Leibniz

Universitat
Hannover

Quantum algorithms for combinatorial
optimisation

Von der Fakultat fiir Mathematik und Physik
der Gottfried Wilhelm Leibniz Universitat Hannover zur Erlangung des Grades

Doktor der Naturwissenschaften

Dr. rer. nat.

genehmigte Dissertation von

M.Sc. Lennart Binkowski

2026



Referent: Prof. Dr. Tobias J. Osborne
Korreferent: Prof. Dr. rer. nat. Heribert Vollmer
Korreferent: Prof. Dr.-Ing. Robert Wille

Tag der Disputation: 02.03.2026



Abstract

Combinatorial optimisation constitutes a central class of computational problems with
broad relevance across science and industry, combining foundational theoretical interest
with significant real-world impact. Many problems of practical importance admit
concise mathematical formulations, yet resist efficient classical solution methods due to
their NP-hard structure. Quantum computing offers several algorithmic paradigms that
promise structural speedups for such problems. Most quantum and hybrid frameworks
fall into one of the following three categories: algorithms based on continuous adiabatic
evolution, such as quantum annealing; circuit-based variational quantum algorithms;
circuit-based approaches based on Grover’s algorithm. These three algorithmic families
are conceptualised for different kinds and generations of quantum architectures, often
studied in isolation from each other and from preexisting sophisticated classical meth-
ods. This thesis develops a unified, predominantly circuit-based treatment of quantum
algorithms for combinatorial optimisation, with a particular focus on principled de-
sign transfers between near-term parametric algorithms and far-term fault-tolerant
approaches.

Starting from the Boolean circuit model, reversible and quantum circuit formulations
are derived that allow for precise size and depth analysis of classical control logic,
reversible embeddings, and quantum realisations of Boolean and pseudo-Boolean
functions. These constructions form a common backbone for optimisation algorithms
based on adiabatic evolution, variational principles, and amplitude amplification.

Adiabatic quantum computation is analysed within this circuit framework, leading to
explicit convergence conditions and resource bounds for discretised adiabatic evolutions
driven by pseudo-Boolean cost functions of bounded degree. Variational quantum
algorithms are then revisited with an emphasis on feasibility-preserving operations
and mixing families. In this context, a novel class of exhaustive variational quantum
algorithms is introduced, characterised by finite parameterisations that provably reach
optimal solutions. These constructions naturally induce state-preparation routines
that guarantee to generate superpositions of all feasible solutions.

Finally, Grover’s algorithm and its generalisations are studied as optimisation methods,
highlighting their structural dependence on feasible-state preparation and their concep-
tual proximity to variational and adiabatic approaches. By establishing explicit design
transfer principles between these paradigms, this thesis provides a unified perspective
on quantum optimisation algorithms, accompanied by concrete circuit constructions
and quantitative resource analyses.

Keywords: circuit model, combinatorial optimisation, Grover’s algorithm, quantum
amplitude amplification, quantum computing, variational quantum algorithms
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CHAPTER 1

Introduction

Quantum algorithms for combinatorial optimisation form a rapidly expanding research
front at the intersection of computer science, operational research, and quantum
mechanics. Its mathematical accessibility and predicted real-world impact attract
computer scientists, mathematicians, physicists, and domain experts across various
industries. From a theoretical point of view, the formal description of quantum
algorithms requires fundamentally new, physically inspired computational models
with their own interesting complexity classes. The formal analysis predicts, in part,
structural speedups over conventional algorithms for industrially relevant problems,
which is generating increased economic interest in the topic.

Combinatorial optimisation problems are discrete optimisation tasks that typically
involve additional constraints. These problems arise frequently in industrial contexts,
such as logistics, cryptography, and scheduling. They are, furthermore, well-studied
objects within classical theoretical computer science and have been the focus of
decades of research since the formalisation of models of computations in the 1930s,
predominantly by Church [1], Turing [2], Shannon [3], and Post [4]. Most notably,
many industrially relevant use cases have been shown to belong to the class of NP-
hard problems for which no known algorithms scale subexponentially with instance
size. Nevertheless, for some particularly well-researched examples, such as the famous
travelling salesperson problem, powerful tools exist that can solve instances with
thousands of variables [5] (close) to optimally despite their theoretical hardness.

In essence, genuine quantum algorithms utilise fundamental quantum phenomena such
as superposition and entanglement to perform (some of) their calculations. These
concepts are not captured in conventional, classical models of computation such as
the Turing machine [2] or the Boolean circuit [3]. They require novel, inherently
quantum-mechanical models. The first formal description of an abstract quantum
computer — a device capable of running a quantum algorithm — was given in 1985 by
Deutsch’s quantum Turing machine [6], inspired by Benioff’s [7, 8] quantum-mechanical
description of a classical (reversible) Turing machine [9]. Shortly afterwards, Yao
introduced the quantum circuit model [10].

Page 1 of 133



Chapter 1 Introduction

One of the earliest conceptualisations of a quantum computer was by Feynman [11],
who noted that classical computers’ inherent difficulties in capturing the dynamics
of quantum systems. As a recourse, he proposed simulating quantum systems using
other, controllable quantum systems. The discipline of quantum simulation [12] is still
considered the most promising application area for quantum computers, potentially
delivering the first use cases with practical quantum advantage [13, 14, 15]. Roughly
speaking, a quantum advantage for a given problem exists when a physical quantum
computer either outperforms all available classical computers in time to solution, or
achieves a strictly superior solution quality within the time required by any classical
computer to produce an inferior result. The attribute practical is essential for excluding
synthetic problems without real-world impact, exclusively designed to be intractable
for conventional computers [16, 17, 18, 19, 20].

Shortly after the formalisation of models of quantum computation, the first quantum
algorithms were found that solve very specific, artificial problems provably exponentially
faster than any possible deterministic or even probabilistic classical algorithm. The
pioneering constructions were the Deutsch—Jozsa algorithm [21] for deciding whether a
given Boolean function is either constant or outputs zero in exactly half of the cases, and
Simon’s algorithm [22] for determining whether a given function is one-to-one or two-
to-one. In both cases, the problem description is purely classical. These early findings
indicated potential improvements over conventional computers for applications othen
than quantum simulation. And indeed, Shor’s landmark algorithm [23] established a
super-polynomial speedup over all known classical algorithms for prime factorisation
and calculating discrete logarithms. Unlike the tasks considered by Deutsch, Josza, and
Simon, these problems are of high practical relevant with vast impact on, e.g., many
public-key cryptography schemes [24]. A second seminal result is Grover’s algorithm
[25, 26], which yields a quadratic speedup over exhaustive search in a list. Since then,
Grover’s algorithm has sparked countless adaptations that carry the quadratic speedup
to other applications, including optimisation tasks [27].

Ultimately, a quantum algorithm can only perform as well as the hardware executing
it. However, building a large-scale, fault-tolerant quantum computer remains a major
technical challenge. Compared to classical machines, both the construction and
operation of quantum computers are far more demanding, mainly because quantum
systems are extremely sensitive to environmental noise. Present-day systems, often
called noisy intermediate-scale quantum (NISQ) devices [28], are highly constrained
in terms of qubit number, circuit depth, and runtime. As a compromise, researchers
have proposed hybrid algorithms — most prominently, variational quantum algorithms
[29] — that outsource several computational tasks to a classical machine to reduce the
demands on the quantum device. With steady advances in manufacturing processes and
quantum error correction, early fault-tolerant machines that reliably execute millions
of gates, dubbed megaquop machines [30], may be realised soon.
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Chapter 1 Introduction

In this thesis, I formulate and reiterate various quantum algorithms for combinatorial
optimisation problems, focusing on design transfer principles between “near-term” vari-
ational quantum algorithms and “far-term” Grover-based approaches. The treatment
of algorithms and their concrete implementations is as formal as necessary to give
precise resource counts and convergence/reachability criteria. The underlying model of
computation is derived from the Boolean circuit model. Its close connection to the
latter enables precise circuit synthesis results for representing Boolean functions as
control patterns, pseudo-Boolean functions as phase oracles, and bit string permutation
as permutation operators with quantitative resource analysis. These subroutines are a
recurring motif in both variational and Grover-type frameworks.

The second chapter introduces fundamental concepts of computer science, which
play an important role throughout the entire thesis. In Section 2.1, I introduce
important concepts and notations for Boolean functions and formally define the
computational model of Boolean circuits. Subsequently, I introduce an alternative model
of reversible circuits in Section 2.2, elevating the graph-theoretical description of Boolean
circuits to the level of reversible computing. I state concrete algorithms for translating
between my reversible circuit model. Furthermore, I discuss reversible embeddings
of Boolean functions and circuits, culminating in a precise resource calculation for
the reversible embedding of arbitrary Boolean circuits stated in Proposition 2.17.
Section 2.3 then connects the previously introduced computational models to the
common complexity classes P and NP for decision problems and formally introduces
combinatorial optimisation problems and associated concepts such as NP-hardness. In
Section 2.4, I summarise basic tools for analysing pseudo-Boolean functions with focus
on functions of bounded degree. Finally, Section 2.5 enumerates and details several
important NP-hard optimisation problems which will serve as exemplary problems
throughout the subsequent chapters.

In the third chapter, I develop the reversible circuit model further into a quantum-
computational model and derive various circuit syntheses with their precise resource
counts. First, I explain the concepts of qubits and multi-qubit systems in Section 3.1,
following the usual postulates of quantum mechanics. Then, in Section 3.2, I utilise the
remaining postulates to motivate an alternative definition of the quantum circuit model,
building on my model for reversible circuits. In addition, I introduce the important
concept of quantising classical reversible functions, discuss common elementary quantum
gates, and elaborate on the notion of quantum measurements. The tight connection
between the three circuit models allows rigorously relating the implementation costs
of quantum circuits for classical coherent control to the control function’s classical
description as stated in Proposition 3.8. Furthermore, I reiterate in Proposition 3.10
an optimised quantum circuit for implementing phase oracles of arbitrary pseudo-
Boolean functions and in Proposition 3.11 a novel construction for the special case of
bounded-degree functions.
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Chapter 1 Introduction

The fourth chapter establishes the framework of adiabatic quantum computation and
reviews its connection to the quantum circuit model. Section 4.1 discusses the historical
background of the Ising model as a combinatorial optimisation problem. In Section 4.2,
I discuss the quantum annealing framework, which, in retrospect, may be seen as a
special case of adiabatic quantum computation. Section 4.3 presents the full generali-
sation and introduces two adiabatic theorems. Most importantly, it presents sufficient
conditions for applying the “weaker” adiabatic theorem in Proposition 4.8. Finally,
Section 4.4 derives quantum circuit approximations of (quasi-)adiabatic time evolutions,
establishing a precise resource count in Theorem 4.11 for transitions described by two
pseudo-Boolean functions of bounded degree. Furthermore, it combines the conditions
enabling one of the adiabatic theorems with the circuit approximation scheme in order
to conclude with Proposition 4.12, a convergence guarantee for a broad class of suitably
discretised adiabatic transitions.

In the fifth chapter, I review the concept of variational quantum algorithms with focus
on the quantum alternating operator ansatz. After the recently proposed amplitude
amplification mixer framework and other extensions, I propose the novel framework of
exhaustive variational quantum algorithms along with a design transfer principle for
state preparation circuits. Section 5.1 reviews the pioneering quantum approximate
optimisation algorithm and several of its extensions from an adiabatic perspective.
These are predominantly formulated for unconstrained problems. Section 5.2 shifts the
focus towards constrained problems, introducing the concepts of feasible subspaces and
feasibility-preserving quantum operations. It reviews the concept of mixing families,
verifies that the Grover mixer satisfies this criterion, and derives sufficient mixing
conditions for its generalisation to the amplitude amplification mixer, as summarised
in Theorem 5.7. Section 5.3 concludes the chapter with the introduction of the novel
framework of exhaustive variational quantum algorithms, which can reach optimal
solutions exactly with finitely many parameters. As summarised in Corollary 5.11, the
design of any such algorithm can be reused for state preparation routines which are
guaranteed to cover all feasible solutions. I then give concrete examples of exhaustively
parameterised unitaries together with concrete quantum circuit constructions for several
optimisation problems.

The sixth chapter reviews Grover’s algorithm, its generalisation to quantum amplitude
amplification, and iterative variants suited for combinatorial optimisation. Especially
for the latter, it highlights the importance of (feasible) state preparation circuits across
hybrid optimisation frameworks. In Section 6.1, I focus on the original proposals for
decision problems, derive the iconic quadratic speedup of Grover’s algorithm over
exhaustive search, and point out connections to the framework of adiabatic quantum
computation. Building on the decision variants, Section 6.2 conceptualises how to
employ Grover-type algorithms for combinatorial optimisation and formulates similar
hybrid frameworks based on simulated annealing and tabu search.
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CHAPTER 2

Computer science

Computer science is a broad discipline at the intersection of mathematics, logic,
engineering, and physics, providing both the formal theory of computation and the
practical principles for constructing, analysing, and improving computational systems.
Modern computer science traces its origins to foundational work of the 1930s, in
particular Godel’s incompleteness theorem [31] which showed that no sufficiently
expressive formal system can be both complete and consistent. This result exposed the
need to clarify the notion of a “mechanical” procedure and motivated the development
of formal models of computation. In this context, Church’s A-calculus [1], Turing
machines [2], Post’s production system [4], and other frameworks were introduced.

These models are primarily of theoretical importance, providing a precise foundation
for defining computability and efficiency. Shannon’s switching-circuit model [3] offered
a more concrete but still rigorous abstraction by linking Boolean functions to physical
realisations in terms of gates and wires. Subsequent models, such as random access
stored program (RASP) machines [32], their simplification to random access (RAM)
machines [33], and pointer machines [34], capture aspects of real hardware more
faithfully at the cost of increased complexity. The circuit model sits at a favourable
point between conceptual simplicity and hardware-level realism.

A related development is reversible computing, originating from Landauer’s observation
that logical irreversibility entails a fundamental energy cost [35]. Bennett showed
how Turing-machine computations can be made logically reversible [9], and analogous
constructions apply to the circuit model.

This chapter introduces the circuit model as formalised by Vollmer [36], extends it
to a reversible variant that is more expressive than the standard formulation, and
provides a rigorous circuit-level analogue of Bennett’s reversible simulation. It further
presents the common notions and complexity classes for decision and combinatorial
optimisation problems, the basic tools for analysing pseudo-Boolean functions, and a
curated list of central optimisation problems.
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Chapter 2 Computer science

2.1 Boolean circuits

Throughout this thesis, N will denote the natural numbers without zero. Accordingly,
I set Ng :=NU{0}. Let b :={0,1} denote the binary alphabet — called a bit. For a
given n € N, b" is the set of all n-bit strings, i.e., binary words of length n, and

b= |J b" (2.1.1)

neNy

is the set of all bit strings, including the empty string € € b°. A subset L C b* is called
a (formal) language over b. The phrase decision problem is often used interchangeably
with formal language when discussing computational problems. This synonym is
justified by viewing a decision problem as the task of determining membership in a
language. The precise computational task would be to calculate 1 (x) for some given
bit string « € b* where 1, : b* — b is the indicator function of the subset L C b".
That is, 1;(x) = 1 if and only if € L.

In order to be consistent with the majority of programming literature, I will use
zero-based little-endian indexing for bit strings, that is @ = x,,_; - - - 1o, where € b"
and x; € b for all 7 € [n] .= {0,...,n — 1}. Analogously to how an n-bit string can be
written as the n-fold concatenation of single bits, two bit strings y € b™ and « € b"
can be concatenated to yield another bit string yx € b™*". Whenever possible, I
will mirror the relative positions between two or more concatenated bit strings within
the order of the summands of the resulting bit string’s length. That is, since y is of
length m and  is of length n, I write yx € b™"™ rather than yx € b""™. Substrings
of & € b" can be extracted by specifying an index subset I = {i), : k € [L]} C [n],

writing x; = x;, - x; , where i, < iy, for all k € [L —1]. Especially in the context
of specifying contiguous index subsets for substring extraction, I also introduce the
useful notation [n| ., ={i+m i€ n]}={mm+1,....,m+n—1}.

Definition 2.1. Let n € N. A function f : b" — b is called an n-ary Boolean function.
The Boolean constants 0,1 € b may be seen as 0-ary Boolean functions.

The two proper unary Boolean functions are the identity and the negation —. The
other two unary functions are simply the constant functions, ignoring their input.
In general, any k-ary function can be promoted to an n-ary Boolean function with
n > k, simply ignoring n — k of its inputs. As for the unary case, I shall call all n-ary
Boolean functions proper, which are not embedded functions of lower arity. Out of
the 16 binary Boolean functions, two are again embedded constant functions, and four
are embedded proper unary functions, respectively ignoring one of their inputs. The
remaining ten proper binary Boolean functions are summarised in Table 2.1.
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Chapter 2 Computer science

T Zg Ty N\ TV xy T, D xg Ty — Xg Ty < X
0 0 0 0 0 1 1
0 1 0 1 1 1 0
1 0 0 1 1 0 1
1 1 1 1 0 1 1
Ty X x1 T g 1 4 xg 1, ® g T, - Xg Ty - I
0 0 1 1 1 0 0
0 1 1 0 0 0 1
1 0 1 0 0 1 0
1 1 0 0 1 0 0

Table 2.1: Truth table of all ten proper binary Boolean functions. The five functions
below are the negated versions of the five functions above. The usual names for these
ten functions are, in order of appearance: AND, OR, XOR, left implication, right
implication, NAND, NOR, XNOR, left abjunction, right abjunction. The six functions
with capitalised names are more commonly used.

General Boolean functions are abstract mathematical objects. They do not come with
an intrinsic blueprint for implementing them in practice. In fact, their implementability
highly depends on the available set of elementary operations. Such elementary opera-
tions may, e.g., be some of the unary and binary Boolean functions introduced above.
In order to unambiguously define what functions are computable or even efficiently
computable, one requires a rigorous model of computation. It ideally encapsulates a
fine-grained notion of the minimal amount of resources — e.g. time, space, size, depth,
etc. — required to implement a given function using a predefined set of elementary
operations.

Historically, the most important computational model is arguably that of the Turing
machine, already defined in 1937 by Turing [2]. Turing machines are powerful theoretical
tools that provide a minimalist model of computation, but they are quite detached
from real-world computers. A more “practical” model is the circuit model, originating
from early works of Shannon [3], which formalises how conventional computers operate
on their lowest level of abstraction. While it might not be a good fit for analysing
algorithms and programs written in (comparatively) high-level programming languages
such as C or Python, it will definitely be expressive enough to rigorously analyse many
algorithmic primitives which are incorporated in more complex classical as well as
quantum algorithms. In addition, unlike Turing machines, it will allow for a more
graphical, hence more intuitive, treatment of many abstract concepts. The following
two fundamental definitions, as well as their interpretations, are directly taken from
Vollmer’s more modern introduction to the circuit model [36].
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Chapter 2 Computer science

Definition 2.2. Let B be a set of Boolean functions. A (Boolean) circuit over B with
n inputs and m outputs is a quintuple

C=(V,E ayw), (2.1.2)

where (V) E) is a finite directed acyclic graph (DAG), a : E — N is an injective
function, v: V = BU{z; : i € [n]},and w: V — {y; : j € [m]} U {*} so that

1. If v € V has in-degree 0, then y(v) € {x; : i € [n]} or v(v) is a 0-ary Boolean
function from B.

2. If v € V has in-degree k > 0, then y(v) is a k-ary Boolean function from B.
3. For every i € [n], there is at most one node v € V such that v(v) = z;.

4. For every j € [m], there is exactly one node v € V such that w(v) = y;.

A node v € V represents either an input gate, if y(v) € {z; : i € [n]}, or a (logic)
gate, if v(v) € B. The edges represent the wires between the input and computational
nodes. Namely, if there is an edge (u,v) € E, then the output of u — either one of the
inputs or the result of a computation — enters as an input for the gate located at v.
Therefore, it readily makes sense for the underlying graph (V, E) to be acyclic: A cycle
would mean that at least two gates require each other’s output as input, which would
render any evaluation impossible. The in-degree of a node v is called its fan-in and
has to match the arity of v(v). The out-degree of v is called its fan-out and can be
arbitrary as long as the underlying graph remains acyclic. In addition to its y-label, a
node v can be marked by w as an output gate, namely if w(v) # *. Unlike the input
labels x, ..., x,_1, all of the m output labels y, ..., y,,_; have to be assigned (exactly
once). Note that output nodes can have fan-out > 0, i.e., their values can be further
processed by the circuit. Finally, the injective function o imposes an order on the
edges E. This construction will be sufficient for prescribing the order in which gates
receive their inputs and is important whenever a gate is not symmetric, i.e., whenever
its output depends on the ordering of its inputs.

The definition of Boolean circuits on top of graphs definitely helps depict them more
intuitively. One usually arranges the nodes of the underlying acyclic graph such that all
edges, depicted as solid lines, either run from top to bottom or vice versa. Here I choose
the first option. Nodes are depicted as circles with their respective gamma-labels.
Output nodes are represented by a double circle with their output label y; written
next to it. If required, the edges are directly annotated with their respective a-label.
An exemplary Boolean circuit over {0, =, A, —} with three inputs and three outputs is
depicted in Figure 2.1.
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Chapter 2 Computer science

:y2

Figure 2.1: Exemplary Boolean circuit over B = {0, -, A, —} with three inputs and
three outputs. The underlying graph (V) E) has eight nodes V = {v; : i € [§]}
and seven edges £ = {(vg,v3), (v1,v3), (v1,04), (V2,04), (v3,06), (V4 v7), (vs,v7) } with
edge labels a(vg,v3) = 0, a(vy,v3) = 1, a(vy,vy) = 3, a(ve,vy) = 2, a(vs,v5) = 5,
a(vy,v;) =4, and a(v5,v7) = 6. The node labels are given by v(vg) = g, v(v1) =z,
(1) = 13, (v3) = 3(v7) = A, ¥(0s) =, 7(v5) = 0, and () = —. The outputs are
given by w(vs) = yo, w(ve) = y1, and w(vy) = ys.

1

Ultimately, a Boolean circuit with n inputs and m outputs is a concrete implementation
of a function f : b"™ — b™. That is formalised in the following definition.

Definition 2.3. Let B be a set of Boolean functions and let C' = (V| E, «,y,w) be a
Boolean circuit over B with n inputs and m outputs. The function computed by C,
fo :b" — b™, is defined for every z € b" via

fe(z) =val,  (z)---val, (2), (2.1.3)

where vy, ..., v,—1 € V are the unique nodes for which it holds that w(v;) = y;, for
J € [m] respectively, and val, : b" — b, v € V, is defined recursively as:

1. If v has in-degree 0 and ~(v) = z; for some ¢ € [n], then val,(z) = z;.

2. If v has in-degree 0 and ~y(v) = b is a O-ary Boolean function from B, then
val,(z) == b.

3. If v has in-degree k > 0, let ug, ..., u,_; € V be its predecessors ordered in such a

way that a(up_1,v) > -+ > a(ug,v) and let y(v) = f € B be the corresponding
k-ary Boolean function, then val,(z) == f(val,, (2)---val, (2)).
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Chapter 2 Computer science

Even though the function computed by a circuit C' is uniquely determined, the reverse
is not the case, even if the set B of elementary gates is fixed. For example, one can
quickly verify that the circuit depicted in Figure 2.1 computes the function f : b* — b?,
Tow17g + 0(=(21 A 20)) (21 A ), simply because val, = val, Aval, =0Aval, =0.
Hence, an alternative circuit computing the same function would be restriction of
the original circuit to the node set {vg, vy, v3, vs, v6} and setting w(vs) = y, instead.
Analogously, one can build arbitrarily complex circuits computing the same function.
Qualitatively, the only important point is that the target function f can indeed be
implemented by some circuit over {0, =, A, —}. The question of whether every Boolean
function can be computed by any circuit over the given elementary gate set is the
motivation for the following definition.

Definition 2.4. A set B of Boolean function is called a universal gate set if and only
if, for every n € N and for every n-ary Boolean function f there exists a Boolean circuit
C over BU {id} with n inputs and one output so that fo = f.

The inclusion of the unary identity in the above definition is necessary in order also
to cover functions of arity lower than that of every member of B. Namely, if I wish
to input the output of some node v k-times to a node w whose v-label is of arity
>k, I can do so by introducing k — 1 identity nodes, connecting v to all of them, and
finally connecting v as well as all identity nodes to w. Alternatively, one could define
multi-edges so that a nodescan supply its output multiple times to its successors.

By viewing a function f : b" — b™ as an m-fold tuple of Boolean functions via
fr(x) = f(x);, one obtains that Boolean circuits over universal gate sets can compute
any such function simply by joining the individual circuits computing f; at their
input nodes. The most prominent minimal universal gate sets are the singletons {1}
and {|} as well as {—, A} and {—, V}. Furthermore, an interesting question is which
subsets of Boolean functions can be computed by non-universal gate sets. A complete
characterisation of all the (only finitely many) different subsets was already given in
1942 by Post [37]. For example, the set {A, —} fails to be universal and circuits over
this set can only implement truth-preserving functions f : b"™ — b, i.e., functions which

fulfil f£(1") = 1.

As a final remark, note that the computational model of Boolean circuits is inherently
irreversible: All k-ary Boolean functions with £ > 2 cannot be bijective by a simple
counting argument, and the proper unary functions alone cannot compute any proper
function of higher arity. Even though circuits over, e.g., {—=, A} can compute every
bijection f : b"™ — b", they do so in a fundamentally irreversible way. The next section
will introduce a reversible version of the Boolean circuit model and establish a thorough
connection between both computational models.
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2.2 Reversible circuits

In reversible computing, each computational step is must be bijective, thereby rendering
the entire calculation reversible. This discipline emerged after 1961 when Landauer
observed that — independently of the concrete computer architecture — there is an
energy dissipation of at least kg7 In(2) per logically irreversible bit operation [35],
where kg is the Boltzmann constant and 7' is the operating temperature. Assuming
that all other sources of energy dissipation are comparatively small, executing only
reversible operations could significantly lower a computer’s energy consumption. As will
be apparent in the next chapter, many concepts from the field of reversible computing
are also important in the context of quantum computing, justifying a deeper treatment
of the topic even if the Landauer limit should never become relevant in practice.

Following the definition of Boolean circuits, I will define their reversible analogue in a
graph-theoretical form. The essential idea is to replace Boolean functions as elementary
gates with bijections and to prohibit constant functions and implicitly copying values
via fan-out. That poses additional challenges for a clean definition. First, since
bijections on b" for n > 1 have multiple outputs, edges require now two labels: one
for determining to which output they correspond and one specifying as which input
they enter. The corresponding functions «, § — E are merely required to be locally
injective, meaning that for each node v € V', o should be injective on the subset of all
of v’s outgoing edges. Analogously, 3 should be injective on the subset of all of v’s
incoming edges. Second, to avoid the massive inclusion of identity nodes whenever gates
forward several of their outputs to the same successor, the reversible circuit version
allows multi-edges. That is, instead of working on a directed graph (V) E), they will
be defined on a directed multigraph (V) E|t, h), where edges have their own identity
(so that multiple edges can occur between two nodes). Their respective tail node and
head node are assigned by the functions ¢, h : £ — V. Each of the computation nodes
represents some k-ary bijection, where 1 < k£ < n, and will have k incoming edges as
well as k outgoing edges. Third, reversible circuits must not ignore any of their inputs
and must always have as many output nodes as input nodes. Like in the irreversible
case, input nodes must not have any ingoing edges. As fan-out is forbidden in the
reversible case, input nodes must have exactly one outgoing edge. Moreover, since each
computation node has the same in-degree as out-degree, there is an excess of outgoing
edges created by the input nodes. That requires the output nodes to be defined as
special nodes with an in-degree of one and an out-degree of zero. Accordingly, input
nodes, computation nodes, and output nodes are mutually disjoint so that I can collapse
the labelling functions v: V — {z; : i€ [n]}UBand w:V — {y; : j € [n]} U {*}
into a single function v : V' — {x; : i € [n]} UBU{y; : j € [n|}. That concludes the
adaptation of all ingredients of the Boolean circuit model to a reversible circuit model,
and is summarised in the following definition.
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Definition 2.5. Let B be a set of bijections. A reversible circuit over B with n inputs
is a septuple

C=(V,E t,h,a,B,7), (2.2.1)

where (V, E,t,h) is a finite directed acyclic multigraph (DAMG), a, 8 : E— N, and
v:V = BU{x; i€ n]}U{y; : j€[n]} so that

1. There are exactly n vertices with in-degree 0 and out-degree 1, and exactly n
vertices with in-degree 1 and out-degree 0. If v € V' has in-degree 0, there exists
an ¢ € [n| such that y(v) = x;; if v € V' has out-degree 0, there exists a j € [n]
such that y(v) = y;.

2. All other vertices have equal and non-zero in-degree and out-degree. If v € V
has in-degree = out-degree k, then v(v) is a k-ary bijection from 5.

3. For every v € V, it holds that a1, t~H(w) = [|t7(v)]] is injective.

4. For every v € V, it holds that ], - =l (v) — [|[h~ ' (v)]] is injective.

1 ) .
The above definition is intended to resemble the one for the irreversible case and is
not standard. The standard description of a reversible circuit is more compact and
utilises a global enumeration of the conserved number of bits. A more formal version
of the definition found in the literature [38] is the following: A reversible circuit over
some set B of bijections with n inputs is a cascade (f., L,):Zy of bijections f, € B
together with their input wires L, € [n]k(r), k(r) € N, where f, : b*™ — B for
every r € [s] respectively. The notation A™ := {(ag,...,ap_1) € A™ : a; # a; Vi #j}
is inspired by the falling factorial for natural numbers, ensuring that the wire labels
are mutually distinct. The ¢-th element of a bundle of wire labels L, prescribes which
wire is routed to the i-th input of the gate f,. In order to translate from Definition 2.5
to the standard definition, I define the labelling function which identifies each edge in
the underlying multigraph (V, E, ¢, h) with one of the globally enumerated input wires
in the standard definition.

Definition 2.6. Let B be a set of bijections and let C' = (V, E,t, h,«, 3,7) be a
reversible circuit over B with n inputs. The wire labelling ¢, : t~'(v) — [n] with
veV\Y '({y; : j € [n]}) is defined recursively as:

1. If v(v) = a; for some i € [n], then ¢,(e) = i.

2. If y(v) € B, then £,(e) = £,/ (¢') where ¢’ is the unique edge in h~'(v) so that
ale) = B(e).
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e v | Ly(e) e v | 4,(e) e v | 4,(e)
0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1
2 2 - 2 2 1 2 2 1
3 2 - 3 2 0 3 2 0
4 3 - 4 3 - 4 3 0

Figure 2.2: Exemplary iterative wire labelling for a reversible circuit over B = {f, g},
where f is a binary and g is a unary bijection. The underlying multigraph (V, E, t, h)
has six nodes V = {v; : i € [6]} and five edges E = {e; : i € [5]} with ¢(ey) = vy,
t(e1) = vy, t(ez) = tlez) = vy, tles) = v3, h(en) = hler) = vy, h(ez) = v3, hlez) = vy,
and h(ey) = vs.

Using the wire labelling, a reversible circuit given by Definition 2.5 can be “linearised”
into the standard formulation using Algorithm 1. The underlying multigraph (V, E ¢, h)
is explored in topological order, beginning from the set of all input nodes. Until all
output nodes are reached, the current node set U is successively enlarged by non-output
nodes in its ezclusive neighbourhood 9,U == {v € V\ U : h™*(v) C t(U)}. Such a
node, say v, corresponds to a single bijection to be added to the cascade. Correct
wiring is ensured by traversing all incoming edges of v in order of their beta-values
and collecting their wire labels in the same order.

Algorithm 1: Circuit linearisation(V, E, ¢, h, «, 5,7)
1 G+ [];
2 U<y Yz - i€ n));
s while 0,U # v '({y; : j € [n]}) do
a | pickwve (0U)\v " {y : j€lnl});
L1}
for e € h™'(v) do
| append £,)(e) to L;
end
append (y(v), L) to G;
10 U<+ UU{v};
11 end
12 return (G, n);

© W g & O«
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Algorithm 2: Circuit graphification((f,, L, )55, n)

1V 0; E+0; O+ 0
2 for i € [n] do

3 include new node v in V/;

a | ()

5 O+ O0uU{(i,v,0)};

6 end

7 for r € [s] do

8 include new node v in V;

o | Y(v) <+ [

10 1+ 0;

11 for [ € L, do

12 let (u,j) € V so that (I,u,j) € O;
13 include new edge e in E;

14 t(e) « u; h(e) < v; ale) « j; Ble) «i; i+ i+ 1;
15 O < (O\{(l,u,5)}) U{(l,v,5(e))};
16 end

17 end

18 for i € [n] do

19 include new node v in V;

20 | (V) &y

21 | let (u,j) € V so that (i,u,j) € O;

22 include new edge e in F;

23 t(e) < u; h(e) < v; ale) < j; Ble) < 0;
24 end

25 return (V. E t,h, o, 8,7);

Throughout the inverse process of “graphification” (see Algorithm 2), it is necessary to
track at which node each of the n wires is currently processed and at which position it
entered; this is dynamically recorded in a set O. Given a cascade (f,, L,):Z;, the first
step is to introduce the n input nodes and to mark the availability of the respective
wire at their O0-th position (lines 2-6). Then (lines 7-17), for each f,, a new node with
corresponding 7-label is introduced and connected to its predecessors via edges. In
doing so, one iterates over the labels L, and searches the already-constructed subgraph
for nodes where each label is available. This information is stored in the set O, which
provides the predecessor node and the edge’s a-value. The [-value corresponds to
the label index within L,. Now, the labels’ availability has to be transferred to the
just introduced node. Lastly (lines 18-24), the n output nodes are appended to the
graph and connected to the gate nodes, which hold the respective label. This last step
assumes that the wire of the i-th input also ends in the i-th output.
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()

Figure 2.3: Exemplary reversible circuit and its linearisation over B = {f, g}, where f
is a ternary and g is a binary bijection. The underlying multigraph (V, E, ¢, h) has nine
nodes V = {v; : i € [9]} and ten edges F = {e; : i € [10]} with t(ey) = vy, t(e;) = vy,
t(ex) = vy, h(ey) = h(er) = h(ey) = t(ez) = t(es) = t(es) = v3, hez) = hles) = vy,
t(es) = t(er) = vy, hles) = hler) = t(eg) = t(eg) = vs, h(es) = vs, h(eg) = vr, and
h(eg) = vg. The node labels are given by v(vg) = g, 7(v1) = @1, Y(vg) = X9, Y(v3) = f,

Y(vs) = v(v5) = g, Y(v6) = Yo, ¥(v7) = y1, and y(vs) = ys.

Next, I define how reversible circuits process a given input « € b". The subsequent
definition is formulated in analogy to Definition 2.3 for the irreversible case.

Definition 2.7. Let B be a set of bijections and C' = (V, E, t, h, «, 3,7) be a reversible
circuit over B with n inputs. The function computed by C, fC b" — b", is defined for
every z € b" via

fo(z) =val, (2)---val, (z), (2.2.2)

where vy, ...,v,_; € V are the unique nodes for which it holds that v(v;) = y;, j € [n],
and val, : b" — b*, v € V, is defined recursively as:

1. If v(v) = z; for some i € [n], then val,(z) == z;.

2. If y(v) = y; for some j € [n] with unique e € E such that h(e) = v, then
Valv(z> (Valt e)( )) (e)-

3. If v(v) = f € B with k& > 0 incoming edges e, ...,e,_; € E ordered such that
6(@) = i, 1 E [/{Z], then Valv(z) = f((valt(ek,l)(z))a(ek,l) s (Valt(eo)(Z))a(eo)).
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As a preliminary check, let me now prove that the function computed by a reversible
circuit is indeed a bijection. While this statement might seem trivial enough to omit
the proof, it provides a good initial test for the expressivity of the just-introduced
abstract mathematical model.

Lemma 2.8. Let B be a set of bijections and C = (V, E,t, h,«, 3,7) be a reversible
circuit over B with n inputs. Then f is a bijection on b".

Proof. 1t suffices to show that f- is injective. Let w,z € b" with w # z, i.e., there
exists an ¢ € [n] so that w; # z;. Furthermore, let vy € V be the unique node
with 7(vy) = z;, then, especially, val, (w) = w; # z; = val, (). Now, if a node
vg, £ € N, fulfils that val,,(w) # val, (z) and has out-degree k > 0 with outgoing
edges eq,...,e,_1 € E ordered such that a(e;) = i for all ¢ € [k], there exists an
o, € [k] so that val,, (w),, # val,(2),- Set vey = h(e,,). If y(vey1) = f € B,
then val,, (w)= f(-- -valw(w)ﬁ(eoé) ) #£f(e -Valw(z)ﬂ(e%) --+) by the bijectivity
of f. Since (V, E,t,h) is finite and acyclic, exhausting this construction yields a finite
sequence vy, ..., Uy,41 € V so that v, has zero out-degree (otherwise, one could
append another node) with v(v,,41) = y; and, by induction, it holds that

fC(w)j = Valvm_H (w) = Valvm(w)om 7"é Valvm (z)om = Valvm_H (z) = fC(z)ja

i.e., fo(w) # fo(z), thereby proving injectivity of fc. ]

Constructing the circuit that computes the inverse of a bijection computed by a given
reversible circuit is rather straightforward. The underlying graph structure remains
the same. The edge directions and the ~-labels have to be suitably inverted, meaning
that ¢ and h, z; and y;, as well as a and f switch roles, and all computation nodes
are equipped with the inverse of their ~-label. That is formalised in the following
statement and can be easily proven by linearising both the reference circuit and its
supposed inverse. The reversed order of the underlying multigraph reflects the reverse
order in which the inverted gates are applied, causing all gates of the inverse to cancel
out all the gates of the original circuit.

Corollary 2.9. Let B be a set of bijections and let C' = (V, E t, h,a,(,7) be a
reversible circuit over B with n inputs. Then C™' == (V,E, h,t,B3,a,0) with

Yis if y(v) = =
6(v) = { xy, if v(v) = y; (2.2.3)

(1), else

is a reversible circuit over B~' = {f~! : f € B} with n inputs and for = (fe)
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Another important concept is circuit concatenation. Unlike the inverse circuit, this
can already be defined for Boolean circuits, but in the context of this thesis it suffices,
to detail the concatenation on the level of reversible circuits. I do not wish to restrict
this concept only to pairs of circuits with equal numbers of inputs. The resulting
broader definition demands proper matching of the output nodes of one circuit with
the input nodes of the other. Ideally, this step should be oblivious to which of the two
circuits accepts more inputs. Namely, if the right concatenation circuit C, the one
“applied first”, has fewer or equal inputs than the left concatenation circuit C, all
of Cy’s output nodes shall be matched with (a subset of) C;’s input nodes, requiring
an injective function from [ng] to [ny]. If instead Cy has strictly more inputs than
C}, then only a subset of Cjy’s output nodes shall be matched with all of C’s input
nodes, requiring a partially defined function on [ng] which maps its domain injectively
and surjectively to [n;]. Both cases can be combined by considering the following
construction: For two general sets X and Y, the set of partial bijections of rank k
is defined as PBij,(X,Y) ={Q: A — B : AC X, B CY, |A| =k, is bijective}.
Choosing X = [ng], Y = [n4], and k& = min{ngy,n,} indeed covers both cases. If
ng < ny, then the only subset A C [ng] allowed as the domain of a partial bijection of
rank ng is [ng] itself, imposing the desired injectivity on the entire set of Cy’s output
indices. If instead ny > n;, only subsets of Cy’s output indices of cardinality n; are
allowed and are injectively and surjectively mapped to the entire index set [n] of C}’s
input nodes.

Properly defining the matching Q € PBiji (5, 1,3 ([120], [71]) between the output nodes
of Cy = (Viy, Ey, Ly, ho, g, 5o, 7o) and the input nodes of C; = (Vi, Ey, t, hy, aq, B1,71)
is already the most difficult aspect of a sound definition for circuit concatenation. The
remaining construction of the concatenated circuit’s multigraph is more intuitive: The
underlying node set shall be the union of both circuits’ node sets with the exception of all
the output nodes of C, and all the input nodes of C'; which are to be matched, i.e., with
the exception of 75 ' ({y; : j € dom(Q)}) and v '({; : i € im(Q)}). Similarly, the set
of edges shall be the union of both circuits’ edge sets, excluding the edges of C, which
end in one of the matched output nodes, i.e., without hg' (v ({y; : j € dom(Q)})).
The tails of the edges formerly originating from C’s input nodes, which were matched
with output nodes of Cy, have to be shifted to the respective nodes of C;, which formerly
supplied the edges to C’s matched output nodes, thereby taking over the deleted
edges’ a-values. That is, edges e € E; with v,(t,(e)) = z;, where i € im(f2), receive
as new tail the node ~, 1(yg—l (i)) and the ap-value of the unique edge in E, with this
head. Neither the heads nor the g-values of the remaining edges have to be updated.
Lastly, nodes with bijection labels, as well as unmatched output nodes from C; and
unmatched input nodes from C], retain their respective labels. In contrast, the indices
of Cy’s input nodes as well as of C}’s output nodes have to be updated to avoid collision
with the unmatched nodes’ labels. Here, the unmatched input nodes of '} and the
unmatched output nodes of C retain their original labels.
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Definition 2.10. Let B; be a set of bijections and let C; = (V;, E;, t;, hy, o, Bs, Vi)
be a reversible circuit over B; with n; inputs for ¢ € b respectively. Furthermore,
let Q € PBijinngn,1([170], [71]). The circuit concatenation (with matching ) is the
reversible circuit C) o Cy = (V, E,t, h,«, 5,7) over By U By with max{ngy,n,} inputs
and

V= (Vo\o 'y < g € dom@D) U (Vs (o i € im(@)), (2:24)
E = (Ey\ho'(0 ' ({y; : j € dom()}))) UEy, (2.2.5)
to(e), e€ By \hy' (v ({y; : j € dom(2)}))
t(e) = S t1(e), ec By\t7' (v ({z; 1 i €im(Q)})) (2.2.6)
70_1<yg_1(i))7 where Vl(tl(e)) = Ly,
he) = {28 > gi \ho' (0 (g + 4 € dom(Q)})) 227
ap(e), e€ By \hy' (' ({y; + j € dom(Q)}))
ale) = ¢ aq(e), ec By\t7' (v ({z; : i €im(Q)})) (2.2.8)
ao(h61(761<y9—1(i))))7 where 7, (tl (e)) = T,
_ ) Bole), e€ B\ ho' (% ({y; : j € dom(Q)}))
Ble) = {&(e)? ccr (2.2.9)
W), veVo\w ({y; : j€dom(@)}U{z; : i€ [ng]})
R E2 Yo(v) = x;, where j == [{k € [ny] \Im(Q) : k <} +
TN 0, v e i\ (o e m@)} Uy, ¢ € ) 2210
Vi, 71 (v) = y;, where i := [{k € [n¢] \ dom(Q2) : k < j}[+ 7.

One might now be tempted to define sets of reversible universal gates for the reversible
circuit model analogously to Definition 2.4 for Boolean circuits, i.e., as a collection
B of bijections so that for every n € N and for every bijection f : b" — b" there
exists a reversible circuit C' over B with n inputs so that fo = f. However, the
requirement that C' should operate on as many bits as the target function f is indeed
too restrictive. Toffoli [39] has already been observed: Each k-ary bijection embedded
as an n-ary bijection with n > k realises an even permutation on b". Since compositions
of even permutations remain even, no odd permutation on b" can be realised as the
decomposition of bijections of arity < n. Since every finite set of bijections has some
maximum arity k, universality fails at the latest for bijections on (k + 1)-bit strings.
The only recourse is to allow the circuit C' to act on more bits than the function to be
implemented has inputs. However, in doing so, it should return every excessive bit into
its prescribed initial state. Demanding this ensures that the ancilla bits’ final values
do not depend on the initial values of the first n bits.
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Definition 2.11. A set B of bijections is called a universal reversible gate set if and
only if for every n € N and for every bijection f : b" — b", there exist an m € N and
a reversible circuit C' over B with m + n inputs so that fo(0™x) = 0™ f(x) for all
x eb".

In analogy to Post’s work on the classification of sets of Boolean functions in terms
of what functions they generate, Aaronson, Grier, and Schaeffer [40] gave a complete
classification of all reversible gate sets in terms of which bijections they generate if
ancilla bits are also allowed. The most prominent minimal universal reversible gate
set is definitely the singleton containing only the Toffoli gate (see Table 2.2). In fact,
as shown in [38, Proposition 4], it requires only one additional ancilla bit — i.e., one
can uniformly set m = 1 in Definition 2.11 — to overcome the even-permutation issue
discussed earlier.

Input Output
Ty T Zo To® (21 AZg) T To
0 0 0 0 0 0
0 0 1 0 0 1
0 1 0 0 1 0
0 1 1 1 1 1
1 0 0 1 0 0
1 0 1 1 0 1
1 1 0 1 1 0
1 1 1 0 1 1

Table 2.2: Truth table of the Toffoli gate, storing the result of x5 A x; in the second
bit if the latter is initially set to zero. If it is set to one instead, the inverted result
is stored. The Toffoli gate effectively permutes the two bit strings 011 and 111 and
leaves all other six 3-bit strings invariant.

A given Boolean or reversible circuit can only compute a function with a fixed input
length. In order to also compute functions f : b* — b*, i.e., functions defined for
variable input length, multiple circuits — one for each input length — have to be grouped
into a circuit family. Since this concept is identical for both circuit models discussed
so far, I collect both cases in a single definition.

Definition 2.12. Let B be a set of Boolean functions (or bijections). A sequence
C = (C,)nen of (reversible) circuits over B, where C, has n inputs, respectively, is
called a (reversible) circuit family over B. For every n € N, let f™ be the function
computed by C,,, then C computes the function f : b* — b”, defined by f(x) = f'””‘(a:)
for all € b*.
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The next definitions regard the computational resources of (families of) Boolean and
reversible circuits. Importantly, they bind the important property of circuit depth to
the simple graph-theoretical concept of a longest path. In the reversible case, this is in
sharp contrast to the standard definition, which lacks such an identification of depth
with an explicit circuit property. That is, if one wishes to rigorously analyse the depth
of reversible circuits in the standard definition, a graphification must be performed
anyway. Since reversible circuits have explicit output nodes which do not constitute a
computational step, their depth should be one less than the longest path.

Definition 2.13. Let B be a set of Boolean functions and let C' = (V, E, o, y,w) be a
circuit over B. The size of C' is defined as [{v € V' : v(v) € B}|, and the depth of C
is defined as the length of the longest directed path in (V, E). Let C = (C,,),en be a
circuit family and let s,d : N — N. Then C has size s and depth d if and only if for
every n € N, C,, has size s(n) and depth d(n).

Definition 2.14. Let B be a set of bijections and let C' = (V, E,t, h,a, 3,7) be a
reversible circuit over B. The size of C is defined as |{v € V : v(v) € B}|, and
the depth of C' is defined as one less than the length of the longest directed path in
(V,E,t,h). Let C = (C,)nen be a reversible circuit family and let s,d : N — N. Then

C has size s and depth d if and only if for every n € N, C,, has size s(n) and depth
d(n).

Now that size and depth are established as well-defined quantities for Boolean and
reversible circuits, I can meaningfully pose the following question: How many additional
resources are necessary in order to turn a (usually irreversible) Boolean circuit into
a reversible one? On the level of Turing machines, this has already been answered
by Bennett [9] with the general construction of a three-band Turing machine which
emulates the target machine on its first band while writing a calculation history on its
second band. Then it copies the content of the first band (the output) to the third
band. Finally, it reverses the calculation on the first band by using the history stored
on the second band. I will follow a similar approach for Boolean circuits. The first
step will be to substitute each Boolean function used as an elementary gate within the
circuit with its reversible version.

Definition 2.15. Let m,n > 0 and f : b" — b™ be a function. The reversible
embedding of f is defined to be the bijection

fo : BT — BT
yr — (y © f(z))z.
Let B be a set of Boolean functions, then Bg, .= {fg : f € B\ b}.
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Note that the reversible embedding of an arbitrary function f is indeed bijective as
claimed in the above definition: If yx # y'a’, then y # y' or & # x’. If the latter is
the case, then fg(yx), = « # @' = fo(y'x');,. If this is not the case, then y # y'
and thus fo(YZ)im),, =y® f(x) =y @ f)#y @ flx)= f@(y/a:')[m]+n [41]. Note,
however, that this is typically not the minimal number of bits necessary to render f
reversible. Let d be the maximum number of input bit strings which are mapped to the
same output, then at least [log,(d)]| additional bits are required to obtain a reversible
embedding [42]. Furthermore, note that, by the above definition, the Toffoli gate is
the reversible embedding of A.

Before I begin the rigorous synthesis of reversible circuits based on an existing irre-
versible implementation, let me briefly comment on synthesis approaches when the
function to be synthesised does not come with a Boolean circuit implementation. Most
of these methods are elaborated on in [43]. For functions whose embedding still has
a small number of inputs n, a viable approach is to iterate through the function’s
truth table line by line and to transform each output to the respective input using
a fixed set of elementary gates without altering any previously considered line [44].
For roughly up to six inputs, it is feasible to construct a circuit with provably optimal
depth, e.g., via reformulations as satisfiability problems [45]. For larger numbers of
inputs, up to roughly 30 inputs, heuristic approaches may still yield low circuit depths,
but are usually unable to establish optimality [46]. Beyond that, the truth table
representation itself becomes infeasible to handle due to its exponential scaling in the
number of inputs. Here, compact normal forms can yield concrete reversible circuit
implementations. One such example is ESOP-based synthesis [47]. An n-ary Boolean
function in exclusive sum of products (ESOP) form is given by
fl@) =P AN)ray,
1eT jel

where 7 C 2" is a collection of index sets and s r; € b determines whether the
subsequent variable appear negated or not. Each of the XOR-summands can be
realised by multi-controlled versions of the Toffoli gate with potential negation gates
in between whenever s; ; = 1.

Let me finally return to the task of synthesising reversible circuits for functions with a
given irreversible circuit description.

Lemma 2.16. Let B be a set of Boolean functions and let C' = (V, E, a,7y,w) be
a circuit over B with n inputs, m outputs, size = s, and |y '(b)| = p so that
Y ' {z; i€ mHNw ({y; 1 j € [m]}) = 0. Let b be the p-bit string of concatenated
y-labels of the nodes in 7' (b) in some fixed order. Then there exists a reversible
circuit C' = (V, E, 1, h, &, 3,7) over Bg, with n+ s inputs, size = s —p and depth < s —p
so that f&(0°P7"b0™x) = fe(x) and f(0°""""b0™x), = x for all x € b".

[m]+n
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Proof. 1 shall prove this statement constructively by formulating Algorithm 3 which
converts C' to C'. The algorithm iteratively explores the node set V, starting with the
initial set U of the n input nodes uy, ..., u,_;, and the p nodes wu,, ..., 4,4, 1 which
have O-ary functions as v-labels. Both V and E are initially empty. In addition, the
(also initially empty) set O will store triples (v,7,j) € V x V x N which assign nodes
from V as the j-th output of some nodes in V. In a first step (lines 2-6), each node
u; € V, i € [n+ pl, is assigned a unique input node in V and registered in O as its
only output, respectively. The main part of the algorithm consists of enlarging U
one-by-one by nodes in its exclusive neighbourhood 0.,U. Since all input nodes are
already contained in U, such an exclusive neighbour w is guaranteed to have a ~y-label
in B so that I can create a new node @ in V and assign it the reversible embedding of
w’s label (lines 9-11). Furthermore, successively absorbing nodes from the (updated)
exclusive neighbourhood into U eventually covers the entire node set V', since all nodes
initially not in U have in-degree > 0. After adding @ to V, it has to be correctly
connected to its predecessors in V (lines 13-18). For each predecessor v of w in V, the
algorithm looks up which node ¢ in V currently holds v as its output, also recording
the output index j. The enumeration of predecessors follows the order imposed by a on
the edges connecting them to w. A new edge between v and w is introduced, receiving
the output index j as a-value and the predecessor’s index as 3-value. That makes the
input order (expressed by the [-values for the incoming edges) of node w consistent
with the input order (expressed by the a-values for the incoming edges) of node w.
The outputs of w’s predecessors in V' are now available as outputs of the new node w,
which amounts to updating the set O of reference triples. Lastly, each computational
node w requires an additional input and output bit to write the result of v(w) on; this
is added as an additional input node and connected via an edge with maximal G-values
among all incoming edges. The availability of the output of node w as the last output
of @ is also recorded in O. In a final loop over all s +n nodes v € V (lines 26-36),
output nodes are connected to respective nodes in V. The numbering of the inputs is
reproduced in the first n output nodes, while the numbering of the output nodes n to
n + m — 1 is held consistent with the w-labelling in the original circuit. This last step
is only possible if no element in V' is both an input and an output node. In summary,
the algorithm elevates the p nodes with 0-ary labels to input nodes. It introduces
an additional input node for each remaining node v € V with v(v) € B, resulting
in s + n input nodes. The computational nodes are then iteratively replaced with
reversible embeddings, which store the computation result in the last bit (assuming it
is initialised to 0) and output their inputs in the remaining ones in the same order,
eventually substituting the entire circuit components with reversible ones. This step
introduces one node v per node v with v(v) € B\ b, resulting in size and depth < s—p.
Finally, the output labelling follows the labelling imposed by « for the input nodes as
well as by w for the output nodes, thus ensuring f&(0"""""b0"x)},,, = fo(x) and

fe(0°7P7"b0™x) ), = x for all x € b". O
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Algorithm 3: Reversible circuit synthesis(V, E, a, v, w)

1 U {u :iecn+ph Ve E—0; 0«0
2 for i <~ 0 ton+p do

3 include new node o in V;

4 Y(0) w3

5 O+ OU{(u;,v,0)};

6 end

7 < n+p;

s while 0,U # () do

9 pick w € 0.U,;

10 add new node @ to V;

1 | F(@) « (y(w)s; i < 0;

12 for (v,w) € E do

13 let (v, 7) so that (v,0,75) € O;

14 add new edge é to E;

15 1(&) « 0; h(e) « w; a(é) < j; B(&) « i
16 O+ (O\{(v,0,)}) U{(v,w,1)}; i < i+ 1;
17 end

18 add new node 7 to V;

19 A(0) = x4y £+ L+ 1

20 add new edge € to E;

21 | 1(E) « 0; h(€) + w; a(é) « 0; B(€) + i;

22 | O+ OU{(w,w,i)}; U<+ UU{w};

23 end

24 [ < 0;

25 for v € V do

26 let (v, k) so that (v, 0,k) € O;

27 add new node @ to V;

28 add new edge € to E;

20 | 1(€) < ¥; h(&) < w; a(&) < k; B(€) + 0;
30 if y(v) = z; then

31 ‘ (W) < i

32 else if w(v) = y; then

55 | | 30) « s

34 else

35 ‘ F(W) = Yngmas; L 1+ 1,
36 end

37 end

ss return (V, E, 1, h, &, (,7);
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Even though the reversible circuit constructed in Lemma 2.16 simulates the irreversible
target circuit correctly, it does so by leaving traces of the computation in the s —m —p
ancilla bits, i.e., their final values usually depend on the concrete input . In order to
fix this issue, I will follow Bennett’s approach and append copying the m output bits
to an extra bit register as well as applying the inverse circuit (see Corollary 2.9) in
order to uncompute the ancilla bits. Moreover, to be consistent with the convention
of always initialising ancilla memory in 0, I will prepend and append a cascade of
—-gates in order to map 0” to b and back. Besides the reversible embeddings of the
target circuit’s gates as well as their inverses, I will thus require — as well as a bijective
“copy” as elementary gates. The latter will be supplied by idg.

Proposition 2.17. Let B be a set of Boolean functions and let C' = (V, E, a,y,w) be a
Boolean circuit over B with n inputs, m outputs, size = s, |y~ (b)| = p, and |y (1)| = ¢
so that v~ ({z; : i € [n]})Nw " ({y; : j € [m]}) = 0. Let b € b” be the concatenation
of v-labels of nodes in v~ *(b) in some fixed order. Then there exists a reversible circuit
Cy over By U (Bg) ' U {—,idg} with s +m + n inputs and of size = 2(s — p+¢q) +m
and depth < 2(s — p +min{q,1}) + 1 so that f%(Om“w) = 0°(fc)e(0™x).

(@Y
q

o 7 D

Figure 2.4: Schematic reversible circuit embedding of a Boolean circuit C' with n
inputs and m outputs. The reversible circuit Cg has s +m +n inputs, computes (f¢)q
on the first m + n bits and returns the s zero-initialised ancilla bits back to zero. It
is comprised of five subcircuits. The first component N receives the p ancilla bits to
be converted to b and is comprised of ¢ parallel —-gates, flipping zeros to ones at all
positions ¢ € [p] where b; = 1. The second component is the circuit C from Lemma 2.16
which converts 0°""""b0™x to y, fo(x)x for some y, € b* ™. In the third step, the
m bits carrying fo(x) are copied to m zero-initialised ancilla bits. The fourth and
fifth components are the inverses of the second and first components, mapping the
intermediate result y, fo(x)x back to 0°x.
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Proof. 1 will now formally construct, up to permutation of its output labels, the circuit
Cg which simulates (f¢)q using s zero-initialised ancilla bits and returns all the ancilla
bits to 0 as shown in Figure 2.4. First, let N be a reversible circuit over {—} with
p inputs whose multigraph is a linear forest of p directed 1- and 2-paths with the
1-th path starting in the node labelled with x; and ending in the node labelled with
y;. 1t b; = 0, the i-th path is of length 1, otherwise of length 2 with its middle node
labelled with —. Then N readily has size = ¢ and depth = min{q, 1}. Furthermore,
let C' be the reversible circuit over By, with s 4+ n inputs from Lemma 2.16. Then C
has size = s — p and depth < s — p. Now, define the injection g : [p] = [n + s] via
Qo(i) = m 4 n + i. The circuit concatenation Cy == C og, N is a reversible circuit
over {—} U Bg with s + n inputs, size = ¢+ s — p and depth < s — p+ min{q, 1}. By
construction, it fulfils for every @ € b" that

fe,(0°x) = fa(0°"" 7P fy(07) 0™x) = fe (0" Pb0™x)
= f¢,(0°x)},) = x and fCO(Osaz)[m]M = fo(x). (2.2.11)

Let O be a reversible circuit over {idg} with n + s+ m inputs whose multigraph is the
union of a linear forest of n + s — m directed 1-paths joining the node labelled with
r; and the node labelled with y;, for each i € [n] U [s — m] (4n) respectively, and a
forest of m multigraphs G, each with five vertices and four edges, connecting the two
nodes labelled with x,; and x,,,; in that S-order to a node labelled with idg and
that node to the two nodes labelled with y,,,; and y,,s,; in that a-order. Then O has
size = m and depth = 1. Define the injection €y : [n + s] = [n+ s+ m| via Q,(i) = 4.
The circuit concatenation Cy := O oq Cj is a reversible circuit over {—,idg } U B with
n + s+ m inputs, size = ¢ + s — p+ m and depth < 1+ s — p + min{q, 1}. For every
x € b" it holds that

fcl(0m+593) = fo(Omch(Osm)[s—m]HmM) fe(z) x)
= fc(m)fco(05m>-

Finally, define the partial bijection Qy : [s +n] C [m+ s+ n] — [s+n] via Qy(i) =1
and set C% = (Cy) ™! og, C1. The resulting circuit concatenation C4 is a reversible
circuit over

{_‘7 1d®} U B@ U <{ﬁ} U B@)_l = {_'7idEB} U B@ U BG_Bl

on m+s+n inputs and with size = 2(¢+s—p)+m and depth < 2(s—p+min{q, 1})+1
And for every € b" it holds by construction and by (2.2.11) that

fcé(0m+sw) = fol(0m+siﬂ)[m]+(5+n> foo (fo, (0™ (o)
= fo(x)fo, (fCO(OSa:)) = fo(x)0°z

Now defining Cy; in the same manner as Cg, i.c., with the same underlying multigraph
and with the same a-, (-, and ~v-labels for everything except the output nodes, which
are relabelled to yield 0°fo(x)x = 0°(fo)e(0™x) instead, proves the assertion. O
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2.3 Decision and optimisation problems

The introduced notions of Boolean and reversible circuit families are, in their current
form, “too powerful” to constitute a realistic model of computation. Most notably,
they do not conform to the broadly accepted Church-Turing thesis [1, 2], i.e., they
can compute functions which are not computable by Turing machines, or equivalently
decide problems which are undecidable for Turing machines. That stems from the fact
that one can choose the circuits C), of a circuit family independently for each n € N,
allowing truly infinite descriptions of circuit families. However, a “realistic” model of
computation may only be based on a finite or uniform description. The description of
a circuit family can be made mathematically rigorous via the following, rather technical
but important notion of encoding schemes.

Definition 2.18. Let B be a finite set of Boolean functions (respectively bijections)
and let C = (C,),en be a (reversible) circuit family over B. Assume a fixed enu-
meration € of B as well as a family of enumerations &, of all gates in C,, for each
n € N, respectively. The gate enumerations &, should have the property that the n
input gates are numbered 0,...,n — 1 and that the m output gates are numbered
n,...,n+m— 1. An admissible encoding scheme of C is a map C — (b U {#})",

Co > ENO)VHAE (D) ## - #4E, (s — 1), where &, (r) € (bU {#})* is an ad-
missible encoding of the r-th gate within C,,. If C is a Boolean circuit family, an
admissible encoding scheme of the gates of C,, is a map V(C,) — (b U {#})",
v = E () H#He(y(0)H#E, (ug)# - - - #E,(us_1), where ug, ..., u,_; are the predecessors
of v, sorted by C,’s edge numbering. If C is instead a reversible circuit family,
an admissible encoding scheme of the gates of C,, is a map V(C,) — (b U {#})",
v = En(V)H#E(V(0))F#E (wo)F# - - #En (up—1)#E R (wo)FE - - - #Ep (wi—1), where u; = t(e;)
with e; € h™'(v) for all 7 € [k] so that B(eg) < ... < B(ex_1), and w; = h(f;) with
fj € t~ (v) for all j € [k] so that a(fy) < ... < a(fe_1).

Definition 2.19. A (reversible) circuit family C = (C,,),en over a finite set of Boolean
functions (resp. bijections) of size s : N — Ny is called polynomial-time uniform if
and only if there exists an admissible encoding scheme [C,, — C,| such that the map

[1" — C,] is computable by a deterministic Turing machine in time s,

Definition 2.20. A function f :b" — b" is called efficiently (reversibly) computable if
and only if there exists a polynomial-time uniform (reversible) circuit family over a
finite set of Boolean functions (resp. bijections) computing f in polynomial size.

1Neverthe1ess, non-uniform circuits are well-studied objects in complexity theory. They naturally
give rise to many interesting complexity classes (such as P/Poly, the class of problems solvable by
polynomial-size circuit families), which otherwise require enhancements of Turing machines.
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Another prominent restriction for circuit families is that of logspace uniformity. Here,
an admissible encoding scheme must be computable by a deterministic Turing machine
in space logarithmic in the circuit family’s size. By the well-known fact that DTMs
operating in at least logarithmic space s are simulable by DTMs operating in time
at most exponential in s, such a DTM can be simulated by another DTM in time
polynomial in the circuit family’s size; hence, logspace uniformity is at least as restrictive
as polynomial-time uniformity. However, it is not known whether the inclusion is strict,
i.e., whether both uniformity classes yield different circuit families.

Ultimately, the notion of efficient computability in the circuit model relies on the that
in the Turing machine model. By the very definition of polynomial-time uniformity, it
further follows that functions are efficiently computable in one of the models if and
only if they are efficiently computable in the other model. The uniform circuit model
is therefore perfectly in line with the generally accepted invariance thesis [48], stating
that machines in a standard pool of computational models — including DTMs and
polynomial-time uniform circuit families — can simulate each other with polynomial-
time overhead, rendering the notion of efficient computability the same across all these
models of computation. Accordingly, these models all give rise to the same class of
efficiently solvable decision problems.

Definition 2.21. A language L C b" is in P if and only if 1; : b* — b is efficiently
computable.

Another important complexity class is NP, historically defined as the class of languages
accepted by non-deterministic polynomial-time Turing machines. Today, it is often
more practical to use the equivalent definition involving polynomial-time verifiability
of certificates as given below.

Definition 2.22. A language L C b" is in NP if and only if there exist a polynomial
p: N — Nand a function f : b* xb" — b with f(-,y) being computable in polynomial
time for every y € b*, so that @ € L if and only if there exists a certificate y, € bP(*)
so that f(x,y,) = 1.

While membership in P or NP is an absolute statement about computational hardness,
it does not assert anything about the hardness of a problem relative to another. The
latter is addresses with the notion of reductions.

Definition 2.23. Let L, L’ C b* be two languages. L is polynomial-time Karp-reducible
to L' (L <P L) if and only if there exists an efficiently computable function r : b* — b*
with @ € L if and only if r(x) € L’. Such a function r is called Karp-reduction.
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Karp-reducibility readily is reflexive, i.e., it is L <P L for all L C b", since one can
choose 7 as the identity function. Furthermore, given three languages L, L', L” C b*
with L <P L' and L' <P, L”, one can choose the composition of both reductions to
obtain an efficiently computable Karp-reduction from L to L”, i.e., Karp-reducibility
is also transitive. Moreover, since the Karp-reduction is required to be efficiently
computable, both P and NP are closed under this relation, meaning that if L' € (N)P
and L <P L', then also L € (N)P.

Definition 2.24. A language L C b" is called NP-complete if and only if L € NP and
for all languages L' € NP it holds that L' <P, L.

The structural role of NP-complete languages within complexity theory is characterised
by two fundamental closure properties. First, the existence of a single efficient algorithm
for deciding any NP-complete language would imply that P = NP. That follows because
every language in NP is efficiently reducible to every NP-complete language; hence, if
one NP-complete language is efficiently decidable, all NP languages become efficiently
decidable. Second, NP-completeness is also preserved under Karp-reducibility, i.e.,
if an NP-complete language reduces to another language in NP, then the latter is
also NP-complete by the transitivity property of the Karp-reducibility. If P = NP
were true, all languages in P = NP were automatically NP-complete as well. On
the contrary, Ladner [49] showed that if P # NP, then there exist languages in NP
which are neither in P nor NP-complete. This hypothetical complexity class is called
NP-intermediate. For example, the decision version of integer factorisation is believed
to be NP-intermediate.

A less restrictive — and therefore broader — notion of reducibility is based on the idea of
oracles and was already introduced by Turing [50] in the context of Turing machines. I
adapt here the definition to Boolean circuits.

Definition 2.25. Let L, L' C b* be two languages. L is polynomial-time Turing-
reducible or Cook-reducible to L' (L <. L') if and only if there exists a polynomial-time
uniform circuit family over {—, A}U{1,/[y» : n € N} computing 1, in polynomial size.

Intuitively, the circuit family deciding the language L receives access to an oracle
which decides membership in L' in one computational step. If L <} L', this shortcut
then allows constructing circuits of polynomial size. Again, both P and NP are closed
under Cook-reducibility. Furthermore, Karp-reducibility is indeed a special case of
Cook-reducibility: If there exists a Karp-reduction r von L to L', then the circuit
(efficiently) computing r and subsequently querying 1,/ for the result 7(x) can, by the
definition of r, efficiently decide membership of « in L.
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Next, I will formally introduce the concept of (combinatorial) optimisation problems,
building on the just-established framework for decision problems and their basic
complexity classes. The majority of the subsequent definitions are directly taken from
Ausiello et al.’s book [51] on combinatorial optimisation and their approximations.
Other standard books on this topic with different focuses are, e.g., Schrijver’s book
[52] and the book by Korte and Vygen [53].

Definition 2.26. A combinatorial optimisation problem (COP) is a quadruple
P =(1,s,c,ext), (2.3.1)

where I C b* is the set of instances of P, s: 1 — 9P" associates to each instance ¢ el
of P a set of feasible solutions, ¢ : b* x b* — N, is the objective function of P only
defined for pairs (¢, ) such that ¢ € I and & € s(¢), and ext € {min, max} specifies
whether P is a minimisation or maximisation problem. If for every ¢ € I, it holds
that s(¢) C b"™ for some n, € N, P is called length-respecting. In that case, P is called
unconstrained if and only if s(v) = b™ for all « € I, and constrained otherwise.

This definition alone does not really emphasise the optimisation task itself, but merely
establishes the overall framework of instances, feasible solutions, and the objective
function. The notion of optimality is defined as follows.

Definition 2.27. Given a COP P = (I,s,¢,t) and an instance ¢ € I, the optimal
value of ¢ is

(1) = ext c(t,x) (2.3.2)

xzes(t)

and the set of all optimal solutions of ¢ is defined as

s'(t) ={x e s) : cli,z) =c"(1)}. (2.3.3)

I will now define the most important class of COPs, which includes most real-world
optimisation problems and definitely all optimisation problems explicitly considered
throughout this thesis. It combines all the requirements for an efficient treatment of
COPs (without necessarily solving them efficiently). It may be seen as the optimisation
analogue of the complexity class NP for decision problems, which contains all efficiently
verifiably problems.

Definition 2.28. A COP P = (I, s,c,ext) is in NPO if only if I € P, ¢ is efficiently
computable, {tx : ¢t € I, x € s(¢)} € P, and there exist a polynomial ¢ such that for
all v € I and for all © € s(¢) it holds that || < q(]¢]).
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The requirement that I € P means that it can be efficiently verified (resp. falsified)
whether a given bit string is a valid (encoding of a) problem instance. The importance of
the objective function’s efficient computability is self-evident for practical applications.
Furthermore, {tx : + € I, € s(v)} € P and |x| < ¢(|¢]) for all ¢« € I and @ € s(¢)
together ensure that (encodings of) feasible solutions are not too long in comparison
to their respective instances and that (instance-dependent) feasibility of a candidate
can be efficiently decided.

In analogy to the definition of P for decision problems, there is also a class of efficiently
solvable COPs. However, unlike for decision problems, where P C NP holds automati-
cally, membership in NPO must be explicitly demanded to avoid exponentially costly
evaluations of encodings or the objective function.

Definition 2.29. A COP P = (I, s, ¢,ext) is in PO if and only if P € NPO and there
exists an efficiently computable function f : b* — b* which maps each ¢+ € I to an
x" € s(L).

The canonical way of formulating a decision problem associated with a given COP is
by pairing problem instances with thresholds k£ € N and distinguishing pairs where the
instance’s optimal value is “at least as good” as the threshold, where the meaning of
the latter criterion depends on the optimisation direction of the COP.

Definition 2.30. Let P = (1, s, ¢, ext) be a COP. The underlying language of P is the
language

Pp = {tbin(k) : €I, k€N, and ¢*(¢) < k if ext = min

2.34
(1) > k if ext = max}, ( )

where bin(k) € b* is the binary encoding of k.

The above definition further strengthens the analogy between NP/PO and NPO/PO,
as summarised in the following two observations.

Proposition 2.31 ([51, Theorem 1.1]). Let P be a COP in NPO, then Pp € NP.
Proposition 2.32. Let P be a COP in PO, then Pp € P.

The final important definition formulates an analogue of NP-completeness for optimi-
sation problems. It relies on Cook-reducibility rather than Karp-reducibility.
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Definition 2.33. A COP P = (I, s, ¢, ext) is called NP-hard if and only if for every
language L € NP, it’s indicator function becomes efficiently computable when allowing

oracle-access to ¢* and functions f : b* — b* which map each ¢+ € I to some x* € s™(1),
i.e., if L is Cook-reducible to P.

An immediate observation is that if the underlying language Pp of some given COP
P = (I,s,c,ext) € NPO is NP-complete then the COP itself is NP-hard: By the NP-
completeness of Pp each L € NP is polynomial-time Karp-reducible to Pp which in turn
is trivially solved in polynomial time by invoking an oracle-call to ¢* and subsequent
integer comparison. Furthermore, if P were solvable in polynomial time, i.e., if P € PO,
then all NP-languages were solvable in polynomial time, hence PO = NPO implies
P = NP.? In fact, the converse of this statement is also true, as was shown by Paz and
Moran [54].

Theorem 2.34 ([54, Theorem 3.6]). P = NP if and only if PO = NPO.

Lastly, I wish to discuss the relation between the hardness of solving a given COP
P = (1,s,c,ext) € NPO constructively, i.e., determining an optimal solution &* € s*(¢),
merely evaluating it’s optimal value ¢*(¢), and solving the associated decision problem.
As already mentioned above, the decision problem can be solved efficiently when
having oracle-access to the function ¢*. In other words, the underlying language is
polynomial-time Turing-reducible to the evaluation problem. The latter, in turn, is
readily polynomial-time Turing-reducible to the constructive problem, since extracting
the (optimal) value of an optimal solution can be done, by the very definition of
NPO, in polynomial time. Less obvious is the fact that the evaluation problem is also
polynomial-time Turing-reducible to the decision problem, rendering both problems
polynomial-time Turing-equivalent. This follows from the imposed property of NPO
problems that there exists a polynomial ¢ so that, given any instance ¢ € I, all members
x € s(t) are bounded in length by ¢(]¢|): The length restriction readily yields that
s(¢)] < 290D guch that ¢ can only take at most 270D different values. Hence using
oracle-calls to test whether ¢*(¢) < k; (for minimisation problems, ¢*(¢v) > k; for
maximisation problems) with thresholds k; chosen from a binary search strategy yields
an efficient way of calculating ¢*(¢).

If, in addition, the underlying language Pp is NP-complete, one can further show
that the constructive problem is also polynomial-time Turing-reducible to the decision
problem (see e.g. [51, Theorem 1.5]). Therefore, in this case, the decision, evaluation,
and constructive problem are all polynomial-time Turing-equivalent.

This conclusion is only valid if there exists an NP-hard COP in NPO in the first place. However,
the next section establishes several such problems.

Page 31 of 133



Chapter 2 Computer science

2.4 Pseudo-Boolean functions

So far, I have considered only functions mapping bit strings to bit strings (Boolean
functions and bit string bijections) or to the natural numbers (objective functions of
COPs). Bit strings may also be (non-uniquely) identified with the natural numbers
via the usual binary representation
|z|—1
vib" \{e} =Ny, z— > 2,2 (2.4.1)

=0

The function v is readily surjective. Choosing the bit string of minimal length among
all bit strings representing a given natural number defines a suitable inverse

bin : Ny — b*\ {€}, k — @, where x € v~ (k)N prin(lvi:y v ()} (2.4.2)

By using the mappings v and bin, all functions considered so far have essentially the
same range. That also clarifies the definition of (efficient) computability of functions
mapping to the natural numbers. Let me now define a broader class of functions that
encompasses all functions considered so far as special cases, together with a canonical
representation that fundamentally differs from a circuit-based implementation.

Definition 2.35. Let n € N. A function f : b" — R is called an n-ary pseudo-
Boolean function. The degree of f is the degree of its unique multi-linear polynomial
representation

f@) =Y a;[[zi b, (2.4.3)
IC[n] el
where a; € R and [];cgx; = 1. The degree of a pseudo-Boolean function with
representation (2.4.3) may analogously defined as max{|I| : a; #0, I C [n]}.?

From a more abstract point of view, the multinomials {[x + [[;c;x;] : I C [n]} form a
basis of the space of all n-ary pseudo-Boolean functions, which is isomorphic to (b")g.
Other important bases are given by the canonical basis {1, : y € b"} as well as by
the set of parity functions {x; == [® — [Lic;(—1)"] : I C [n]} with the convention
that xg = [Tiep(—1)" == 1. Accordingly, any pseudo-Boolean function also has a unique
representation in the parity basis:

f@®) =Y a;[[(-1)", where a; =27" > f(z) [[(—1)*. (2.4.4)

IC[n] i€l 2eb” iel

31f the set {a; # 0} is empty, i.e., if f =0, one usually defines its degree as —oo.
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Let me now discuss transformations between these different representations. Imposing
some order on the subsets I C [n], e.g., via the canonical lex ordering

I<J: <= I=JVmax((I\J)U(J\I)) € J, (2.4.5)

and interpreting both representations (2.4.3) and (2.4.4) as 2"-dimensional real vectors
with entries a; and a; respectively, the linear map translating between these two
vectors is known as the affine zeta transform. For this specific case, it is implementable
with O(n2") fundamental arithmetic operations [55]. The basis change between the
canonical and the parity basis is the Walsh-Hadamard transform, whose most efficient
implementation requires the same number of fundamental arithmetic operations [56].4
However, an important runtime difference between the affine zeta and the Walsh-
Hadamard transform can be achieved when restricting to pseudo-Boolean functions of
bounded degree. Since

2= (1—(-1)")/2 = [Ja; =23 (-D)'](~1)" and

iel JCI jed
()" =1-22;, = [[(-D)" =Y (-2)"'[] =,
el JCI jed

it holds for all pseudo-Boolean functions that
deg(f) = max{|I| : a; #0, I C[n]} =max{|I| : a; #0, I C [n]}. (2.4.6)

That is, the degrees of the multinomial and the parity representations coincide so that
the affine zeta transform (as well as its inverse) can be restricted to the respective
subspaces corresponding to all subsets of [n] of cardinality of at most deg(f). This
subspace is of dimension

deg(f)

> ") e (’)(deg(f)ndeg(f)), (2.4.7)
o \R

reducing the exponential scaling of O(n2") to a polynomial scaling (in n). Hence, the
coefficients a; of pseudo-Boolean functions of degree € O(1) can be efficiently obtained
from the coefficients a; of the multilinear polynomial expansion and vice versa.

Note that if a; € Ny for all I C [n], then f’s image is contained in Ny. The contrary
statement, however, is not true as the binary example f(z,x¢) = zo+x; — x12 already
shows. Furthermore, since the matrix of the basis change between the canonical and
the multinomial basis is invertible over the integers, a pseudo-Boolean function maps
to Z (resp. Q) if and only if a; € Z (resp. a; € Q) for all I C [n]. In contrast, the
Walsh-Hadamard transform introduces non-integer factors of 27" so that im(f) C Z
merely implies that all a; € Z27". The analogous statement for rationals is unaffected
by this rational rescaling.

“The (fast) Walsh-Hadamard transform is a special case of the (fast) discrete Fourier transform: It
is the discrete Fourier transform of n vectors of length two [57].
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2.5 Examples of optimisation problems

There exist countless examples of decision and combinatorial optimisation problems
with highly varying significance in real-world applications. An extensive list of all of
these problems is definitely out of scope. Instead, I will focus on only a few COPs,
which are concrete subjects of consideration at some point in this thesis and often serve
as representatives of many structurally similar problems. The following graph-based
COP has recently attracted significant attention as a standard benchmark problem
on which many newly developed quantum heuristics are tested and it also has further
applications, e.g., in integrated circuit design [58].

Definition 2.36. The mazimum cut problem (MCP) is the combinatorial optimisation
problem MCP := (Iyicp, Smcp, Cmop, max) with valid instances

Ivep ={(n,A) : neN, A e N"" is symmetric}, (2.5.1)

feasible assignments

SMCP(TL,A) = [bn, (252)
and objective function
n—1 n—1
evmep(m Ay x) =Y > (zi(1— ;) + (1 — z;)z;) Ay (2.5.3)
=0 j=i+1

Technically, the instances of MCP are required to be bit strings rather than tuples of
natural numbers and matrices. That can be achieved by encoding both tuple elements,
e.g., via (2.4.2) for n and the entries of A, as well as concatenation with a suitable
separator. However, I will keep using the more vivid tuple-based description. The
MCP is length-respecting with n, 4y = n and unconstrained. Its objective function is
efficiently computable. An encoding of n and A with a fixed separator can be efficiently
verified: Check which natural number n is encoded by a given bit string before the first
separator, then check for n? additional mutually separated natural numbers. Lastly,
check whether the last n? numbers define a symmetric matrix. It necessarily holds that
the length of the encoding of an instance (n, A) is at least n>. Whether a given bit
string is the concatenation of an encoded instance and a feasible solution can also be
checked efficiently: The length of the potential solution bit string merely has to match
the first encoded natural number n. Since the instance encoding length is > n?, the
length of any feasible solution is polynomially bounded by the length of the respective
instance’s encoding. Hence, in summary, MCP € NPO. Furthermore, the underlying
language is NP-complete [59] so that MCP is itself NP-hard.
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The intuition behind the MCP and its objective function is simple: The symmetric
matrix A represents the adjacency matrix of an n-node undirected graph with weighted
edges ({v; : i € [n]}, E,w). A given n-bit string @ represents a bipartition of the
graph’s nodes into the two sets {v; : ; = 0} and {v; : z; = 1}, and ¢\cp calculates
the cumulative weight of all edges between these two node sets. The entire set of these
edges is also called a cut-set, and removing them (i.e., cutting them) disconnects both
node sets from each other.

The next problem is a prototypical constrained problem that frequently appears, either
in the form given below or in a modified version, in real-world optimisation tasks such
as portfolio optimisation, asset-backed securitisation, or material cutting [60]. It even
lays the foundation for a (not too popular) cryptosystem [61].

Definition 2.37. The 0-1 knapsack problem (KP) is the combinatorial optimisation
problem KP := (Ixp, skp, ckp, max) with valid instances

[KP = {(nawmaxa'vvw> DN, Wax, € N7 v, w € Nn}a (254)

feasible assignments

n—1
Sp (T, Winax, U, W) = {az eb" : Z rw; < wmax}, (2.5.5)
i=0

and objective function

n—1
cxp (M, Wi, U, W, T) = > ;05 (2.5.6)
i=0

Again, the technically correct definition of the KP’s instances would be in terms of
concatenations of the suitably separated numbers n and w,,,, as well as the integer
vectors v and w in binary encoding. The KP is length-respecting with 1, ., 4wy =1
and constrained. Its objective function is readily efficiently computable. Encodings of
KP instances can be checked efficiently with an analogous reasoning as for the MCP
instances. Furthermore, feasibility can also be efficiently verified by simple addition
and integer comparison, and a solution’s length is evidently polynomially bounded by
the length of the respective instance’s encoding. That is, KP € NPO. Those instances
for which v = w yield the related subset-sum problem whose underlying language
was shown to be NP-complete [59]. That naturally extends to the KP’s underlying
language and renders the optimisation problem NP-hard. However, there exists a fully
polynomial-time approximation scheme (FPTAS) for the KP with moderate space
requirements [62]. In practice, exact solvers like the current state-of-the-art COMBO
[63] solve instances with n > 1000 in seconds.
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While the KP’s feasible set is naturally described by an inequality constraint, the next
problem is prototypical for COPs with more symmetric constraints. It has, even in its
purest form, many real-world applications, such as in, e.g., event sequencing [64], order
picking [65], and waste collection [66].

Definition 2.38. The travelling salesperson problem (TSP) is the combinatorial
optimisation problem TSP := (I1gp, Stsp, cTsp, min) with valid instances

Irgp ={(n,A) : neN, Ae N""} (2.5.7)
feasible assignments
stgp(n, A) = Perm" " (2.5.8)

and objective function

n—1ln—1n—1

CTSP n, A X Z Z Z Xz tA 4,j<*7,(t+1mod n) - (259)

=0 j=0 t=0

As for the MCP, I use the tuple-based description for the problem instances. Perm™*"
denotes the set of all n x n permutation matrices. They are representative for the
corresponding bit strings of length n? which arise from concatenating all (b-valued)
matrix entries without any separator. Accordingly, the TSP is length-respecting with
Nn,A) = n? and constrained. Its objective function is efficiently computable, both the
encodings of instances and feasible solutions can be checked efficiently, and the instance
encoding length polynomially bounds the solution lengths. Hence TSP € NPO. Once
again, the underlying language was shown to be NP-complete (via reduction from the
very similar Hamiltonian cycle problem) [59] so that TSP is indeed NP-hard.

There exist many other formulations/encodings of the TSP. The one presented above
originates from a formulation of a time-dependent version of the TSP given in [67] and is
currently standard in the quantum algorithmic community. In contrast, the (classical)
operational research community often utilises the Dantzig-Fulkerson-Johnson (DFJ)
formulation [68] or, less commonly, the Miller-Tucker-Zemlin (MTZ) formulation [69].
Crucially, in these two formulations, the objective function becomes linear. However,
the MTZ formulation introduces additional real, bounded variables and inequality
constraints involving both binary and real variables. In contrast, the DFJ formulation
requires exponentially many inequality constraints to describe its feasible set. From
a practical point of view, these are both small prices to pay for a linear objective
function, but for a clean, yet explicit problem formulation, the time-based version is
more advantageous. One can indeed achieve an nlog(n)-description of the feasible set
in exchange for an even more complicated objective function.
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The requirement that X € Perm"™™" can be represented via the 2n constraints

n—1
> X,y =1Vte[n]and (2.5.10)
i=0
n—1
S X, =1Vien)] (2.5.11)
=0

The TSP objective function and constraints have the following eponymous interpre-
tation: Imagine a travelling salesperson plans an n-day business trip visiting each
day exactly one of n different cities and returning to their first target after the n-th
day. Travelling from city ¢ to city j requires A;; many resources — e.g., time — which
they wish to minimise cumulatively. The visiting pattern is encoded via an n X n
Boolean matrix X with X, = 1 representing a stay at city ¢ on day t. Every day ¢,
the salesperson is staying in exactly one city: (2.5.10). Furthermore, each city ¢ must
be visited exactly once: (2.5.11). The cumulative resources required for the round trip
are given by summing up all A;; for which the salesperson stayed in city ¢ and j on
two consecutive days. That includes also the trip back to the starting city on day
n + 1. The correct summation exactly yields (2.5.9), where taking the ¢ index modulo
n allows for including the costs of the trip back within the summation.

The next problem is related to the TSP, enriching it with Boolean inequality constraints.
Its objective function, however, is linear. Due to its additional realistic constraint
and objective structure, it finds application in various real-world settings such as
humanitarian logistics [70], supply chain management [71], waste management [72], and
sensor networks [73]. There exist, depending on the real-world context, many different
formulations of the problem; I chose the one that is easiest to analyse structurally.

Definition 2.39. The facility location problem (FLP) is the combinatorial optimisation
problem FLP = (Igp, Sprp, Crrp, min) with valid instances

Iepp ={(m,n, f,C) : mneN, feN" CeN""} (2.5.12)
feasible assignments
sprp(m,n, f,C) = {(X7 y) €L xb" 1 Y X;; =1Vj € [m] and

=1 (2.5.13)
X, < yi¥i € o] V) € [mJ},

and objective function

n—1 n—1lm—1
crrp(m,n, f,C. X, y) =Y fii+ >, ), Ci X, (2.5.14)
i=0 i=0 j=0
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Again, I use a tuple-based description of the FLP’s instances and for their feasible
assignments. The latter are representative for the corresponding bit strings of length
n(m + 1) which arise from concatenating the nm matrix entries of X with the n-bit
string y. The FLP is length-respecting with 7, r.c) = n(m + 1) and constrained.
Its linear objective function is efficiently computable, encodings of instances and
of their feasible solutions can be checked efficiently, and the respective instance’s
encoding length readily polynomially bounds solution lengths. Therefore, it holds that
FLP € NPO. Furthermore, it has been shown to be NP-hard [74, Theorem 3.1].

An instance (m,n, f,C) € Igrp models the scenario of opening up to n facilities with
respective opening cost f;, i € [n], in order to supply m customers. Supplying customer
J from facility 4 incurs costs of C; ;. The sum of opening costs and supply costs is to be
minimised. The matrix X encodes which customer is supplied by which facility, and y
stores which facility has been opened. Each customer j has to be supplied by exactly
one facility 7, and a facility must be opened in order to supply some customer.

Lastly, let me introduce a very generic COP that, like the MCP, has recently attracted
significant interest as a typical benchmark problem for quantum heuristics. Due to its
generic nature, the problem has broad applicability in practice, stemming often from
slight reformulations of more specific problems [75].

Definition 2.40. Quadratic unconstrained binary optimisation (QUBO) is the com-

binatorial optimisation problem QUBO := (Iqupo,Squsos cquso, max) with valid
instances
Iqueo ={(n,Q) : ne N, Q € N"*" is symmetric}, (2.5.15)
feasible assignments
SQUBo(n, Q) = [bn, (2516)
and objective function
n—1n—1
CQUBo(n, Q, 33) = CBTQCB = Z Z Qz,]xzx] (2517)
i=0 j=0

All comments regarding the omission of the instance encodings in (2.5.15), fulfilled
NPO-criteria, and NP-completeness of the underlying language apply also to QUBO.
That is, also QUBO is NP-hard. The QUBO is length-respecting with n, o) = n. In
the above definition, I deviate from the standard convention of introducing QUBO
as a minimisation problem, as I wish to restrict the matrices () to have only positive
entries, thus ensuring that cqupo always maps to Nj. Since this would render the
minimisation version trivial, with 0" being the optimal solution for every instance
(n, @), independently of @, I decided to flip the optimisation direction.
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Quantum computing

Quantum computing is an emerging field at the intersection of computer science and
quantum mechanics, combining central aspects of classical computer science, such as
formal theories of computation and algorithmic design, with nature’s fundamental
quantum-mechanical laws. Feynman [11] set an early, application-oriented impetus,
proposing the use of controllable quantum systems to efficiently simulate other quantum
systems, thereby motivating the idea of computation performed by quantum-mechanical
devices. The theoretical foundation of quantum computing was laid in the 1980s
with Benioff’s quantum-mechanical description of Bennett’s classical reversible Turing
machine [7, 8] and Deutsch’s definition of a quantum Turing machine [6], enriching
the model by genuinely quantum-computational operations. In the same spirit, Yao
introduced the quantum circuit model [10] as the quantum analogue of the classical
reversible circuit model.

This chapter introduces the fundamentals of quantum computing guided by the four
postulates of quantum mechanics. The selection and formulation of the postulates,
as well as the mathematical presentation and notation, closely follow Nielsen and
Chuang’s standard textbook [76]. The first section focuses on qubits and multi-qubit
systems, establishing the important quantum-mechanical properties of superposition
and entanglement. The second section develops a quantum circuit model based on
the definition of (classical) reversible circuits given in the previous chapter. Like its
classical counterpart, this graph-based notion is more expressive than the standard
“linear” circuit formulation. Alongside this model, I discuss the quantisation of classical
reversible operations, important elementary quantum gates, and the concept of quantum
measurements. The final section is a compilation of rigorous results on quantum circuit
synthesis. The first half addresses the synthesis of coherently controlled quantum gates,
where the control condition is expressed as a Boolean function, together with a concrete
classical circuit that computes it. The second half explores quantum phase oracles
built from pseudo-Boolean functions. It reviews existing techniques and derives a novel
construction for pseudo-Boolean functions of bounded degree based on monotone Gray

codes [77].
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3.1 Qubits

The first step in developing a sound quantum-computational model is to identify the
objects on which it operates. That is no different from the introduction of classical
computational models, where, e.g., defining the binary alphabet and words always
comes first. While there are little to no restrictions in the initial setup for classical
models, any meaningful quantum-computational model inherits some guidelines from
the postulates of quantum mechanics. In the context of deriving a sound quantum-
mechanical analogue of the classical bit, the first postulate sets the stage.

Postulate 1. The state space of any isolated physical system is given by a complex
Hilbert space. The system’s state is completely described by a state vector, a vector of
unit length in the system’s state space.

Although Postulate 1 is not constructive in the sense that it specifies which system
is to be described by which state space, the restriction to complex Hilbert spaces
already rules out countless other candidates for state spaces, including the classically
canonical choice of b* and subsets thereof. Furthermore, the internal structure of
complex Hilbert spaces is uniquely determined by their dimension, as all spaces of
equal dimension are mutually isomorphic." The question about the most basic state
space, therefore, reduces to picking the smallest Hilbert space dimension that allows
non-trivial operations. While I may safely neglect the null-space since it only contains a
single element, it might, at this point, not be entirely clear why the smallest interesting
dimension turns out to be two rather than one. Some of the remaining postulates will
answer this question. For now, let me already define the quantum bit, or in short qubit,
as any system described by the two-dimensional Hilbert space q = C>.

The next step will be to embed the classical binary state space into the qubit’s state
space by choosing an orthonormal basis of ¢ and by labelling its two elements |0) and
|1). Then, q can be interpreted as the formal C-span of b, i.e., as

q= (b)e ={a]0)+5|1) : a, 5 € C}. (3.1.1)

In alignment with Postulate 1, valid qubit-states are all those linear combinations
(superpositions) o |0) + 3|1) where |a|* + |3|* = 1. Here and in the remainder of the
thesis, I will use Dirac’s bra-ket notation, i.e., kets |-) for expressing Hilbert space
vectors and bras (- | for dual vectors or linear forms.”

'This includes the case of infinite dimension as long as the Hilbert spaces in question are separable,
meaning that they each contain a dense and countable subset.

2To be more precise, a ket is a linear function which maps scalars to the respective multiple of a
fixed Hilbert space vector.
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Postulate 2. The state space of a composite physical system is the tensor product of the
state spaces of the component physical systems. Moreover, assuming an enumeration
of individual system from 0 to n — 1, if the i-th system is prepared in the state |¢;),
the joint state of the total system is |¢,_1) @ - ® |d;) @ -+ @ |¢y)-

According to Postulate 2, the state space of an n-qubit system is given by
n—1 n—1 n
g = Rag=RC*=C. (3.1.2)
i=0 i=0
Furthermore, preparing each of the individual qubit systems in a classical state |z;),
x; € b for all i € [n], yields the composite n-qubit state

|z) = p 1 @i To) = Tp1) @ @) @ @ [2p) - (3.1.3)

The collection of all states of this form is therefore indexed by all n-bit strings and
forms itself an orthonormal basis of q"; it is typically called the computational basis.
Throughout this thesis, it will serve as the reference basis for embedding the classical
state space b" into the state space of an n-qubit system. In analogy to the single-qubit
case, a multi-qubit system can now be treated as the formal C-span of b", i.e.,

q®" = (b")¢ { S aglx) :a, € C} : (3.1.4)

xzeb™

In the context of arithmetic operations, I will also exploit the binary representation
of integers to label the elements of the computational basis with consecutive integers
rather than n-bit strings, i.e.,

n—1
Je=> 22" = {|lzg) rxeb"}={j): j=0,...,2" —1}. (3.1.5)
i=0

The notation used in (3.1.3) is consistent with my conventions and notations for b*. I
will also use zero-based, little-endian indexing for tensor products and, if meaningful,
for concatenation of their symbols. However, it often improves clarity to concatenate
the kets rather than their symbols. The substring notation introduced for bit strings
cannot be meaningfully adopted to the quantum case. The reason for that is the
multilinearity of the tensor product: Consider, e.g., the simplest case of n = 2 and an
index subset L = {0} C [2]. Now it might be tempting to define (|¢) |¢)) = |¢) for all
pure tensors in g% and to extend this via linearity to a map from q** to q. However,
complex prefactors may be arbitrarily exchanged between both factors, yielding

[8) 1) = (271 [@)(2[¥), but (|¢) [¥) = |6) # 27" |o) = (27" [6))(2[e))) .
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The implications of Postulate 2 leave room for further discussions. First, the fact that
the dimension of a tensor product of (Hilbert) spaces is the product of the factors’
dimensions implies that the state space of any system composed of one-dimensional
factors is isomorphic to each of its factors, already hinting at the triviality of one-
dimensional state spaces. Second and more importantly, tensor product spaces not
only contain pure tensors, but also (and mostly) elements which cannot be written as
a tensor product of elements of the factor spaces. Quantum states whose state vectors
are pure tensors, such as the computational basis states, are called product states; all
other states are called entangled. Unlike the concept of superposition, entanglement is
a basis-independent property. One very simple example of such an entangled state is
the two-qubit state

1
Pty = —
|[©7) )
one of the famous Bell states [78]. Concretely, |®*) being an entangled state means
that there exist no single qubit states 1), |¢) € g so that |®F) = |¥) ().

(100) + [11)), (3.1.6)

As of today, there are many different physical realisations of (multi-)qubit systems. The
currently most promising architectures are those based on trapped ions, neutral atoms,
superconducting circuits, and photonics. Detailing the intricate physics behind each of
these platforms is certainly beyond the scope of this thesis, but I can at least name
the most common approaches: Both ion- and neutral atom-based qubits are encoded
as internal electronic states [79, 80, 81]. Robustness against environmental noise is
increased by choosing highly protected hyperfine configurations arising from magnetic
dipole interactions between the nucleus and the electron(s). Application of a static
magnetic field can increase stability further by removing remaining degeneracies via the
Zeeman effect. Superconducting architectures come with a variety of qubit realisations
(82, 83], all centred around the usage of Josephson junctions [84]. These electrical
elements introduce non-linear effects, enabling the design of quantum anharmonic
oscillators. The anharmonicity is essential. Equidistant levels, as in a quantum
harmonic oscillator, cannot be addressed individually. Typically, the ground state and
first excited state/level of the induced quantum anharmonic oscillators are used to
define a single qubit system. In contrast, photons naturally come with an intrinsic
and easily addressable two-level system: their (linear) polarisation. This naturally
binary degree of freedom has been used, e.g, to reliably detect entanglement via
violation of (generalised) Bell inequalities [85]. Alternatively, one can use beam
splitters to encode the two qubit states as two spatially distinct optical paths [86] or to
induce a temporal delay for encoding qubit states as arrival times [87]. Besides these
experimentally realised architectures, many more qubit systems have been proposed
with theoretically beneficial properties for quantum computing applications, such as
anyons [88], polaritons [89], individually trapped electrons [90], or molecular magnets
[91]. For now, however, these proposals remain purely hypothetical.
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3.2 Quantum circuits

The first two postulates established the mathematical framework for the qubit as
the quantum-mechanical analogue of the classical bit. The next step is to derive a
meaningful quantum-mechanical version of gates and circuits, and with it, a quantum-
computational model. Here, the third postulate gives clear directions.

Postulate 3. The evolution of a closed quantum system with associated Hilbert space
H is described by a unitary, linear operator U € L£(H). That is, if the system’s initial
state is |¢) € H, its evolved state is given by U |¢).

First and foremost, Postulate 3 establishes the linearity of quantum mechanics. The
additionally imposed unitarity ensures that normalised states remain normalised.
Let me stress that, in sharp contrast to the classical case, there are uncountably
many unitaries already for a two-qubit system, which imposes additional technicalities
for concepts such as (efficient) computability and universality. Nevertheless, since
every unitary operator is especially invertible, there is a natural connection between
quantum computing and classical reversible computing. In full analogy to the definition
of classical reversible circuits, I introduce here the following notion of a quantum
circuit.

Definition 3.1. Let B be a set of unitaries. A quantum circuit over B on n qubits is
a septuple

C=(V,E t,h,a,5,7) (3.2.1)

where (V) E,t,h) is a finite directed acyclic multigraph (DAMG), «, 5 : E — N, and
v:V = BU{x; : i€ [n]} U{y; : j € [n]} such that
1. There are exactly n vertices with in-degree 0 and out-degree 1, and exactly n
vertices with in-degree 1 and out-degree 0. If v € V' has in-degree 0, there exists
an ¢ € [n] such that y(v) = x;; if v € V' has out-degree 0, there exists a j € [n]
such that v(v) = ;.

2. All other vertices have equal and non-zero in-degree and out-degree. If v € V
has in-degree = out-degree k, then v(v) is a k-qubit unitary from B.

3. For every v € V, it holds that oz\t_l(v) 7 (w) = |t (W)|] is injective.

4. For every v € V, it holds that ], h=l(v) — [|h~ 1 (v)]] is injective.
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The just-stated definition of quantum circuits is again non-standard. Yao [10] gave
the standard definition for quantum circuits, constructing them in analogy to the
standard definition of reversible circuits: In Yao’s definition, a quantum circuit over
some given set B of multi-qubit unitaries is a cascade (U,, W, )¢ of k,-qubit unitaries
U, € B together with their input wire labels L, € [n]%, where k, € [n] for all r € [s]
respectively. The interpretation of this definition is the same as for its classical
analogue: The wire labels L, prescribe to which qubits the respective unitary U, is
applied. The wire labelling function for quantum circuits can be defined analogously
to its classical counterpart in Definition 2.6 and allows linearising the graph-based
description in Definition 3.1 into the standard, cascade-based form. Both linearisation
and graphification for quantum circuits are the same as in Algorithm 1 and Algorithm 2,
simply with multi-qubit unitaries instead of bijections on bit strings as labels, which is
why I will not restate them explicitly, but rather refer to the results established in the
previous chapter.

Unfortunately, a definition of the unitary computed by a given quantum circuit cannot
be brought into an elegant recursive form like Definition 2.7 for the function computed
by a reversible circuit. The simple reason behind this is entanglement: Suppose a
quantum circuit on two qubits is comprised of an entangling gate U, and a subsequent
single-qubit gate U; acting on, e.g., the zeroth qubit. A value function val, as in
Definition 2.7 for the node v = 4! (U;) which only takes into account the zeroth qubit
and disregards the first qubit is necessarily ill-defined, as there is no well-defined state of
the zeroth qubit after entangling it with the other qubit (compare also to the discussion
of the impossibility of extending the substring definition to multi-qubit Hilbert spaces).
Hence, the action of every gate always has to be defined in the context of all qubits
possibly entangled with its inputs. In full generality, the context is therefore the entire
n-qubit system, and it requires a global labelling of the qubits as in the linearised
standard definition.

Definition 3.2. Let B be a set of unitaries and let C' = (V, Et,h,a,3,7) be a
quantum circuit over B on n qubits. The unitary computed by C, Us € L(q*"), is
defined as

Ue = P,U, U

|V]|—2n—1 Vo
where vy, ..., vy _an-1 € VY ({2 s i € [n]} U {y; : j € [n]})

are in some topological order, P, € L£(q®") maps the ly(e,)(€j)-th tensor factor to
the j-th factor where e; € E is the unique edge so that y(t(e;)) = y; for each
J € [n] respectively, the wire labelling {.) is defined as for reversible circuits, and
U, = P, '(1,_, ® v(v))P, where k > 0 is the in-/out-degree of v and P, € £(q®")
maps the ¢,(e)-th tensor factor to the f(e)-th factor, respectively, and permutes the
remaining factors arbitrarily.

(3.2.2)
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The permutations P, and P, are required for correctly ordering the tensor factors to
be acted on in the first k factors before applying 1,,_; ® v(v). These permutations
are a mathematical necessity, rather than something to be implemented in practice.
Definition 3.2 admits some ambiguities in the node-wise permutations P, as well as in the
topological order of (V) E, t, h) that might require justification. First, let o, 7 : [n] — [n]
be two permutations so that o(£,(e)) = 7(£,(e)) = B(e) for all e € t'(v). The images
of any product state under the two corresponding representations in £(q®") will
thus coincide on the first k& factors so that the subsequent application of 1,,_; ® v(v)
produces a two-fold product state with the same zeroth factor. The applications of the
respective inverses further coincide on the zeroth factor and reverse the permutation
on the remaining factors. By linearity, both sequences of unitaries thus agree on all
input states. Second, consider the case that there are two nodes u,v € V whose
relative position varies over different topological orderings. This results in different
arrangements of the product defining Us. In order to give rise to the same computed
unitary Ug, U, and U, as well as all unitaries in between have to commute mutually.
I will argue that in such a case, all unitaries in question act on mutually disjoint sets
of qubits, which readily implies the former. The contraposition, i.e., that an overlap of
input qubits leads to fixed relative positions in all topological orderings, is stated in
the subsequent lemma. U, and U, thereby commuting whenever the relative position
between u and v is not fixed across all topological orderings already suffices to show
that Ug is well-defined. If there exists a node w € V' whose unitary U, is sandwiched
between U, and U, in the definition of U, for one topological ordering, but not for
another one, then (e.g.) u and w, by definition of U, have varying positions over
different topological orderings and hence commute as well.

Lemma 3.3. Let B be a finite set of unitaries, C' = (V, E,t, h,«, 3,7) be a quantum
circuit over B on n qubits, and u,v € V so that £,(t " (u)) N £,(t ' (v)) # 0. Then the
relative position between u and v is the same in all topological orderings of (V) E, ¢, h).

Proof. Let I € £,(t '(u)) N £,(t ' (v)) and e € t ' (u) as well as f € t~'(v) so that
[ =10,(e) =L,(f). Furthermore, assume there to be a topological ordering of (V, E t, h)
so that u comes before v. By the definition of /., there exists a (necessarily unique)
path eg,...,e,_1 € Esothat [ = ly. (e;), €,_1 € h~'(s(e;)), and afe;) = B(e;_q) for all
i € [p]\{0} as well as y(t(eq)) = x; and t(e, ;) = v. Since e;_; € ' (e;_1)Nh~'(s(e;)),
t(e;—1) has to come before t(e;) in every topological ordering, respectively for all
i € [p]\ {0}. By the uniqueness of the path with constant labelling I, both v and v have
to lie on this path. Since I assume that u comes before v in at least one topological
ordering, this implies that there exists a j € [p— 1] so that t(e;) = u, therefore yielding
that u comes before v in every topological ordering. If, in contrast, there is no such
topological ordering in the first place, there must exist one where v comes before u,
yielding that this always has to hold. O]
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Now that I have ensured that the unitary computed by a given quantum circuit is
well-defined, let me proceed to two important definitions that embed Boolean and
reversible circuits into the framework of quantum circuits. First, via the identification
of the computational basis with classical bit strings, classical reversible operations
acting on n-bit strings can be promoted to n-qubit unitaries.

Definition 3.4. Let f : b" — b" be a bijection. The quantisation of f, fe L(q*"),
is the unitary uniquely defined by f|z) = |f(z)) for all z € b". Let B be a set of
bijections, then B := {f : f € B}.

Bijectivity of f is essential in the above definition as it ensures that f simply permutes
the computational basis states and is thus unitary. Furthermore, by linearity, f is
indeed uniquely determined by its action on any basis of q®". Thanks to the similarity
between the definitions of reversible and quantum circuits, the following circuit synthesis
result follows immediately.

Proposition 3.5. Let B be a finite set of bijections and C' = (V, E,t, h,a, 8,7) be a
reversible circuit over B with n inputs. Then C' := (V| E,t, h, «, 5,7) with

3(v) = {18 Lfl;(v) €b (3.2.3)

for all v € V is a quantum circuit over Bonn qubits and computes the unitary ]/“(\;

In words, replacing all elementary gates within a given reversible circuit with their
respective quantisation yields a quantum circuit which implements the classically
computed function f as a multi-qubit unitary f By feeding a proper superposition of
computational basis states to the resulting quantum circuit, one can now “compute
f in parallel”, i.e., the output state will be a proper superposition of all the images
under f of all the bit strings appearing in the initial superposition. However, at this
point, it is not at all obvious whether this is a useful property.

Input Output
i) X — 01
0 1 A= [1 o]
1

Figure 3.1: Truth table and quantisation of the NOT gate.
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The only non-trivial unary bijection is the negation, or NOT gate. Its quantum-
mechanical version, the (Pauli-)X gate, is therefore a single-qubit gate and has to ensure
full transfer between the two classical reference states |0) to |1) (see Figure 3.1). For the
qubit architectures mentioned in the previous section, the respective implementations
of X are rather easy to achieve, at least in comparison to entangling gates, which are
inherently more challenging to implement. Trapped ions and neutral atoms can be
individually manipulated by controlled inelastic scattering with laser photons; this
is called the Raman effect. Fine-tuning of the experimental parameters involved in
the Raman effect allows for implementing a variety of single-qubit gates, including
the Pauli-X gate [92, 93]. Alternative proposals employ oscillating magnetic fields
for controlled interaction directly with the magnetic dipoles present in both qubit
candidates [94, 95]. These and related methods are also predominantly used for
the implementation of single-qubit gates in superconducting architectures [96]. For
photonic systems, (in principle) arbitrary single-qubit unitaries, thus including X, can
be implemented solely by simple beam splitters and phase shifters [97].

Out of the 20 proper two-bit bijections — 22 = 4 out of 4! = 24 bijections are
merely composed of two unary bijections — the controlled bit flip, or CNOT, is the
most prominent representative. Fixing the target to be at the first position, the
corresponding two-qubit gate Cy(X;) permutes |01) and |11) and leaves |00) as well as
|10) invariant. Although computational basis states are mapped again to computational
basis states, Cy(X;) is indeed an entangling gate, since e.g.

1 1
ﬁ(|0> +1) = 7

The right-hand side of (3.2.4) is the Bell state (3.1.6), i.e., an entangled state. For
trapped ion architectures, Cirac and Zoller proposed a concrete implementation trans-
mitted via the shared motional state of neighbouring ions [79] which has also been
realised experimentally [98]. The Cirac-Zoller implementation has since been super-
seded by the Mglmer-Sgrensen scheme, which is experimentally more feasible and
can also implement other important two-qubit gates [99]. For neutral atom quantum
computers, Jaksch et al. introduced schemes for entangling two-qubit gates, including
CX, via temporarily exciting control and target atoms to high-energy states (outside of
the qubit subspace) in order to facilitate controlled electromagnetic coupling between
them [100]. Also, this scheme has been successfully implemented [101]. Based on the
utilisation of beam splitters and phase shifters for single-qubit gates, Knill, Laflamme,
and Milburn extended their scope to a scheme for multi-qubit gates under additional
post-selection via photo-detectors [86]. The successful implementation of CX based
on their scheme has also been verified experimentally [102]. Lastly, two-qubit gates,
again including CX, can also be successfully implemented on superconducting-based
quantum computers using, e.g., electrostatic coupling via capacitors in combination
with single-target microwave pulses [103].

Co(X,) [0) ® (J00) + [11)). (3.2.4)
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Input Output
I o xl@xo o 1 0 O O
0 0 0 0 10 0 01
0 1 1 i = Q&)= 01 g
1 0 1 0 01 00
1 1 0 0

Figure 3.2: Truth table and quantisation of the CNOT gate. Since x; is not altered
and z; is updated to x; @ zy, the CNOT gate corresponds to id.

The Toffoli gate (see Table 2.2) is another important reversible gate to be quantised.
The corresponding three-qubit gate Cy(Cy (X)) permutes [011) and [111), but leaves all
other six computational basis states invariant, i.e.,

1 0000O0O00O
01 00O0O0O0O0
001 0O0O0O0T©O
0000O0O0OTO0T1
000O0O0OT1TQO0G®O0
000O0O0O0OT1O0
00010000

Analogously to CX, the quantised Toffoli gate is entangling. It has been successfully
synthesised on all the major quantum computer architectures [104, 105, 106, 107].
These implementations are either achieved by extending the implementation protocol
of CX to include an additional control qubit or by decomposing the Toffoli gate into
elementary single- and two-qubit gates that have already been successfully synthesised
on the respective quantum hardware.

After having introduced the quantisations of the most important classical reversible
gates, let me continue by listing some of the most important elementary quantum
gates which do not arise from quantising classical gates. First, the Pauli-X gate is
complemented by the Pauli-Y and Pauli-Z gate, where

Y= l(@) _OZ] and Z = l(l) _01] : (3.2.6)

Besides constituting valid quantum gates, the set {1,X,Y,Z} forms a basis of the vector
space L(q), i.e., every single-qubit operator can be expressed as a linear combination
of the identity and the Pauli operators. Furthermore, since £(q®") = L(q)*", all the
4" tensor products formed from elements of {1,X,Y,Z} — the Pauli strings — constitute
a basis of £(q®").
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All three Pauli gates (and, more generally, all Pauli strings) are not only unitary, but
also Hermitian operators. Hence, their complex exponentials with an arbitrary real
factor in the exponent are again unitary operators and therefore valid quantum gates.
The corresponding (parameterised) rotational gates are given by

R ey Nl (327
wr(6) = e = [ o) (323
and RZ() = e /% = e_;6/2 63/21 ) (3.2.9)

where the real parameter § may be restricted to [0, 47) because of the periodicity of
sin, cos, and the complex exponential.

Other important single-qubit gates are the Hadamard gate H, the phase gate S, and
the T-gate with respective matrix representations

111 1 10 10
H= 73 [1 _1] , S= [() 2] ,and T = [0 e”“] , (3.2.10)

noting that § = e”"™/*Rz(7/2) and T = ¢""/*RZ(7 /4). Besides X and its controlled ver-
sions, especially Z, H, and the three rotational gates will play an important role through-
out this thesis. The most important algebraic properties involving the Hadamard the
Pauli gates are:

HXH=12, HYH=—Y, and HZH = X. (3.2.11)

Furthermore, the Hadamard gate is unitary and its own inverse, i.e., H =H'!=H
Therefore, when sandwiching a rotational gate with Hadamard gates, the latter can
be absorbed into the exponent, yielding, as a direct consequence of (3.2.11), the
exponentiated algebraic relations

HRX(#)H = RZ(#), HRY(A)H = RY(—6), and HRZ(#) H = RX(f). (3.2.12)

That concludes the introduction of the most important elementary gates [108]. Before
I continue with the notion of universality for the quantum circuit model and more
advanced circuit synthesis techniques, let me state and comment on the measurement
postulate of quantum mechanics, which specifies how to connect quantum states to
classical outputs. It will be central to establishing the usefulness of quantum algorithms
for classical tasks, i.e., for a setting where the solution to a decision or optimisation
task should ultimately be available as a concrete bit string rather than a multi-qubit
quantum state.
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Postulate 4. A measurement of a quantum system with associated Hilbert space H is
described by a collection {M,,} C L(H) of measurement operators satisfying

S MM, =1. (3.2.13)

The index m refers to a possible measurement outcome. If the system’s state is |¢)
immediately before the measurement, the probability of obtaining the result m is

p(m) = (| M}, M, |¢) (3.2.14)
and the state of the system right after the measurement is
M,
m |0) (3.2.15)

AGIME M, |¢)

The most crucial part of the fourth postulate is the definition of the probability
distribution p over all possible measurement outcomes. It exclusively connects the
abstract formalism of quantum mechanics to experimentally testable quantities. In
that sense, all state vectors which yield the same probability distributions for every
possible measurement setup shall be regarded as representations of the same state.
For a given state vector [¢), all unit vectors collinear to |¢), i.e., vectors of the form
' |v) with global phase ¢ € R, represent the same state. Analogously, global phases
incurred from applying unitary transformations are physically irrelevant. That is, U
and €U represent the same physical process. Note that, e.g., both the S-gate and
the T-gate can be realised, up to global phase, by a suitably parameterised RZ-gate.
The most important measurements for connecting classical and quantum-mechanical
computational models are measurements of qubits in the computational basis. For
an n-qubit system, each element @ of b" is a possible measurement outcome with
associated measurement operator M, = |x)(x| — the projection onto the corresponding
computational basis state |x). More compactly, a measurement in the computational
basis is thus given by the map Mcp : %" — A(b"), |¢) — [x — |[(z[¢)|?], where
A(b") denotes the set of all probability densities on b".

Lifting any prior notion of universality to the quantum circuit model is not meaningful
due to a simple counting argument: For every n € N, there are finitely many n-ary
Boolean functions (resp. bijections); thus, taking arbitrary combinations of gates drawn
from a finite set can, in principle, implement all these finitely many functions. In
the quantum case, however, there are uncountably many n-qubit unitaries, even after
eliminating global phases. Taking arbitrary, but finite combinations of gates from a
finite set can at most implement a countably infinite set of unitaries. The two possible
recourses are either to allow for uncountably infinite sets of elementary gates or to
weaken the implementation requirement to an approximate one. The latter approach
is indeed standard, and I will define universality accordingly.

Page 50 of 133



Chapter 3 Quantum computing

Definition 3.6. A set B of unitaries is called a universal (quantum) gate set if and
only if, for every n € N, for every n-qubit unitary U, and for every ¢ > 0, there exist
¢ € R and a quantum circuit C' over B on n qubits so that |[U — ¢ °Ug|| < e.

Note that, unlike Definition 2.11, this notion of universality does not allow for any
ancilla memory; the circuit implementing the target unitary U up to global phase
is required to act on as many qubits as U itself. That the above definition can be
fulfilled was prominently shown by Deutsch [109], who showed that the (nowadays
called) Deutsch gate, a three-qubit variation of the Toffoli gate, alone constitutes a
universal set of quantum gates. Shortly after, Barenco [110] showed that even a single
two-qubit gate suffices for universality. Especially the latter stands in sharp contrast
to the classical reversible case, where no single two-bit gate can be universal.

Neither the Deutsch nor the Barenco gate has yet been synthesised in practice. Concrete
applications focus on other sets of universal gates, typically single and two-qubit gates.
A powerful theorem by Brylinski and Brylinski [111, Theorem 1.3] states that all
single-qubit gates together with a single two-qubit gate V' can implement every n-qubit
unitary exactly if and only if V' is entangling, i.e., maps at least one product state
to an entangled state. Replacing the set of all single-qubit gates with a finite subset
which can generate a dense subset of single-qubit gates up to global phase, then yields
a proper finite set of universal gates. The most prominent example of such a get set is
arguably {H, T,CNOT}, where

1 00 0
111 1 1 0 0100

H= E [1 _1] , T= [O e”“] , and CNOT = 000 1 (3.2.16)
0010

Universality is an abstract statement and does not admit an intrinsic blueprint for
(approximately) decomposing an arbitrary unitary into a cascade of elementary gates.
Ultimately, this task has to be tackled algorithmically. Here, the Solovay-Kitaev
theorem [112, Theorem 4.8] constructively shows how any target unitary U € £(q®")
can be approximated up to global phase and up to error € > 0 (in the operator norm) by
gates of any given universal set of quantum gates. Both the length of the decomposition
as well as the number of construction steps are O(2"poly(log(1/¢)), i.e., only scale
mildly with the desired precision 1/¢. One might now have the impression that the
universality of quantum gates is an exhaustively researched topic. And indeed, many
theoretically and practically relevant matters, such as the ones just discussed, have
been successfully resolved. However, as pointed out in [40], a complete characterisation
of all finite sets of quantum gates in terms of their universality is still pending. It is also
not clear whether the additional flexibility of quantum gates may be used to exactly
implement all quantised classical gates without the need for an ancilla qubit.
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3.3 Circuit synthesis

Now that I have introduced a plethora of single-qubit gates, let me shift the focus
towards multi-qubit gates. In the first part, I will primarily focus on controlled versions
of already established gates. The main inspiration stems from the CNOT gate and the
Toffoli gate, which are both examples of controlled X-gates with one and two control
qubits, respectively. The same underlying mechanism of coherent conditioning (or
conditioning in superposition) can be elegantly generalised to more complex classical
control patterns — expressed as Boolean functions — as well as to other (purely quantum)
target gates than just the X-gate. Afterwards, I will discuss the construction of circuits
which apply relative phases to the computational basis states based on the values of a
given pseudo-Boolean function. There will also be a direct connection between the two
concepts in the special case of applying relative phases based on the image of Boolean
functions.

Starting with the concept of coherent control, the following definition formalises the
idea of expressing a classical control pattern on a k-qubit register via k-ary Boolean
functions, extending the concept of applying quantum gates conditioned on classical
quantities to the case where the condition, i.e., the respective Boolean function, itself
is evaluated in superposition.

Definition 3.7. Let f be k-ary Boolean function and let U € £(q®") be unitary. The
unitary C;(U) € L(q®" %), f-controlled U, is defined as

C,(U)= Y 1L,®zXz|+ > U® |z z|. (3.3.1)
f(z)=0 f(x)=1

One can readily check that (3.3.1) is indeed a unitary operator and thus a valid quantum
gate: The identity and each of the projectors |x)Xz|, = € b", are self-adjoint. Both
summation and taking the tensor product commute with taking the adjoint. Therefore,
the adjoint of C¢(U) is simply given by

c,(U) = X Lyoleel+ Y U'olz).
f(z)=0 f(z)=1

When multiplying C;(U) with its adjoint, the fact that (z|y) = 0,, for all z,y € b*
cancels out all cross-terms so that

CHU)Cp(U) = Y 1, @ zfz|+ Y U'U@ |z)z|
f(z)=0 f(z)=1

=1ln®<Z |:c><:c|> =1,®1;.

k
xeb
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Indeed, the special case of f =id on one bit and U = X yields the CNOT gate and the
case of f = A on two bits together with U = X corresponds to the Toffoli gate. More
generally, C f(X) = fg for every k-ary Boolean function f, since for all zy € b'tk

X)[zy)= > 1) @e)zly) + > X[z)® |x)z|y)

f(z)=0 f(z)=1

= > ze0)oz)zly)+ > |zol) o |z)zly)
f(z)=0 f(z)=1

=z® f(y)) ly).

Another important construction will be that of C;(Z). If the target qubit is initialised
in |1), this gate effectively applies a phase flip to all computational basis states of the
control register whose bit string label satisfies the function f. That readily follows from
the multilinearity of the tensor product, which allows effectively shifting the phase flip
incurred on the ancilla qubit to the control register. Namely, for all bit strings y € b*
it holds that

Ci(2)[ly) = > L) @la)zly) + > 1) ® [z)=ly)

f(2)=0 f(@)=1
=|1)® ( PBEYCTNENSY |£E>(a:|y>) (3.3.2)
f(z)=0 f(x)=1

=) ® (1) |y).

In general, f-controlled gates are crucial for coherent conditioning and are being used
extensively in some of the algorithms introduced in Chapter 6. For many applications, a
concrete circuit synthesis based on an available Boolean circuit implementing f is there-
fore crucial. Since C;(X) = fs, the combination of Proposition 2.17 for implementing
fa and Proposition 3.5 for its quantisation yields an efficient protocol for synthesising
the gate C;(X) from a known irreversible implementation of f. This construction can
in fact be generalised from the single-qubit gate X to arbitrary multi-qubit target gates
U € L£(q®F) — assuming that its simple controlled version C(U) is available — simply by
replacing CX = iﬁg with C(U). The subsequent proposition and its proof rigorously
cover this construction and its implementation costs.

Proposition 3.8. Let U € £(g®") be a unitary, B be a set of Boolean functions,
and C' = (V,E,a,7v,w) be a circuit over B With n inputs, one output, size = s,
[y~ (b)] = p, and |y (1)] = ¢ so that v ({; : [ DHNw ({y; : 5 € [m]}) = 0.
Then there exists a quantum circuit C' over B@ (B@) U{X,ClU)}on s+k+n
qubits of size = 2(s — p + ¢) + 1 and depth < 2(s — p + min{q, 1}) + 1 so that
Uz |0%) [¢) = |0%) Ce, (U) [9) for all |v) € g™
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Proof. Let Cy be a reversible circuit over {—=} U Bg with n + s inputs, size = s — p+¢
and depth < s — p + min{g, 1} fulfilling f¢, (0°z), = = and f¢, (0°%)p,, = fo(x)
for all x € b". I constructed such a circuit in the proof of Propos1t10n 917, Let
Us € L(g®**") be the unitary computed by C;, then, by Proposition 3.5, it holds that

Up [0°) = |y) | fc(x)) |x)

with some y, € b*"' for all £ € b". Let O be a quantum circuit over {C(U)} on
k + s + n qubits whose multigraph is the following disjoint union G; U Gy: G is a
linear forest of n + s — 1 directed 1-paths joining the node labelled with z; and the
node labelled with y;, for each i € [n] U [s — 1], (14, respectively. Gy is a multigraph
with 2k + 3 vertices and 2(k + 1) edges. The first k& + 1 edges connect the node labelled
with z,, and the k nodes labelled with z,,, 4., for all j € [k] to a node labelled with
C(U) in that S-order. The remaining k + 1 edges connect the node labelled with C(U)
to the node labelled with y,, and the & nodes labelled with ¥, ; for all j € [k] in that
a-order. Accordingly, the circuit O has size = 1 and depth = 1. Define the injection
Oy :[s+n] = [k+ s+ n] via Q(i) = i. The circuit concatenation C; := O oq, Cy is
a quantum circuit over {X,C(U)} U Eg on k + s+ n qubits, size = s —p+ ¢+ 1 and
depth < s —p+ min{q, 1} + 1, fulfilling

Uc, |6)|0°x) = Up(1, ® U) |6) |0°)
= Uo |8} [y) | fo(®)) |=)
— (Po" (1orn © CW)) Po ) 16} 1) I e(@)) )
= P (Iya) |@) (C(U) |9) | fo(@))))
= 25" (lyo) 1) (1) [0Y0Lfe () + U |6) [1X1|fe (@)
= (0l fc(@)) [6) [y=) [0) [} + (1] fo(@)) U [6) |yz) [1) |)
= U@ |¢) |ya) | fo () |@) = U™ |¢) Uy [0°x)

for all states |¢) € Q]® as well as for all bit strings € b". Lastly, define the partial
bijection Q5 : [s+n]| C [k+s+n] — [s+n] via Qg( ) = i Then the circuit concatenation
C' = Cy' ®q, C, is a quantum circuit over Bg U (Bo) " U{X,C(U)} on k + s +n
qubits, size = 2(s — p+ ¢) + 1 and depth < 2(s — p+ min{q, 1}) + 1 so that

U |6)10°2) = (L @ Ug YU |9) Uy |0°2) = U7 |g) |0°2).

z)

for all |¢) € q®* and all € b”. Now one can define C' in the same manner as C’, but
with relabelling its inputs and outputs so that

Uz |0%) [¢) &) = [0°) U7 [9) |2) = |0°) C(U) |) |)

for all |p) € q®* and all € b™. By linearity, |¢) |x) can replaced with an arbitrary
state vector [¢) € g™, O
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The notion of the controlled phase shift C¢(Z) can be further generalised to pseudo-

—inf(y

Boolean functions since applying a phase shift of (—l)f W — ¢ ) does not require

f only to take values in b.

Definition 3.9. Let f be an n-ary pseudo-Boolean function. The unitary P, € L(q*™),
f-phase oracle, is defined as

=3 @ ). (3.3.3)

xeb”

With this definition, I may now write C;(2) 1) [¢) = 1) P [¥), |¢) € q®", for n-ary
Boolean functions f. That is, C¢(Z) is an ancilla-assisted implementation of P, .
Furthermore, by pre- and appending an X gate acting on the ancilla qubit, it can also
be brought in the conventional form of starting and ending with the ancilla system in
the |0)-state.

I will continue investigating how to implement the phase oracle for general pseudo-
Boolean functions in the circuit model — mostly following Hadfield [113] — and derive
novel circuit improvements for functions with bounded degree. Recall from Section 2.4
the common multi-linear polynomial representation of Boolean functions, the parity-
basis representation, and the fact that both representations’ degrees always coincide.

There is a fundamental connection between the parity basis and products of Z gates,
namely that for a given I C [n] it holds for all € b" that

[I-D% =) =[]Z ) (3.3.4)

jel jel

with the convention that the product over the empty set yields the identity gate.
Writing a given pseudo-Boolean function f in its parity representation with coefficients
ar, I C [n], one readily obtains that

f@)|z) = > a ][]z =) (3.3.5)

ICln]  jeI

for all @ € b". Exponentiating the operator on the right-hand side of (3.3.5) then
yields

e @ gy = e e L% 1) v e b (3.3.6)
— Py = e 2 rcmr e H et [ Tier % (3.3.7)
1S

where I have used in the last step that all appearing Pauli strings mutually commute.
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—iQZ3ZoZ =
e 34240

fan)
A\
a
A\

RZ(2«)

a
A\
fan)
A\

Figure 3.3: Implementation of exponentiated Pauli-Z operation.

Implementing a phase oracle Py therefore essentially boils down to implementing several
exponentiated Pauli-Z operations in sequence. Here, the central piece of innovation is
due to Schuch and Siewert [114] who were the first to give a sophisticated construction
for the case that all a; # 0. They constructed an ancilla-free quantum circuit consisting
of 2" — 1 RZ-gates embedded in a network of CNOT gates and swaps. Shortly after,
Bullock and Markov [115] found a similar construction, connected the optimised gate
count to the concept of Gray codes, and established the asymptotical optimality of
their construction. I will follow the latter approach, which has also been reiterated
and popularised by Welch, Greenbaum, Mostame, and Aspuru-Guzik [116].

The most important ingredient is the realisation of the individual exponentiated Pauli-Z
operations. Let ) C I C [n] and k € I, e.g. kK = max(I). Then it holds that

¢l er % :( II c;x >RZ (2a;) ( IT ci xk> (3.3.8)

Jje\{k} je\{k}

An example circuit is shown in Figure 3.3. The CX-gates within each of the products
mutually commute and can be reordered arbitrarily. When executing two of these
circuits for subsets I, J C [n] with common target k € IN.J in sequence, the CX-cascades
can be reordered to cancel out all CX-gates which appear with the same control qubit
j € (INJ)\{k}. Therefore, the number of CX-gates in between both RZ-gates is given
by the symmetric difference between I and J. The cumulative number of CX-gates is
minimised by starting and ending with an operation which requires no CX-gate, i.e., a
one-element subset of [n], and by iterating through the subsets of [n] so that successive
sets differ only by one element. Identifying a subset I C [n] with the bit string whose
j-th entry is one if and only if j € I, the symmetric difference between two subsets
I, J C [n] becomes the Hamming distance between their representing bit strings and
the described ordering of the subsets corresponds to a Gray code: an ordering of b" so
that successive bit strings have unit Hamming distance. The standard Gray code [117]
for b" starts with 0", advances with 0" '1 and ends in 10""'. Skipping 0", which
corresponds to the empty set and therefore to an irrelevant global phase, following the
standard Gray code thus reduces the cumulative number of CX-gates to a minimum.
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Combining (3.3.7), (3.3.8), and the standard Gray code ordering, one can therefore
implement P for an arbitrary n-ary pseudo-Boolean function f up to global phase
e "% with an alternating cascade of 2" — 1 RZ-gates and 2" — 2 CX-gates. While the
resulting circuit size is asymptotically optimal, there are further reordering techniques
for drastically reducing the circuit depth [118] which I will not comment on here.

Proposition 3.10. Let f be an n-ary pseudo-Boolean function. Then there exists a
quantum circuit over {CX} U {RZ(f) : 6 € [0,47)} on n qubits of size = 27" — 3 and
depth < 2" — 3, computing P 7 up to global phase.

If a; = 0 for some ) C I C [n], then the corresponding RZ-gate acts as the identity
and can be removed from the circuit in Proposition 3.10. Hence one can implement
P, up to global phase for f with v := [{0 C I C [n] : a; = 0}| with a circuit of size
and depth < 2" — 3 — v, following the same construction. For large v, this approach
might not be very efficient. Let u = |{0 C I C[n] : a; #0} =2"—-1—vr. One
can, of course, simply implement all the exponentiated Pauli-Z operations for all u
sets ) € I C [n] with nonzero a; individually. Without further structure, there are,
however, no guarantees that many of the CX-gates will cancel each other out. With
a rough worst-case estimate of n — 1 CX-gates in each cascade, this construction will
yield a quantum circuit of size and depth < u(1 4 2(n — 1)) = 2un — p, implementing
P; up to global phase.

I wish to focus on the special case of pseudo-Boolean functions with bounded degree
d. Following the discussion in Section 2.4, it holds for such a function f that a; # 0
implies that |I| < d. That is, the bit strings representing subsets I with nonzero parity
coefficient a; are of Hamming weight < d. Savage and Winkler [77] introduced the
concept of monotone Gray codes, which enumerate the elements of b" so that, for
every k < n, transitions from bit strings of Hamming weight k£ + 1 to k£ + 2 do not
occur before transitions from Hamming weight &k to k& + 1. As pointed out in [119],
their code achieves that all bit strings of Hamming weight & appear before any bit
string of Hamming weight k& + 2. When enumerating b" with this monotone Gray code,
I have therefore reached all bit strings with Hamming weight d before reaching any of
weight d + 2, so that terminating the code early only enumerates (in the worst case
all) bit strings with weight < d + 1.

Proposition 3.11. Let f be an n-ary pseudo-Boolean function of degree d. Then
there exists a quantum circuit over {CX} U {RZ(0) : 6 € [0,4m)} on n qubits of

d+1 /p
size and depth < Z (k)’

k=1
computing P; up to global phase.
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CHAPTER 4

Adiabatic quantum computation

Adiabatic quantum computation is an analogue quantum-computational model com-
plementing quantum Turing machines and the quantum circuit model. It originated as
a framework for solving classical optimisation problems [120, 121] and was soon shown
to apply far more broadly [122]. At its core, the model concerns the controlled evolution
of an eigenstate of an initial Hamiltonian into an eigenstate of a target Hamiltonian
under a time-dependent Hamiltonian. Achieving such a transfer requires sufficiently
slow evolution and a suitable spectral structure. These conditions are formalised by a
family of adiabatic theorems [123, 124, 125], which generalise earlier work on adiabatic
invariants by Ehrenfest [126] and place the model on a solid mathematical footing.
Within this framework, adiabatic computation is known to be — modulo some tech-
nicalities arising from comparing an analogue and a digital model — computationally
equivalent to the quantum circuit model [127].

This chapter motivates the model of adiabatic quantum computation, beginning with
a structural link between combinatorial optimisation and the search for energetically
minimal configurations in the Ising model [128]. The latter is formalised as an optimi-
sation problem connected to those introduced in Chapter 2. A quantum-mechanical
formulation permits the inclusion of magnetic fields transverse to the joint quantisation
axis of the intrinsic spins. Precise control over the external field enables manipulation
of the magnetic material to drive it towards a more stable configuration. These meth-
ods, known collectively as quantum annealing [129, 130, 131], form a special case of
adiabatic quantum computation.

The core of this chapter consists of a generalisation of previously obtained sufficient
conditions for one of the adiabatic theorems [132] and a thorough connection of
adiabatic quantum computation to the quantum circuit model as introduced in the
previous chapter. The latter follows the conventional time-discretisation and subsequent
Trotterisation steps for approximating (quasi-)adiabatic time evolutions. In particular,
Theorem 4.11 combines the improved circuit synthesis for phase oracles for pseudo-
Boolean functions of bounded degree with these approximation steps.
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4.1 Combinatorial optimisation and Ising model

The Ising model, named after physicist Ernst Ising, who solved its one-dimensional
variant [128], is a simple mathematical model for microscopic (anti-)ferromagnetism.
The collection of magnetic dipole moments is described by a point set V. Each site
i € V is assigned a discrete spin variable o; € Sy := {—1,1} so that an entire spin
configuration is described by some o € SWI Neighbouring sites 7,5 € V' are subject
to a two-local interaction J; ; € R, where J; ; > 0 for ferromagnetic and J; ; < 0 for
antiferromagnetic mteractlons Whether two 81tes are neighbours can be expressed by
formulating a set of undirected edges E over V; in practice, these are usually regular
lattices of different dimensionality. For example, Ising considered a one-dimensional
spin-chain. In addition, the model allows for an external magnetic field with field
strength h; € R at site 7, interacting with the magnetic dipoles of magnetic dipole
moment € R. Overall, the system’s Hamiltonian is given by
=
H:{-1, 1}V SR, o= =Y Jioi0; ,uZha (4.1.1)

{ig}eE

Given such a model, one of the most relevant questions is to ask for the system’s
ground state, i.e., for a spin configuration in o € Slow which minimises the system
Hamiltonian (4.1.1). That has almost the form of a combinatorial optimisation. In fact,
H can be seen as the parity representation of a pseudo-Boolean function of degree two:
Defining the bit-to-spin transformation g : b — S, via x — 1 — 2z and by collecting
the interactions ph; as diagonal elements as well as the two-local interactions J; ; as
off-diagonal elements in a joint matrix J, the ground state problem for the Ising model

can be cast into a proper COP, flipping signs to turn it into a maximisation problem.

Definition 4.1. The Ising model (IS) is the combinatorial optimisation problem
IS = (Iis, s1g, €19, max) with valid instances

Is ={(n,J) : neN, JeN""is symmetric}, (4.1.2)
feasible assignments
sis(n, J) =b", (4.1.3)

and objective function

n—1
cis(n, J, x) Z Z Jij9(x;)g(x;) + Z Jiig(x

. = (4.1.4)
1=0 j#1i =0
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The IS is indeed NP-hard as has been proven by Barahona [133], utilising previously
established results on the NP-completeness of the decision versions of MCP and
MVCP on three-regular graphs [134] which render these problems NP-hard, even when
restricted to three-regular graphs. He then reformulated the MCP on three-regular
graphs as the IS on a three-dimensional lattice (with only two levels) without an
external field (i.e., with vanishing diagonal elements in .J), implying the NP-hardness of
the latter. In addition, he showed that the two-dimensional case in an external magnetic
field (i.e., with nonzero diagonal elements in J) is also NP-hard by reformulating the
MVCP on three-regular graphs as the former. However, certain restrictions, such as to
two-dimensional lattices without an external magnetic field, remain efficiently solvable.
The latter has also been shown by Barahona and is in line with the fact that MCP
restricted to planar graphs is in PO [135].

Alternatively, one may reduce the QUBO to the IS via the following reformulation:

n—1n—1
CQUBOan ZZQz]xx _ZZQZ]‘%Q; +ZQ121
=0 j=0 1=0 j#i
n—1
= (1 4 daay) +Z 89 () — 9y +Z(Q“—ZQ”)
i=0 jAi i
n—1 n—1
=>> Qij (1 =22 — 2z +dwz;) +2) ) Qj:j (x; + ;)
=0 j#i =0 j#i
n—1 n—1
; <>z(z)
=0 =0 J#i
n—1
=S Y alagle) = T Y H%
1=0 j#i 1=0 j#i
n—1 n—1
; <>z(§:)
=0 =0 J#i
n—1 n—1n—1
= Jzyg +Z‘]zzg —"_%ZZQ’L,]
i=0 j#i i=0 j=0

with

=0 7=0
et
Jii=—5>.> Qij, i €[n], and
i=0 j#£i
Jij = % g € [n] with i # j.
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That shows that the QUBO objective function can be efficiently cast to a solution-
independent constant plus an IS objective function. Since both IS and QUBO are
maximisation problems, an optimal solution to the derived IS instance is thus also an
optimal solution to the original QUBO instance. Therefore, allowing oracle access to a
function which maps IS instances to optimal solutions efficiently solves QUBO.!

Corollary 4.2. The Ising model is NP-hard.

The above derivation, however, is effectively a detour compared to Barahona’s approach,
since the NP-hardness of QUBO is traditionally proven by a reduction from MCP.
Nevertheless, considering the recent increased interest in solving QUBO instances,
having an explicit reduction from QUBO to IS often comes in handy.

Especially in the context of quantum computing, the terms IS and QUBO are often
used interchangeably. For example, Lucas published an extensive list of reductions
of many NPO problems to QUBO, but coins them Ising formulations [136]. Many of
these problems are constrained problems or have pseudo-Boolean objective functions of
degree larger than two. The general strategy for formulating such problems as QUBOs
consists of two steps: Assume for simplicity that the given COP P = (I, s, ¢, max) is
length-respecting. For fixed « € I, consider the n,-ary Boolean function 1. Every
k-ary pseudo-Boolean function of degree d can be transformed into a k-ary function of
degree two, where k € O(k“*') so that their maxima coincide [137, Theorem II1.1]. This
is known as a gadget. As an example, consider f(zqx 7)) = x5 Az Axg. The task is to
construct a (3 + k)-ary function g of degree two so that f(zx) = max{g(yx) : y € b"}
for every « € b®. For this specific case, k = 1 will suffice. The idea is to substitute,
e.g., xo A xy by a single variable y € b to reduce the initial cubic term to the quadratic
term y A xy. The constraint o A 7 = y has to be enforced explicitly; in this case
via p(yzar1) = (y — 23)* + (y — 21)° + (25 + 21 — 1 — y)? which vanishes if and only
if 25 A x; = y. Therefore, setting g(yz,z124) == y A 9 — p(yxox;) satisfies the above
requirement. These techniques readily extends to more complex functions.

Using these techniques, a COP’s feasibility-deciding function as well as its objective
function can be transformed into quadratic pseudo-Boolean functions § and ¢ of higher
(and generally unequal) arity. Choosing the maximum among both functions’ arities,
say k,, suitably extending the lower-arity function, and introducing a sufficiently high
penalty constant M € N yields a QUBO instance on k, > n, bits with objective
function ¢ + M (5 — 1). The inclusion of a sufficiently large M is necessary as ¢ might
assume larger values on infeasible bit strings. With the right choice of M, this ensures
that the maxima of the original problem instance and the derived QUBO match.

'The potentially negative matrix entries J; ; are not an issue for the reduction argument.
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4.2 Quantum annealing

The original Ising model is a purely classical description of the spin sites and their
interactions. However, the model can also be formulated for a multi-qubit system,
equipping each spin site with an individual qubit and identifying spin-up with the |0)-
state and spin-down with the |1)-state. One then obtains the corresponding Hamilton
operator simply by replacing the spins o; in the classical Hamiltonian (4.1.1) with
Pauli-Z operators Z;, yielding

V-1

{ijleE

Since the quantum Ising Hamiltonian (4.2.1) is, to no surprise, diagonal in the com-
putational basis, it indeed guarantees to have a computational basis state as (one
of) its ground state(s). Furthermore, by the Rayleigh-Ritz principle [138, 139], the
Hamiltonian’s ground states coincide with the minimisers of the expectation value
functional [|1)) — (¥|C|¢)]. Therefore, the IS objective function may be equivalently
stated as forming the expectation value of the diagonal Ising Hamiltonian within the
respective computational basis state.

Moreover, the quantum-mechanical treatment of the Ising model also allows for the
consideration of external transverse magnetic fields, i.e., those perpendicular to the
distinguished spin axis. Without loss of generality, such a field and its interaction with
the individual spin sites can be modelled via weighted sums of Pauli-X operators X;,
each of which accounts for the interaction of the spin dipoles with the transverse field.
A homogeneous and normalised transverse field is therefore modelled by the operator

B=) X. (4.2.2)

Finding ground states of Ising Hamiltonians with both longitudinal and transverse
interactions is believed (but not proven) to be significantly harder than for their diagonal
counterparts. However, I will continue to investigate methods for finding the ground
state (energies) of purely diagonal, i.e., inherently classical, Ising Hamiltonians.

The most prominent quantum-inspired heuristic for solving IS instances is arguably
quantum annealing (QA). This method was first proposed by Apolloni et al. [129]
for combinatorial optimisation and independently invented by Finnila et al. [130] for
application in quantum chemistry and by Kadowaki and Nishimori [131] for addressing
the IS by utilising the transverse field Ising model.
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While in classical simulated annealing [140, 141], escaping local minima is made
possible by probabilistically jumping to locally worse configurations, and the jump
probability decreases with the current temperature as well as on the difference of the
neighbours’ objective values, QA replaces the temperature parameter and the possibility
to jump over barriers between local minima with the transverse field strength and
the possibility to tunnel through these barriers. Analogously to the temperature
in simulated annealing, the transverse field strength in QA is lowered successively,
making tunnelling less likely at later stages. Conceptually, the system evolves from
|4+), the uniform superposition of all computational basis states, with respect to a
time-dependent Hamiltonian

H(t) =T(t)B+ C, (4.2.3)

where I' : Ryp — R U {oo} is monotonically decreasing so that I'(0) = oo and
lim; .., I'(t) = 0. From this ansatz, Apolloni et al. and Finnila et al. derived a
classical algorithm by employing quantum Monte Carlo [142] and related methods
that (approximately) solve the emerging Schrodinger equations via random walks. In
contrast, Kadowaki and Nishimori did not consider solving the Schréodinger equation
with stochastic methods and pose finding efficient implementations of QA as an open
research question.

Shortly after the (re-)invention of QA by Kadowaki and Nishimori, Brooke et al. [143]
conducted the first QA experiment on an actual quantum-mechanical system, a disor-
dered magnet within a tunable transverse magnetic field, reporting faster convergence
towards the ground state when compared to thermal annealing, the continuous analogue
of simulated annealing. While this and subsequent experiments opened a promising
path towards more efficient ground state preparation of condensed-matter systems,
they also detached the application of QA from the original intention of solving COPs.
This connection was prominently reestablished by the D-Wave One [144], the first
(commercially available) quantum annealer with individually programmable two-local
interactions and one-local biases. Abstractly, a (D-Wave) quantum annealer with n
qubits may be described by an undirected graph with loops (V, E, L), where |V| =n, a
coupling range [Jpin, Jmax), and a bias range [Ayin, Amax- Neglecting the finite quantisa-
tion of the coupling and bias strengths, such a machine is then able to implement every
diagonal Ising Hamiltonian (4.2.1) with J;; € [Jins Jmax] Whenever {i,j} € E and
Ji j = 0 otherwise as well as jth; € [Apin, hmax) Whenever i € L and h; = 0 otherwise.
In addition, the annealing schedule consists of the annealing duration 7" € R>4 and two
functions I', A : [0,7] — [0, 1] satisfying I' + A = 1 and I' monotonically descending
from I'(0) = 1 to I'(T") = 0; on current D-Wave machines, piece-wise linear functions I'
and A are supported. In an idealised setting, the quantum annealer is initialised in the
|4+)-state and evolves for the annealing duration 7" with respect to the Hamiltonian

Hoa(t) =T (t)B + A(1)C, t € [0, T). (4.2.4)
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4.3 Adiabatic theorems

From a theoretical point of view, QA has been integrated into the more general and
mathematically more accessible framework of adiabatic quantum computing (AQC)
[145], pioneered by Farhi et al. [120]. Although it was also initially conceptualised for
decision problems and COPs [121], its formulation is inherently more general. Instead
of focusing on the fact that the initial state |[4) is the uniform superposition of all
computational basis states, AQC emphasises that it is the highest-energy state of the
initial Hamiltonian B.? Replacing C' with —C' for minimisation problems, the task to
be addressed is therefore to transition from the highest-energy state of B to a highest-
energy state of C'. This perspective offers two major advantages: First, every possible
calculation with a known initial state, not only the |+)-state, on a quantum device can
be expressed as a transition between the highest-energy states of two Hamiltonians.
This is simply achievable by taking the projector onto the initial state and the output
state, not necessarily a computational basis state, as initial and target Hamiltonian,
respectively. However, this is clearly rather a theoretical than a practical argument in
favour of AQC. As the QA example already shows, practical applications will usually
involve more accessible Hamiltonians than abstract projections. Second, it allows the
application of a variety of rigorous adiabatic theorems for qualitative and quantitative
analysis of the computational task. While these adiabatic theorems vary in their
technical requirements and precise implications, the core statement remains the same:
A system, which is prepared in some energy eigenstate [1(0)) of an initial Hamiltonian
H(0) and evolves with respect to a time-dependent Hamiltonian H( - ), remains at all
times ¢ within an eigenstate [¢(¢)) of the instantaneous Hamiltonian H (t) provided
that the Hamiltonian varies sufficiently smoothly over time and that the system’s
evolution is carried out sufficiently slowly. The challenge is then to construct a pair of
initial and target Hamiltonians, as well as a (sufficiently) smooth interpolation between
them, so that their respective highest-energy states are connected by an energy curve
the system can follow adiabatically.

The plethora of adiabatic theorems may be roughly divided into two classes: those
imposing a gap condition and those that do not. Theorems of the first category demand
that the energy curve in question must stay finitely separated from all other energy
curves, i.e., no level crossing, branching, or merging is allowed. A mathematically
rigorous formulation of this principle is the following one given by Simon, strengthening
Kato’s early work on the adiabatic theorem [146]. For the remainder of this chapter,
let H denote an arbitrary finite-dimensional Hilbert space.

*The original proposal by Farhi et al. formulates the quantum adiabatic algorithm in terms of ground
states. However, the core idea applies analogously to highest-energy states. I adopt the latter here,
as it better fits the conditions and implications of the subsequently discussed Perron-Frobenius
theorem.
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Theorem 4.3 ([124, Theorem 17.2]). Let {H(t) : 0 <t <1} C L(H) be a family of
self-adjoint operators with twice continuously differentiable parameterisation H (-).
For T > 0, let Uy be the solution of

d - - .
diUT(S) = —ZH(S/T)UT(S), 0 <s S T, UT(O) =1
s
and set Up(t) == Up(tT), 0 < t < 1. Furthermore, for every t € [0, 1], let A(t) be an
eigenvalue of H(t) so that

a = inf dist(A(t), o (H (1) \ {A(1)}) > 0 (4.3.1)

holds. Let P(t) denote the spectral projection for A(¢). Then

lim (1 — P(£))Uz()P(0) = 0 (4.3.2)

T—o0

uniformly in ¢ in [0, 1].

The statement (4.3.2) rigorously expresses that starting in an eigenstate of H(0), say
|¢), with eigenvalue A(0) (i.e., within the image of P(0)) and in the limit of infinitely
slowly evolving the system with respect to H(-), the resulting state is fully contained
within the eigenspace of H(t) associated to its eigenvalue \(¢) at each point in “time”
t € [0, 1]. In reality, the system cannot be evolved arbitrarily slowly; the transition from
H(0) to H(1) will happen over some finite period 7" > 0. In case of such a finite-time
evolution, the precise value of the spectral gap « in (4.3.1) massively influences the
maximal distance that can occur between the desired eigenstate of H(1), say [¢), with
eigenvalue A(1) and the state Up(1)|¢). In their elementary proof of the adiabatic
theorem with gap condition, Ambainis and Regev [147, Theorem 2.1] state that a
distance of at most € > 0 between both states is guaranteed if

5 1113 / "
. gmax{uﬂn &)l H ||},

1
g (6] 043

where || H'|| := maxco || H'(t)| and with an analogous definition for ||H"||. This lower
bound has been significantly decreased by Duan [148, Theorem 2] to

T > —
T € o’ o’

1 <4HH’|I + 2| H"| 2OIIH’H2>
max + .

The qualitative dependency T' € (9(([2) was also already noted by Farhi et al. in their
original proposal. The strong connection between spectral gap and runtime allowed
them to find explicit toy examples for which AQC finds the optimum asymptotically
exponentially faster than simulated annealing [149].
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One fundamental problem of relying on a non-vanishing spectral gap « is that the
geometric multiplicities of the initial Hamiltonian’s and the target Hamiltonian’s
respective highest-energy level must coincide.®> While, by construction, the initial
Hamiltonian’s spectrum is typically (at least partially) well-understood, this is not
necessarily the case for the target Hamiltonian. In fact, assuming too much information
about the target Hamiltonian’s spectrum might already render the maximisation
trivial. Therefore, one might wish for necessary conditions that depend less on spectral
information about the target Hamiltonian. That is precisely where adiabatic theorems
of the second category come into play. Adiabatic theorems without a gap condition
substitute the condition that o > 0 with other requirements in order to ensure the proper
transition between eigenspaces in the adiabatic limit. The most promising approach is
to impose additional smoothness properties on the curve of eigenprojections P(¢) [150].
Most importantly, at the point of a level crossings, branching, or merging, say t, € [0, 1],
the geometric multiplicity, i.e., the eigenspace dimension jumps discontinuously between
integer values so that the curve P(-) cannot even be continuous at the point ¢,. To
avoid excluding these cases again, the smoothness properties are imposed onyl almost
everywhere, still allowing for most of the interesting cases that involve level crossings.
Indeed, this suffices to regain the desired transfer of eigenspaces in the adiabatic limit,
as the next theorem states.

Theorem 4.4 ([125]). Let {H(t) : 0 <t < 1} C L(H) be a family of self-adjoint
operators with twice continuously differentiable parameterisation H(-). Let A(t)
be an eigenvalue of H(t), respectively, with corresponding spectral projection P(¢).
Furthermore, let P(-) be a continuously differentiable parameterisation of projections
so that for every 0 <t < 1, H(t)P(t) = A(t)P(t)." In addition, P(t) = P(t) should
hold for almost all ¢ € [0,1]. Then

lim (1 — P(t))Ur(t)P(0) = 0 (4.3.3)

T—o00

uniformly in ¢ in [0, 1], where Uz (t) is defined as in Theorem 4.3.

Quantitative guarantees on the maximal distance between the target state and actual
state obtained after finite evolution time 7" are more difficult to derive in the gapless
case. Some methods involving uniform bounds on products of the projection curve
P(-), its derivative, and the resolvent of H are discussed in [125]. Arguably, these
quantities are less tangible than the more intuitive spectral gap a.

31t they do not coincide, there must have necessarily occurred level branching or merging, both of
which would result in a vanishing spectral gap.

*In his second remark, Teufel details how to weaken the smoothness requirement imposed on P(-)
to single continuous differentiability for bounded operators. Since I assume the Hilbert space H to
be finite-dimensional, this relaxation is certainly applicable here.
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For the remainder of this section, let me derive conditions under which the curve of
instantaneous highest eigenvalues of an interpolation between initial and target Hamil-
tonian, such as the one from QA (4.2.4), satisfies the conditions of Theorem 4.4. This
derivation follows and generalises [132]. The central property will matrix irreducibility,
as defined below.

Definition 4.5. A matrix A € C"*" is called irreducible if and only if A((I)c) C (I)¢
for some I C [n] implies I € {0, [n]}.

The subspaces (I)c, where I C [n], are typically called coordinate subspaces. An
irreducible matrix, therefore, does not leave any proper coordinate subspace invariant.
An immediate observation is that irreducibility is stable under addition with diagonal
matrices, as those leave every coordinate subspace invariant.

Corollary 4.6. Let A € C™" be diagonal and let B € C"*" be irreducible. Then
A + B is also irreducible.

Proof. Let I C [n] and let (A + B)({(I)¢c) € (I)c. Since A((I)c) C (I)c by its
diagonality, it follows that B({I)¢) C (I)¢, hence I € {0, [n]} by B’s irreducibility. [

The following theorem establishes an important spectral property of irreducible matrices
with non-negative entries.

Theorem 4.7 (Perron-Frobenius [151]). Let A € C"*" be irreducible and entry-wise
non-negative. Then A admits a non-degenerate largest eigenvalue.

With its relatively simple assertion, the Perron-Frobenius theorem provides a powerful
tool for studying curves of largest instantaneous eigenvalues of interpolated Hamil-
tonians, such as in the QA setup (4.2.4). The high-level strategy will be to start
with a Hamiltonian which is irreducible and element-wise non-negative in a suitable
basis and to maintain those properties throughout the interpolation, allowing for the
point-wise application of the Perron-Frobenius theorem. In consequence, the largest
eigenvalue will stay separated from the rest of the spectrum, except when the initial
Hamiltonian’s contribution finally vanishes. If the target Hamiltonian has a degenerate
largest eigenvalue, the spectral gap necessarily approaches zero towards the end of
the interpolation so that the conditions of Theorem 4.3 cannot be fulfilled. However,
sufficient continuity properties of the interpolation will still allow for the application
of the gapless adiabatic theorem, thus also covering many important cases with a
degenerate largest eigenvalue.
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Proposition 4.8. Let H,, H, € L(H) be two Hamiltonians and let T', A : [0, 1] — [0, 1]
be two analytic functions with '+ A = 1 and I" monotonically descending from I'(0) = 1
to I'(1) = 0. If H, is irreducible and entry-wise non-negative in H_’s eigenbasis and H,_'s
spectrum is non-negative, then the curve of largest instantaneous eigenvalues of H (- )
with H(t) = T'(t)H, + A(t)H,, t € [0, 1], satisfies the requirements of Theorem 4.4.

Proof. Let Apa.(t) denote the largest eigenvalue of H(t), t € [0, 1], respectively, and
let ¢y € [0,1). Since I is analytic and monotonically descending, it must hold that
['(ty) > 0. Otherwise, due to monotonicity, I' = 0 on (¢, 1) and the identity theorem
for analytic functions would imply that I' = 0 on [0, 1], contradicting I'(0) = 1. If H,
is irreducible and entry-wise non-negative in H,’s eigenbasis, then so is I'(¢y) H,. Since
H, is diagonal in its own eigenbasis, H (ty) = I'(ty) Hy + A(t) H,. remains, according to
Corollary 4.6, irreducible in H_.’s eigenbasis and also maintains non-negativity of its
entries. By the Perron-Frobenius theorem, A, (ty) is non-degenerate. Furthermore,
with T" and A, also H(-) is analytic and H(t) is symmetric for all ¢ € R. Let L
denote the discrete set of level crossings of H(-). The instantaneous eigenvalues of
H(t), t € R, can be sorted as (A, )mepn), M < dim(H), so that [t — A, (t)] is analytic
everywhere and, for every m € [M], the corresponding curves of spectral projections are
analytic on R\ L [152, Theorem 6.1]. Moreover, the spectral projections have removable
singularities in L, i.e., there exist analytic continuations P,,, defined on whole R, so
that B, (t) = P,,(t) for t € R\ L, respectively. By continuity, these continuations are
themselves orthogonal projections of constant rank and fulfil H(¢)P,,(t) = A, (t) P, (%)
for all t € R. Without loss of generality, assume A\y(0) = A, (0). Since Ay, (to)
remains non-degenerate for all t, € [0,1), it follows that Ay = A\,.x on [0,1) and by
continuity of Ay that Ay = A on [0,1]. In addition, the corresponding spectral
projection Py is well-defined on [0, 1) so that its continuation P, can at most differ
from P, on the singleton {1} and, due to its guaranteed smoothness, fulfils all asserted
properties. O

The standard initial Hamiltonian B for QA together with any target Hamiltonian
diagonal in the computational basis and suitable analytic interpolation functions I'
and A indeed fulfil the conditions from Proposition 4.8. The irreducibility of B in
the computational basis has already been noted and utilised by Farhi et al. [153].
Another important Hamiltonian, which is irreducible and entry-wise non-negative, is
the projection onto the uniform superposition

[+ )+ =H" [0)(0]H®" = (H]0)(0] H)*". (4.3.4)

These two Hamiltonians will be central for some of the quantum heuristics discussed
in Chapter 5 and Chapter 6, connecting those methods directly to AQC. Especially
the irreducibility of (4.3.4) has, to my knowledge, not been acknowledged before.
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4.4 Connection to the circuit model

AQC is a powerful and expressive framework for quantum computing and, in fact,
polynomially equivalent to the quantum circuit model [127]. In the following, I will
reiterate and strengthen one direction of this equivalence for the special case of an
initial Hamiltonian diagonal in the Pauli-X basis and a target Hamiltonian diagonal
in the computational basis. That covers all cases considered throughout this thesis.
The subsequent derivation follows [120] and [154], but is made more rigorous using my
previously introduced quantum circuit model.

The goal is to approximate a given quasi-adiabatic evolution arbitrarily well with
a given supply of quantum circuits so that the number of quantum circuits scales
polynomially with the number of qubits and the evolution time. Here, the common
strategy is to approximate the Hamiltonians dictating the original time evolution.
The Hamiltonian approximation consists of two steps: a time discretisation and a
Trotterisation, approximating exponentiated sums of Hamiltonians by products of
individually exponentiated Hamiltonians. Before conducting the approximation of the
time-dependent Hamiltonian, I shall prove that estimates of the error made during
any such approximation suitably translate into controllable errors of the resulting
approximate time evolution. [154, Lemma 1] attempts to link distances between
Hamiltonians to distances between resulting time evolutions in operator norm. However,
the presented mathematical statement is not quite correct, but can be easily fixed
by introducing physically irrelevant global phases. I will state in the following the
corrected lemma and its proof, highlighting at which exact position the error occurred
in the original proof.

Lemma 4.9. Let {H(t) : 0 <t < T}H{H'(t) : 0 <t < T} C L(H) be two
families of self-adjoint operators with continuously differentiable parameterisations
H(-)and H'(-), and let U(-), U'(-) be the respectively induced time evolutions. If
|H(t) — H'(t)|| <6 for all t € [0,T], then for every |1)) € H there exists a ¢ € R so
that ||U(T) |[¢) — eU'(T) |9)|| < V2T%.

Proof. Let |¢) € H be arbitrary but normalised, and let [+(t)) == U(t) |¢). Further-
more, let 7, ¢ € R so that (|U*(T)U'(T)|[¢)) = re™* and set [¢'(t)) == €U’ (t) [)) for
t € [0,T]. Then, by the very definition of U(-) and U'(-),

G W) =—i W @OHE) - H®W(®), te(0,T).
Since (1'(0)]1(0)) = €' (p[h) = €', integrating the overlap yields

<wmwm—ﬂzf&@wwwww=ﬂfwwmmw—ﬁwwm.
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Using the reverse triangle inequality, it holds that

(" (T)[(T))| =

oo =i [ a0 - H’(t)\w»\

>1-

[ o ot - o)

Continuing with the operator norm inequality and the Cauchy-Schwarz inequality, this
yields

W) 21~ [ a W @HE - FO) 21 [ as=1-sT

By construction, it holds that Re((¢(T)|¢'(T))) = |(x(T)|¢'(T))|, while this has not
been ensured in [154, Lemma 1]. In summary, I can now conclude that

I(T)) — [ (D) = (D)D) + (W (D) (T)) — 2Re(((T) [/ (T)))
— 2= 2/((T)|/(T))| < 2 — 2(1 - oT) = 20T.

The additional global phase is merely required for a concrete estimate in the Hilbert
space norm. Such an estimate in operator norm — as attempted in [154, Lemma 1] —
cannot be derived in this way without this enhancement, as otherwise the real part in
the above calculation can vanish, allowing only the trivial upper bound of 2. O]

Given an initial Hamiltonian H,, a target Hamiltonian H., and the the linear inter-
polation H(t) == (1 —t/T)H, + (t/T)H,, t € [0,T], define now the piecewise constant
Hamiltonian H'(t) := H([%]%), where r determines the number of discrete time steps.
Then it holds for all ¢ € [0, 7] that

1H () = H' @) = |[(1 = %) Hy+ £ He — (1= [7] 1) H, - [5] LA,
H

\H, — H|. (4.4.1)

In combination with Lemma 4.9, the time evolution with respect to H(-) can therefore
be approximated by the time evolution with respect to H'(-) with its accuracy only
depending linearly on the duration 7', the inverse discretisation number r and the
operator norm difference between initial and target Hamiltonian. This approximation
of the time evolution is also known as the rectangular rule and is studied in more
depth, e.g., in [155].
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The time evolution with respect to H'(-) has the concrete form

U'(T) = [J ™™/ with H; = (1—1)H,+ 1H,,
j=1
but it is still too complicated for a reasonable circuit implementation. In the next
step, the exponentiated Hamiltonians H; will be replaced by products of individually
exponentiated weighted H, and H,. The important error bound is, e.g., formulated in
[156, Proposition 9]: For Hermitian operators A and B, it holds for all ¢ > 0 that

e e — et < g4, B]| < 2] A] 1], (4.4.2)

where [A, B] .= AB — BA is the commutator of A and B, and the second inequality
holds by the triangle and operator norm inequality. Applying (4.4.2) to H;, for j € [r]4
respectively, yields that
T

J
71*(1 )Hb —ZIlH 77;Hj

€ € — €

. 2
< (1= D)5 |1y | - (4.4.3)

Using the following estimate, the term-wise error bound can be extended to an estimate
for the cumulative error of implementing U’(T') via sequential Trotterisation.

Lemma 4.10 (compare [132, Lemma 11}). Let m € Nand {V}};cpm, {W; }jepm) € L(H)
be families of unitary operators. Then it holds that

m—1 m—1
v H W;
7=0

< Z v, — W, (4.4.4)

Proof. The assertion (4.4.4) trivially holds for m = 1. By induction, this can be
extended to arbitrary m € N, using the operator norm inequality and the fact that the
operator norm of unitaries is one:

m m m—1 m—1 m
= 1T wy| = HVj—Vm( I1 VVJ) +Vm( I1 Wj) ~-1Iw;
j=0 j=0 j=0 Jj=0 Jj=0

m—1 m—1 m—1
<Vl IV - II W, ~ W) [T W
Jj=0 Jj=0 j=0
m—1 m—1
j=0 §=0
m—1 m
<MV = Wil + (Vi = Waall = 11V = Wil
j=0 j=0
proving the assertion. [
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Applying Lemma 4.10 to the product of Trotterised exponentials and U'(T'), the
term-wise bound (4.4.3) yields

,T( j) T3
—i—1-% | H, -4 J
r r beilrrHc—U/T

. 2
<30 (1= L) (| Hyl) He |

j=1 (4.4.5)

r— T2 T T T2
= (Uit — CHNCHEDT | ]| H .

Before combining (4.4.1), Lemma 4.9, and (4.4.5) into a final error estimate for
approximating the quasi-adiabatic evolution U(T) via a cascade of Trotterisations, let
me make the initial and target Hamiltonians more explicit. As already mentioned, the
initial Hamiltonian H, is assumed to be diagonal in the Pauli-X basis. As the basis
transform between the Pauli-X and the computational basis is given by a full layer
of Hadamard gates, for a given n there exists an n-ary pseudo-Boolean function b so
that

= H®"( > b(z) |x) a:|>H®”. (4.4.6)
zeb”

Analogously but without the enclosing Hadamard layers, H. can be expressed via

a second n-ary pseudo-Boolean function c. Since Hadamard layers are unitary, the

following rough estimate holds:

1Hy = Holl < | Hyll + [ H N = [32 b@)l” + [ fe(@)* = bl + flell. — (4.4.7)

zeb™ zeb™

The following theorem gathers all established error bounds and derives a concrete
circuit implementation for the cascade of Trotterisations, that approximates a given
quasi-adiabatic evolution.

Theorem 4.11. Let b be an n-ary pseudo-Boolean functions of degree d, € N and H,
defined as in (4.4.6) Let ¢ be a second n-ary pseudo-Boolean functions of degree d, € N
and let H, be the Hamiltonian with H, |x) = ¢(x) |x) for all z € b". Let r € N, T' > 0,
H(t) = (1—%)H,+ %H, forall t € [0,T], and U(-) be the time evolution with respect
to H(-). Then there exists a quantum circuit C' over {H,CX} U{RZ(0) : 0 € [0,4m)}
on n qubits of

oo 8 (0) 5 0)) s (25 (1) 55 2)

so that for every |¢) € q®" there exists £ € R such that

NUT) 1) = <Ue [} | < 2E (bl + flel) + (U555 — CEEGT .

,,.
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Proof. First, I will construct and track the size and depth of a quantum circuit

implementing a cascade of Trotterisations up to global phase. First, notice that for

every j € [r], it holds that

~iLig
rTr

A
e TP — WPy, B and e ¢c=P

ch/7"2'

Clearly, the pseudo-Boolean functions T'(1— 5 /r)b/r and T/jc/r* are of the same degree
as b and ¢, respectively. According to Proposition 3.11, there exist quantum circuits
Cj, j € [r]41, over {CX} U{RZ(#) : 0 € [0,47)} on n qubits of

dytl /.
size and depth < Z
o \k
computing Py _; /s Up to global phase. A Hadamard-layer corresponds to a quantum
circuit over {H} on n qubits of size = n and depth = 1. Concatenating it from the left
and the right to C; with the identity as index matching yields quantum circuits C;
over {H,CX} U{RZ(#) : 0 € [0,47)} on n qubits of

dytl 7 dytl 7
size < 2n + Z (k‘) and depth <2 + Z (k)’

k=1 k=1
computing the left factor of the j-th Trotterisation up to global phase. Similarly,
the right factors directly correspond to phase oracles which are, up to global phase,
computed by quantum circuits D;, j € [r];;, over over {CX} U{RZ(f) : 0 € [0,47)} on
n qubits of

det1l /.
size and depth < Z (k)

k=1
In summary, alternately concatenating all the n-qubit quantum circuits éj and D;
yields a quantum circuit C' over {H,CX} U {RZ(#) : 6 € [0,47)} on n qubits with the
asserted bounds on size and depth, computing the cascade of Trotterisations up to
global phase €, 0 € R.

It remains to show that Uy can approximate the given quasi-adiabatic time evolution
U(T) up to the asserted precision. Let again H'(t) = H([2]ZL) for all ¢ € [0,T] and
let U'(-) be the induced time evolution. Then, combining (4.4.1) and (4.4.7) yields
the estimate

1 () = H@) < (1Bl + flell) (4.4.8)

for all t € [0, 7). Let |¢)) € @ be arbitrary, but normalised. According to Lemma 4.9,
there exists a ¢ € R so that

|U(T) ) = U (T) [0} < /22 (8l] + lle])- (4.4.9)
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Lastly, define £ := ¢ + 6. Then, it eventually follows that
IU(T) [4) = e“Uc [9)|| < IU(T) 1) — 6f¢U'(T) (W)l + [T (T ) 1Y) = 6"% [
< |IU(T) [y) = e“U"(T) [)|| + IU"(T) — ZaUcHH@”IWH
r T
) [ H0 D
j=1

< V2Z (b + llel) + (S5HE — ST g )

’I“

< \2Z(|Ib]) + ell) +

thus proving the assertion. O]

Qualitatively, by choosing » € O(T?||b]|||c||), the approximation error can be made
arbitrarily small, which is interpreted as “the circuit model can simulate the adiabatic
model in polynomial time”. The combination with any of the adiabatic theorems
discussed in the previous section yields the following.

Proposition 4.12. Let b be an n-ary pseudo-Boolean functions of degree d;, € N
and H, defined as in (4.4.6) Let ¢ be a second n-ary pseudo-Boolean functions of
degree d, € N and let H,. be the Hamiltonian with H,|x) = ¢(x) |x) for all x € b".
Let H(t) == (1 — t)H, + tH, for all t € [0,1], [¢)) € q®" be an eigenstate of H,
with eigenvalue ), and |¢) € q®" be an eigenstate of H, with eigenvalue \;. If the
eigenvalue curve A\(-) of H(-) with A\(0) = Ay and A(1) = A, satisfies the conditions of
Theorem 4.3 or Theorem 4.4, then there exists a sequence of quantum circuits (C}),en
over {H,CX} U{RZ(f) : 6 € [0,4m)} on n qubits and a sequence (;);en C R so that

lim e U¢ [1)) = |¢) .
j—00

Proof. For every j € N choose C; and §; to fulfil the approximation of U(T)|¢) in
Theorem 4.11 with 7 = j and = j°. Then it holds that

IUG) ) = e Ug, [} < 218l + llell) + (&5 = & = Z) Iblllell = 0

U(T) is the same as Ur(1) as defined in Theorem 4.3. Let P(-) denote the curve of
projections onto the eigenspaces along the eigenvalue curve A(-). Then

0= lim (1 - P(1))U(5)P(0) [¢) = lim (1 —P(1))U () [4)
<= lim U(j)[y) =PQ) lim U(5) [¢) = lim U(5)[¢) = |¢).

Therefore, by the triangle inequality
1) = U, 1)l < 111) = UG )| + 1T G) () = €T, )] = 0
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Variational quantum algorithms

Variational quantum algorithms (VQASs) are a generic framework of hybrid algorithms
applicable to any cost function on a multi-qubit system. Such a cost function can be
a quantum-mechanical property or the expectation value of some classical objective
Hamiltonian as discussed in the previous chapter. The two main ingredients of a
VQA are a parameterised ansatz class and a classical optimiser. The ansatz class
represents an accessible set of states, each identified with its corresponding parameters.
Evaluating the cost function on these states translates to a functional defined on the
parameter space. This functional can now be optimised using conventional optimisers.
The parameter optimisation is performed on a classical computer, while the multi-qubit
system is used solely for rapid estimation of the cost function and its (pseudo-)gradient.
The main motivation for using VQAs is to place fewer demands on the quantum device
in terms of qubit count and coherence time.

The first VQA is the variational quantum eigensolver [157] for calculating ground-state
energies in quantum-chemical systems. Subsequent enhancements also cover, e.g.,
the search for excited states [158] and quantum simulations [159]. VQAs were also
proposed for solving systems of linear equations [160] and factoring [161]. Furthermore,
they are often used in the context of quantum machine learning [162, 163, 164].

The pioneer VQA for combinatorial optimisation is the quantum approximate optimi-
sation algorithm (QAOA) proposed by Farhi et al. [153]. The first section introduces
the QAOA and its connection to AQC, as well as several enhancements of QAOA. The
second section discusses Hadfield et al.’s generalisation [165] for constraint problems
with focus on the sub-framework of Grover-mixer QAOA as proposed by Bértschi and
Eidenbenz [166] and its recent generalisation to the amplitude amplification-mixer
QAOA [167]. For the latter, I derive sufficient convergence conditions, applying meth-
ods from the previous chapter. The concluding section introduces the novel concept
of exhaustive VQAs, guaranteeing to reach every feasible solution, a design transfer
principle to obtain state preparation circuits, and concrete examples for the travelling
salesperson problem, the facility location problem, and the 0-1 knapsack problem.
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5.1 Quantum approximate optimisation

Inspired by the discretisation of the quasi-adiabatic time evolution by an alternating
cascade of Z-diagonal and X-diagonal phase oracles, which, as discussed in Section 4.4,
arise as Trotterisations of discretised quasi-adiabatic time evolutions, Farhi et al.
proposed a digitalised, circuit-based, and variational counterpart of AQC [153]. Their
main innovation was to replace the fixed phase coefficients in the approximate time
evolution with free parameters to be optimised. In alignment with the details presented
in Section 4.4, I will state here a more general version of their original proposal: Given
two n-ary pseudo-Boolean functions b and ¢ — where ¢ is the objective function to be
maximised — as well as a depth d € N, they propose to construct the parameterised
quantum circuit

V(B.A) (H Uij)Upm)), (5.0.1)

J=0

where Uy (3) = H®" Py H®" is called the mizer, Up(y) = P.. is called the phase
separator, and (B,7) € R?? are the parameters. Starting from an initial state lv) € g,
this defines a class of parameterised states |8,7v) = V(8,7)|¢). Note that by
Proposition 3.10, the unitary V'(3,4) can always be implemented by a quantum circuit
over {C(X),H} U{RZ(6) : 6 € [0,27)} on n qubits with size € O(n™>{de®)des(©)) )
Whenever b (resp. c) only assumes integer values, Pg, (resp. P,.) becomes 27-periodic
in their parameter so that the parameter space can be restricted to the bounded subset
[0,27). Moreover, if b(b") (resp. ¢(b")) is even symmetric around 0 € R, the parameter
space can be further compressed to [0, 7).

If |¢) is chosen as the highest-energy state of H*™ H,H*" and b, as well as ¢, are chosen
so that the conditions of any of the adiabatic theorems hold, then one can approximate
a highest-energy state of H, arbitrarily well with sufficiently large d and suitably chosen
parameters B and =, simply by reconstructing the discretisation of the quasi-adiabatic
evolution. That has been made explicit in [132] and [168]. In light of Proposition 4.8,
this is the case for arbitrary c as long as b is chosen so that H*" H,H*" is irreducible
and element-wise non-negative in the computational basis. The canonical choice of B
as mixer Hamiltonian corresponds to taking b(x) == n — 2|x| since, by (3.2.11),

n—1 n—1 n—1
X = H®"<Z Zi>H®" and Z|z) = (1-22)|z) = > Z|x)=(n—2|z|)|x).
i=0 =0 i=0
Due to (4.3.4), the second important case of |+)(4| as mixer Hamiltonian corresponds
to the choice of b(x) = 1;9;. Both Hamiltonians possess the uniform superposition |+)
as their non-degenerate highest-energy state. Due to the common usage of B as the
mixer Hamiltonian, |[4+) is usually chosen as the initial state.
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However, even when choosing one of these mixer Hamiltonians and |+) as initial state,
for any finite depth d, there is no guarantee that the ansatz class comprised of the
states |3, -) contains any highest-energy state of H,.. Hence, optimising the parameters
B and ~ in order to maximise E(S3,~) = (B,v|H.|B,) will yield — without further
reachability guarantees — only an approximate solution which is why it was coined
quantum approximate optimisation algorithm (QAOA).

The QAOA translates the original problem of finding a maximiser of ¢ over the
discrete set b" into a multi-dimensional, continuous, non-convex parameter-optimisation
problem over R?. If the parameterised unitaries V(B,~y) are expressive enough to reach
an optimal solution, one can therefore reduce a given NP-hard unconstrained COP with
pseudo-Boolean objective function ¢ to the problem of maximising the expectation value
F(B,~). Assuming that the parameterised expectation values are exactly obtainable,
this reduction is efficient, as the optimal parameterised expectation value coincides with
the ¢’s maximum; hence, QAOA-parameter optimisation is also NP-hard. However,
Bittel and Kliesch showed that the QAOA-parameter optimisation even remains NP-
hard when restricted to a single layer, i.e., two parameters as well as logarithmically
many qubits [169]. That shows that the QAOA-parameter optimisation is intrinsically
hard and does not merely inherit the hardness from the original pseudo-Boolean
optimisation problem. That further supports the QAOA’s initial conceptualisation as
a heuristic rather than an exact solver.

In their original proposal, Farhi et al. used a fine-grid search for determining the
optimal parameters (3,v) € [0,7) x [0, 27) for the d = 1 case. Especially for deeper
layers, the QAOA-parameter optimisation is often performed by classical, off-the-shelf
multidimensional continuous optimisers. Many of these solvers either work directly
with the gradient (0gFE(8,7),0,E(B,7)) or approximate it using finite differences.
Due to the linearity of the expectation value, the exact gradient can be written
as a (sum of) expectation value(s) of H, in the unnormalised states 0y V(8,7) [¢),
6 = [,~. By decomposing the parameterised circuit into products of exponentiated
Hamiltonians with spectrum {#r} for some r € R, the exact gradient calculation
can be reduced to evaluating E(3, ) for several parameter values. This technique is
known as the parameter shift rule [170]. In either case, the quantum device merely
provides a sampling machine for estimating all the expectation values required by the
employed classical optimiser.' In practice, the expectation values in question can only
be estimated up to finite precision. That is also known as shot noise — where the term
“shot” is meant as a synonym for measurement — and remains as a limiting factor
independently of the quantum device’s hardware noise.

'Also for approaches that do not work with (approximations of) gradients at all, the interface
between classical and quantum device is the exchange of parameter updates for expectation value
estimates [171].
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Since its introduction, countless modifications to the QAOA have been proposed.
Some of them are also derived from QA or adiabatic principles, while others were
proposed entirely independently of these frameworks. For example, the adaptive bias
QAOA (ab-QAOA) introduces additional Z-diagonal phase oracles as part of the mixer
with adaptable bias [172]. The biases are not determined variationally, but rather
via fixed update rules that involve measurements of interaction terms in the objective
Hamiltonian. This approach is inspired by enhancements to the QA framework with
inhomogeneous longitudinal magnetic fields [173]. Another fruitful approach arising
from the study of adiabatic evolutions is that of the counterdiabatic QAOA (CD-QAOA)
[174]. Tt directly incorporates counterdiabatic measures from analogue annealing
schedules [175, 176] into the QAOA. These consist of additional time-dependent fields
intended to counteract non-adiabatic (i.e., diabatic) state transitions that naturally
occur during finite-time evolution. Another enhancing method is ADAPT-QAOA [177],
where the single mixer Uy is replaced by an entire pool of mixers. The algorithm
iteratively builds trial states |3, ) of depth d by successively adding a layer of a mixer
and a phase separator after each parameter optimisation. In doing so, the subsequent
mixers are chosen as the ones providing the largest gradient within the current trial
state of shorter depth. The authors also provide a direct link to counterdiabatic
protocols as inspiration to build suitable mixer pools.

While the adaptations of QAOA mentioned above all draw their motivation from
the deep connection between AQC and QAQOA, there are further enhancements that
are not necessarily physically inspired, but rather driven by analytical performance
guarantees or by improved numerical results. One such example is multi-angle QAOA
(ma-QAOA) [178]. Following the more general introduction of the conventional QAOA,
I state here the natural extension of ma-QAOA to this setting. For an n-ary pseudo-
Boolean function f, denote with supp(f) the set of all I C [n] so that f’s associated
parity coefficients a; are non-zero. Then for a given pair b, ¢ of n-ary pseudo-Boolean

functions, ma-QAOA replaces the mixer Uy(5) and the phase separator Up(7y) with

Una-m(B) = H®n< H me])H@” and U, p(7y) = H Py

Iesupp(b) Iesupp(?)

That is, an ma-QAOA ansatz of depth d has the same circuit size and depth as the
original QAOA ansatz, but comprises as many variational parameters per layer as
b and ¢ have non-zero parity coefficients. That allows for a more expressive ansatz
without investing additional quantum circuit depth. However, the resulting parameter
optimisation will be generally more challenging than for the original version: More
(approximate) gradients have to be evaluated via repeated sampling, and the sheer
amount of additional parameters per layer might overwhelm classical solvers already
for d = 1. Evidently, the ma-QAOA can mimic the conventional QAOA so that any
convergence guarantee of the latter naturally extends to the former.
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The QAOA+ [179] was proposed as a compromise between standard QAOA and the
expressive but more difficult-to-optimise ma-QAQOA. It consists of the usual QAOA
mixer and phase separator (with one parameter per layer, respectively) and a problem-
independent closing layer

Ugaoa+(B,7) = H®n< 11 PﬁjX{j}>H®n IT P
j€ln] j€[n—1]
imitating ma-QAOA for d = 1 with b of degree one and ¢ of degree two with only
neighbouring interactions. This proposal and many others are now solely motivated by
numerically observed improvements on available (often small-sized) problem instances.
All the modifications discussed so far, as well as many more variants, are also listed
and explained in [180].

Lastly, an enhancement of QAOA that deserves special recognition is warm-started
QAOA (WS-QAOA) [181, 182]. It was initially proposed for tackling QUBOs, but can
be extended to unconstrained problems of arbitrary degree. Recall the QUBO and
its objective function from (2.5.17), but now as a minimisation problem. The trivial
continuous relaxation of a QUBO instance (n, Q) € N x Z™*" is given by

min x’ Qx, (5.1.2)

ze[0,1]"

i.e., by naturally extending cqugpo(n, @, ) to continuous (bounded) variables x €
[0,1]". This problem is usually significantly easier to solve via, e.g., interior point
methods [183] or the extended simplex method [184]. Since b" C [0, 1]", the optimal
solution to (5.1.2), say y, provides a lower bound to the optimal value of the original
QUBO instance. The authors also propose different relaxations, such as several
semidefinite programming (SDP) [185] and second-order cone relaxations [186]. Still, I
will stick here to the most prototypical case of (5.1.2). With the optimal solution y
obtained from solving (5.1.2), they prescribe the initial state

) :’<§>Rv<9i> 0) =§w—1 =710} + v/ 1), (5.1.3)

where ; = 2arcsin(,/y;) for each i € [n], to replace the uniform superposition. They
then alter the mixer Hamiltonian to ensure that |¢) is its ground state. In order to
recast everything into transitions between highest-energy states instead, let me alter
their construction so that [¢) is the instead the highest-energy state of the mixer
Hamiltonian:

)= (@mr6)) 10) = (@wvo)w) 1+
— [¢)) is highest-energy state of Hyg = <7(§RY(—01~) H) (rlz:l Xi> (@HRY(@)).

=0
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Combining this expression for the adapted mixer Hamiltonian with the previously
discussed representation of the standard mixer Hamiltonian, it holds that

o= (@) (57) (@)

since the intermediate Hadamard layers cancel each other out. Hyg readily is, just
like B, a sum of single-qubit operators Hyysg, i € [n]. A single Hyg has the following
matrix representation within the computational basis:

: . 1 — 2y =2/ (1 — ;)
=2y/yi(1 — ys) 2y; — 1

When exponentiating Hywg to form the corresponding mixer unitary, the unitary
RY-layers can be pulled down from the exponent, yielding

Uwsm(B) = e PHws = <T® RY(—QQ)P%(@ RY(@));

where again b(x) = n — 2|z| for every @ € b". The phase separator, in contrast,
remains the same as for the standard QAOA. In summary, the circuit size and depth of
a d-layer WS-QAOA are, allowing for all RX-, RY-, and RZ-gates, increased by 2dn and
2d, respectively, compared to the size and depth of a d-layer standard QAOA circuit
for the same problem instance. The number of variational parameters, however, is the
same for both variants. While parameter optimisation might be equally challenging
for both frameworks, the WS-QAOA additionally requires an initial solution to the
relaxed problem.

The main motivation behind using relaxations as fuel for warm-starting the QAOA is
that often these relaxations, in combination with randomised rounding, offer some of
the best provable approximation ratios to the original integer problem. Reconstructing
the optimal solution of the relaxed problem, subsequent measurements would effectively
mimic (a very naive) randomised rounding, thus typically yielding better results than
the problem-independent initialisation in the uniform superposition. The initial state
and mixer can also be further adapted to accommodate more sophisticated relaxations
and rounding techniques. Most prominently, the authors show how to emulate for
d = 1 the randomised rounding process within the famous Goemans-Williamson
algorithm [187] for the maximum cut problem, thus transferring its performance
guarantees directly to the QAOA. Similar studies also exist for d = 0, i.e., only initial
state preparation and subsequent measurement [188]. The warm-starting approach
extends well to other problem classes, such as higher-order unconstrained optimisation
and certain linearly constrained cases, as long as suitable relaxations are available.
For example, a recent QAOA variant tailored to the 0-1 knapsack problem can be
understood as an instantiation of a problem-informed warm start [189].
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5.2 Quantum alternating operator ansatz

The QAOA, in its original formulation and even in most of its modifications, is
conceptualised for length-respecting unconstrained COPs. That presumably stems
from their deep connection to QA and AQC, which were also conceived for unconstrained
problems such as the Ising model. As already outlined in Section 4.1, constrained
COPs can be brought into an unconstrained form by introducing a sufficiently high
penalty. First, let me make this step more explicit.

Definition 5.1. Let P = (I, s,c,ext) be a length-respecting COP. Any length-
respecting unconstrained COP P’ = (I, ¢, ¢, ext) with s'(¢) = b™, ¢(¢, - )|s) = (v, ),
and (s')"(¢) = s*(¢) for every ¢ € I is called a soft-constrained version of P.

Corollary 5.2. Let P = (I, s, ¢, ext) be a length-respecting COP and let, for every
vel, ¢ :b™ — Ny so that ¢y, = c(¢, -). Furthermore, assume that if ext = max
then ¢*(¢) > 0 for all « € I. Then P':= (1,5, ¢, ext) with s'(+) := b™ and

¢, + M, (1—-1 if ext = mi
i,y =197" (1= 1), if ext = min (5.2.1)
1y,)C, if ext = max
for all « € I with
M, > c"(1) — min{¢,(y)} (5.2.2)

yeb™

is a soft-constrained version of P.

Proof. In the following, let + € I be arbitrary but fixed. Consider first the case of
ext = min. Since ¢,|y,) = (¢, -) it is indeed

¢ (v) = min{c(t,y)} = min{¢,(y)} > min{é,(y)} = M, > 0.
yes(y) yes(y) yeb™
For every o € s(¢) it holds that
(1) = &) + M(1 = 1yy(2)) = &(x) = (1, z)

by construction, independently of M,. In contrast, for every & € b"™ \ s(¢), the following
strict inequality holds due to the choice of M,:

d(t,x) =¢,(x) + M, > min{c,(y)} + M, > (1),
yeb v
implying that (s)*(¢) = s*(¢). Now, let ext = max. Then, for every = € s(¢) it readily

holds that (¢, &) = c(¢, ). In contrast, for z € b™ \ s(1), it is (1, 2) = 0 < ¢*(¢) by
assumption. Hence (s')*(¢) = s*(¢) holds as well. O
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The asymmetry between minimisation and maximisation in Corollary 5.2 originates
from the requirement that, at least abstractly, COP’s objective function should map
to Ny. In practice, when also negative values are allowed, the construction (5.2.1)
can be made symmetric via (¢, -) == ¢, = M,(1 — 1)), with a positive/negative
penalty term for minimisation/maximisation problems, and suitably adapated M,
for maximisation problems. Furthermore, note that in order to set M, as tight as
possible, one already requires knowledge about the optimal value ¢*(¢). Focussing on
minimisation problems for the moment, one therefore works with efficiently obtainable
upper bounds on ¢*(¢). If these upper bounds are too loose, the penalty term dominates
the soft-constrained objective function, reducing it to a feasibility test and hindering
(predominantly gradient-based) optimisers from improving the objective value within
the feasible subset. Suitably fine-tuning M, remains a difficult practical challenge from
which the hyperparameter-free variant for maximisation problems does not suffer.

Soft-constrained reformulations are frequently used for treating general COPs within
the QAOA framework with mixed success [190]. Besides a potentially dominant
penalty term, there is another, more structural issue; the use of soft-constrained COPs
within the standard QAOA framework. For most practically relevant problems with
constraints, the feasible set s(¢) is typically way smaller than the entirety of all candidate
bit strings b™. For example, the feasible sets of the travelling salesperson problem are
of size |s(n, A)| = n! so that, by Stirling’s approximation, log(|s(n, A)|) € O(nlog(n))
while log(|b""4)|) = n, 4y = n”. In such cases, the standard QAOA initial state |+)
has a significantly higher overlap with infeasible than with feasible computational
basis states, substantially slowing down convergence towards good feasible states.
Overall, utilising the standard QAOA for soft-constrained formulations often fails to
capture the problem’s feasibility structure. Especially if the latter is well understood,
there are far better algorithmic options. In order to resolve the shortcomings of
the conventional QAOA, Hadfield et al. [165] generalised the quantum approximate
optimisation algorithm to the quantum alternating operator ansatz. That is, their
framework carries the same acronym QAQOA, which is justified since it subsumes the
former. From now on, QAOA will refer to their more general scheme.

Before I detail the QAOA further, let me introduce the central notion of COP feasibility
in the context of a quantum-mechanical treatment.

Definition 5.3. Given a length-respecting COP P = (I, s, ¢, ext) and an instance
L € I, the feasible subspace is

S(t) = (s(t))c € g™ (5.2.3)
S*(1) = (s"(t))e € S(v) € q”"™. (5.2.4)
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In the following, I will assume that a length-respecting COP’s objective function
c is defined for all (v,z) € I x b* with « € b™. Furthermore, whenever I am
considering a fixed instance ¢, I will drop the left argument of ¢, hence treating it
as an n,-ary pseudo-Boolean function. Now, for a given problem instance ¢ with
instance-dependent objective function ¢, let H, € £(q®™) be the objective Hamiltonian
with H, |x) = c¢(x) |z) for all & € b™. Since H, is diagonal in the computational basis,
it trivially holds that H.(S(¢)) C S(¢). This property of leaving the feasible subspace
invariant is of such great importance that it deserves its own definition.

Definition 5.4. Given a length-respecting COP P = (I, s, ¢, ext) and an instance ¢ € I,
an operator A € L(q®™) is called feasibility-preserving if and only if A(S(¢)) C S(1).

The central idea of the (refined) QAOA is to start within the feasible subspace by
choosing an initial state |¢)) € S(¢) and to only apply parameterised feasibility-
preserving operations V' (0). This effectively restricts the variational ansatz class to
S(1) so that maximising E(0) == (|V1(0)H,V(0)[)) yields approximate highest-
energy states of H,|g(,). By construction, the eigenspace of H.|g(,) associated with its
largest eigenvalue coincides with the optimal subspace S*(¢). As in the original QAOA
proposal, the parameterised quantum circuit is composed of an alternating sequence of
mixers Uy () and phase separators Up(y) with real parameters § and . The phase
separator keeps its usual form, i.e., Up(7) := P, and is readily feasibility-preserving.
The mixer can be chosen freely as long as it is feasibility-preserving and, additionally,
fulfils the following exploration property:

For every x,y € s(v) there exist » € N and § € R so that (x|Uy(8)|y) # 0. (5.2.5)

The necessity of this property should be rather self-explanatory: Assume for the
moment that s*(:) = {y}, i.e., that S*(¢) is one-dimensional, and that there exists a
x € s(¢) so that (5.2.5) does not hold for the pair &, y. When starting with an initial
state [¢) € S(¢) with non-zero overlap (x|t), then this portion of amplitude can never
be transferred to |y) by any alteration of Uy; and Up, since (5.2.5) never holds for the
Z-diagonal Up. In the worst case, |(x|)| = 1 so that |y) cannot be approximated at
all. For a rigorous convergence proof based on adiabatic principles, the statement has
to be further strengthened to mimic the irreducibility condition [132, 191].

For the remainder of this section, I will focus on mixers, which are products of
exponentiated Hamiltonians with a real parameter in the exponent, as has also been
done by Hadfield et al. [165]. Following their nomenclature, if the product collapses to
a single factor, the mixer is called simultaneous, otherwise sequential. Every sequential
mixer automatically gives rise to a simultaneous mixer by summing up all Hamiltonians
and exponentiating their sum. The reverse direction is not unique, since there are
many different ways of splitting up a Hamiltonian into a sum of other Hamiltonians.
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The notion of simultaneous and sequential mixers collapses for the standard QAOA
mixer, which can be written as

n,—1

UM (6 —ZBB H e—zBX

since all members of the set M = {X; : j € [n,]} mutually commute. However,
for general sets of Hamiltonians, simultaneous and sequential mixers will differ. The
important property of M to generalise is that there exists no non-trivial coordinate
subspace, i.e., (K)¢ for some ) C K C b™, which is left invariant by all X;, j € [n,].
Together with feasibility preservation, this leads to the following definition.

Definition 5.5. Given a length-respecting COP P = (I, s, ¢, ext) and an instance
L € I, a set of operators {A4; : j € J} C L(q®™) is called mizing family if and only if
every member is feasibility-preserving and for every K C s(¢) it holds that

Ajls((K)e) C(K)e VjeJ = K=0or K =s(1). (5.2.6)

If all members of a given mixing family are element-wise non-negative in the computa-
tional basis, then summing them up will indeed yield an operator whose restriction
to the feasible subspace is irreducible (and element-wise non-negative) in the com-
putational basis. The converse of this statement is also true [132, Proposition 9]. In
summary, the simultaneous mixer formed from a mixing family of Hamiltonians, which
are each component-wise non-negative in the computational basis, gives a convergence
guarantee when starting within the (necessarily unique) highest-energy state of their
sum, simply by reasoning with Proposition 4.8 restricted to the feasible subspace.
This guarantee can be extended to any sequential mixer formed from the same mixing
family by substituting the bivariate Trotterisation discussed in Section 4.4 with the
multivariate Lie product formula [192, Problem IX.8.5]. The highest-energy state also
seems to perform better than other initial states for various finite depths d [193].

Many of the QAOA enhancements mentioned in Section 5.1 are directly transferable.
The additional Z-diagonal phase oracles within ab-QAOA can be included without
hesitation as they always preserve feasibility. Also, many counterdiabatic protocols
naturally extend to the constrained case, at least when mixers remain connected to the
adiabatic theorem via Definition 5.5. An adaptive pool of mixers, as in ADAPT-QAOA,
is also applicable, provided all mixers in the pool are feasibility-preserving. Similarly,
ma-QAOA, especially in the context of sequential mixers, can be another fruitful
approach to improving the expressivity of feasibility-preserving circuits. In contrast,
the X-layer in QAOA+ is usually not feasibility-preserving, so this approach needs to
be revised for the constrained case.
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An important subclass of QAOA for constrained problems is Grover mixer-QAOA
(GM-QAOA) [166]. Tt is inspired by Grover’s search algorithm [25], which I will detail
in the next chapter, but can already be properly described with the concepts introduced
so far. Given a length-respecting COP P = (I, s, ¢, ext) and a concrete instance ¢ € I,
assume the existence of a unitary U, € £(q®™) so that

1
x), 5.2.7
1S (0)] w;s:(wl > 20

Le., U, prepares the uniform superposition of all feasible states. The actual Grover mixer
is defined as Ugy (3) = e SOXSOI and can be implemented using the decomposition

e~ IBISONSWI _ 7 (~i8l0X0l 7t (5.2.8)

U,10) = IS()) =

Before discussing important properties of the Grover mixer, let me highlight its
implementation cost when assuming oracle access to U, and its inverse.

Lemma 5.6. Let U € £(g®") be a unitary, [¢)) € q®°" so that U|0) = |¢), and let
3 € R. Then there exists a quantum circuit C' over {X, C(RZ(3)),CCX, U, U'} on 2gn— 1)
qubits of size = 4n — 1 and depth = 2n + 1 so that Ug [0"72) [¢) = |0" %) e #IWIWT|¢)
for all |¢) € g®" up to global phase.

Proof. Using (5.2.8), the implementation of e W1 can be reduced to realising

e~ PI0O01if 7 and U are available as elementary gates. That, in turn, can be written as

e P00l = 7P lo)0| + 3 |2)|
z#£0

— x®" (ew 1IX1+ Y |z )z] >X®”

x#£1
_ ez’ﬁ/QX@n C®n71(RZ(ﬁ)> X®n'

Each X-layer corresponds to the same quantum circuit D over {X} on n qubits with
size = n and depth = 1. The (n — 1)-fold control represents the control on 1 a1y
Since this function is computed by the Boolean circuit depicted in Figure 5.1 which is a
circuit over {A} of size = n — 2 and depth = n — 2 and it is Ag = A5 with Ay = CCX,
Proposition 3.8 yields the existence of a quantum circuit C' over {X,C(RZ(j3)),CCX}
onn—2+1+n=2n—1 qubits of size 2(n —2) +1 = 2n — 3 and depth < 2n — 3
so that Ug [0"72) [¢) = [0"%) ¢®" 1 (RZ(B)) |¢) for all [¢) € q®". Define the injection
Qq : [n] = [2n — 1] via Qy(z) = ¢ and the partial bijection €, : [2n — 1] — [n] also via
Q;(i) = i. Then the concatenation U’ og, D oq, C og, D oq U is a quantum circuit
over {X,C(RZ(B)),CCX, U, U} over 2(n — 1) qubits, of size = 4n — 1, depth = 2n + 1,
and readily has the asserted action on |0"?) [¢) with arbitrary |¢) € q®". O
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)

Yo

Figure 5.1: Implementation of n-ary AND, i.e., the indicator function f = 1y,. The
Boolean circuit computes A" via a cascade of n — 1 binary AND gates. Since the
reversible embedding of A is the Toffoli gate, its reversible circuit embedding with its 2n
inputs consists of a CNOT enclosed by two Toffoli cascades. The derived construction
of C;(U) for some U € L(q) therefore exactly yields the standard decomposition of
c®™(U) [76, Figure 4.10).

According to [166, Theorem 1], the Grover mixer is indeed feasibility-preserving, and
GM-QAOA has the interesting property of producing equal amplitudes of feasible
computational basis states which have the same objective value. That is, for every
d € N, every (8,7) € R*, and every =,y € s() with ¢(z) = ¢(y) it holds that

<m|/877> = <y|,8,’7>, where

d—1

.= ( T Vom ()02 15 (5.29)
§=0

This uniformity property allows for extended analytical treatments of GM-QAOA
performance guarantees [194, 195], but might actually have certain practical drawbacks
since the problem structure is necessarily reduced to level sets, thereby ignoring
potential additional structure such as monotonicity or linearity.
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In addition to the probably not too favourable property of maintaining equal amplitudes
among level sets, the requirement of having access to a (sufficiently short) quantum
circuit creating a uniform superposition of all feasible states might be too restrictive
for many COPs. While there exist efficient constructions for a variety of problems —
especially those with Hamming weight-based permutation-based constraints, such as
the travelling salesperson problem — other prototypical examples like the 0-1 knapsack
problem are unlikely to admit such circuits of short depth. In contrast, for the KP and
related problems, my coauthors and I have introduced efficient quantum circuits creating
(generally) non-uniform superpositions of only feasible states [196, 197]. We have
summarised all these constructions under the name quantum tree generator (QTG), as
they conceptually traverse the problem’s bitwise decision tree in superposition.

Allowing for the QTG and other non-uniform superposition-creating circuits in place
of a uniform superposition-creating one naturally leads to a generalisation of GM-
QAOA, which we coined amplitude amplification mizer-QAOA (AAM-QAOA) [167] as
a tribute to quantum amplitude amplification [198]. The latter, in turn, is the natural
generalisation of Grover’s algorithm as detailed in the next chapter. Analogously
to how I have refined the QAOA exploration property (5.2.5) to a mixing family
property in order to allow the application of the adiabatic theorem, let me now
formalise the AAM-QAQOA framework in order to ensure that the aforementioned
mixing family property is always met. I will start with an arbitrary state [t)) € q®™
whose exponentiated projection forms the AAM-mixer Uxay(3) = e Il and derive
necessary and sufficient requirements for its amplitudes one by one in order to ensure
the conditions in Proposition 4.8. As before, the derivation should be valid for a generic
length-respecting COP P = (I, s, ¢, ext) and any instance ¢ € I. First, let |() € S(¢)
be arbitrary, then

[WXDIC) = D Do D vty (s lxNylz)

xeh™ yeb™ zeS(1)

=2 %( > %@) @) . (5.2.10)

zeb™ zeS(v)

The requirement that [¢)[¢) € S(¢) is fulfilled if and only if the summation of ¥,¢,
over all z € S(¢) vanishes or ¢, = 0 for all € b™ \ S(¢). The former can only be
fulfilled for all |¢) if and only if ¢, = 0 for all z € s(¢). That leads to the following
unsurprising observation

[UXe1(S() € S(1) <= [¥) € S(1) or [¢¥) € S(1)™

If [1) € S(1)*, then readily |¢)1)] | sy = 0 which is especially not irreducible (unless
S(¢) is zero- or one-dimensional) and therefore not of further interest. Therefore,
demanding a feasibility-preserving operation whose restriction to the feasible subspace
is not trivial necessarily leads to superpositions of only feasible states.
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The matrix elements of the restricted [¢)| in the computational basis are given by
(x|V)Y|y) = @bm@y for all &,y € s(¢). These are collectively non-negative if and only
if already 1, > 0 for all € s(¢), assuming that S(¢) is at least two-dimensional. It
remains to ensure irreducibility of [¢)}¢||g(, in the computational basis. Assume first
that there exists a y € s(¢) with ¢, = 0. Then, by (5.2.10) with |¢) = |y) it holds that
|Y)Xv]y) = 0, hence the coordinate subspace ({z})¢ is left invariant by the projector.
If S(v) is at least two-dimensional, it is a non-trivial coordinate subspace of S(¢),
rendering the projector reducible. Conversely, assume that ¢, # 0 for all € s(¢) and
let {0} € (K)¢c € S(¢) with ) € K C s(¢) be any proper feasible coordinate subspace.
Then there exist y € K and z € s(¢) \ K with 1, # 0 and v, # 0 such that it holds
that (y|v)v|z) = ¥, # 0, ie., K is not left invariant under [¢))(| |s(,). Since K
was chosen arbitrarily, this establishes the restricted projector’s irreducibility in the
computational basis. In summary, the linear interpolation between | )v|[g(,) and the
objective Hamiltonian H, fulfils all the conditions listed in Proposition 4.8. Moreover,
1) is clearly the (necessarily unique) highest-energy state of |} (¥ [g(,) so that the
application of the (gapless) adiabatic theorem in combination with time discretisation
and Trotterisation detailed in Section 4.4 allows to conclude the following convergence
proof for AAM-QAOA, stated in the language of [132, Theorem 12].

Theorem 5.7. Let P = (I, s, ¢, max) be a length-respecting COP, « € I, and [¢)) € q™
so that (¢|x) > 0 if & € s(¢) and (¢¥|x) = 0 otherwise. Then, for every ¢ > 0, there
exist finitely many parameter values (8,~) € R* so that the AAM-QAOA state

1B,7) = (He Bilelp, >|w>

7=0

fulfils that dist(|8,y), S™(¢)) < e.

Since the uniform feasible superposition |S(¢)) used for GM-QAOA by its very definition
fulfils (S(0)|x) = |s(:)| " > 0 for all & € s(¢) and (S(:)|z) = 0 for all & € b™ \ s(2),
the convergence proof especially holds for the GM-QAOA framework.

Corollary 5.8. Let P = (I, s, ¢, max) be a length-respecting COP and ¢ € I. Then,
for every £ > 0, there exist finitely many parameter values (8,7) € R* so that the
GM-QAOA state |3, 7), defined as in (5.2.9), fulfils that dist(|3,4), S™(¢)) < e.

That is, the GM-QAOA always comes with a convergence guarantee, while the more
general AAM-QAOA requires additional conditions on the amplitudes of the feasible
superpositions. From practical experience, ensuring positivity once all feasible solutions
have been reached is rather straightforward. For example, the QTG for various variants
of the KP always ensures positive feasible computational amplitudes.
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5.3 Exhaustive variational quantum algorithms

So far, the design of the QAOA and its variants has been strongly guided by adiabatic
principles. This deep connection often allowed for a convergence proof based on
relatively simple-to-verify properties. While this perspective definitely remains one
of the main drivers of (variational) algorithmic design, the convergence guarantees
that come with it are rarely of practical relevance, since the depth required to ensure
sufficient overlap with an optimal solution state can become uncontrollably large. As
an alternative, let me define a class of variational quantum algorithms that can reach
every feasible solution exactly within a fixed depth.

Definition 5.9. Let P = (I, s, c,ext) be a length-respecting COP. A family of pa-
rameterised unitaries (V, : R* — £(q®™)),e; with (d,),e; C N is called ezhaustively

parameterised if and only if for every « € I and every @ € s(1) there exist parameter
values 0, , € R% so that |(z|V,(6,,)]0™)| = 1.

Most importantly, the number of parameters d, for a given instance ¢ € I does
not depend on the targeted feasible computational basis state |x). Consequently,
improving the overlap with an optimal solution reduces entirely to finding better
parameter values, not to fine-tuning the number of parameters. Unlike for adiabatically
motivated variational quantum algorithms, those with exhaustively parameterised
unitaries come with a “convergence guarantee” for fixed circuit depth. Evidently, they
do not magically solve the issue of finding good parameter values in the first place.

The above definition is held as general as possible and does not even restrict the
variational ansatz class to the feasible subspace. Irrespectively of the concrete feasibility
and objective structure of a given COP P, the unitaries (W,),c; with

n,—1 4
W, :R™ — L(q®™), W(@)= [] e ™" (5.3.1)

J=0

are exhaustively parameterised: For a given & € b™ simply choose 0; = x;7/2, then
W (0)]0™) = (—i)"™® |x), where 5(x) is the Hamming weight of 2. These parameterised
unitaries simply correspond to the ma-QAOA mixer for generic unconstrained problems.
That is, one can turn the asymptotically exact convergence guarantee of ma-QAOA
(178, Theorem II.1] into an exact one with only n, parameters simply by starting
with the |0")-state instead of the adiabatically suggested |+")-state. The generally
exhaustively parameterised family (5.3.1) is, however, not of practical relevance since
it is readily non-entangling so that the entire variational algorithm can be efficiently
carried out classically.
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If an exhaustively parameterised unitary for a constrained problem is not restricted
to map |0) to the feasible subspace, the problem must again be reformulated using
soft constraints in order to favour feasible states artificially. This approach introduces
the same drawbacks as using soft constraints in the conventional QAOA: potentially
ill-tuned penalty terms and, for many problems, in combination with initial parame-
ters that are not strategically chosen to avoid it, a high number of initial infeasible
amplitudes. Therefore, for constrained problems, a more promising class of variational
quantum algorithms is that with exhaustively parameterised, feasibility-respecting
unitaries. That is, in addition to the exact reachability property it should hold that
V,(6,)|0™) € S(1) for every 6, € R%.

Let me now establish a design transfer principle from exhaustively parameterised,
feasibility-respecting quantum circuit design to AAM-QAOA. It is fundamentally based
on the following observation for analytic matrix-valued functions, which, in turn, is
merely another simple application of the identity theorem for analytic functions.

Theorem 5.10. Let d,k,n € N and A : R? — C™" be an analytic function so that
for every j € J C [n] there exists t € R? such that A;(t) # 0. Then the same ¢ can
be chosen for all j € J.

Proof. For each j € J, define Z; := {t € R? : A;,(t) = 0}. Since A is analytic, so are
its entries Ajj,, j € J. Therefore, by the requirement that there exists a t; € R? with
A;(t;) # 0 and the identity theorem for analytic functions it follows that each Z;,
j € J, has empty interior. Now assume that the assertion does not hold, i.e., for every
t € R there exists some j, € J so that Ajr(t;) = 0. Equivalently, it would hold that

jeJ

Since R? has a non-empty interior, but none of the finitely many Z; have, this raises a
contradiction. ]

Given a problem instance ¢ € I and considering a given parameterised unitary
V(0) € L(g®™) in the computational basis identifies the overlap (x|V(0)|y™) with
the (v(x), v(y))-th entry. Therefore, if the parameterisation is analytic, Theorem 5.10
is readily applicable, especially with J = {v(x) : « € s(¢)} and k = 0. Therefore, I
may conclude the following result.

Corollary 5.11. Given a length-respecting COP P = (I, s, ¢, ext) and a family of
analytically, exhaustively parameterised unitaries {V, : R% — L(q®")},er- Then, for
every ¢ € I there exists 8, € R% so that (x|V,(8,)[0™) # 0 for all x € s(¢).
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If the exhaustively parameterised unitaries are additionally feasibility-respecting, then
the assertion of Corollary 5.11 can be readily extended to (x|V,(8)|0™) = 0 for all
6 € R% and all € b™ \ s(:). That concludes the conceptual design transfer between
exhaustive variational quantum algorithms (EVQAs) and AAM-QAOA. I will now
proceed to the concrete construction of exhaustively parameterised feasibility-respecting
unitaries.

The first example originates from joint work on feasibility-preserving QAOA mixers
for scheduling problems [191], where my coauthors and I used tools from group and
graph theory to construct suitable mixers for a version of the open-shop scheduling
problem. This problem, at least in the formulation given in [191], is very similar to the
travelling salesperson problem, so that I will formulate the subsequent construction
directly for the TSP. Furthermore, I will adopt one of the improvements made to our
initial construction in Schwiering’s master’s thesis [199] while keeping the extend of
the group theoretical derivation to a minimum.

Consider an arbitrary TSP instance ¢ = (n, A) with n € N and A € N™". It is n, = n
and s(¢) = Perm"”" is (the image of) a linear representation of the symmetric group
Sym(n) of degree n. That is, for every bijection/permutation 7 on [n] there exists (a
unique) X, € s(¢) so that for every i € [n] it is X e; = er(;) where e; € C" is the i-th
canonical basis vector. The map [ — X,] is a group isomorphism, i.e., it is bijective
and fulfils that oo — X, X for all 0,7 € Sym(n). Accordingly, all structural features
of Sym(n) can be directly translated to Perm™*™ and vice versa. One such structural
property is the following: For k € [n — 1] let 75, be the k-th adjacency transposition
defined via 7,(k) = k + 1, 7(k + 1) = k, and 7|\ qre41y = id. Then, for every
7 € Sym(n) there exists a y € b"" "/ g0 that

n—2
™= H (Tgk,k O:+.++0 Tgk,())’ Whel"e Y=Yp—2 """ Yo Wlth Y = yk,k PN yk,O' (532)
=0

This result is, although probably not in this notation, generally well known and is
implicitly used when conducting the (optimised) bubble-sort algorithm [200]. The
bubble-sort algorithm operating on an array with n entries iterates through the array
element by element, compares neighbouring values, and swaps them if they are in
the wrong order. Afterwards, it repeats this iteration, skipping comparison with the
last element since it is already at the correct position, and so on. That is, the k-th
iteration through the array only has to consider the first n — k elements. The (reverse
of the) product of all steps is exactly given by the right-hand side in (5.3.2), where
Yr,; = 0 means that the j-th adjacency swap in the k-th iteration was not executed.
Since bubble-sort is able to sort every possible input list — or, equivalently, can invert
every possible permutation of an initially sorted list — this shows that every possible
permutation m € Sym(n) is representable via this decomposition.
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Besides the just derived ordered decomposition for arbitrary permutations, I will also
make use of the fact that, given any 7 € Sym(n), the map [0 — o o 7| defines a
bijection on Sym(n).? Via the group isomorphism between Sym(n) and Perm™*", both
of these properties carry over directly to the permutation matrices. In combination,
that means that for any initial Y € Perm"™ " and every target X € Perm" " there
exists a y € b""Y/2 g0 that

n—2
X=]] (T,fk”“ Ty“)Y (5.3.3)

where y is as in (5.3.2) and T}, is the matrix representation of the adjacency transposition
7, for each k € [n — 1].

The next step is to realise the adjacency transpositions 7; and the initial solution Y
on an n’-qubit register. For example, one can pick Y = 1,, whose representing bit
string |1,,) is readily prepared from |0) by acting with an X-gate on each of the qubits
representing the (j, j)-th entry for each j € [n] respectively. The product of Y =1,
with the adjacency transpositions is instead realised via a quantum circuit. Multiplying
a matrix A with T}, effectively permutes column k and k + 1 of A. On a (qu-)bit level,
this corresponds to n disjoint swaps of the entry A;, with A;,., j € [n]. That is,
multiplication with T} is realised as
n—1
By, = [] swapii. (5.3.4)

k)
7=0

Each B, is an involution, i.e. Bk 1, 1mply1ng that

=0 J! =0 (2] =0 2]+ )

for every 0 € R. Especially, for 6 = 0 one recovers 1 = BY and for 6 = /2 one
obtains —iBy. That is, for any given X € Perm™ " with corresponding y € b"("~1)/2
in its representation (5.3.3), one can obtain (—i)"¥ |X) from |Y) by applying the
corresponding cascade of exponentiated By-operators with parameters 6, ; =y ;7/2
for every k € [n—2] and j € [k+1]. Since each By, is Hermitian as well, its exponentials
is indeed unitary. In summary, this proves the following statement.

“More abstractly, every group G acts on itself via left or right multiplication, each of which defines a
group homomorphism G — Sym(G). These group actions are always sharp transitive: for every
f,9 € G, there exists exactly one h € G such that acting with i on f yields g.

Page 92 of 133



Chapter 5 Variational quantum algorithms

2

Proposition 5.12. For every instance ¢ = (n, A) € Irgp, let V, : R"™~D/2 5 £(g®™)
be defined via

V.(0) ::nl:[ (6i9k’kBk ceeT e OBO) ( 11 %6 )

k=0
where 6 = (On—27 e ,90) with Hk’ = <9k,k7 . ,9]%0).

Then (V) is exhaustively parameterised and feasibility-respecting.

t€lrgp

This construction can be improved to only contain O(nlog(n)) parameters while
maintaining the same circuit size [199]. Let me now investigate how to implement the
unitaries V,(0) concretely. The following implementation for the individual factors is
standard [199, Theorem 5.25], but I give a condensed correctness proof anyway.

Lemma 5.13. Let U € £(q®") be unitary and Hermitian and let § € R. There exists
a quantum circuit C' over {H,RZ(26),C(U)} on 1+ n qubits of size and depth = 7 so
that Ue |0) [¢0) = |0) e Y |4) for all |¢) € g

Proof. The unitary (H® 1,,)C(U)(HRZ(20)H® 1,,)C(U)(H® 1,,) can be implemented by
a circuit over {H,RZ(26),C(U)} on n + 1 qubits of size and depth = 7. Let |[¢) € q*"
be arbitrary, then the application of the first three gates yields

) = (B L)) L) [0)|4) = = (10) ) + K1) U [u)
= 2 (10} ) +11) 1) +10) U ) ~ [1) U 1))

Using e = cos(f) — isin(A)U and U? = 1, the subsequent application of the
rotational gate on the ancilla qubit produces

—i0U

va) = (RZ(26) & 1,) o)
= ; (7 10) [0} + € 1) [0} + e |0y U [0) — € [1) U [4))
= 2 (100 €™ [} + 10) Ue™™ 9y + [1y = ) — [1) U™ )
= 2 ((10) + 10)e™ ) + (0) — 1)U ).

Using again U? = 1, applying the three remaining gates yields

(B 1,)C(U)H® 1,) [t) = } (H|0) e [y} +H[1) U™ 1))

7 H(|0) +|1))e " 1) = [0) e Y o) .,

concluding the proof. m
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) — (U] (U] e 1)

0) RZ(20) 0)

Figure 5.2: Implementation of the exponentiated involution e Y following the con-
struction detailed in Lemma 5.13.

Theorem 5.14. Let « = (n, A) € Irgp, V, as in Proposition 5.12, and 8 € R™Mm=D/2,
There exists a quantum circuit C' over {X,H, C(SWAP)} U{RZ(26,) : ¢ € [n(n —1)/2]|}
on 14 n(n —1)/2 qubits of size = n® + %nQ — sn+ 2 and depth = n® + %nQ —3p+2
so that Ug 0) [) = [0) V,(6) |¢) for all ) € "¢/

Proof. The initial X-layer corresponds to a quantum circuit D over {X} on n(n —1)/2
qubits of size = n and depth = 1. According to Lemma 5.13, for every unitary e “%Px®
there exists a quantum circuit Cy over {H,RZ(26,),C(By)} on 1+ n(n —1)/2 qubits
of size and depth = 7 so that Ug, |0) [¢)) = |0) e Pk ) for every |¢) € g2,
Since

n—1

H SWAP( Z“ — C(By) = 1_[0C (SWAPEj Z)“)) :

j=
each C(By) can be replaced by a quantum circuit over {C(SWAP)} on 14 n(n —1)/2
qubits of size and depth = n, yielding a quantum circuit C, over {H,RZ(26,), C(SWAP)}
on 1 +n(n—1)/2 of size and depth = 5 + 2n implementing the same unitary as Cj.
When concatenating two circuits C, and C » under identity matching, the last H-gate
in C, and the first H-gate in C cancel each other out, reducing size and depth of
the concatenation by 2. Furthermore, when concatenating D and C,, with matching
Q:[n(n—1)/2] = [1+n(n—1)/2] defined via (i) = 4, the entire X-layer can be
executed in parallel to the first H-gate in Cjy. In summary, the concatenation of D and
all C, yields a quantum circuit C' over {X,H, C(SWAP)} U {RZ(26,) : ¢ € [n(n —1)/2]}
on 1+ n(n —1)/2 qubits of

n(n —1)

5 +2=n"+1n" —in+2

size = n + (3 + 2n)
and of

depth = (3 + 2n) +2=n"+1in®—3n+2.

n(n—1)
2
D computes the initial X-layer and each C, fulfils that Ug, 10) [¢) = 10) e~ 0B |4 for

every 1) € q""V/% 5o their concatenation C' fulfils that U [0) |¢) = |0) V,(8) |4) for
all ) € g1/, O
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The second example of an EVQA is for the related facility location problem and has
been investigated in Buff’ master’s thesis [201], extending our exhaustive TSP-mixer
design. I will derive here a novel design and the circuit constructed by Buf.

Consider an FLP instance ¢« = (m,n, f,C) with m,n € N, f € N", and C € N"*"™.
It is n, = n(m + 1) and the feasible set s(:) C b™*™ x b" is described by two types
of constraints. Let me first focus on the first set of constraints which consists of the
equality constraints

n—1

Y. X,;=1Vje[m]

1=0

That is, in each column of X € b™*™ exactly one bit must be set. To some extend,

this is similar to the TSP constraints, where such a constraint not only holds for the
columns, but also for the rows. However, since the FLP does not impose constraints
on the rows, the columns are independent. Setting Y;; = 0,9 for every ¢ € [n] and
J € [m] yields a feasible matrix, where the zeroth facility supplies all m customers.
Swapping Y ; with Y; ; for some i € [n] \ {0} reassigns the supply of customer j from
facility 0 to facility 7. Evidently, every possible feasible assignment of facilities to the
customers can be realised by starting with Y and applying in each column a swap of
the zeroth element and the element at the respective target facility’s index position.
When encoding X € b™*™ in an nm-qubit register, these become ordinary SWAP-gates.
Since these are both Hermitian and unitary, introducing parameterised exponentiated
SWAP-gates can again realise every feasible assignment | X) up to global phase.

The Boolean inequality constraints X, ; < y; for all i € [n] and j € [m] are easy to
achieve once the variables X ; are set. Assummg y; is initialised as zero, it suffices to
apply a bit flip on y; controlled on the logical or of all bits X ;, 7 € [m ] The m-ary
V can be obtained from, e.g., the circuit 5.1 for A™ simply by inverting the n inputs
as well as the output. Technically, y; may also be set to one even if X, = 0 for all
j € [m], i.e., facility ¢ may be opened without supplying any customer. However, this
can only worsen the objective value and requires additional resources. Let me therefore
redefine the FLP by restricting its feasible subset.

Definition 5.15. The facility location problem’ (FLP’) is the combinatorial optimi-
sation problem FLP' := (Iy p, Sppps Cprp/, min) with valid instances I p = Ipip,
objective function cpypr = cppp, and feasible assignments

Sppp (m,n, f,C) = {(X> y) e xb" 1) X;; =1Vj € [m]and
i=1

(5.3.5)
\/X Vie[n]Vjiem ]}
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For the adjusted problem, applying V"-controlled X-gates to qubits representing the
variables in y will therefore uniquely extend each possible facility-to-customer assign-
ment to a feasible solution of the respective FLP'-instance. In the following summarising
statement, let the qubit representing y; be addressed as the (i, m)-th qubit.

Proposition 5.16. For every ¢ = (n,m, f,C) € I p, let W, : RO=D™ _y £ (g®nim D)
be defined via

n—1 m—1 /n—1 ) (i,7)
WL(O) = (H Cvm—lx_ (Xz7m)> (H <H G_Zei’jSWAP(OJ)> XO,j) 5
i=0 =0 "

7=0 \i=1
Where 0 = (On—la . ,00) Wlth G’L = (9i7m_1, e 79i,0)‘

Then (W,),er is exhaustively parameterised and feasibility-respecting.
FL

P/

Theorem 5.17. Let v = (n,m, f,C) € I p, 0 € R™ Y™ and W, as in Proposi-
tion 5.16. There exists a circuit C' over {X, H, CCX, C(SWAP)} U{RZ(2¢,) : ¢ € [(n—1)m]}
on m—2+n(m+1) qubits of size = 9mn —4m —2n+2 and depth = Tmn —5m —n +2
so that Ug [0™72) [¢0) = |0™72) W,(0) |o) for all [¢p) € g™+,

Proof. Following Lemma 5.13 and the concatenation in the proof of Theorem 5.14, there
exists a circuit C' over {X, H, C(SWAP)} U{RZ(26,) : ¢ € [(n—1)m|} on 14+n(m+1) qubits
of size = m(1+5(n—1))+2 = bmn—4m+2 and of depth = 5m(n—1)+2 = Smn—5m+2
so that

m—1 /n—1 0. . (6,9)
Ug |0) [¢) = |0) (H (H e <>) xo,j) )
j=0 \i=1

for all [¢) € g®"™*Y. Each of the n m-ary OR-gates can be simulated using a
quantum circuit D; over {X,CCX} on m — 2+ n(m + 1) qubits of size = 4m — 2 and
depth = 2m — 1 as depicted in Figure 5.3. Concatenating C' with D, with matching
Q:[14+n(m+1)] = [m—24n(m+1)], Q(k) = k, and all remaining D, under identity
matching yields a quantum circuit over {X, H, CCX, C(SWAP) } U{RZ(20,) : ¢ € [(n—1)m]|}
on m — 2+ n(m+ 1) qubits of

size = n(4dm — 2) + bmn — 4m + 2 = 9mn — 4m — 2n + 2
and of
depth =n(2m — 1) + 5mn — bm + 2 = Tmn — 5m — n + 2
so that for every |¢) € g™ it holds that
Up, yo-oDyoqe 10720 [0) = 10" %) W,(6) [¢)

hence proving the assertion. O]
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:
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Tim—2 X

Tog — X &b
Ym—3 () ()
Ym—a D S

Y1

Yo c—D s>

Figure 5.3: Implementation of m-ary OR. The target qubit x, as well as the m control
qubits x;, i € [n],;, are inverted before conducting a quantum circuit implementing an
A™-controlled X-gate using m — 2 ancilla qubits. A final layer of X-gates on the target
qubits inverts the initial bit flip. The standard scheme for the V"'-controlled X gate
would require an additional qubit and two extra Toffoli gates only to apply a CX-gate
in the middle. However, since Toffoli gates are used anyway, one can directly use a
CCX-gate instead in the middle of the circuit.

As an alternative to initialising the assignment matrix X in a single feasible computa-
tional basis state and creating other feasible assignments “in superposition”, Bufi [201]
starts from the (infeasible) all-zero matrix and assigns qubit by qubit in superposition
so that at most one facility is assigned to each customer. Focussing on a single,
zero-initialised column j of X € b™*™, setting X, ; = 1 produces a feasible column.
Also, setting X, ; = 1 would already result in an infeasible assignment, but is allowed
if X, ; was not set. In general, when proceeding in order of the row index, X;; can
only be set if Xy ;=0 for all 4" € [i]. When considering the last entry X1, it must
be set if and only if no prior entry was set.
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The quantum analogue of an optional bit flip will be the RY(26)-gate. Setting 6§ = 0,
the targeted qubit remains in the |0)-state; for § = 7 /2 its state is fully flipped. For
the last entry in each column, multi-controlled X-gates are used, enforcing the last
qubit to be set whenever all other column entries are not set. Applying a cascade of
RY-gates with increasing controls on the first n — 1 entries and a multi-controlled X-gate
on the last entry in each column can, by the previous analysis, realise every feasible
facility-to-customer assignment. As in my previous approach, the Boolean inequalities
are simply enforced afterwards. I may therefore conclude with the following unitary.

Proposition 5.18 ([201, Theorem 31]). For every instance ¢ = (n,m, f,C) € I pr,
let B, : R™D™ 5 £(g®"™ D) be defined via

n—1
0) = (H Cymty, (Kim ) (H Car—2z,  (Kno1y (H CAi-t s, RZ(Qei,j)i,j)>) )
=0 j=0 Tij 0 k=0 Tk,j
where 0 = (On_l, ceey 00) with 0@ = (0i,m—17 e ,9@0).

Then (B,),c I is exhaustively parameterised and feasibility-respecting.

’

Theorem 5.19. Let ¢ = (n,m, f,C) € Iy, 60 € R™ V™ and B, as in Proposi-
tion 5.16. Then there exists a circuit C' over {X,H, CCX} U{C(RZ(26,)) : ¢ € [(n—1)m]}
on max{m — 2,n — 3} + n(m + 1) qubits, which is of size = 2mn* + mn — 2n and
of depth = mn® 4+ 2mn — 7m — n + 3, so that for all ) € g®" ™+ it holds that
UC ’0max{m—2,n—3}> ‘1/}> _ |0max{m—2,n—3}> BL(H) |w>

Proof. Each RZ-gate acting in row zero can be directly implemented, each singly-
controlled RZ-gate can be implemented using two X-gates for inverting the control
qubit before and after the application of C(RZ). The multi-controlled RZ-gate acting
on the (i, j-th entry, i € [n — 3], can be simulated by a quantum circuit C; ; over
{X,CCX,C(RZ(20, ;))} on i — 1 4+ n(m + 1) qubits of size =20 +2(i —1) +1 =41 -1
and depth = 2 +2(: — 1) + 1 = 2i + 1. C;; consist of the circuit obtained from
Proposition 3.8 for the Boolean circuit computing A’ and two enclosing X-layers. For
the (n — 1)-controlled X-gates, one can reuse the circuit depicted in Figure 5.3 without
the X-gate on the target. The implementation of the m-ary OR-gates remains the same
as used in Theorem 5.17. In summary, the concatenation which simulates B, is of
n—2
size = n(dm — 2) +m (4(n— 1) =34 ) (4i— 1)+4> = 2mn® + mn — 2n and of
=2
n—2
depth =n(2m — 1) +m <2(n— 1) —24 ) (2i+ 1))—1—3 = mn®+2mn—Tm—n+3
=2

and uses max{m — 2,n — 3} ancilla qubits for realising the controlled gates. ]
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The third and final example of an EVQA is for the 0-1 knapsack problem and may
be seen as a parameterised version of the QTG [196]. I will derive the exhaustive
parameterisation alongside the construction from our initial proposal for the QTG.

Consider a KP instance ¢ = (n, Wyay, v, w) with n,wy,,, € N and v,w € N". It
is n, = n and the feasible set s(¢) C b" is described by the single constraint that
T w < Wy Although structurally different from the column constraints of FLP,
one can process the KP constraint similarly. The zeroth item may only be included,
i.e., xy set to one, if its weight w, does not exceed the knapsack’s capacity wy,.x.
In practice, it is usually ensured that each item individually fits into the knapsack:
otherwise, it can be safely excluded from the problem formulation. Now consider the
first item and check whether xqwy < Wpax — W1 <= Towy + Wy < Wiy If 29 = 1,
this will check whether both items fit simultaneously into the knapsack: otherwise,
it degenerates to the ordinary check w; < w,,,,. For the second item, check whether
Towy + 1wy < Wpax — Wy before its potential inclusion, and so on. That is, for the i-th
item the feasibility check amounts to xowo+. . .+7;_1w;_1 = W[ T < Wipax —w;. Since
the empty assignment 0" is guaranteed to be feasible, this procedure always maintains
feasibility. Furthermore, every feasible assignment can be reached in this manner: Let
y € s(1) be arbitrary and let k& be its most significant bit, i.e., the index of the last item
included. Since all item weights are positive, it is Wy - Y < Wiki1) * Y1) < Wiaxs
hence also y = On_ky[k] is feasible. Moreover, y can be reached from gy via a single bit
flip at index k. The same reasoning holds now for ¢ and continues until reaching 0".
Therefore, iteratively flipping only the bits which are set in y constitutes a valid path
through the feasible set. Finally, as for the FLP, the optional bit flips are substituted
by RY-gates, which allow the creation of arbitrary real superpositions of item-exclusion
|0) and item-inclusion |1). In summary, I may conclude with the following unitary.

Proposition 5.20. For every instance ¢ = (n, Wy, v, w) € Ixp, let G, : R" — L(q")
be defined via

n—1
Gu(0) = 11 Cuvyy ey <y, (RY(265))-
=0

Then (G,),cr,,, is exhaustively parameterised and feasibility-respecting.

For the implementation of the control patterns, let me introduce a “capacity” register
q®™ large enough to store the binary representation of w,,,, as a computational basis
state. This register will hold the cumulative weight of the current items’ assignment.
Whenever an item j is included, its weight is added to the capacity register’s state via
a controlled quantum addition gate C(ADij). The inclusion is controlled on an integer
comparison of the capacity register’s state with the classical value w,« — w;.
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Let me first detail the implementation of the quantum-classical comparison used for
the control patterns as described in [196]. Following the design of the classical digital
comparator [202] of two unsigned integers a = a,,_; ---ag and b = b,,,_; - - - by in binary
representation, define ¢; = a;b; V —a;—b; for all ¢ € [m]. Then it is ¢; = 1 if and only if
a; = b;. Equality of a and b and strict inequalities between them can be expressed as

m—1

a=b <= N\ ¢=1, (5.3.6)
i=0
m—1 m—1

a>b <— \/ a;—b; /\ ¢j | =1, and (5.3.7)
i=0 j=i+1

m—1 m—1

It is immediately clear why the logical equivalence (5.3.6) holds. The case that a > b
can only hold if a; = 1 and b; = 0 where ¢ is the most significant bit in which a and b
differ. The right-hand side of (5.3.7) is exactly a check for this: It tests all bit positions
i € [m] and checks whether a; is set and b; is not set. In order to corresponds to the
most significant bit of this kind, all @ and b have to be equal in all higher bit positions
which is checked by the subsequent (m — i — 1)-ary A of all ¢;-variables for j > 1.
Analogously, the check for a < b involves verifying that a; = 0 and b; = 1 at the most
significant bit ¢ of their difference. For non-strict inequalities, one can simply exchange,
e.g., b with b + 1 and then use the corresponding strict inequality.

In case of the i-th comparison within the QTG, the right integer b within (5.3.8) is
given by wy., —w;+ 1 for i € [n] respectively, and thus known in advance. For known b,
the variables ¢; become simple literals and all clauses in (5.3.7) (resp. (5.3.8)) for which
b; =1 (resp. b; = 0) definitely evaluate to zero and can be removed. Furthermore, note
that (5.3.7) and (5.3.8) (and trivially also (5.3.6)) are in orthogonal disjunctive normal
form (ODNF), i.e., they are disjunctions of conjunctive clauses so that at most one
clause can be fulfilled at once. That directly follows from the fact that they test for
the (uniquely determined) most significant bit in which a and b differ.

Comparing a “quantum integer”, i.e., a coherent superposition of computational basis
states representing integers, with a fixed value b simply means to quantise the right-hand
sides of the above equivalences. Since the logical formulae are in ODNF, controlling any
gate U on the disjunction of the clauses reduces to a sequence of single clause-controlled
U-gates since each computational basis state satisfies at most one clause. Furthermore,
the control on any individual clause is given by an up to m-ary AND with additional
X gates inverting qubit ¢ whenever the clause contains —a;. That is, implementing U
controlled on integer comparison with a known integer b reduces to a few X-gates and
a sequence of C,:(U) with i € J C [m].
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The second important subroutine is that of C(ADD,, ) for updating the capacity reg-
ister controlled on the i-th item being included. There exist several approaches to
constructing circuits for quantum arithmetic, such as straightforward quantisations
of classical adder circuits [203]. Here, I will focus on an implementation utilising the
quantum Fourier transform (QFT) as envisioned by Draper [204], but optimised for the
case that one of the summands is fixed.

Abstractly, the action of the QFT on an n-qubit computational basis state is given by
QFT‘.’E> —9n (’O>+€27"i0~xn—1"'x110 |1>) L. (‘O>+e27ri0.:v1x0 H)) <|O>+e2wi0.x0 ’1>)> (539)

where 0.x;_; - - - 12 is the binary fraction which corresponds to dividing the integer
represented by x by ok, respectively. The first concrete circuit implementation of
the QFT has been found by Coppersmith [205] and is, up to global phase, depicted in
Figure 5.4, where I use the short-hand Ry, := RZ(27/2%).

v AR,
Tp—2 @— Ry —-+—Rp1

T --'Rg—
z E_

Figure 5.4: Implementation of the quantum Fourier transform on an n-qubit register.
On the i-th qubit, an initial Hadamard gate is followed by a cascade of i singly-
controlled rotational gates. The control runs over all qubits of lower index, and the
applied phase is halved from one gate to the next.

Draper’s central idea was to use the QFT to translate bitwise information to relative
phases, use simple rotational gates to act additively on the relative phases, and to apply
the inverse QFT in order to translate the sum of phases back to bitwise information.
Concretely, when adding the integer y = y,,_ - - - 4o, the relative phase of the j-th
qubit in the QFT-ed register should become 2mi(0.2;_1 - - - 2o + 0.y;_1 - - - yo) which is
achievable by applying R,,_;, whenever y,, = 1 for all £ < j. Repeating this procedure
on each qubit will leave the n-qubit register in a state which corresponds to image
of | + y) under QFT, where “+” is the arithmetic addition of the two integers with
binary representation @ and y. Applying the inverse QFT will thus realise this state.
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The resource count for the QTG is more involved than all previous ones, simply
because of all the optimisations possible for quantum arithmetic circuits. A compact
description of its implementation costs requires some additional notation: For & € b”,
let LSB(x) := min{i : z; = 1} denote its least significant bit, with the convention
that LSB(0*) = 0. Furthermore, for a,m € N with bin(a) € b* for some k < m, let
bin,,(a) = 0™ ¥ bin(a) be the binary representation of an integer a with m bits.

Theorem 5.21. Let ¢ = (n, Wyay, v, w) € Ixp, @ € R", and G, as in Proposition 5.20.
Let m € N so that bin(wy.,) € b™. Then there exists a quantum circuit C' over
{X,H,RY(26,), CCX} U {C(RY(26,)) : L € [n— 1)1} U{C(R,),C(RL) : ke [n—1],;} on
n+m+m:=n+2m — 1 —min{LSB(bin(w@,)) : ¢ € [n — 1],1} qubits of

size =1 + :Z <2<m - LSB(bin(wZ))) + 2 binm(d}g)i@(m — i) — 1))

+m(m+1)n+2> Y bin,(w);(m — 1)

¢=0 =0

and of

depth =1 + mi (2 (m — LSB(bin(w,))) + mi bin,, (g); (2(m — i) — 1)>

=1 =0
n—2m-—1
+(4m —2)n+2> Y bin,,(wy);(m — 1)
(=0 i=0

where 1, = Wpayx — Wy + 1, s0 that Ugs |07 |4h) = [0™T™) G(8) |4) for all [¢) € g®".

Proof. The inclusion of the zeroth item does not have to be controlled and therefore
corresponds to simply applying RY(26,) to the zeroth qubit in the main register. All
other items require integer comparison on the capacity register as control patterns.
Following the discussion of the integer comparator, controlling RY(26,) on the capacity
register being in a state < w, can be implemented via a cascade of up to m multi-
controlled RY(26,)-gates, corresponding to the m clauses in the right-hand side of
(5.3.8). The i-th clause only has to be implemented if bin,,(w,) = 1. In this case, the
control runs over the last m — ¢ qubits of the capacity register. The ¢-th qubit and
every qubit of higher index j for which the j-th bit of bin(w,) is not set have to be
inverted before and after the control using X gates. However, the intermediate X-gates
between subsequent clauses cancel each other out, leaving at most two X gates per
qubit. All qubit of index > LSB(bin(w,)) will eventually require two X gates: either
for the i-th iteration if bin(w,) = 1 or jointly for all iterations j > i. The remaining
control on A™* can be realised via the usual quantisation method incurring m — i
ancilla qubits, 2(m — i — 1) Toffoli gates, and a C(RY(26,))-gate.
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In summary, for the ¢-th controlled RY-gate there exists a quantum circuit D, over
{X,C(RY(26,)),CCX} on n+m +m > n +m — LSB(bin(w,)) — 1 qubits of

m—1
size and depth = Q(m - LSB(bin(u?g))) + > binm(wg)i<2(m — 1) — 1),
=0
so that Up, [0™) [¢) = [0™) Cooyyy -y < (RY(20)) [¥0) for all |¢)) € q®m .

The implementation of the ADD,, boils down to implementing the QFT on the m-
qubit capacity register followed by RZ-gates for the phase manipulation, and the
inverse QFT. When implementing the controlled version, only the intermediate RZ-gates
have to be controlled, since QFT and QFT' cancel each other out, i.e., it holds that
C(QFTT) UC(QFT) = QFT' U QFT for arbitrary unitary U. The QFT on m qubits can be,
up to global phase, computed by the quantum circuit ) depicted in Figure 5.4, which
is a circuit over {H} U {C(R;,) : k € [m — 2|5} on m qubits of size = m(m + 1)/2 and
of depth = 2m — 1 [196]. QFT' can be, up to global phase, computed by the quantum
circuit Q" over {H} U{C(R,") : k € [m —2] 5} on m qubits of size = m(m + 1)/2 and
of depth = 2m — 1. The controlled phase addition consists of a cascade of controlled
Ri-gates, where k € [n — 1],. If the i-th bit of wy is set, then for every j > ¢, one has
to apply Ry4;_; on the j-th qubit, respectively. That is, for the /-th phase addition,
there exists a quantum circuit P, over {C(R;,) : k € [m — 1]} on m + 1 qubits of
m—1
size and depth = ) bin,, (@);(m — 7),
i=0
computing the phase addition up to global phase. Defining € : [m] — [m + 1] with
Qi) =i+ 1and Q : [m+ 1] — [m] with Q,(¢) = ¢ and dom(Q2,) = [m],; as
respective matching, the concatenation 4, = Q" og, Prog, @ is a quantum circuit
over {H} U{C(Ry) : k € [m — 1]} U{C(R,") : k € [m —2] 5} on m + 1 qubits of
m—1
size = m(m + 1) + > bin,,(@,);(m — i) and of

=0
-1

depth = 4m — 2 + bin,, (w,);(m — i),

1=

3

[e=]

computing C(ADD,,,) up to global phase. The capacity register only needs to be updated
for the first n — 1 items, since no further control statements are required after the final
item. In order to reset the capacity register, all prior additions have to be reverted by
utilising the circuits A,' = Q Ot Pt O Q7 "', ¢ € [n — 1], with suitable matching.
However, since no other operations are executed in between, all QFTs and their inverses
cancel each other out except the enclosing ones. Hence, in summary, the concatenation
C = QoP, 4o ---0Py'oQ toD, 104, 50D, s0---0Ay 0D, matched suitably is a circuit
over {X,H,RY(26,), CCX}U{C(RY(26,)) : £ € [n—1],1}U{C(R,),C(R]) : k € [n—1],1} on
n-+m -+ qubits, and satisfies Ug [0 [¢) = [0"F™) G,(0) |¢b) for all [¢) € ¢®". O
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CHAPTER 6

Amplitude amplification

Amplitude amplification is a broad generalisation of Grover’s celebrated quantum
search algorithm [25, 26]. Grover’s algorithm was initially formulated for the task
of unstructured search and attracted significant attention for its quadratic speedup
over (classical) exhaustive search in terms of oracle calls to the function that decides
whether an item is marked or not. Shortly after its proposal, countless adaptations
and generalisations of Grover’s algorithm were formulated, with quantum amplitude
amplification (QAA) proposed by Brassard, Hgyer, Mosca, and Tapp [198] being the
most influential one. While Grover’s algorithm is initialised in the uniform superposition
of all computational basis states via a layer of Hadamard gates, QAA allows arbitrary
initial states and corresponding state preparation circuits, as long as the resulting
state has non-zero overlap with the solution state. By replacing the oracle with
threshold-based comparisons, the scope of Grover’s algorithm has been further enlarged
to combinatorial optimisation problems by Durr and Hgyer [27].

In contrast to the variational quantum algorithms described in the previous chapter,
QAA typically does not incorporate parameters to be optimised by a classical solver.
The focus lies entirely on the state preparation and the subsequent rotation of the
initial state towards the solution state.

This chapter is more conceptual than technical. It emphasises the broad applicability
of state preparation circuits obtained from exhaustively parameterised unitaries via the
design transfer principle discussed in the previous chapter. The first section introduces
Grover’s algorithm, emphasises its connection to AQC, and derives its famous quadratic
speedup over exhaustive search. Subsequently, it details how QAA generalises Grover’s
algorithm and discusses further enhancements. The second section then details how
QAA may be utilised in the context of combinatorial optimisation, building on the
ideas of the “quantum minimum finding” framework by Durr and Hgyer. Finally, it
identifies simulated annealing and tabu search as two promising examples of classical
meta-heuristics which may be enhanced by amplitude amplification, yielding hybrid
frameworks for combinatorial optimisation.
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6.1 Grover’s algorithm and generalisations

Grover’s algorithm [25, 26] was originally introduced for the task of unstructured
search. In the most general setting, one is given a collection of N items. M out of
these items are marked, and the task is to find /retrieve any of the M marked items
from the totality of N items. Suppose that there is some oracle function ¢ : [N] — b
which inputs (the index of) an item and returns whether the item is marked (c(j) = 1)
or not (¢(j) = 0). Without further structure, the optimal classical approach to solving
this problem is to iterate over the collection of N items, evaluate the oracle for each
item, and return the current item as soon as the oracle evaluates to one. Averaging
over all possible distributions of the M marked items among the entirety of N items,
this requires O(N/M) oracle calls. Assume from now on that N = 2" for some n € N,
then the item indices can be represented as n-bit strings, and the oracle function ¢
becomes an n-ary Boolean function. That turns the unstructured search task into a
generic decision problem in which the oracle function ¢ serves as the indicator function.
Meaningful asymptotic statements are obtained by considering a family of unstructured

search tasks with a family of oracles (¢" : b" — b),y and defining ¢ : b* — b via
co(x) = ().

On a conceptual level, Grover’s algorithm starts from the uniform superposition |+")
and gradually amplifies the amplitudes of all computational basis states |x) for which
c(x) = 1. It does so by alternately applying phase oracles P, and H*"P_,H*" with
b = 1y4¢y. Following the derivation in Section 4.4, Grover’s algorithm can therefore
be understood as a digitalised adiabatic evolution interpolating between the initial
Hamiltonian |+)4| and H, with H,|x) = c¢(x) |x) for all x € b" [154]. However,
while the angle values, which guarantee the approximation of a given quasi-adiabatic
evolution U(T), depend on the evolution time 7" and the quality of approximation,
they remain fixed to 7 in Grover’s algorithm.

The special case in which b and ¢ are Boolean functions allows the algorithm to be
studied in greater depth. For the following geometric argument, let

|+) = \/%xg[b; |x) = cos (g) |a) + sin (g) |B) with 6 == 2arccos( N_NM> , (6.1.1)

where

and |3) = (6.1.2)

1 1
‘Oé> = ﬁ C(mz):zo |w> ) W c(%il |w> .

Here, |a) is the uniform superposition of all unmarked items and |5) is the uniform
superposition of all marked items. The angle 6 describes the orientation of |+) within
the two-dimensional subspace span{|a),|3)} C q*".
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As later noted by Brassard and Hgyer [206], the Grover iteration G = H*"P_,H*"P,
leaves this subspace invariant. Indeed, one can prove that

G" |[+) = cos ((; + k)9) ) + sin ((é + k>9) 18)

using only elementary trigonometry [207, Lemma 5.1]. This means that repeatedly
performing Grover iterations rotates |4) towards |3), possibly “overcooking” [208] the
state by setting k too high. The overlap with |3) is maximal for a rotational angle of
mm /2 for any m € Z. This happens first for m = 1, yielding the ideal power

(;—1—@)9: g <= ( = arccos (\/W) /0. (6.1.3)

For general M and N, the right-hand side of (6.1.3) will not be integer-valued. The
nearest integer k, € N fulfils that |¢ — k,| < 1/2 so that |(1/2 + k,)0 — /2| < 0/2.
Furthermore, since the arccos is monotonically decreasing, it holds that

N N-M _1 0
MS? <= TZ§ o Q:arccos( N_NM>§arccos< ;):W.

If M > N/2, one can introduce an additional (qu-)bit and define & : b™™" — b via
¢(0z) = 0 and ¢é(1lx) = c(x) in order to make the above derivation possible. In
combination this yields that choosing k, as closest integer to ¢ will produce an angle in
[7/2 — 7/4,7/2 + m/4] = [r/4, 37 /4], where sin only takes values > 1//2, hence

(BIGH ) = sin® (3 +ke)6) > 172 (6.1.4)

Thus, a subsequent measurement in the computational basis will yield with probability
> 1/2 a bit string present within the superposition |53), i.e. a marked item.

The remarkable result is now the following: For all y > 0 it is arccos(y) < 7/2 and
sin(y) < y so that

ke < [l] = {arccos (M) /6} < BH < H sin (gﬂ < {Z J\]\H : (6.1.5)

Therefore, the number of oracle calls required to achieve success probability > 1/2
scales as O(y/N/M), which is in sharp contrast to the classical average requirement
of O(N/M) oracle calls. Grover’s algorithm is asymptotically optimal [209] and only
mildly exceeds the theoretical lower bound of [sin(7/8),/| N/M || oracle calls which
every quantum algorithm solving the above task with success probability > 1/2 must

invoke [210, Theorem 8]. For M = 1, among all quantum algorithms that use up to
/N /4 oracle calls, Grover’s algorithm yields the highest success probability [211].
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The task of unstructured search is, by itself, not very interesting. In practice, large
databases are typically sorted or hashed. In case of a totally ordered list, binary search
with its O(log(NN)) worst case performance is applicable, improving exponentially over
Grover’s algorithm. Similarly, decision problems of practical relevance often come with
additional structure, which is entirely discarded within Grover’s algorithm. However,
there exist countless generalisations of Grover’s algorithm that allow for incorporating
more and more problem structure into quantum search or for extending the algorithmic
blueprint to other problem types, such as combinatorial optimisation.

The arguably most prominent generalisation of Grover’s algorithm is quantum amplitude
amplification (QAA), proposed by Brassard, Hgyer, Mosca, and Tapp [198] and,
independently, also by Grover [212]. In essence, they replace the Hadamard layers
enclosing the P, operation as well as the initial state |4+) with an arbitrary unitary
U (and its inverse U') and the initial state [1)) := U |0). Let Pg be the orthogonal
projection onto the marked subspace span{|z) : ¢(x) = 0}. The quantity determining
the number of oracle calls for achieving sufficient overlap with this subspace is the
initial overlap a == [(¢)|Pg|¢)|>. Assuming a > 0, |[¢)) can thus be written as
&% IP ei®e

for some ¢, ¢, € R. The repeated application of the QAA iteration A := UP_,U'P,.
then rotates |1)) towards the normalised version of Pg |¢) within the two-dimensional
subspace span{Px |1) , Py |1)}. The number of iterations required to reach an overlap
of at least 1/2 then scales as O(y/a) [198, Theorem 2 & 3]. If the precise value for a is
known, one can further adjust the last QAA iteration by substituting = with suitable
angles in order to reach full overlap with the feasible subspace [198, Theorem 4].

—=Ps ) (6.1.6)

QAA indeed generalises Grover’s algorithm, reproducing it for U = U = H*" and
) = H®"|0) = |+). Namely, in the Grover setup, it is

N M IN — M
Pg |+) x _ ) = «) and
S’ Z Z ‘y y| \/N c(%:zo‘ > N ‘ >

c(y)=0 zeb”

Pl = 5 3 X i) = U 3 |>=ﬁ|ﬁ>,

c(y)=1zeb"

so that indeed @ = M/N and the decomposition (6.1.6) takes the form (6.1.1) for
¢y = ¢, = 0. While the phase oracle P, is typically considered the important /expensive
resource within Grover’s algorithm, the QAA shifts the focus more towards the unitary
U (and its inverse). Assuming U and U " to have the same implementation costs, this
resource is incurred twice per QAA iteration, i.e. the query count of U ) is double the
query count of P_..
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Besides QAA, there are further generalisations of Grover’s algorithm for decision
problems. Instead of angles fixed to m, one can consider arbitrary angles ¢,0 € R
within the phase oracles Py, and Py.. That has already been used to adjust the last
iteration of QAA with a known initial overlap a to rotate the state entirely into the
feasible subspace. Alternatively, one can use the same angles for each iteration, ensuring
that they satisfy tan(0/2) = tan(¢/2)(1 — 2a) with ¢ # 7 [213]. If the initial overlap a
is not known, choosing ¢ and 6 approximately equal seems to perform the best [214,
213]. An instantiation is Grover’s m/3-algorithm [215], which avoids overshooting by
avoiding setting the number of iterations too high. The approximate phase matching
has also been studied using a QAOA-like variational ansatz for ¢ and 6 on a few qubits
[216].

While the importance of the phase oracle Py, within QAA seems to be set in stone in
order to encode the original decision, the problem-independent “diffusion operator”
H®"P¢bH®” is not without alternatives. Restricting the symbol b to remain a Boolean
function, the only proper alternatives to b = 1oy are indicator functions of sets X
with more than one element since X = ) would result in Py, = 1 for all ¢ € R and
choosing any X with |X| = 1 would be equivalent to X = {0} modulo permutation of
the computational basis. Here, Byrnes, Forster, and Tessler [217] found that for more
than one state marked by the diffusion operator, the initial state has to be chosen
c-dependent in order to ensure a Grover-type two-dimensional rotation, rendering
this approach impractical. However, since the case |X| = 2" — 1 is equivalent to the
case of | X| = 1 modulo global phase, their observation that the initial state must be
picked c-dependent does not hold here. In light of the connection between AQO and
Grover-type phase oracles as explored in Section 4.4, let me point out that the case
b= 15 with |X| = 1 renders the Hamiltonian H, := H*"h,H*" with h, |z) = b(x) |x)
irreducible. Furthermore, for X = {0} it only possesses non-negative entries in the
computational basis, so that, by Proposition 4.8, the linear interpolation between H,
and H, fulfils the requirements to apply the (gapless) adiabatic theorem. Further
investigations of the interplay between irreducibility and practical variants of QAA are
definitely necessary.

Inspired by the original QAOA formulation, Jiang, Rieffel, and Wang [218] proposed to
use the QAOA mixer with some fixed angle as a diffusion operator. From this point of
view, the phase oracle Py, exactly corresponds to the QAOA phase separator. Indeed,
they find for M = 1 and ¢ = # = 7 that 7/(2v/2)V/N iterations of the QAOA circuit
suffice for obtaining an overlap > 1/2 with the solution state.

Further generalisations of Grover’s algorithm for more structured decision problems
are, e.g., nested quantum search [219, 220] and Montanaro’s quantum backtracking
algorithm [221]. Grover’s algorithm has been integrated into the more general quantum
walk framework [222], where it corresponds to a walk on a complete graph.
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6.2 Quantum optimum finding

Grover’s algorithm and its generalisation to QAA have been explicitly formulated
for Boolean objective functions ¢, conceptually representing decision problems. In
this form, it is not directly applicable to general COPs, as this would require oracle
access to the indicator functions of the set of optimal solutions. Instead, Durr and
Hoyer [27] proposed an iterative version of Grover’s algorithm working with adaptive
threshold-based oracles. Without loss of generality, consider in the following an instance
¢ of a maximisation problem P = (I, s, ¢, max); the case of minimisation is analogous.
Furthermore, assume that P is length-respecting and unconstrained so that s(¢) = b™.
The core idea is to start with any solution y € b™ yielding an initial threshold 7" := ¢(y)
and to update the incumbent together with its threshold via repeated application of
Grover’s algorithm. In order to increase the chance of finding better solutions than the
incumbent y, the respective run of Grover’s algorithm uses the integer comparison

1, ife(x) > c(y)

6.2.1
0, else ( )

fy :b™ = b, :r;»—>{
as Boolean function for the phase oracle Prs,- The other ingredients of Grover’s
algorithm, i.e. the initial state and the diffusion operator, remain independent of the
current threshold. They find that by suitably balancing the number of applications of
Grover’s algorithm and the number of Grover iterations in each run, one can guarantee
an overlap > 1/2 with the optimal subspace S*(¢) using in total O(2"/?) Grover
iterations, yielding again a quadratic improvement over exhaustive search.

The same algorithmic blueprint can be extended by replacing Grover’s algorithm with
general QAA. Furthermore, the state preparation circuit used in QAA may vary across
iterations. Concrete examples of this generalised quantum optimum finding are our
initial proposal for the QTG [196], and its extensions [197]. Focussing on the QTG
for the 0-1 knapsack problem and following the design transfer principle implied by
Corollary 5.11, the state preparation circuits are obtained from the exhaustively param-
eterised and feasibility-respecting unitaries G(8),, ¢ € Ixp, by setting the parameters 0
to some values ¢ Z2x. In addition, we introduced a “profit” register for storing each
assignment’s cumulative profit. Analogously to the updates to the capacity register, we
achieved this using controlled quantum addition circuits for the individual item profits.
That reduces the control pattern of the phase oracle to a simple integer comparison
on the profit register. Since the threshold ¢(y) is known before executing the next
round of QAA, the comparison can be implemented using the same tricks as detailed in
Section 5.3. Under some benevolent assumptions on the quantum hardware, ignoring
error correction overhead, we showed that quantum optimum finding with suitably
fine-tuned applications of the QTG can already outperform the classical state-of-the-art
solver COMBO [63] on hard KP-instances ¢ with n, ~ 200 [196].
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In practice, there exist far more sophisticated methods than exhaustive search for
solving decision and optimisation problems. Brassard, Hoyer, Mosca, and Tapp [198]
already introduced an extension of QAA for incorporating classical heuristics. Here, I
wish to focus on the similarities of iterative threshold-based QAA and some classical
probabilistic meta-heuristics. An important notion will be the probability simplex A(X)
of a finite set X, representing the set of all probability distributions on X.

First, let me consider the prominent framework of simulated annealing, independently
invented by Kirkpatrick, Gelatt Jr., and Vecchi [140], and Cerny [141]. It is essentially an
adaptation of the probabilistic Metropolis algorithm [223] to combinatorial optimisation,
although also deterministic versions exist [224, 225].

Definition 6.1. A simulated annealing (SA) approach to a COP P = (I, s, ¢, ext) is a
triple (N,,7,, P,).er, where, for all c € I, N, : b™ U {e} — A(b™), T, = (Ti(L))f;Bl is a
finite sequence of temperatures Ti(b) €R,,and P, : b™ xb™ x R — [0, 1] calculates the
acceptance probability. If for all ¢ € I it holds that im(V,) € A(s(¢)), the SA approach
is called feasibility-preserving.

Algorithm 4: Simulated annealing(t, N, (T}),, P)

1 @ < sample from N(e);

2 if x € s(¢) then

3 Y+ x;

4 | t+c(,x);

5 else

6 Y&

7 t < o0;

8 end

9 fori< 0tok—1do

10 x' + sample from N(z);

11 if P(x,z',T;) > random(0, 1) then
12 T x';

13 if € s(:) and ¢(t,x) <t then
14 Y — x;

15 t+ c(t, x);

16 end

17 end
18 end

19 return y;
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Algorithm 4 is formulated for instances of minimisation problems. For maximisation
problems, simply replace line 7 with “¢ < —o00;” and the second condition in line 13
with “c(¢,x) > t”. In both cases, the underlying approach is the same: Find an initial
candidate & by sampling from an instance-dependent distribution N(e) € A(b™). If
the initial @ is feasible, declare it the best solution y found so far. Then iteratively
sample ' from a incumbent-dependent distribution N(x) € A(b™) and accept it
with a certain temperature-dependent probability P(x,z’,T;). In case of acceptance,
replace & by &', potentially updating the best solution found so far. Historically, the
acceptance probability P (for unconstrained minimisation problems) is given by

1, if ¢(t,x) < c(1, )

Pz, x| T) = /
( ) {e(c(“m)c(w DT otherwise,

thus accepting improvements with certainty and probabilistically accepting assignments
of worse objective value. For large temperatures T', worse assignments are more likely to
be accepted. In contrast, small temperatures make it less likely to escape local optima,
eventually forcing the system to settle at an (at least locally) optimal assignment.
Similar to how the adiabatic theorems yield convergence guarantees for AQC, SA with
suitably chosen infinite sequences of temperatures is guaranteed to converge towards
an optimal assignment [226].

Conceptually, quantum annealing as described in Section 4.2 replaces SA’s neigh-
bourhood sampling function N and its temperature-induced jumps to locally worse
configurations with coherent superpositions and transverse field-induced tunnelling
through energy barriers. While this approach extensively utilises the quantum compu-
tational resources, its main drawback, besides its strong requirements on long coherence
times, is that it does not keep track of the currently best solutions y, which might
actually have better objective values than the computational basis state obtained at
the end of the procedure.

As a hybrid alternative, one can keep all classical components of Algorithm 4 and replace
sampling from N(x) (resp. N(e)) with QAA iterations. For unconstrained problems
and P(z,z’,T) =1 for ¢(t, ') < c(t,x) and P(z,z’,T) = 0 otherwise, this framework
reproduces the initial proposal by Durr and Hgyer [27]. Its application is probably most
useful when the SA’s resources are dominated by the sampling step, whether because
evaluating N(-) is costly or because most samples are rejected. Especially in the
latter case, a promising strategy would be to prepare a quantum state |N(x)) so that
measuring |N(x)) in the computational basis yields the probability distribution N(x),
but to execute a few rounds of QAA with the state preparation circuit for |[N(x)) in
order to obtain an improved probability distribution. The phase oracle may be based
on integer comparison to the current threshold ¢(¢, ) or constructively connected to
the acceptance probability P by any other means.
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Another prominent meta-heuristic is tabu search, proposed by Glover [227, 228, 229].

Definition 6.2. A Tabu search (TS) approach to a COP P = (I, s, ¢, ext) is a quintuple
(M, ¢, f,x, k,),cr, where, for all . € I, M, is a finite set of moves b™ — b"™ ¢, € N
is the Tabu list’s length, f, : b™ — {—o00} UN calculates the fitness of an assignment,
x, € b™ is an initial assignment, and k, € N is the maximum number of iterations.
If for all « € I it holds that x, € s(¢) and M,(s(¢)) C s(¢) the TS approach is called
feasibility-preserving.

Algorithm 5: Tabu search(v, M, ¢, f, x, k)
1 L+ 0;
2 if ¢ € s(¢) then
3 ‘ y < x; t+ (L, x);
4 else
5 ‘ Y 4 ¢€; T+ o0
6 end
7
8
9

fori+<0tok—1do

m" <+ ¢g;
[ —o0;
10 | foreachme M\ L do
11 if f(m(x)) > f* then
12 m* < m;
i3 I flm());
14 if m(x) € s(¢) and ¢(t,m(x)) < t then
15 y < m(x);
16 t < c(t,m(x));
17 end
18 end
19 end
20 if /¥ = —oo then
21 ‘ break;
22 end
23 x < m*(x);
24 push m™ onto L;
25 if |L| > ¢ then
26 ‘ pop first element of L;
27 end
28 end

29 return y;
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Chapter 6 Amplitude amplification

Again, Algorithm 5 is formulated for instances of minimisation problems. For maximi-
sation problems, t is assigned —oo in line 5 and the second condition in line 14 becomes
“c(t,m(x)) > t”. In a nutshell, tabu search maintains a list of available moves, each of
which is applied to the incumbent @ to search its neighbourhood for better solutions
exhaustively. Among all available moves, the one producing the assignment with the
best fitness value f(m(x)) is applied to yield the next incumbent f(x). The fitness
function typicallyaccounts for feasibility as well as improvements in the objective value.
The just-executed move now becomes “tabu” and is not considered in subsequent
iterations until it is, e.g., popped from the tabu list due to the list’s fixed capacity. TS
explores the entire neighbourhood of the incumbent & given by {m(x) : m € M\ L}
rather than sampling from it as in simulated annealing.

A potential hybrid approach to tabu search would be to replace the exhaustive neigh-
bourhood search with iterative QAA while keeping all other parts of Algorithm 5
classical. Previously, a hybrid TS using QAOA instead of the classical neighbourhood
search has been proposed for the special case of QUBO and a move set consisting of
single bit flips [230]. A related method uses quantum annealers as a subroutine in a
more complex version of TS for the vehicle routing problem [231]. Furthermore, there
already exists a framework for hybrid local search for constrained problems, also using
QAOA instead of classical exhaustive search or neighbourhood sampling [232].

On a high level, the hybrid version of a given TS routine for some instance ¢ would
replace lines 8-19 of Algorithm 5 with the following subroutine: Pick any initial move
m € M\ L and record f* = f(m(x)). Then prepare a (not necessarily uniform)
superposition of all neighbouring states of the incumbent

) =U0") = > tp|m(z))

meM\L

and utilise U within iterative QAA threshold comparison of the fitness function. U
can, in principle, be built from the quantisations m of the moves and an ancilla qubit
register controlling the application of all the non-tabu moves m in superposition. For
certain sets of moves, such as the very common set of all bit flips [233] or the set
of all bit permutations [234, 235], there are more efficient state preparation circuits
available. In case of a TSP instance ¢, for example, if only a subset of permutations
is allowed, one can adjust the exhaustively parameterised unitary V, to merely cover
parts of Sym(n). For FLP instances, the situation is even simpler if the allowed moves
correspond to a subset of the entry-wise swaps since they are represented by individual
terms within both exhaustively parameterised unitaries W, and B,. Therefore, simply
omitting all terms corresponding to tabu moves renders those unitaries and the derived
state preparation circuits applicable within this hybrid framework. Lastly, in order to
employ the QTG as a state preparation circuit within TS with bit flip moves, one can
simply omit all RY-gates which correspond to tabu bit flips.
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CHAPTER 7

Conclusion and outlook

In this thesis, I investigated several existing and two novel quantum algorithmic
frameworks for combinatorial optimisation problems. I covered and connected three
families of quantum and hybrid algorithms: adiabatic quantum computation (AQC),
variational quantum algorithms (VQAs), and quantum amplitude amplification (QAA).
Most importantly, I introduced exhaustive VQAs, which parameterise a problem’s
entire feasible set, and established a design transfer principle from exhaustive VQAs
to QAA-based approaches and to other VQA families, such as the recently proposed
amplitude amplification mixer-QAOA [167]. I gave concrete examples of exhaustive
VQA designs for three prototypical, structurally different optimisation problems, with
the intent of motivating constructions for more complex problem formulations.

I chose Boolean circuits [36] as the underlying computational model for studying
combinatorial optimisation problems. In Chapter 2, I elevated the graph-theoretical
description of Boolean circuits to reversible circuits and derived precise resource counts
for reversibly embedding arbitrary Boolean circuits. In Chapter 3, I continued the
extension of the circuit model to a formal description of quantum computers. Using
the close connection between the underlying computational models, I gave explicit
constructions, including quantitative resource analysis, for several important quantum
circuits with classical descriptions. Furthermore, I reiterated the connection between
the quantum circuit model and AQC in Chapter 4, focusing on sufficient conditions for
adiabatic state transfer and the precise resource requirements for simulating adiabatic
evolutions using quantum circuits. In Chapter 5, I introduced the quantum approximate
optimisation algorithm [153], its extension to the quantum alternating operator ansatz
(QAOA) [165], the special framework of Grover mixer-QAOA [166], and the more general
scheme of amplitude amplification mixer-QAOA [167], for which I developed sufficient
convergence conditions via connections to AQC. Beyond that, I proposed the novel
framework of exhaustive VQAs, detailed a design transfer principle, and gave concrete
examples for the travelling salesperson problem, the facility location problem, and the
0-1 knapsack problem. Finally, in Chapter 6, I introduced Grover’s algorithm [25], its
generalisation to QAA [198], and iterative versions designed for optimisation problems
[27], highlighting the applicability of QAA within hybrid optimisation frameworks.
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Chapter 7 Conclusion and outlook

An advantage of the graph-based definition of reversible circuits introduced in Chapter 2
over the standard formulation is that the circuit depth is explicitly bound to a property
of the underlying (multi-)graph: the length of its longest path. While the initial
intend behind the definition was to establish a close connection to the description of
Boolean circuits, the increased graph-theoretical expressivity of Definition 2.5 may
also be of independent interest. A possible application is to directly translate the
definition into a data structure for analysing and manipulating reversible circuits,
using well-established network libraries such as the C++ boost graph library [236] or
the Python module NetworkX [237]. Furthermore, in the theory of Boolean circuits,
there are other well-characterised graph properties besides longest paths which are of
practical and theoretical significance. Examples include planarity [238], cliquewidth
[239], pathwidth, treewidth, [240], and cutwidth [241]. All of these properties also
apply to multigraphs, and some of them might also remain important in the context
of reversible circuits, in which case the alternative graph-theoretical definition may
provide the foundation for a formal treatment. Overall, the formulation’s expressiveness
and the recursive definition of the function computed by a reversible circuit might
render the graph-theoretical description a more viable candidate for analysing reversible
circuits with the aid of proof assistants such as Lean [242].

Since the alternative definition for quantum circuits given in Chapter 3 mimics the
one for reversible circuits, the previous considerations remain valid for more expressive
formal or algorithmic treatments of quantum circuits via their underlying graph
structure. Fach of them would extend the scope of Definition 3.1 beyond the rigorous
synthesis results obtained in Section 3.3. A major part of these derivations focused
on optimising circuits for phase oracles of arbitrary pseudo-Boolean functions using
Gray codes. For the important case of functions of bounded degree, I showed how to
optimise the general construction using monotone Gray codes further. For a prescribed
maximum Hamming weight & < n, these monotone Gray codes generate all bit strings
of Hamming weight k& before reaching any bit string of weight k£ + 2. In the worst case,
however, (almost) all bit strings of Hamming weight k+1 are also generated. Optimising
this construction, i.e., minimising the number of generated bit strings with weight
k + 1, is connected to proving the general existence of order-preserving Gray codes
[243] and is one of the more challenging open problems in the field of combinatorics
[244]. Depending on properties of the concrete quantum architecture, such as qubit
connectivity and quality, other types of Gray codes might also be applicable to the
implementation of phase oracles and related circuits. For example, balanced Gray codes
[245] distribute the bit flips uniformly over all bit positions, which would translate to
uniformly distributing the application of CX-gates over the entirety of qubits. Another
interesting case is Beckett-Gray codes [246], which always flip the bit back to zero,
which has been set to one the longest. Overall, this minimises the time between two
flips on the same bit, directly translating to estimates on the number of cycles on a
quantum computer between two CX-gates acting on the same qubit.
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Chapter 7 Conclusion and outlook

The sufficient conditions derived for the applicability of the gapless adiabatic theorem
to linear interpolations of two Hamiltonians, as derived in Chapter 4, play a pivotal
role for the convergence guarantees obtained in the subsequent chapter. For a given
target Hamiltonian H,, the initial Hamiltonian H;, has to be irreducible and entry-wise
non-negative in H,’s eigenbasis. Then, by the Perron-Frobenius theorem, there exists
a non-degenerate largest eigenvalue of H,. Initialising the adiabatic procedure in the
associated highest-energy state guarantees full state transfer to the highest-energy
state(s) of H.. One can easily verify that irreducibility is indeed necessary in order
to choose the initial state H.-independently [168]. However, the requirement of non-
negative entries is too strict. On the one hand, as a trivial example, multiplying
an irreducible matrix with non-negative entries by a negative number yields a non-
degenerate ground state. However, it does not alter the dynamics of the adiabatic
evolution, so convergence is still guaranteed. On the other hand, it is straightforward
to construct examples of irreducible matrices with both positive and negative entries
so that the highest-energy state and the ground state are degenerate. In this situation,
the proof of Proposition 4.8 does not work, but it remains unclear whether this also
excludes the possibility of convergence.

Any refinements to the sufficient conditions for adiabatic state transfer would also
improve the statement on the convergence of AAM-QAOA discussed in Chapter 5.
Ultimately, this would also strengthen the design transfer principle between exhaustive
VQAs and AAM-QAOA, since the former do not require only positive amplitudes
for feasible states. In general, increasing the number of concrete implementations
of exhaustively parameterised unitaries will be central to advancing the variational
toolbox for combinatorial optimisation. As demonstrated by the three examples,
exhaustive designs with efficient implementations are possible for a variety of feasibility
structured. Very recent work [247, 248] outlines promising methods for efficiently
incorporating arbitrary constraints in state preparation circuits. Via an “inverse” design
transfer principle, these constructions might also be transformable into exhaustively
parameterised unitaries for arbitrary feasibility structures.

Alternatively, these state preparation circuits may be utilised directly within one of the
hybrid frameworks proposed in Chapter 6. In addition, since these circuits are based on
classically formulated problem constraints, there often exist dequantised, probabilistic
algorithms which may, in turn, be used in conventional frameworks such as simulated
annealing. For example, the quantum tree generator [196] is based on controlled
RY(#)-gates, where 6 controls the distribution of amplitudes between item exclusion
and inclusion. The classical probabilistic analogue would be to conditionally flip the
corresponding bit with probability sin2(6’). Similar constructions should be possible
for state preparation circuits obtained from exhaustively parameterised unitaries.
Conversely, sampling subroutines in classical frameworks may be quantised to yield
state preparation circuits for application in hybrid frameworks.
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