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Variational Derivatives and Currents
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Why?

Why does a Chern-Simons mass in three dimensions not contribute to the
energy momentum tensor?



Jet-Space
Fields \p € F are differentiable maps
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and define a corresponding map 1, the prolongation to the jet-space
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Higher Jet-space Jx = {Base, Target, derivatives up to korder} = mJo



Local Action

The Lagrangian density L is a function of jet-space
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which gives rise to the local action S
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The equations of motion state that the Euler-derivative of the Lagrangian
vanishes for physical fields
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Noether Theorem

Infinitesimal transformations 1 are maps of the jet-space to R"
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They are infinitesimal symmetries of the action S < K™ :
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To each infinitesimal symmetry of the action there corresponds a conserved
current and vice versa.



Second Noether Theorem

Infinitesimal gauge symmetry, if 61 is linear in an arbitrary function ¢

NP = ER + (0m&)R™ .

To each infinitesimal gauge symmetry of the action there corresponds an identity
among the Euler derivatives of the Lagrangian and vice versa.

0 oL oL oL
=~ _ 6 =~ — R— — am RmA — y
( ww) w2

& N N

e.g. electromagnetism 0,,,(0,F™") = 0, gravity D,,G™" = 0.
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Frozen Gauge Theories
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background gauge fields with infinitesimal symmetries, 0Ax = 0,

aLmatter | Km—|— a an L —EyRm 6£Jmatter
| n —

.mrii =0 i =
] gd d) aamd)1 Ak aAk

In frozen gauge theories the Noether current is, up to improvement terms, the
variational derivative with respect to the gauge field.



Example

In gravitational theories, the gauge field is the metric g, and transforms as

Ogk1t = & 0ngrt + Ok&E"gnt + 1&gk = &M 0ngia + Ry Om&™

RTTgkl — 6]1219Tl1 + 611ngnk .
The current, corresponding to infinitesimal isometries & of gmn = Mmn, IS the

energy-momentum tensor contracted with the Killing field
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Charges from Boundary Values
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Q= J d” 'xj° = J d” 'x9;B% = J d”*xnB% .
xO=const xO=const oV

In gauge theories, charge is determined by boundary values.

B°' unique up to 0y CY.



Gravitational Energy Momentum Complex

Gravitational energy density cannot be covariant, because gravitational effects
can be made to vanish along each chosen geodesic.

D JT™ =0

Violation of the conservation of energy and momentum of matter by
gravitational effects (by exchange?).

Do the Einstein equations contain exact conservation laws?

C™ =f(g) G™ —kt™, 0nC™ =0, g=|detg | .

C™ = C"™ and 0,C™" =0 & C™ = 9 X ™"
Xklmn _ _Xlkmn _ _Xklnm Xklmn un lekn 1 kaln — 0.

Noncovariant identity which holds in all coordinate systems.



Proof of the Symmetric ldentity

C™ = 9, B*™" for all n, with BK™ = —Bmkn Cmn — Cnm implies
ak(Bkmn L Bknm) — 0 ,
so for each pair mn
Bkmn . Bknm _ _zal Alkmn Alkmn _ Aklmn _ Alknm .
Solve for Bkmm
Bkmn _ _al( Alkmn un Almnk . Alnkm) .
For C™ = 0, B*™" this means

Cmn _ akal(Almkn N Aknlm) _ akalxlmkn .



Determination of X"
f(g) G™ — kt™" = 0,0, X"™™,
|.h.s.: two derivatives — X"™*™ no derivatives
X" =h(g) (g"g™" —g™g™).

Comparison of 00g-terms: h = —f/2 and gj—g = h,
l.e. T and h homogeneous of degree 1. Using y™" = ,/gg™", one has
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Landau Lifschitz Energy Momentum Complex
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t% not definite. Static gravitational energy density is negative (Newton).
Gravitational Waves in flat space-time to be investigated.



Transformation of the Energy Momentum Complex
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Conservation Laws
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Conserved charges (ADM-mass)
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are determined by boundary values
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Corresponding symmetries: 8,01 = LynQig, V' = y™01.



Crucial (Kreuzer) Lemma

Let (O and 1 denote invariant differential forms in jet-spaces with star-shaped
base and target manifold, which depend on tensors only

dQ =0< Q = Ld°x+P(F) +dn .

P invariant polynomial in F = %dxmdxn(amAn — 0nAm — [Anm, Al
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P(F)+dn=0<P(F)=0=dn.

Proof to long to be given here: Part of a series of lectures (available).

0< L =P(F)+dn,

Enumerates all topological densities, e.g. D = 4, gravity,
\/ﬁRkImnRrstuemnTS eklst 1 Rmm‘sRklsremnkl :

Conerstone to determination of all anomaly candidates.



