q�7 �F�B�M�/ �U�k�V �r�2 �m�b�2 �i�?�2 �T���`�i�B�+�H�2 �B�M�B�i�B���H �b�T�2�2�/�b
�B�M �i�?�2 �`���M�;�2 �r�?�2�`�2 �B�i �B�b �U�B�V �M�Q�M�@�`�2�H���i�B�p�B�b�i�B�+�- �U�B�B�V �`�2�H���i�B�p�B�b�i�B�+ �U�m�b�m���H�H�v �#�2�i�r�2�2�M0.1 ���M�/0.9�V�-
���M�/ �U�B�B�B�V �m�H�i�`���`�2�H���i�B�p�B�b�i�B�+ �U�?�2�`�2�-0.99 �Q�` �?�B�;�?�2�`�V�X
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FIGURE 5.5: Simulation of N= 18 particles in scenario (1C) for ( 1
2; � 1

2, � 3
2)R with k= 10 and for

t 2 [0, 1]. Left: r= Rmax(0)� 0.447. Right:r= Rmax(0)/3.

�q�2 �Q�#�b�2�`�p�2 �� �p���`�B�2�i�v �Q�7 �/�B�z�2�`�2�M�i �#�2�?���p�B�Q�`�b �7�Q�` �i�?�2�b�2 �i�`���D�2�+�i�Q�`�B�2�b�- �b�Q�K�2 �Q�7 �r�?�B�+�? �r�2 �b�m�K�@
�K���`�B�x�2 �#�2�H�Q�r �r�B�i�? �i�?�2 ���B�/ �Q�7 �}�;�m�`�2�b�X �6�B�`�b�i�H�v�- �B�i �B�b �r�Q�`�i�? �M�Q�i�B�+�B�M�; �i�?���i�- �2�p�2�M �r�B�i�? ���H�H �}�2�H�/�b
�/�2�+�`�2���b�B�M�; ���b �T�Q�r�2�`�b �Q�7 �#�Q�i�? �b�T���+�2 ���M�/ �i�B�K�2 �+�Q�Q�`�/�B�M���i�2�b�- �B�M �K�Q�b�i �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b �r�2
�Q�#�b�2�`�p�2 �T���`�i�B�+�H�2�b �;�2�i�i�B�M�; ���+�+�2�H�2�`���i�2�/ �7�`�Q�K �`�2�b�i �m�T �i�Q �m�H�i�`���`�2�H���i�B�p�B�b�i�B�+ �b�T�2�2�/�b�X �h�?�2 �H�B�K�B�i �Q�7
�i�?�2�b�2 �m�H�i�`���`�2�H���i�B�p�B�b�i�B�+ �b�T�2�2�/�b �7�Q�` �?�B�;�?�2�` �i�B�K�2�b �/�2�T�2�M�/ �Q�M �i�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �}�2�H�/�b �U�b�2�2�-
�7�Q�` �2�t���K�T�H�2�- �6�B�;�m�`�2�8�X�e�V�X

FIGURE 5.6: Trajectory of a charged particle for ( 1
2; � 1

2, � 3
2)R con�guration with initial conditions

X0=( 0.01, 0.01, 0.01) and V 0= 0 simulated for t 2 [� 1, 1]. Left: Particle trajectory. Center: absolute
velocity pro�le for k= 10. Right: absolute velocity pro�le for k= 100.

�q�B�i�? �}�t�2�/ �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �U�Q�7 �F�B�M�/ �U�R�V �Q�` �U�k�V�V ���M�/ �7�Q�` �?�B�;�?�2�` �p���H�m�2�b �Q�7k �Q�M�2 �+���M �2�t�T�2�+�i�-
�B�M �;�2�M�2�`���H�- �i�?���i �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �K���v �#�2�+�Q�K�2 �B�M�+�`�2���b�B�M�;�H�v �H�2�b�b �`�2�H�2�p���M�i�X �6�Q�` �b�Q�K�2
�}�2�H�/�b �+�Q�M�}�;�m�`���i�B�Q�M�b �r�2 �B�M�/�2�2�/ �7�Q�m�M�/ �i�?���i�- �r�B�i�? �B�M�+�`�2���b�B�M�;k�- �i�?�2 �T���`�i�B�+�H�2�b �;�2�i �K�Q�`�2 �7�Q�+�m�b�2�/
���M�/ ���+�+�m�K�m�H���i�2 �H�B�F�2 �� �#�2���K �Q�7 �+�?���`�;�2�/ �T���`�i�B�+�H�2�b ���H�Q�M�; �b�Q�K�2 �b�T�2�+�B�}�+ �`�2�;�B�Q�M �Q�7 �b�T���+�2 ���M�/
�K�Q�p�2 ���b�v�K�T�i�Q�i�B�+���H�H�v �7�Q�` �?�B�;�?�2�` �b�B�K�m�H���i�B�Q�M �i�B�K�2�b�X �h�?�B�b �B�b �2�t�2�K�T�H�B�}�2�/ �#�2�H�Q�r �r�B�i�? �i�r�Qj= 0
�+�Q�M�}�;�m�`���i�B�Q�M�b�, �i�?�2(0, 0,� 1) I �+�Q�M�}�;�m�`���i�B�Q�M �B�M �6�B�;�m�`�2�8�X�d�- ���M�/ �i�?�2 �>�_ �+�Q�M�}�;�m�`���i�B�Q�M �B�M
�6�B�;�m�`�2�8�X�3�X �q�2 �?���p�2 �p�2�`�B�}�2�/ �i�?�B�b �7�2���i�m�`�2 �M�Q�i �D�m�b�i �r�B�i�? �b�v�K�K�2�i�`�B�+ �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �Q�7
�T���`�i�B�+�H�2�b �H�B�F�2 �i�?���i �r�B�i�? �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �U�R�V ���M�/ �U�k�V �U���b �B�M �6�B�;�m�`�2�8�X�d�V�- �#�m�i ���H�b�Q �B�M �b�2�p�2�`���H
�B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b ���b�v�K�K�2�i�`�B�+ �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �Q�`�B�;�B�M�- �H�B�F�2 �T���`�i�B�+�H�2�b �H�Q�+���i�2�/ �`���M�/�Q�K�H�v
�B�M�b�B�/�2 �� �b�T�?�2�`�2 �Q�7 �}�t�2�/ �`���/�B�m�b ���#�Q�m�i �i�?�2 �Q�`�B�;�B�M �r�B�i�? �x�2�`�Q �B�M�B�i�B���H �p�2�H�Q�+�B�i�v�- ���M�/ �T���`�i�B�+�H�2�b
�H�Q�+���i�2�/ ���i �i�?�2 �Q�`�B�;�B�M �#�m�i �r�B�i�? �/�B�z�2�`�2�M�i �K���;�M�B�i�m�/�2�b �Q�7 �p�2�H�Q�+�B�i�B�2�b�X �6�B�;�m�`�2�8�X�3�B�b ���M �B�H�H�m�b�i�`���i�B�p�2
�2�t���K�T�H�2 �7�Q�` �#�Q�i�? �Q�7 �i�?�2�b�2 �H���i�i�2�` �b�+�2�M���`�B�Q�b �Q�7 ���b�v�K�K�2�i�`�B�+ �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b�X
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FIGURE 5.7: Simulation of N= 18 particles for (0, 0,� 1) I con�guration, with k= 100 and t 2 [0, 1].
Left: scenario (1C) with r= 0.1. Right: scenario (2C) with r= 0.75.

FIGURE 5.8: Simulation of N= 20 particles for (0, 0, 1) I con�guration, with k= 1000 andt 2 [0, 1].
Left: particles starting from rest and located randomly inside a solid ball of radius r= 0.01 (Rmax =
0). Right: particles located at origin and directed randomly (shown with colored arrows) with

jV 0j= 0.45.

�h�?�B�b �B�b �M�Q�i ���H�r���v�b �i�?�2 �+���b�2 �i�?�Q�m�;�?�X �6�Q�` �b�Q�K�2j= 1
2 ���M�/j= 1 �+�Q�M�}�;�m�`���i�B�Q�M�b�- ���M�/ �r�B�i�? �B�M�B�i�B���H

�T���`�i�B�+�H�2 �T�Q�b�B�i�B�Q�M�b �B�M �� �b�T�?�2�`�2 �Q�7 �p�2�`�v �b�K���H�H �`���/�B�m�b ���#�Q�m�i �i�?�2 �Q�`�B�;�B�M�- �r�2 ���`�2 ���#�H�2 �i�Q �Q�#�b�2�`�p�2
�i�?�2 �b�T�H�B�i�i�B�M�; �Q�7 �T���`�i�B�+�H�2 �i�`���D�2�+�i�Q�`�B�2�b �U�b�i���`�i�B�M�; �B�M �b�Q�K�2 �b�T�2�+�B�}�+ �b�Q�H�B�/ ���M�;�H�2 �`�2�;�B�Q�M�b ���`�Q�m�M�/
�i�?�2 �Q�`�B�;�B�M�V �B�M�i�Q �i�r�Q�- �i�?�`�2�2 �Q�` �2�p�2�M �7�Q�m�` �b�m�+�? ���b�v�K�T�i�Q�i�B�+ �#�2���K�b �i�?���i �+�Q�M�p�2�`�;�2 ���H�Q�M�; �b�Q�K�2
�T���`�i�B�+�m�H���` �`�2�;�B�Q�M�b �Q�7 �b�T���+�2 �U�/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �B�M�B�i�B���H �H�Q�+���i�B�Q�M �Q�7 �i�?�2�b�2 �T���`�i�B�+�H�2�b �B�M �Q�M�2 �Q�7
�i�?�2�b�2 �b�Q�H�B�/ ���M�;�H�2 �`�2�;�B�Q�M�b�V�X �h�`���D�2�+�i�Q�`�B�2�b �;�2�M�2�`���i�2�/ �#�v �i�r�Q �b�m�+�?j= 1 �+�Q�M�}�;�m�`���i�B�Q�M�b �?���p�2 �#�2�2�M
�B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�m�`�2�8�X�N�X

FIGURE 5.9: Simulation of N= 18 particles in scenario (1C) with r= 0.01 and for t 2 [0, 3]. Left:
(1, � 1, � 2)R con�guration with k= 500. Right: (1, � 1, � 1)R con�guration with k= 10.
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�L���i�m�`���H�H�v�- �i�?�2�`�2 ���`�2 ���H�b�Q �`�2�;�B�Q�M�b �Q�7 �m�M�b�i���#�H�2 �i�`���D�2�+�i�Q�`�B�2�b �7�Q�` �T���`�i�B�+�H�2�b �b�i���`�i�B�M�; �#�2�i�r�2�2�M �i�?�2�b�2
�b�Q�H�B�/ ���M�;�H�2 �`�2�;�B�Q�M�b �U�b�2�2 �6�B�;�m�`�2�8�X�R�y�V�- �r�?�B�+�? �;�2�M�2�`���H�H�v �B�M�+�H�m�/�2 �i�?�2 �T�`�2�7�2�`�`�2�/z�@���t�B�b�- �b�B�M�+�2 �B�M
�b�Q�K�2 �+���b�2�b �i�`���D�2�+�i�Q�`�B�2�b �i�?���i �b�i���`�i ���i �`�2�b�i �B�M �i�?�2z�@���t�B�b �M�2�p�2�` �H�2���p�2 �B�i�X

FIGURE 5.10: Simulation of N= 18 particles in scenario (1C) with k= 10, r= 0.01 and for t 2 [0, 3].
Left: ( 1

2; � 1
2, � 3

2)R con�guration. Right: (1, 0,� 2) I con�guration.

�q�2 �2�K�T�H�Q�v �i�?�2 �T���`���K�2�i�2�`Rmax (5.6.1) �B�M �i�?�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �6�B�;�m�`�2�b�8�X�R�R�- �8�X�R�k�- �8�X�R�j�- �8�X�R�9�-
�8�X�R�8�- ���M�/�8�X�R�e�7�Q�` �#�Q�i�? �F�B�M�/�b �Q�7 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �p�B�x�X �U�R�V ���M�/ �U�k�V �U�B�i �B�b �2�b�T�2�+�B���H�H�v �`�2�H�2�p���M�i
�7�Q�` �i�?�2 �7�Q�`�K�2�`�V �i�Q �m�M�/�2�`�b�i���M�/ �i�?�2 �2�z�2�+�i �Q�7 �}�2�H�/ �B�M�i�2�M�b�B�i�v �Q�M �T���`�i�B�+�H�2 �i�`���D�2�+�i�Q�`�B�2�b�X

FIGURE 5.11: Simulation of N= 11 particles in scenario (1A) with jX0j µ 0.025 (including one at the
origin), for ( 1

2; 1
2, 1

2) I con�guration ( Rmax = 0) with k= 10 and t 2 [� 1, 1]. Left: particles initially
located along z-axis (blue line). Right: particles initially located along some (blue) line in xy-plane.

�P�M�2 �p�2�`�v �B�M�i�2�`�2�b�i�B�M�; �7�2���i�m�`�2 �Q�7 �i�`���D�2�+�i�Q�`�B�2�b �7�Q�` �b�Q�K�2 �Q�7 �i�?�2�b�2 �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b �B�b �i�?���i
�i�?�2�v �i�r�B�b�i ���M�/ �i�m�`�M �B�M �� �+�Q�?�2�`�2�M�i �7���b�?�B�Q�M �Q�r�B�M�; �i�Q �i�?�2 �b�v�K�K�2�i�`�v �Q�7 �i�?�2 �#���+�F�;�`�Q�m�M�/ �}�2�H�/�X
�6�Q�` �T���`�i�B�+�H�2�b �r�B�i�? �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �Q�7 �F�B�M�/ �U�k�V�- �r�2 �b�2�2 �i�?���i �i�?�2�B�` �i�`���D�2�+�i�Q�`�B�2�b �i���F�2 �b�?���`�T
�i�m�`�M�b�- �m�T �i�Q �i�r�Q �i�B�K�2�b�- �r�B�i�? �K�B�H�/ �i�r�B�b�i�b �#�2�7�Q�`�2 �;�Q�B�M�; �Q�z ���b�v�K�T�i�Q�i�B�+���H�H�v�X �h�?�B�b �?���b �i�Q �/�Q
�r�B�i�? �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �b�i�`�Q�M�; �#���+�F�;�`�Q�m�M�/ �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �}�2�H�/�b �r�B�i�? �F�M�Q�i�i�2�/ �}�2�H�/ �H�B�M�2�b�X �h�?�B�b
�B�b �+�H�2���`�H�v �/�2�K�Q�M�b�i�`���i�2�/ �#�2�H�Q�r �B�M �6�B�;�m�`�2�b�8�X�R�k�- �8�X�R�j�- ���M�/�8�X�R�9�X �A�i �B�b �r�Q�`�i�?�r�?�B�H�2 �i�Q �M�Q�i�B�+�2
�B�M �6�B�;�m�`�2�8�X�R�k�i�?���i �i�?�2 �T���`�i�B�+�H�2 �r�?�B�+�? �r���b �B�M�B�i�B���H�H�v ���i �`�2�b�i �K�Q�p�2�b �m�M�T�2�`�i�m�`�#�2�/ ���H�Q�M�; �i�?�2
z�@���t�B�b�c ���;���B�M�- �i�?�B�b �?���b �i�Q �/�Q �r�B�i�? �i�?�2 �7���+�i �i�?���i �i�?�2�b�2 �}�2�H�/�b �?���p�2 �T�`�2�7�2�`�`�2�/z�@�/�B�`�2�+�i�B�Q�M�X �h�?�B�b
�7�2���i�m�`�2 �B�b �2�p�2�M �K�Q�`�2 �T�`�Q�M�Q�m�M�+�2�/ �B�M �6�B�;�m�`�2�8�X�R�j���M�/ �U�i�?�2 �`�B�;�?�i �b�m�#�}�;�m�`�2 �Q�7�V �6�B�;�m�`�2�8�X�R�9
�r�?�2�`�2 �r�2 �b�2�2 �i�?���i �T���`�i�B�+�H�2�b �r�B�i�? �m�H�i�`���`�2�H���i�B�p�B�b�i�B�+ �B�M�B�i�B���H �b�T�2�2�/�b ���`�2 �7�Q�`�+�2�/ �i�Q �i�m�`�M �U���H�K�Q�b�i
�p�2�`�i�B�+���H�H�v �m�T�r���`�/�b�V �/�m�2 �i�Q �i�?�2 �b�i�`�Q�M�; �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �}�2�H�/�X �h�?�2�b�2 �T���`�i�B�+�H�2�b �H���i�2�` �i���F�2 �p�2�`�v
�B�M�i�2�`�2�b�i�B�M�; �i�r�B�b�i�b �B�M �� �+�Q�?�2�`�2�M�i �K���M�M�2�`�X �h�?�B�b �i�r�B�b�i�B�M�; �7�2���i�m�`�2 �B�b �K�m�+�? �K�Q�`�2 �`�2�}�M�2�/ �7�Q�` �i�?�2
�+���b�2 �r�?�2�`�2 �B�M�B�i�B���H �T���`�i�B�+�H�2 �p�2�H�Q�+�B�i�B�2�b �r�2�`�2 �/�B�`�2�+�i�2�/ ���H�Q�M�; �i�?�2xy�@�T�H���M�2�X �>�2�`�2 ���H�b�Q�- �r�2 �+���M
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�b���7�2�H�v ���i�i�`�B�#�m�i�2 �i�?�B�b �#�2�?���p�B�Q�` �Q�7 �i�?�2 �T���`�i�B�+�H�2 �i�`���D�2�+�i�Q�`�B�2�b �i�Q �i�?�2 �b�T�2�+�B���H �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�b�-
�r�B�i�? �T�`�2�7�2�`�`�2�/z�@�/�B�`�2�+�i�B�Q�M�- �i�?���i �r�2 ���`�2 �r�Q�`�F�B�M�; �r�B�i�?�X

FIGURE 5.12: Simulation of N= 11 particles in scenario (2A) with jV 0j µ 0.025 in the direction of
(0, 1, 0) (including one at rest), for (1, 0, 0) I con�guration ( Rmax = 0), with k= 10. Left: t 2 [0, 1].

Right: t 2 [0, 3].

FIGURE 5.13: Simulation of N= 10 particles in scenario (2B) with r= 0.99 for (1, � 1, 1)R con�gura-
tion with k= 100 andt 2 [0, 3]. Left: normal direction is y-axis. Right: normal direction is z-axis.

FIGURE 5.14: Simulation of N= 18 particles in scenario (2C) for (1, 0, 0) I con�guration and t 2 [0, 2].
Left: r= 0.1 andk= 10. Right: r= 0.99 andk= 100.
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