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Abstract

The maximum flow minimum cut (Max-Flow Min-Cut) problem is an optimization
problem from graph theory [153]. Its objective is to maximize the flow from a source to
a sink and minimize the total capacity of the edges connecting two disjoint node sets,
where the source and the sink belong to two different sets |3|. These problems find
numerous applications, including optimizing the scheduling problem and the project
selection, and they are also commonly used as a subroutine in other optimization
problems |4]. Therefore, the development of an efficient algorithm to solve Max-Flow
Min-Cut problems is of great interest.

Dinic’s algorithm is an efficient classical algorithm for solving the optimization
problem [5}|6]. It alternates the Breadth-First Search (BFS) and Depth-First Search
(DFS) to find the Max-Flow |5|. The runtime of this algorithm becomes large for
increasing graph sizes and densities due to the scaling of the algorithm with O(|V|?|E|)
[5]. Therefore, in hope of an asymptotic speedup, we investigated a quantum approach
proposed by Ambainis et al. |7| within this thesis. His quantum approach substitutes
the BFS with a quantum BFS (QBFS), which uses Grover’s algorithm for finding
marked items in an unstructured list. The current quantum hardware is not yet
advanced enough to be run on large problem instances [8+11]. As a consequence,
we used a hybrid benchmarking approach |12|. We run the classical version of the
algorithm and recorded its time, while analytically computing the minimum number
of gates for the quantum algorithm.

We compare the BFS and the QBFS by dividing the BFS runtime by the minimum
number of gates required by the QBFS. This yields to a threshold time for a single gate
operation. Using a gate time of 6.5ns [13| indicates that the quantum algorithm could
be competitive with the classical algorithm. Especially for larger and dense graphs, the
difference between the state of the art gate time and the threshold gate time becomes
distinct. But while the calculated threshold gate times are slower than the state of
the art gate time and the QBFS therefore appears to be competitive with the BFS,
these values represent upper bounds. We use a lower bound to calculate the number of
required gates of the QBFS leading to an upper bound for the threshold gate time. We
also use a random graph generator to generate specific pseudo-random graphs. These
graphs do not represent any real instances. We also assume fault-tolerant quantum
computing (FTQC) with no error correction |14} |15|. Moreover, the evaluation includes
only small and medium-sized graphs, leading to the runtime of the BFS not exceeding
2.3s which means that there is nearly no practical advantage in using the QBFS in
this regime. Consequently, we cannot guarantee that a speedup can be achieved in
practice. This remains an open question for future work.



The goal of this thesis is to apply the hybrid benchmarking methodology proposed by
Ammann et al. [12| to the Max-Flow Min-Cut problem in order to lay the foundation
for further applications. The results provide insight into the practicality and the
limitations of the proposed quantum algorithm.
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1. Introduction

Chapter 1.

Introduction

For several decades, researchers have been interested in the principles of quantum
mechanics and their application on computers [8} |16} 17]. The nature of quantum
mechanics makes it possible to not only operate on the states 0 and 1 as a classical
computer does, but also to utilize a superposition of these states [8]. This enables
quantum devices to process information in different ways than on classical devices and
leads to the expectation that quantum computers may outperform classical computers.

However, quantum computers are not expected to speed up all types of problems
[18]. Instead, it is assumed that they are advantageous for certain classes of problems
119]. Especially fields like optimization, cybersecurity, data analytics, and artificial
intelligence are promising applications for quantum computers |8 |20|. Among these,
optimization problems are important in different scientific and industrial applica-
tions, motivating the research of quantum algorithms which may offer performance
improvements compared to classical algorithms [20].

Optimization problems describe problems which have to find the best solution among
multiple possible solutions with respect to an objective function [3|. These problems
may involve maximizing the efficiency or minimizing costs. Classical algorithms are
able to solve those problems efficiently [8]. But with increasing problem sizes, the
computation of results becomes challenging [8]. This has motivated the research of
more efficient algorithms, leading to quantum algorithms as an alternative which
promise potential speedups for specific classes of optimization problems [3|.

The maximum flow minimum cut (Max-Flow Min-Cut) problem is a fundamental
problem in graph theory and a combinatorial optimization problem [1-3]. It addresses
two main questions. First, it maximizes the flow from a source to a sink through a
directed graph with capacity constrained edges |3]. The flow can be maximized by
using different paths from the source to the sink. This problem was formulated by T.
Harris [21]. Second, the problem tries to find a solution for the Min-Cut, which is a
partition of the graph in two disjoint sets. The source and the sink are in different
sets and the capacity of the edges joining the sets of the source and the sink should be
minimized |3]. The Max-Flow Min-Cut theorem joins both problems which leads to a
foundation for algorithms which solve both problems |1} |2,|22].
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The Max-Flow problem finds applications in a wide range of areas. These include
the optimization of the scheduling problem, the bipartite matching problem, and
the project selection, as well as using the problem as a subroutine in more complex
optimization problems [4|. The Min-Cut problem primarily focuses on finding structural
bottlenecks which limit this flow [4|. The wide range of applications makes an efficient
and fast algorithm to solve the Max-Flow Min-Cut problem interesting for practical
and theoretical research.

Classical algorithms for solving the problem have been studied in the past. One
well-known algorithm is the algorithm by Ford and Fulkerson [1|. It has been optimized
to an efficient algorithm by Dinic, whose algorithm iteratively uses the Breadth-First
Search (BFS) to construct a level graph and the Depth-First Search (DFS) to find
augmenting paths [5]. Due to their runtime being dependent on the graphs size and
the number of edges by O(|V|?|E|) |5/, the runtime becomes larger and limiting if
both increase.

Quantum computers, on the other hand, operate on probabilistic systems and can
therefore utilize non-deterministic algorithms |23|. Such algorithms have become a
hope for efficiently solving optimization problems that are computationally expen-
sive on classical computers [8]. While running quantum algorithms in a large scale
remains theoretical due to the young development of quantum devices resulting in the
current hardware limitations [8H11|, their potential can be analyzed using different
benchmarking approaches.

In the following, we investigate a quantum version of Dinic’s algorithm. This
algorithm combines the classical Dinic’s algorithm with a quantum algorithm. One
selected subroutine of the classical algorithm is replaced by a quantum algorithm. In
this thesis, we will investigate the quantum Dinic’s algorithm by replacing the classical
BFS with a quantum BFS (QBFS) |7]. This algorithm utilizes Grover’s algorithm for
leveling the graph. Because we cannot use quantum devices to directly evaluate the
performance of quantum algorithms on relevant data sets [8+11], we will perform a
quantitative analysis using the hybrid benchmarking technique [12]. We will run the
classical parts on a classical computer and record the runtime directly. On the other
hand, we will analyze the quantum subroutine by evaluating the minimum number of
gates for this algorithm [12] and using experimentally obtained state of the art gate
times by Chew et al. |13 to discuss whether the quantum algorithm is competitive or
not.

The main objective of this thesis is to apply the hybrid benchmarking technique
to the Max-Flow Min-Cut algorithm |7, [12|. This shows us whether the quantum
algorithm is competitive with the classical algorithm and under which conditions this
holds. We will analyze the problem in dependence of the graph size and the density of
the graph. By comparing the results of the number of iterations of Grover’s algorithm
and therefore the minimum number of gates and the state of the art gate times to
the BFS runtimes, we will analyze the practicality and limitations of the quantum
approach. Other related work to this thesis is [24/129].
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In the first part of this thesis in chapter [2[ we will introduce quantum computers
and quantum algorithms, as well as quantum gates. Then, we will get familiar with
the needed theoretical foundations for Dinic’s algorithm and its quantum version in
chapter After introducing all relevant fundamentals, we will present the Max-Flow
and the Min-Cut problem, including algorithms to solve these problems in Chapter To
analyze the quantum algorithm, we will introduce and perform a hybrid benchmarking
approach in chapter |5/ Finally, we will discuss the results to determine whether the
quantum version of Dinic’s algorithm can be competitive with its classical counterpart
in chapter[0]
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Chapter 2.

Quantum Computing Basics

Before describing the specific problem presented in this thesis, we need to introduce
some concepts. These include what quantum computers are, how they differ from
classical computers, and some essential background information required to understand
the thesis.

2.1. Quantum Computer

Classical computers operate on the binary system, where information is encoded as
a sequence of bits (zeros and ones) [30]. This sequence forms a code, which can
be interpreted by computers as numbers and letters. The translation of multiple
bits to a number or letter happens with the help of the extended ASCII code [31].
The abbreviation stands for the extended American Standard Code for Information
Interchange. Each number, letter, and symbol of the alphabet is represented by a
sequence of eight bits. The bit sequence 01000001 represents an A, 01100001 an a
and 00000001 represents the digit 1 [31]. This coding scheme applies to all characters
used in digital communication. Because the ASCII code uses eight positions and each
one can be either a zero or a one, there are 28 = 256 possible symbols that can be used
with this code. This simple binary representation forms the foundation for classical
computation 30]. Quantum computers, in contrast, utilize quantum bits (qubits),
which are capable of existing in a superposition of these states [32|.

A qubit is the quantum analog of the bit and represents the quantum computer’s
smallest storage unit|33|. These quantum bits can exist in a superposition of different
basis states and are subject to the postulates of quantum mechanics |34} |35|. The
states of a classical bit can be represented by the numbers 0 and 1. The qubit basis
states are often denoted as |0) and |1) [36]. Depending on the source, these states can
also be represented by ||) and [1) [8]. According to the first postulate of quantum
mechanics, the state of a closed quantum system in a complex Hilbert space is fully
described by a state vector [¢) |8|. For a single qubit, this state can be expressed as a
superposition of the two basis states:

[¥) = a|0) + 51
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The coefficients o and 8 are complex probability amplitudes, which satisfy the
normalization condition |a|? + [3> = 1 [8]. The state of a single qubit can be
represented on a Bloch sphere, where each state corresponds to a point on the surface
of the sphere |8|.

The act of measurement is described by the measurement postulate of quantum
mechanics |34]. When a qubit is measured, it collapses into one of the basis states with
its associated probability |a|? or |3|? [8]. This probabilistic nature is one key difference
between a classical and quantum computer |8|. By repeatedly preparing and measuring
the same superposition, a probability distribution over the basis states can be obtained
34|. Between measurements, the evolution of a qubit’s state is controlled by unitary
transformations described by Schrodinger’s equation (ih4% [¢(¢)) = H |(t))) [34]. This
principle is stated in the third postulate of quantum mechanics. These characteristics
are fundamentally different from classical bits, which always occupy one definite state
at a time |8].

When multiple qubits are combined, their total state space is given by the tensor
product of the individual states [34]|. By using n qubits, their states can be represented
by a vector in a 2"-dimensional Hilbert space |8} 34|. For example, by using two
qubits, we are able to create a superposition of the states |00), [01), [10) and |[11). In
some cases the quantum state is not a simple combination of the individual states
of each qubit. The qubits then become correlated, which is described by entangled
states [37|. Entangled states are multi-qubit states which cannot be rewritten as a
tensor product of individual qubit states. One example of such a state is the Bell
state given by % [38]. When measuring one qubit with a probability of 1/2
for each state, the state of the second qubit gives the same result. The correlations
appear instantaneously upon measurement, regardless of spatial separation between
the qubits [39]. These states are not reproducible on classical computers and they are
used in various quantum fields, including in quantum computing [8]. Superposition
and entanglement are quantum properties that enable many advantages of quantum
computation, but their benefit becomes apparent when these properties are utilized
and manipulated properly |8].

One advantage of quantum computation is the exponential growth of the quantum
states. n qubits can represent a state with 2" complex amplitudes [8|. This means that
500 qubits are able to represent 2°9° ~ 10'° amplitudes, which are more than atoms
in our universe [8|. This allows quantum computers to process many computational
paths simultaneously |17, while classical systems would require keeping track of these
amplitudes, which become infeasible for larger n [8]. Each of those states has a complex
amplitude. By exploiting the interference properties of these amplitudes, quantum
algorithms can manipulate them to increase the likelihood of measuring specific states
and suppress the likelihood of undesired outcomes |8} |40|. We will describe one
algorithm which utilizes this characteristic, the Grover algorithm, in section m
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Although quantum states of n qubits are described by 2" amplitudes, only a single
outcome can be measured. This means that storing all information in the amplitudes
is not what makes quantum computers powerful, but the interference effects help
access useful information more efficiently (8| 40]. By using the knowledge of the
quantum behavior, the mathematical foundation is built to design algorithms which
can outperform classical ones [8]. The Grover algorithm for example achieves quadratic
speedup in searching an unstructured list [40]. This algorithm is a central part of the
quantum algorithm, which we will discuss in this thesis.

2.2. Quantum Gates

Bits and qubits can be used to represent letters and numbers on computers. Gates
operate on these bits and qubits and, for example, perform calculations [§]. These
gates have different purposes. Classical computers perform operations by using logical
gates to process bits in specific ways [41]. Each gate has a function that processes the
input, such as negations, conjunctions, disjunctions, or other logical operations [42|.
By combining multiple logic gates, complex operations like arithmetic calculations can
be performed [41|. These logic gates are connected by wires which transport the bits
to the logical gates [30]. These two form the fundamental components of computers
[30]. Each program and computation can be traced back to logical gates.

To understand these gates, we will present some of them in the following. For
example, the NOT-gate, a one-bit gate used in classical computers, changes the value
of the bit it operates on [42|.

AlQ
A Q 01
110

Figure 2.1.: On the left side the symbol of a NOT-gate in a circuit is shown. A represents the input
bit while Q represents the output bit. How the bits are changed is shown in the truth table on the
right.

Some other gates operate on two or more bits. For example the AND-gate changes
the value of a bit if the two incoming bits both have the value 1 [41|. Other gates
change the value of a bit if different conditions are fulfilled [42|. Some classical gates

are shown in figs. to [8]. Classical gates have deterministic characteristics, while
quantum gates, on the other hand, are reversible and unitary [8].
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Figure 2.2.: On the left side, the symbol of an AND-gate in a circuit is shown. It creates only a
positive output if both inputs are equal to 1. How the bits are changed is shown in the truth table on

the right.

Figure 2.3.: The OR~gate gives an output of 1 if at least one of the inputs is a one. The logical gate
is shown on the left side, while the truth table is displayed on the right side.

Figure 2.4.: The exclusive OR (XOR)-gate is a logical gate, which gives an output of 1 if only one of
the incoming bits has the value 1. If both input bits have either the value 0 or both have the value 1,
the output equals 0. The logical gate is shown on the left side, and the truth table on the right side.

Figure 2.5.: The logical gates can also be connected in series. One example is the NAND-gate, where
a NOT-gate is placed behind an AND-gate. This leads to the output being 1 if at least one of the
input bits is equal to 0. If both input bits are 1, the output equals 0. The output is the opposite of
the AND-gate. The logical gates are shown on the left side, and on the right side the truth table is

displayed.
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Unlike classical computers, quantum circuits cannot operate on classical gates
because of their fundamentally different mathematical properties [8]. These gates are
unitary operators acting on a Hilbert space [8]. They must satisfy certain mathematical
conditions:

U:HE — HE (2.1)
U =1 (2.2)

Eq. (2.1) shows that there are n incoming qubits on which the operator acts |8|.
The number of output qubits equals the number of input qubits, which means that
the total number of qubits remains unchanged by a gate [8]. Eq. (2.2) indicates that

the operator must be unitary. Based on these conditions, we can construct quantum
gates, some of which will be explained below.

One example of a one-qubit gate is the Q-NOT-gate. This operation is represented
by the Pauli-X-gate, which corresponds to the following matrix (8]

<[]

This unitary matrix swaps the probability amplitudes of the qubit basis states.

) = al0) +B11) — [¢) = Bl0) +a 1)
wzmﬁmzm

The remaining one-qubit-gates are represented by the other two Pauli matrices [8].
One of them is the Pauli-Z-gate, which changes the phase of the |1) state |8|. This
property can be utilized when searching for a marked item in a list 40|. In such a case,
the amplitude of the marked item can be inverted.

St

W) = al0) + B[1) = |¢) =al0) - 81)
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Another one-qubit gate is the Hadamard-gate [8]. This gate is defined by the
following operator:
1)1 1
H:\/ﬁll _1] (2.3)

This gate transforms the state the following way:

Hadamard gates are particularly important, as they generate superposition states
that form the basis of many quantum algorithms [40].

These are examples of one-qubit gates. Multi-qubit gates, on the other hand, operate
on more than one qubit at a time and allow comparisons of different qubits [8]. These
work similar to the classical multi-qubit gates. The prototypical multi-qubit gate is
the controlled NOT (CNOT)-gate [8|. The first input qubit is the control qubit, while
the second one acts as target qubit. If the control qubit takes on the value one, the
state of the target qubit is flipped. It is represented by the following operator:

1000

1o 100
CNOT=| o o o 1
0010

Applied to the state |1), the gate transforms the state the following way:
) = a[00) + B101) + 7 [10) + 8 [11) — |¢) = @[00) + B[01) + & [10) + 7 [11)

(6%
9) = )
v

For this thesis, we will also need to consider the Toffoli-gate. It works similar to the
CNOT-gate, but it utilizes more qubits. It works like the CNOT-gate for three qubits.
The target qubit is the third one and the first two qubits resemble the control qubits.
If both control qubits represent ones, then the state of the target qubit gets flipped |8].
The following matrix represents the operator of the Toffoli-gate:

10
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Toffoli =

OO OO OO o
OO OO oo+ O
SO OO O OO
SO DO O, OO O
OO O OO OO
OO OO O OO
— O OO oo oo
O R OO OO oo

If the Toffoli-gate gets applied to a state 1), the state gets changed the following
way:

) = «[000) + B]001) + ~[010) + & |011) + € |100) + ¢ [101) + 7 |110) + 6 |111)
—[$) = a[000) + B1001) + 7 [010) + 6 011) + €[100) + ¢ [101) + 6 [110) + 7 [111)

TSI N A D O

<
~~——
I
S DY AN 22 O

The last gate, which we will consider, is the controlled Z (CZ)-gate. It applies the
Pauli-Z-gate to the target qubit, when the control qubit takes on the value |1) |8]. The
operator is represented by the following matrix:

CZ

1l
oo o~
oo~ o
o oo

coo

-1
The state |¢)) changes due to the operator the following way:

) = 00} + B101) +4[10) + 8 [11) — |$) = @ [00) + B]01) + v[10) — §[11)
[0

N | B

o) =

-5

[¥) =

%

2 ™R

11
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By applying the Hadamard-gate to the target qubit before and after a CNOT-gate,
the CZ-gate can be built [43].

These gates represent the most important gates, which we will need for the quantum
version of Dinic’s algorithm.

2.3. Gate Times

The hardware for quantum computers is still a highly researched topic. It exists in a
wide variety of forms depending on its intended application. Among the most interesting
platforms for researching quantum algorithms are trapped-ion, superconducting and
Rydberg quantum computers. These three types have shown the most promising results
for research |9} 44|. Their error rates are low, which makes them more reliable and
reduces the number of repetitions required to achieve high accuracy. A higher error rate
leads to more repetitions of each measurement in order to achieve high accuracy. The
lower error rate makes the three mentioned quantum computer technologies particularly
interesting for us. However, all of them have their pros and cons, which we must
understand.

Superconducting quantum computers |45 show some of the fastest gate times [46/.
They have demonstrated two-qubit gate times as low as 48ns with a fidelity of 99.9%
in some state of the art systems |47|. In comparison, other gate platforms are often
100 or more times slower [19|. Although the fidelity is high, one must consider that
the overall accuracy of a circuit depends on the multiplicative product of the fidelities
of all individual gates. All multi-qubit gates can be built from combinations of two-
qubit gates [8|. However, superconducting quantum computers require temperatures
near absolute zero to operate. Achieving these temperatures is extremely energy-
and resource- intensive [8|. Different superconducting qubit technologies operate at
different temperatures, but many require cooling to nearly —273°C (close to absolute
zero) [19]. Due to the challenging experimental environment, these quantum computers
are used only in specialized research settings and are not yet widely preferred.

On the other hand, trapped-ion quantum computers have demonstrated two-qubit
gate times around 1.6ps — 520ps with fidelities of approximately 99.8%-99.9% [48|
49|. The gate time is significantly longer and the fidelity somewhat lower compared
with superconducting quantum computers. However, the greatest disadvantage of
superconducting systems, the requirement for extremely low temperatures, is not as
severe for trapped-ion systems. Some trapped-ion systems require cooling to around
—200°C or in some cases no cooling at all [48-51|. This makes trapped-ion quantum
computers more accessible than superconducting ones, despite their slower gate time
and slightly lower fidelity.

Rydberg quantum gates have a faster gate time than trapped-ion quantum gates
and superconducting quantum gates. They work by exceeding an electron of an atom
into states with high quantum numbers n >> 1. This leads to high dipole-dipole
interactions between Rydberg atoms. The state of the art gate time of such systems

12
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lies at 6.5ns with a fidelity exceeding 99% [13|. This gate time is the fastest state of
the art gate time but it has a lower fidelity than superconducting gates and trapped-
ion systems. The loss of Rydberg quantum gates while measurements is one of the
challenges of these systems [52|. Other challenges lie in the finite temperature Doppler
dephasing, noise production by lasers and spontaneous emissions of the Rydberg states
leading to two-photon excitations [52|. Therefore, the fidelity of such systems is lowered.
But this can be overcome by multiple measurements of the gate. Another challenge is
the low temperature needed for Rydberg-gates |13|. Some of them need cooling of 30pK
leading to large fluctuations in the measurements. The state of the art Rydberg-gate
utilizes Raman sideband cooling as a different type of cooling, which utilizes optical
cooling techniques [13].

All in all, Rydberg systems are currently the fastest type of quantum computers,
and they will be our primary focus when considering whether the quantum algorithm
is competitive with the classical one.

2.4. Quantum Error Correction

While trying to find fast quantum gates, researchers try to also determine a fidelity for
each quantum gate. This fidelity gives the probability, that a gate runs the operation
correctly and gives the expected results. In the proposed quantum gates, this fidelity
is not laying at 100%. Therefore, each quantum gate has a probability to not give the
expected results due to physical errors or noise |14].

On classical computers, the error correction can be neglected due to the high number
of electrons used and also due to the binary operation. A bit which is not corresponding
to a zero or a one on a classical computer is automatically corrected to the closer
corresponding number. A quantum computer on the other hand uses a lower number
of qubits [8] and their qubits have a probability amplitude, which makes the classical
error correction not possible anymore. Therefore, a quantum error correction is needed.
Different typed of error-corrections were introduced by for example Shor [53| or Steane
[54] |14} 15].

In this thesis, we assume fault-tolerant quantum computing (FTQC). This type of
quantum computing uses the idea that quantum information is encoded using quantum
error-correcting codes, which map qubits to logical qubits with corresponding logical
states. This allows us to perform computations directly on encoded logical states
without decoding of the quantum state after each operation |8|. If one component, for
example one operation, fails, the resulting error can be detected and corrected, so that
it produces at most one logical error (8| 14]. All quantum operations are assumed to
run below an error threshold, such that quantum error correction suppresses errors
below this threshold [14|. The gate fidelities are therefore assumed high enough that
physical gate errors do not dominate the runtime [14/.

13
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2.5. Computational Complexity in Quantum Computing

Quantum algorithms are being studied because they are suspected to provide a
computational speedup compared to classical computers. But what enables this
speedup?

Complexity theory provides an explanation of why quantum computers may offer
this speedup. There are two important classes of computational problems. One of them
are the P-problems [8|. These are problems whose solution times scale polynomial
with the problem size. On classical computers, we are able to solve them efficiently
because the runtime is given by O(n), where n describes the problem size and c is a
constant [8]. This notation means that the runtime can be described by a function
f with f(n) o< n®. On the other hand, NP-problems are problems that cannot be
solved in polynomial time [55|. For example, this could be due to an exponential
runtime such as O*(k™) with a constant k. The O* means, that the polynomial factor
is not included in the runtime [56|. The runtime could still include a polynomial part
O(k™ - n®).

Compared to P-problems, the runtime of NP-problems increases more rapidly with
the size of the problem [8|. On classical computers, this results in very long runtimes
as the problem size grows [8|. Quantum computers may be used to shorten these
runtimes |8|. It is still being investigated whether P- and NP-problems belong to the
same class of problems. This question is one of the seven Millennium Prize Problems
57). Researchers are investigating whether NP-problems can be solved in polynomial
time, which would imply P = NP [57]. However, if this is not the case, as many
researchers suspect, then it would be P # NP [8|. This means that NP-problems
cannot be solved efficiently on classical computers [8]. Quantum computers could
therefore be a useful tool for solving NP-problems more efficiently.

Additionally, the runtime on quantum computers can also be described within its
own complexity class. Analogous to the classical complexity class P, the complexity
class BQP describes the problems that can be solved in polynomial time on quantum
computers 58|. The abbreviation stands for Bounded-Error Quantum Polynomial
Time. All problems within the P class can be solved efficiently on quantum computers
8|. This leads to P C BQP. It is not yet known exactly what the relationship between
P, NP, and BQP is [58|. However, researchers hope that some problems lying in NP
but not in P may fall within BQP |8|. This would mean that problems unsolvable
in polynomial time on classical computers could be solvable on quantum computers
using quantum algorithms. Understanding BQP is essential because it defines what
quantum computers can efficiently compute.

One such quantum algorithm is the Grover algorithm, which we will use in the
quantum algorithm for the Max-Flow Min-Cut problem. This algorithm is described
in section [4.5.1]

14



3. Mathematical Foundations

Chapter 3.

Mathematical Foundations

In this chapter, we will introduce the mathematical foundations required to understand
the maximum flow minimum cut (Max-Flow Min-Cut) problem. Since the problem is
located within graph theory, we must define the relevant concepts before continuing
with the algorithms in the following chapters.

We begin the chapter with basic definitions from graph theory, introducing the
fundamental concepts of graphs, edges, and nodes, as well as neighbors and paths.
Afterwards, we will discuss commonly used graph representations, as they play an
important role in the implementation of algorithms. To further approach the topic of
the thesis, it is also necessary to understand the concepts of direction, weight, and
capacity. These properties allow a graph to be interpreted as a flow network, enabling
the description to transfer quantities through a graph. Such networks are commonly
used to model transportation, communication, or fluid distribution [4]. This concept
originates from graph theory and provides a formal language for flow-related problems.

Finally, we will explain specifics to the Max-Flow Min-Cut problem. This includes
the definition of cuts, residual graphs, bottleneck capacities, and augmenting paths.
Together, these definitions form the theoretical foundations for the quantum algorithm
which we will present later in the thesis.

3.1. Graph Theory

A graph is a fundamental structure in discrete mathematics and is used to describe
relationships and various types of networks |59, 60|. It is defined as a set consisting of
nodes (also called vertices) and edges. Formally, a graph can be written as G = (V, E),
where V' represents the set of nodes and F the set of edges [60]. Nodes represent
individual objects in the system, while edges describe relationships or connections
between pairs of objects. Each edge connects two nodes of the graph, meaning that
the edges satisfy the condition £ C V' x V [61]. Edges are typically written as ordered
or unordered pairs (v1,v2) € E with vy, vy € V, depending on whether the graph is
directed or undirected |62].

In graphical representations, nodes are usually visualized as dots, while edges are
drawn as lines |63|. Since each edge consists of two nodes, it can be interpreted as the
connection between the corresponding dots. Such a visualization helps representing
complex relationships within a structure in a clear and intuitive way. An example of
an undirected graph is shown in fig.
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Figure 3.1.: Undirected version of the graph G = (V, E) with the nodes V = {1,2,3,4,5} and the
edges
E= {(1’ 2), (27 3)7 (274)7 (374)7 (37 5)7 (47 5)}

Let v € V be a node of the graph. All nodes directly connected to v are called
neighbors of v in G |60], denoted as

Ne(w)={ueV:(u,v) € EV (v,u) € E} [63|.

Two nodes u,v € V are called adjacent if (u,v) € E or (v,u) € E [64]. The number
of neighbors of v equals the number of edges connected to v and is called the degree
of the node [60|, defined as

dg(v):={e€ E:e=(u,v) Ve=(v,u)}.

In directed graphs, the degree is distinguished between incoming and outgoing edges
of a node [65.

Even if two nodes are not direct neighbors, they may still be connected through
other nodes |60|. For example, nodes 1 and 5 in fig. are connected through nodes 2
and 3. The sequence of nodes leading from node 1 to node 5 is called a path. It is a
sequence of nodes P = (vg, vy, Vg, ..., v) such that each pair (v;,v;11) is an edge of the
graph [60]. Each node in the path must be distinct, and the number of edges used in
the path is called the length of the path, denoted by k |60]. Two nodes u,v € V" are
called connected if at least one path between them exists [66].

One possible path in the example is given by the nodes V' = {1,2,3,5} and the
edges F = {(1,2),(2,3),(3,5)}. In this example, the path length is k = 3. In general,
several different paths can connect the same pair of nodes, possibly with different
lengths.

In this thesis, we consider only simple graphs. This excludes graphs with multiple
edges between the same pair of nodes, as well as graphs that contain self-loops [62].
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3.2. Representation of Graphs

For the implementation of algorithms, a graph must be stored in a consistent structure.
Two representations are commonly used in practice. The first one is the adjacency
list. In this model, each node stores a list of all nodes that are adjacent to it |67|. In
undirected and unweighted graphs, these lists contain all neighbors of a node, without
any specific sorting. For the graph in fig. such an input would look the following
way:

Ny = {2}

Ny = {1,3,4}
N3 ={2,4,5}
Ny ={2,3,5}
N5 = {3,4}

One of the advantages of this representation is its space efficiency. For sparse graphs,
which contain only few edges, the adjacency list avoids storing unnecessary zeros which
occur in the adjacency matrix |61]. Furthermore, it is easy to access all outgoing edges
of a node, which becomes especially important for directed graphs |64].

A different representation is the adjacency matrix. This matrix A € RIVI*IVI
contains an entry at position (u,v) if there is an edge (u,v) € E |61]. It is defined as

B {1, (u,v) € E,

wy = ] 161].
0, otherwise. :

For the graph in fig. the adjacency matrix has the form:

01000
10110
A=10 1 0 1 1
01101
00110

The advantage of this representation is its simple structure. Knowing two nodes, one
can directly examine whether an edge exists due to its consistent position in the matrix
|61]. However, for large sparse graphs, this representation becomes inefficient due to it
containing lots of zeros [67].

Since flow networks can be either dense and sparse, both representations appear in
the literature.
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Figure 3.2.: Directed version of the graph G = (V, E) from fig. with VvV ={1,2,3,4,5} and
E= {(L Q)a (27 3)7 (274)7 (374)7 (37 5)7 (47 5)}

3.3. Characteristics of the Edges

In many applications, edges have specific characteristics. Two of these become impor-
tant for the following discussion of the Max-Flow Min-Cut problem. One important
characteristic is the direction of an edge |65]. This is often visualized by arrows. It
means that two nodes are not fully connected by one edge. Instead, the edge has
a direction and is represented by an ordered pair (vy,vy), which connects v to v,
but not vy to vy |65]. In the adjacency matrix this means that a matrix is no longer
symmetric. For undirected graphs, an edge between two nodes v and v connects them
in both directions, which implies A, = A,,. For directed graphs, this is not suitable
anymore leading to a not symmetric matrices.

In the following, we will only consider directed graphs. The undirected graph shown
in fig. [3.1]is therefore replaced by its directed version in fig. The direction of an
edge is always determined by the order of its two nodes in the ordered pair.

A second characteristic is the weight w(e) of an edge e € E. It is a numerical value
assigned to each edge with the function w : £ — R> [61|. Depending on the context
and application of the graph, this value can represent, for example, the capacity, the
length, or the cost of an edge [4]. An example is shown in fig.

In the adjacency list, the weight can also be stored. For weighted graphs, each
neighbor is typically represented as a pair consisting of the node and the corresponding
weight |67]. In the adjacency matrix, on the other hand, the weight appears directly
as the numerical entry at the corresponding position of the matrix [67|. Instead of the
previous entries being only ones and zeros to indicate where edges are, the entry is now
replaced by the weight of the edges. The representations for the weighted example in

fig. are:
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Ny = {(2,7)} 070 0 0
Ny = {(3,3), (4, 1)} oo 1o
Ny = {(4,11), (5,9)} A= 8 8 8 101 i
Nu={(54)} 000 0 0

We can interpret the weight of an edge as a capacity ¢ [61|. Such a capacity restricts
the amount of material or other quantity that can pass through an edge. The value
that passes through an edge is called flow and is denoted by f(vy,vs) for (v, v2) € E,
where f: E — Rs( [60]. Flow enters the graph at a designated node and leaves it at
another one. The node at which the flow enters the graph is called the source, and
the node at which it leaves the graph is called the sink [60|.

A flow network is a directed graph G = (V, E) with a capacity function ¢ : E — R>g
and two distinguished nodes, the source s and the sink ¢ |60, [61|. These two nodes
define the starting and ending points of the flow within the network.

The flow sent through an edge must satisfy two conditions. The first is the capacity
constraint
0< f(e) <cle) VeeE,

which states that the flow cannot exceed the capacity of its edge [62]. This can model,
for example, water flowing through pipes with a given capacity or electrical current
restricted by resistance [4]|61].

The second condition is the flow conservation, which must hold for all nodes
except the source s and sink . It states that the flow entering a node must equal the
flow leaving it:

VoeV\{st}: Z f(v1,v) = Z f(v,vg) |68]

v1:(v1,0)EE v2i(v,v2)EE

Figure 3.3.: Weighted version of the directed graph in fig. where each edge is assigned a capacity.
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Figure 3.4.: A cut (shown in red) dividing the weighted graph from fig. into two subsets. For
S =1{1,2,4} and T = {3,5} the cut-set is X¢ = {(2,3), (4,5)} with cut-capacity ¢(S,T) = 7. The
edge (3,4) is not part of the cut because its direction goes from T to S.

It ensures that all low moves from the source to the sink without loss or additional
creation of flow within the network |62} 69].

3.4. Specifics to the Max-Flow Min-Cut Problem

For the Max-Flow Min-Cut problem, we want to obtain two results. The first is to
maximize the flow and the second one to minimize the cut |2|. A cut describes a
partition of the graph into two parts |60]. In this problem we only consider S-T-cuts
C = (S,T). This means that the graph G is divided into two subsets S and 7', where
s € Sandt e T [l]. We are interested in the set of edges that connect S with T". This
set is called the cut-set and is defined as

Xeo :={(u,v) € E:ueSveT} |61]

Here we only consider edges going from S to T, because this is the direction in which
flow is sent through the network [67|. Since each edge has a capacity, we can also
define the capacity of the cut |67]. This is described by

oS, T)= > cluw)[22].

(uw)eXc

For the graph in fig. a possible cut is shown in fig. If node 1 is defined as
the source s and node 5 as the sink ¢, then the nodes {1,2,4} form the set S, while
the nodes {3,5} form the set 7. The cut-set contains all edges leaving S and entering
T. This means that only the edges (2,3) and (4, 5) are included, while the edge (3,4)
is not part of the cut because it goes from T to S. Summing up the capacities of the
cut-set gives a cut-capacity of ¢(S,T) =3+4 =7.
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Figure 3.5.: Sending flow of 3 along the red path in the left graph, which is the bottleneck capacity
of this path, results in the residual graph shown on the right.

The second goal of the Max-Flow Min-Cut problem is to maximize the flow through
the graph [60]. This requires determining the maximum amount of flow that can be
sent along a path. This value is given by the bottleneck capacity, which is defined
as the smallest edge capacity along that path [70].

Consider the path P = (V, F) with V = {1,2,3,5} and F = {(1,2),(2,3),(3,5)},
which we used earlier. The corresponding capacities of the edges (1,2), (2,3) and (3,5)
are 7, 3 and 9, respectively. The smallest of these capacities restricts the flow on the
entire path and, therefore, determines the bottleneck capacity. In this example, the
bottleneck capacity is 3. This value gives the maximal flow that can be sent along the
path P. If sending flow through a path increases the total flow from node 1 to node 5,
we call such a path an augmenting path [67].

For solving the problem, we also need the concept of a residual graph. This is the
graph that results after a flow f has been sent through the original network [67]. The
capacities of the edges are updated according to

Cnew(€) = c(e) — f(e) Ve € B |T1].

This means that after sending flow along an edge, its remaining capacity decreases,
and other paths cannot use its full original capacity anymore. In addition, for each
edge e = (v1,vy) with vy,v9 € V', where flow f(e) has been sent through, the residual
graph contains a reverse edge (vs,v1) with capacity f(e) |67|. This allows previously
assigned flow to be undone if necessary [22|. An example of a residual graph is shown

in fig.

In the residual graph, the bottleneck capacity of an augmenting path is given by the
minimum updated capacity of its edges. This value determines how much additional
flow can be sent along that path |67].
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Chapter 4.

Basics for the Max-Flow Min-Cut

4.1. Max-Flow Min-Cut Problem

The Max-Flow Min-Cut problem is a fundamental optimization problem in graph
theory and forms the basis for many practical applications. Typical examples include
maximizing the flow of water through pipes or determining the maximum electrical
current restricted by a network of resistances [22]. We will describe more abstract
applications, which all rely on the same theoretical principles, in this chapter.

In this section, we will first introduce the Max-Flow problem. Afterwards, we will
present the Min-Cut problem. The close relationship between both problems leads to
the Max-Flow Min-Cut problem, which we will use to form the conceptual core of this
chapter. To motivate the relevance of the problem, we will afterwards present some
selected applications. Finally, we will discuss two classical algorithms for solving the
Max-Flow Min-Cut problem, serving as a basis for the quantum algorithm that we
will describe at the end of this chapter.

4.1.1. Max-Flow Problem

For this optimization problem, we consider a network represented by a weighted and
directed graph G = (V, E) with a designated source s € V and sink ¢ € V. The
objective of the Max-Flow problem is to determine the maximum amount of flow that
can be sent from s to ¢ in the network |70.

As introduced in section the flow must satisfy two conditions. The first one, the
capacity constraint, states that the flow on every edge is bounded by its capacity. The
second condition, the flow conservation, ensures that for every node except the source
s and the sink ¢, the incoming flow equals the outgoing flow. These two constraints
define the flow in the network [22|. The value of flow corresponds to the amount of
flow that leaves the source, or equivalently, the amount that enters the sink:

fl=" > flsv)= > flut)[22

vi(s,v)EE u:(ut)eEE

The goal of the Max-Flow problem is to maximize this value |67].
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4.1.2. Min-Cut Problem

The objective of the Min-Cut problem is to identify a partition of the graph into two
parts that minimizes the capacity of the edges going from the side with the source to
the side of the sink [22]. As described in section a cut divides the set of nodes V/
into two disjoint subsets S and 1" such that the source s € S and the sink ¢t € T". The
cut-set contains all edges going from S to T" and its capacity is given as the sum of the
capacities of these edges.

The goal is to find a cut (S,7") which minimizes the cut capacity with

min ¢(S5,T),
(8,7)

where ¢(S,T") describes the capacity of the cut [22].

This Min-Cut gives an intuitive explanation of a weak point. If these edges were
disconnected, than the source would be disconnected from the sink with the fewest
loss of capacity of the edges. Because of this, the cut plays a big role in understanding
the structure and limitations of flow networks.

4.1.3. Max-Flow Min-Cut Problem

The Max-Flow Min-Cut theorem states that the maximum value of flow in a network
is equal to the minimum capacity of a S — T-cut [1].

mazx|f| = vg}ggs c(S,T).
T=V\S,teT

It is straightforward to see why every flow |f| must satisfy

mazx|f| <  min ¢S, T).
VS:seS
T=V\S,teT

Every s — t path must pass from the set S to the set T. Since all flow from s to ¢
must pass at least one edge of the cut-set, the total flow is bounded by the capacity of
this cut. This means that the Max-Flow cannot exceed the capacity of any s — t-cut,
including the Min-Cut [67].

To show that the upper bound is tight, we consider the residual graph [67]. Once
the Max-Flow is reached, no additional flow can be sent be from s to ¢. If such a path
with remaining capacity existed, the flow would not be maximized yet. t is therefore
not reachable from s in the residual graph. The set of nodes which are reachable from
s in the residual graph form S. The partition (S,7) with 7" = V' \ S forms a cut which

24



4.2. Applications

capacity is zero in the residual graph. When translated back to the original graph,
this cut equals the Min-Cut and its capacity equals the value of the Max-Flow [67].
Therefore, the Max-Flow in a network equals the minimum S — 7T-cut [60}/67]. Solving
one of these two problems leads to the solution of the other problem.

4.2. Applications

The Max-Flow Min-Cut problem can be applied to a wide range of problems. We
describe some selected applications in the following.

One of the most common introductions to the Max-Flow problem is through a visu-
alization. It describes water flowing through a system of pipes. In this interpretation,
water represents the flow which should be maximized, while the pipes and their widths
correspond to the edges of the graph and their capacities |22 |67]. Although this
application is mainly used as a visualization, it provides an intuitive understanding of
the Max-Flow problem.

The Max-Flow problem is also applied to various real-world optimization tasks. One
important application is the scheduling problem |4|. In this setting, different sets
of entries can be modeled, such as time slots, employees, available rooms, or other
resources. These sets can be represented as different levels of nodes in the graph.
By giving the edges appropriate capacities depending on the problem, the Max-Flow
problem can be solved which gives an optimized scheduling plan, where the resources
are efficiently used [4].

A closely related application is the bipartite matching problem, which can also be
solved using Max-Flow techniques [4|. In this problem, two disjoint sets must be
matched in an optimal way [4]. A typical example is the assignment of doctors to
different hospitals. One set holds the doctors applying for positions while the other
one represents hospitals with open positions. Edges from the source to the nodes
resembling doctors describe the quantity of available doctors, edges from the hospital
nodes to the sink describe the number of open positions, and edges between doctors
and hospitals describe possible assignments. Solving the Max-Flow problem results in
an optimal assignment of the doctors to the hospitals.

Another application is the election and planning of projects [4]. In this case, each
node represents a project and each edge represents the dependencies and capacities
related to performing these projects |4]. If a project v needs another project u to
be performed beforehand, this dependency can be modeled by an edge (u,v). Using
Max-Flow techniques, a company can determine an optimal set of projects which can
be performed utilizing the companies resources.
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Furthermore, the Max-Flow problem is used as a subroutine for solving more complex
problems. Examples of these include finding edge-disjoint paths, where multiple paths
without shared edges are searched, Max-Flow problems with node capacities, where
each node is assigned a capacity, and node-disjoint paths, where paths without common
nodes are searched [4]. Due to their increased complexity, we do not discuss them
further in this thesis.

The Min-Cut Problem, on the other hand, has less direct but still important
applications. Since the Max-Flow and the Min-Cut problem yield to the same solution,
many of their applications overlap. In the bipartite matching for example, the Min-
Cut determines the maximum number of possible matching, giving the number of
doctors which can be assigned to hospitals [4|. In the project planning example, the
Min-Cut can show the weak point of the system [4]. Once the project system is
optimized, the Min-Cut shows the limiting edges where resources could be used for
further improvements. By finding these bottlenecks and adding additional resources to
them, a company could increase their performance.

In conclusion, the Max-Flow problem focuses on maximizing the flow from a source
to a sink, while the Min-Cut problem focuses on finding structural bottlenecks which
limit this flow. Together, they form the basis for a wide range of applications which
benefit from the Max-Flow Min-Cut problem and its solution. Therefore, efficient
algorithms to solve these problems hold a practical importance and should be discussed.

In the following section, we present some classical approaches for solving the Max-
Flow Min-Cut problem.

4.3. Ford-Fulkerson Algorithm

One of the earliest and most well-known algorithms for solving the Max-Flow problem
is the algorithm proposed by Ford and Fulkerson [1]. Its central idea is to search for
paths from the source to the sink through which additional flow can be sent |1, 22|.
Then the residual graph is created and other paths are searched until no improvement
of flow is possible [1}22]. Rather than describing a way how to find these paths, the
algorithm by Ford and Fulkerson describes a general idea how the Max-Flow can be
found [11|5}22].

The algorithm starts with an initial flow of zero |1|. Then it searches for augmenting
paths, through which the flow from the source to the sink can be improved due to
their remaining capacity. Once such a path is found, flow is sent along it |1|. This flow
is limited by the bottleneck capacity of the path and can be added to the overall flow
of the network [70].

The key concept of the Ford-Fulkerson algorithm is to use the residual graph [22].
After flow has been sent through a path, the capacities of the used edges have to be
updated [1|. The residual graph represents how much additional flow can be sent
through these edges [22|. After flow passes through edges, the capacities of these
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edges in the residual graph are reduced by the amount of flow pushed through them
[1]. Additionally, reverse edges are added to enable the algorithm to correct previous
decisions, which turn out to be suboptimal for maximizing the flow [22|. The algorithm
terminates when no augmenting paths can be found in the residual graph [1|. At this
point, the Max-Flow is reached [22].

The algorithm can be found in algorithm

Algorithm 1 Ford’s and Fulkerson’s algorithm

1: function FORDFULKERSON(s,t)

2 fle)=0 Ve e E

3 while A path exists do

4: Find an augmenting path

5: Send flow through augmenting path with bottleneck capacity f’
6 f+fr/—=1r

7 Create the residual graph and continue working on it

8 end while

9: end function

The Ford-Fulkerson algorithm describes no structure how augmenting paths can be
found [1|. This means that different methods, such as depth-first search and breadth-
first search, can be used. We will describe these two subroutines in section As
a consequence for the lack of structure, the behavior and efficiency can vary on the
strategy how paths are selected [67]. The algorithm might select paths which appear
promising but later prevent an optimal solution. The residual graph allows the flow to
be rerouted, which will be further explained in section

Due to the lack of structure, the algorithm has no strongly bounded runtime |22
67]. But under the assumption that the capacities are integer and the Max-Flow is
found by the algorithm, an implementation of the algorithm would run in the time
O(|E(G)| - |f]), where f describes the value of the found Max-Flow [67].

One improvement of the algorithm is to restrict the augmenting paths by searching
for the shortest possible paths [5|. This can be done by ordering the nodes by their
distance from the source, which is the idea behind the concept of a leveled graph. We
will discuss such a structured approach in the following section.

4.4. Dinic Algorithm

Dinic’s algorithm improves the Ford’s and Fulkerson algorithm by introducing a
method for selecting augmenting paths [5| 22|]. While Ford and Fulkerson allow
arbitrary augmenting paths, Dinic’s algorithm searches for paths of minimal length
[5]. This idea is motivated by the instinct of taking short paths to reach a goal, which
exhaust less resources in form of edges and their capacities than long paths [22|.
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The algorithm operates by using a while loop [5, |65]. At the beginning of the
algorithm, the current residual graph is leveled using breadth-first search (BFS) [65)
67]. This assigns each node a value, called level |72|. The level corresponds to the
length of the shortest path from the source to the node in the residual graph |5} 65)
72|. Nodes which cannot be reached from the source are assigned a level of —1. This
results in a graph, which is called a level graph Gy, [72|.

Once the level graph is created, the algorithm searches for augmenting paths |5.
Only paths that increase the level of the graph with each step are considered [5,65].
This ensures that every augmenting path found is the shortest possible in the residual
graph. This step is typically done by the depth-first search (DFS) [72]. In this step,
paths are repeatedly found and flow is pushed through them until no paths with
bottleneck capacities > 0 can be found in the level graph |5} 65, |72|.

The algorithm now computes a new residual graph and levels it to start the procedure
again [5|. It terminates if the sink cannot be reached anymore, denoted by a level at
the sink ¢ of I(t) = —1 [5|. At this point, no augmenting paths exist and the flow is
maximized [5/. Implicitly the Min-Cut has also been found, because the cut between
nodes with a level [(v) > 0 and the nodes with a level I(v) = —1 with v € V holds in
the original graph the edges with the lowest cut-capacity [1,(2]/60}|67.

The algorithm of Dinic can be found in algorithm [2} We show a structured picture
of the steps in the algorithm in fig.

Algorithm 2 Dinic’s algorithm

: function DINIC(s,t)

fle)=0Ve € £

Create a level graph G, using BFS

while [(t) # —1 do > 1(t) denotes the level of the sink
Find an augmenting paths using DFS
Send flow through augmenting paths with bottleneck capacity f’
f+f—=f
Work on the residual graph
Create a level graph G, using BFS

10: end while

11: end function

To fully understand Dinic’s algorithm, we need to discuss its two main components,
the BFS and the DFS.

4.4.1. Breadth-First Search

In Dinic’s algorithm, the breadth-first search (BFS) is not used to find augmenting
paths. Instead, the BFS is used to construct the level graph Gy, [72].
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The level graph assigns each node an integer value, which is called level [ |5} [72].
Initially, all nodes v € V' are marked as unvisited |67]. This is denoted by the level
[(v) = —1. The source gets assigned the level zero, which indicates the starting point
of the flow |67].

min cut
cut-capacity=26

11

0/30

bottleneck capacity=4 bottleneck capacity=7

bottleneck capacity==8
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t cannot be reached — algorithm terminates
Max-Flow f=4+74+74+8 =26

Figure 4.1.: In the first line we create the level graph using BFS. The edges which do not increase
levels are shown in gray. The next two lines show augmenting paths found by the DFS. They are
shown in red and their bottleneck capacities are written underneath. In the fourth and fifth line we
compute the next step of the algorithm. The reverse edges of the residual graph are visualized as
dotted lines. The last line shows the last residual and level graph. The sink has a level of —1 and
cannot be reached from the sink. Therefore, the algorithm terminates. The Min-Cut is separating the
sets of nodes v which have a level of I(v) > 0 and I(v) = —1 in the last level graph. The Max-Flow
reaches the value of 26, which is the same as the cut-capacity of the Min-Cut.

Starting from the source s, the BFS explores all outgoing edges with remaining
capacities |5|. We denote the current node, in the first step the source s, as u. If a
neighbor v is reachable from the current node u, shown by ¢(u,v) > 0, and is not
leveled yet, it gets assigned a level which is one greater than the level of the current
node I(v) = l(u) + 1 [5]/67|[72|. Afterwards, the neighbor is added to a queue |5, 72|.
The process is repeated iteratively, while the observed node u is changed to the first
item of the queue |72|. The algorithm terminates when the queue is empty, indicating
that either all nodes have been reached or the not leveled nodes cannot be reached
from the source [5,|72].

If the sink has not been assigned a level when the algorithm terminates, no path from
the source to the sink exist in the residual graph [5|. At this step Dinic’s algorithm
terminates |5|. Otherwise, the resulting level graph is used for Dinic’s algorithm |[5].

One important step in the BFS algorithm is that each node gets only leveled once
67]. If a node has been assigned a level, this level is the lowest possible. This is
because the nodes in the queue are ordered by level due to the nature of the algorithm.

The BFS pseudocode is written in algorithm 3]

The next step in Dinic’s algorithm is the search of augmenting paths from the source
to the sink. This is done by the DFS |72].

4.4.2. Depth-First Search

After the level graph has been constructed using BFS, the next step is to find aug-
menting paths |5|. We perform this using depth-first search (DFS) [72].
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Algorithm 3 BFS

: function BFS(s,t)
l(u)=—-1VueV
I(s)=0
Queue s
while Queue# () do
Choose the first item u from the queue
Queue — Queue\u
V(u,v) € E
if ¢(u,v)>0 and [(v) = —1 then
l(v) =1(u)+1
Queue v
end if
13: end while
14: end function

—_ = =
N2 Q

Compared to the BFS, where the graph is explored layer by layer, the DFS first
follows one path before backtracking |67} (72|. In Dinic’s algorithm the DFS is used
with the restriction, that the augmenting path has to increase the level of the nodes
with every edge |5,/67,|72|. This guarantees that the considered paths are the shortest
possible |5|.

Each path has to start at the source from where one neighbor of the source is chosen
[5]. This neighbor has to satisfy two conditions. First, the edge must have a positive
residual capacity [5]. Second, the edge must lead to a node which level is one higher
than the level of the current node [5|. This ensures that the path moves strictly closer
to the sink with every step [67|. With every step the bottleneck capacity of the path
is determined by minimizing the current edge capacity and the bottleneck capacity of
the prior partial path [5].

If the sink is reached, an augmenting path is found and the bottleneck capacity
is sent along the path |5 22|72]. This value limits the flow along the path without
violating the capacity constraint.

After reaching either the sink or a dead end, which is a node at which no valid
outgoing edge exists, the DFS backtracks to the previous node and continues the search
for other augmenting paths [22|. This process terminates if all augmenting paths are
found and all possible paths within the level graph have been searched [5]. We call
this state where no further augmenting paths can be found the blocking flow [2].

The pseudocode for the DFS can be found in algorithm
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Algorithm 4 DFS

1: function DFS(s,t)
2 s—u

3 if u==t then

4 return f(s,t)
5: end if
6

7
8

9

while ve Ng(u) do
Choose one of the nodes as v
Check if the edge (u,v) has a remaining capacity
if c(u,v)> 0 AND I(v) = l(u) + 1 then

10: min{ f(s,u), c(u,v)} — f(s,v)
11: if f(s,v) > 0 then

12: c(u,v) = c(u,v) + f(s,v)
13: c(v,u) = c(v,u) — f(s,v)
14: end if

15: end if

16: Move to next edge v as new u

17: end while
18: end function

The procedure can be observed in fig. The first path is found by following a
chain of nodes from the source to the sink. After a saturating flow is sent through this
augmenting path, the algorithm backtracks the edges and searches for other paths.
If a dead end would be reached, as in the second step the path P = (s,b,d) would
be, the last edge would be backtracked as well. Edges that would lead to lower or
equal levels are shown in gray, since they violate the constraints. In this way, the DFS
systematically finds all shortest augmenting paths in the current step.

Whenever flow is sent through an edge, its residual capacity is reduced and the
residual capacity of the reverse edge is increased by the algorithm |5}|22||72|. This
reflects that previous flow can be undone in later iterations if needed.

4.4.3. Assembled Algorithm

With both parts, the BFS and the DFS, explained, we can assemble them to get the
overall structure of Dinic’s algorithm.

At the beginning of each iteration, the BF'S is performed on the residual graph to
obtain the level graph [5]. If the sink cannot be reached, the algorithm terminates, as
no augmenting paths exist and the Max-Flow is reached [5|. If the sink is reachable,
the DFS can be run on the level graph to obtain all augmenting paths |5} 72]. The
bottleneck capacities are also computed and added to the current flow. After no more
augmenting paths exist, all shortest paths have been found in this step [72].
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Now the algorithm updates the residual graph |5]. This step makes it possible to
correct previous taken edges. Without the residual graph, the flow could be blocked due
to suboptimal paths, preventing the flow to be maximized. We show the importance of
the residual graph in fig. In this example, the algorithm would terminate without
reaching the Max-Flow. By allowing reverse edges, we can reach the best solution as

in fig.

After the residual graph is found, the process is repeated |5|. The level graph is being
constructed on the residual graph by the BFS, the augmenting paths are searched
using DFS and the flow is updated [5, (22, |72|. Dinic’s algorithm terminates when the
sink is no longer reachable [5|. The flow is maximized at this point and we also found
the minimal cut-capacity due to the Max-Flow Min-Cut theorem [5|.

4.5. Quantum Dinic’s Algorithm

Dinic’s algorithm consists of two subroutines, the BFS which constructs a level graph
and the DFS which identifies augmenting paths. Both algorithms ensure that in each
iteration all shortest paths can be found. The quantum algorithm changes only selected
components of the algorithm and leaves the rest unchanged. Therefore, the algorithm
remains the same, while we can analyze parts of it for improvement.

The BFS constructs, as explained in section [4.4.1] the level graph. Each node gets
assigned a level corresponding to the length of the shortest path from the source.
Due to the queue-based structure of the BFS, each level is minimal. To find all
neighbors of a node, we need to find and examine all outgoing edges. This can become
time-consuming and costly for large graphs [5|. To overcome these problems, we can
modify the BFS using quantum algorithms.

The idea behind the quantum algorithm is that we keep the DFS to find augmenting
paths as it is. Also we will keep the residual graph unchanged as in Dinic’s algorithm.
We will, on the other hand, modify the construction of the level graph G using a
quantum algorithm proposed by Ambainis and Spalek |7|. Therefore, we change one
subroutine in the quantum approach in the hope to create a potential speedup.

The quantum algorithm first creates a level graph using the quantum breadth-first
search (QBFS) [7]. If the sink is reachable and therefore leveled, the DFS finds all
augmenting paths with minimal length. The bottleneck capacities of all augmenting
paths are added to the flow and the residual graph is updated. These steps are repeated
until the level of the sink ¢ stays at [(¢) = —1 and no further augmenting path reaching
the sink exists. The algorithm terminates at this point. This algorithm is identical to
the algorithm 2] except of the usage of the QBFS instead of the BFS.

We will describe the QBF'S in the following. While its goal is the same as in the
BFS, the way of finding the neighbors is different in both algorithms.
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(::j 11/27

11/30

t cannot be reached — algorithm terminates
Flow f =447+ 7+ 8 = 22 # 26 Max-Flow

Figure 4.2.: In this example, we run Dinic’s algorithm in the same way as in fig. The only
difference is, that we do not use residual graphs in this example and we choose other augmenting
paths than in ﬁg. in the first step. In the first three lines, we run the first iteration of the Dinic’s
algorithm. The third line shows that the algorithm is leveled without usage of the residual graph and
continued for a next iteration. The last line shows that the algorithm terminates, but the flow only
reaches 22 and not 26 as in fig. Therefore, we need the residual graph to find the Max-Flow.

4.5.1. Quantum Breadth-First Search

The quantum breadth-first search (QBFS) is a quantum variant of the classical BF'S
used in Dinic’s algorithm |7]. The primary goal remains unchanged. The QBFS creates
a level graph by assigning each node a value which characterizes the minimum distance
from the source to the node [7].

The QBFS works similar to the BFS [7]. In the first step, all nodes are marked as
unvisited by assigning them a level of —1. The source as the starting point, on the
other hand, is initialized with a level of 0 and added to the queue |7]. In the algorithm
we remove the first item of the queue from it and analyze it for neighbors, which we
then level and queue.

The difference between the BFS and QBFS lies in the method how we find the
neighbors. In the BFS, all outgoing edges of a node are examined one by one, to find
all not leveled adjacent nodes [5, (22, |67,|72]. In the QBFS, we replace this step by the
Grover algorithm to identify all unvisited neighbors of a node at once |7|.

This modification does not change the overall behavior of the algorithm. All not
leveled neighbors, which are connected by edges with remaining capacity, are assigned
a level and added to the queue. However, the modification allows us a possibly more
efficient way to find the neighbors |7].

The pseudocode for the QBFS can be found in algorithm [5[ |7]. Its purpose is to
improve the efficiency of Dinic’s algorithm without altering the overall structure of it.
To fully understand this algorithm, we will introduce Grover’s algorithm in the next
section.
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Algorithm 5 QBFS

1: function QBFS(s,t)

2: l(u) =—-1VueV

3: I(s)=0

4: Queue s

5: while Queue# () do
6

7

8

9

Choose the first item u from the queue
Find Vv € N(u) : [(v) = —1 with Grover’s search
l(v)=1lu)+1

: Queue v
10: Queue — Queue\u
11: end while

12: end function

Grover’s Algorithm

Grover’s algorithm is a quantum algorithm designed to search for marked elements in
an unstructured list |40|. This section is based on the paper of Grover |40], as well as
on the book of [8| Nielsen and Chuang 8| and the paper by Boyer et al. |73|. Consider
a finite set

S={5,....,5n}
with N elements. This set contains elements, which satisfy a condition C'. For the

searched elements S,,, which fulfill this condition, C'(S,) = 1 holds, while for all other
elements C'(.S;) = 0.

The task is to find all elements S, that satisfy this condition.

Classically, such a search would require in the worst case O(N) steps to find the
searched elements. Using random search with a probability of % would take on average
% steps to find one specific marked item within a list of N elements. Grover’s algorithm
improves this complexity of O(N) to O(v/N), providing a quadratic speedup for the
search.

Grover’s algorithm consists of three main steps. First is the state preparation,
followed by the amplitude amplification and the measurement.

1. State Preparation

In the first step, we prepare a quantum system, in which all states Sy, ..., Sy appear
in an equal superposition. We represent these states in a binary form using n = log, (V)
qubits which form an orthonormal basis in the Hilbert space.
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4.5. Quantum Dinic’s Algorithm

The resulting quantum state is an equal superposition, which leads to the amplitude
of ﬁ for each basis state. In the following, we name the states |00...0), [00...1),

..., |11...1). The resulting state is

1 N-1

1S) = T Z B (4.1)

where |i) represents the binary representation of the basis states.

The state |S) can be constructed by initializing all n qubits in the state |0). Then
we can apply a Hadamard gate to each qubit. This results in a superposition as in
eq. (.1). The total runtime of this steps is O(n) = O(log,(N)), which is negligible
compared to the runtime of the later steps of the algorithm.

The marked element corresponds to the basis state denoted as |v).

2. Amplitude Amplification

The second step of the algorithm is the core of Grover’s algorithm. It is responsible
for increasing the probability to measure the marked element. The step consists of
two parts, the oracle and the diffusion operation.

2.a. Oracle

In the first part we apply an oracle. This oracle encodes the condition C' in the
quantum system. It marks the desired state S, by flipping its phase by 7 if C(S,) = 1.
All basis states .S; which do not satisfy the condition remain unchanged. This oracle is
called U, and it performs the operation

U,,!z'>—{ i) if i # v (12)

i)y if i=w.

We can also represent the oracle in matrix form. The following matrix represents an
oracle with only one marked item at position v.

100 0 0 0 0
010 0 0 0 0
00 1 0 0 0 0
U,=|0 0 0 1 0 0 0 (4.3)
000 0 -1 0 0|«
000 0 0 1 0
[0 0 0 0 0 0 1]
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For multiple marked items, the matrix consists of more entries with —1. More
generally, the function C' can be used to characterize the matrix. Thus, we can rewrite

eq. (4.2) and eq. (4.3) to:

(—1)C© 0 0
. 0 —_1)e@ ... 0
U, iy = (=1D)°@D i) with U, = . ( ) ) . (4.4)
0 0 (—1)eW-1

The oracle does not reveal which state is marked and which is not. It only modifies
the phase which we can use later to measure the corresponding state.

2.b. Diffusion Transformation

After the oracle is applied, we can apply the diffusion transformation, described by
the matrix D. It amplifies the amplitudes of the marked states while suppressing the
amplitudes of the unmarked ones. Geometrically we can describe it as the reflection of
each state about the average amplitude of all basis states.

The diffusion operator D can be constructed using Walsh-Hadamard transformations
and a rotation matrix. It can be implemented as the matrix D = H,,RH,,. Here, H,
is the Walsh-Hadamard transformation matrix, described by

1
/on

Hnij = ' (_1)1.]7

while R is the rotation matrix.

In H,, i and j denote the binary representations of the positions i and j, and
7 - j their bitwise scalar product. For a matrix size of 2 x 2, the Walsh-Hadamard
transformation matrix corresponds to the Hadamard matrix, introduced in eq. .
A Walsh-Hadamard matrix of larger size can be constructed using H,, = Hy ® H,_1,
where H,, represents a 2" x 2" matrix |74|. Here, Hy corresponds to the Hadamard
matrix H. Equivalently, H,, can be written as the n-fold tensor product H®", where
the Hadamard gate is applied independently to each of the n qubits.

The rotation matrix R, on the other hand, is described by the following definition:

Ri; =0 if i j
Ri=1 if i=0
Ry =—1 if P40
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4.5. Quantum Dinic’s Algorithm

This matrix is a diagonal matrix where the first item on the diagonal is a 1, the
other items on the diagonal are —1.

1 0 0 0
0 -1 0 0
R—|0 0 -1 0
0 0 0 ~1

R can also be written as R = 2|0) (0] — 1.

Together, both of these matrices H, and R form the diffusion operator D using
D =H,RH,.

D=H,RH,
— H,(210) (0] - 1),
—215) (S|~ 1

Applying the Walsh-Hadamard matrix on a |0) state results in |S) from eq. .
The Walsh-Hadamard matrix is involutory, leading to H,1H,, = 1. The rewritten
diffusion operator D shows, that we can interpret it as a reflection of the state about
the mean of all basis state amplitudes.

Together, the oracle operation and the diffusion transformation form one iteration of
Grover’s algorithm which we will denote as (). Each iteration changes the probability
of measuring the marked state. The measuring success is maximized after repeating

steps 2.a. and 2.b. O(v/N) times.

3. Measurement

In the final step, we measure the quantum state in the computational basis. If the set
S contains one single marked item, its state |v) will be measured with a probability of
at least 5 after O(v/N) iterations. For a set with ¢ marked items, the Grover algorithm

has to be run for O(,/4') iterations to find one marked item.

Quantum Search as an Extension of Grover

Grover’s algorithm assumes, that the number ¢ of marked elements is known beforehand
[40]. The number determines how often Grover’s algorithm has to be run to obtain a
solution. In the case of the graph leveling, this number of not leveled neighbors is not
known. Instead, this number is only limited by the number of edges leaving a node,
but the number of not leveled neighbors varies.
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To overcome this limitation of Grover’s algorithm, we can extend the algorithm.
Such an extension was proposed by Boyer et al. |73 and modified by Ammann et
al. [12| leading to the here proposed search. This quantum search (QSearch) with a
unknown number of solutions does not require the knowledge of numbers of marked
items t. Instead, it adapts the number of iterations of Grover’s algorithm dynamically.

The algorithm, shown as a pseudocode in algorithm [6] works by bounding the error
probability by a upper bound e. Then it chooses a number j at random in a given
interval. This number gives the repetitions of Grover’s algorithm before measurement.
If a marked element is found, the algorithm terminates. Otherwise, the interval is
extended and the search is continued. The repetition of this loop continues until either
a marked item is found or the upper bound of iterations is reached. At this point, the
marked item has been found with a probability of at least 1 — €.

Algorithm 6 QSearch

1: function QSEARCH (oracle C:X — {0,1}, ¢ > 0)
2: A= g, m= A\
3: Smax = ﬂOg3 %—|7 kmaaz =k, +4
X
4 ki = [logy 5 ‘|X|‘_J
5: k=1,s=1
6: while s < s,,,. do
7 while k < k.. do X1
1 _
8: Prepare [th) = NS Ya—o |T)
9: Choose j € [0, |m]] at random
10: Apply Grover’s algorithm with j iterations
11: Measure, let x, be the outcome
12: if C'(z.) =1 then
13: Return z,
14: else
15: k=k+1
16: m = min(Am, \/M)
17: end if
18: end while
19: end while
20: Return “no marked item”

21: end function

In the QBFS, we will use QSearch to find neighbors of a given node. Grover’s
algorithm requires the knowledge of the number of searched items, while the extension
QSearch overcomes this problem. Therefore we use QSearch and the QBFS remains
applicable for the quantum algorithm.
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Number of Gates for Grover’s Algorithm

For the analysis of the quantum algorithm, we will need the number of gates of one
iteration of Grover’s algorithm. Let the search space cover the set X. To implement
the search space on a quantum computer, we need n = [log,(|X|)| qubits. Grover’s
algorithm utilizes the state preparation of the state |¢)g) and the measurement of the
end state as often, as the algorithm iterates. We will denote this number of iterations as
Niter [12|. The main part of Grover’s algorithm consists of the amplitude amplification
() which includes the oracle call and the diffusion transformation. This step is repeated
ng times, which we will derive in section

C(Grover) = njer - (C(Prepare) + C(Measure)) + ng - C(Q)

The number of steps for the amplitude amplification is the dominant one compared
to the state preparation and the measurement |12|. Therefore, we will only consider
the number of gates for this part of Grover’s algorithm.

The amplitude amplification () is repeated ng times. Each amplification needs one
call of the oracle and one diffusion transformation. We write the overall number of
gates as cost of the second step of Grover’s algorithm

Q) =C(C)+ (D),

where C represents the condition and therefore the oracle and D the diffusion operator.

Depending on the problem, the oracle differs |8|. This leads to the problem, that
the number of gates for one oracle call cannot be set as a constant. We will neglect
this number of steps due to this problem.

The number of gates for the diffusion operator, on the other hand, can be described
by the number of needed one-qubit, two-qubit and Toffoli gates [8]. We described
those gates in section The diffusion operator D is given as D = H,RH, |8,
40|. The Walsh-Hadamard transformation is constructed using H,, = H; ® H,,_1 [8].
This leads to the conclusion, that H,, can be constructed using n Hadamard-gates [8].
The rotation operator is a controlled phase shift using n qubits [§]. To utilize as few
gates as possible for this implementation, ancilla qubits can be used. Ancilla qubits
represent qubits, which are used only as work qubits [8|. They are not important
for the measurement of an algorithm, but only for running the algorithm [8|. Using
n — 1 ancilla qubits enables the rotation operation to be implemented using 2(n — 1)
Toffoli-gates and one CZ-gate, as described in [8] in section 4.3. n — 1 Toffoli gates
are applied on the n — 1 ancilla qubits as work-qubits and after applying the CZ-gate,
this is reversed using n — 1 Toffoli gates [8|. The CZ-gate can be implemented using
two Hadamard gates and one CNOT-gate [8]. Added together, this results into the
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following cost of one iteration of the amplitude amplification:

c(Q)=C(C)+C(D)
~ C(D)
=Cqy, +Cr+Ch,
=nCy +2(n — 1)Crofori + 2Cu + 1Cenor + nCh
=2(n+1)Cx + Conor + 2(n — 1)Croffoii

The Hadamard-gate represents a one-qubit gate, while the CNOT-gate is a two-qubit
gate and the Toffoli gate a three-qubit gate [8|. To approximate the gate time in the
following chapters, we will assume that all three of them have a similar gate time.
Therefore, we can rewrite the cost of implementing one amplitude amplification @) to:

C(Q) = 2(n+1)Cx + Conor + 2(n — 1)Croffoti
~ (4n + 1)Ogate

QBFS

In the QBFS, we will use QSearch, which is an extension of Grover’s algorithm, to
find neighbors of a node in an unstructured list. After an item from the queue in
the QBF'S is chosen, the neighbors are found using QSearch. This algorithm repeats
Grover’s algorithm multiple times [7}|12|. First the state |S) is prepared [40]. Then the
amplitudes are amplified |[40]. The marked items correspond to the nodes which are
not leveled neighbors of the current node and which edges have a remaining capacity.
Afterwards, the quantum state is measured |40].

The key advantage of using Grover’s algorithm in the QBFS lies in its quadratic
speedup for finding items in unstructured lists [8]. Instead of checking each edge and
all neighbors of a node one by one, Grover’s algorithm searches with a runtime of

O ( f), where d is the degree of a node and therefore the number of its neighbors and

t the number of searched items |8|. The BFS needs for the random search a runtime of
o (%) to find one searched object |8]. This improvement is the basis of the quantum
algorithm.

An example for the QBFS can be found in appendix so we can fully understand
the quantum algorithm. This change of the BFS to the QBFS could offer a potential
speedup in the computation of the Max-Flow using Dinic’s algorithm. The runtime of
both algorithms, the classical and its quantum counterpart, will be analyzed in the
following sections.
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Chapter 5.

Methodology

In this section, we describe the hybrid benchmarking methodology and how we apply
it to determine the speed of one gate of the quantum Dinic’s algorithm. We replace the
classical BFS with its quantum alternative in the quantum Dinic’s algorithm compared
to the classical Dinic’s algorithm. The overall structure of the algorithm remains
unchanged, but we change the way of finding the neighbors during the leveling. We
assume that both, the BFS and the QBFS take the same steps and therefore the same
nodes in the same order to create a level graph. This way of comparison gives us the
possibility to compare both methods one to one. Also, we assume FTQC, which we
described in section We find both assumptions to be fair, because the model we are
working on assumes the lower bound on the iteration count. This enables a possibility
to compare, whether the quantum algorithm is competitive with the classical algorithm
regarding the gate time.

We introduced and discussed both algorithms, the BFS and the QBFS, in chapter [4]
In the classical BFS, the neighbors are found while iterating through all outgoing edges
of a node |67|. In the original Dinic’s algorithm, this leads to a scaling of O(n + m)
of one BFS iteration, where n represents the number of nodes and m the number of
edges [5|. But the original paper assumes the list model as input of the graph. In the
following, we will assume the adjacency matrix as the input model. Iterating over
all neighbors of a node takes O(n) time. This process has to be repeated for every
node of the graph, leading to a overall runtime of O(n?) for one iteration of the BFS.
The QBFS bases the search of neighbors of a node on Grover’s algorithm, which could
possibly create a speedup in the overall algorithm [40]. Grover’s search speeds up the
worst-case to find one element in an unstructured list of the size N from O(N) to
O(V'N) [40]. Using Grover’s search leads to a scaling of the QBFS of O(n3/?log(n))
in the adjacency model and O(y/nmlog(n)) in the list model [7]. Comparing the
worst-case analysis of the BFS and the QBFS for one iteration of both algorithms in
fig. [5.1]leads to the result, that the classical algorithm has a worse worst-case scaling
than the QBFS.

But the worst-case analysis does not provide a realistic comparison of the algorithms.
It only gives an upper bound on the number of iterations [8|. Using the “big O
notation”, constant factors are omitted [8]. These can differ significantly in the
runtimes of classical and quantum algorithms, especially for limited graph sizes n,
where constant factors may dominate the overall runtime and lead to large practical
differences despite identical asymptotic behavior. Additionally, the worst-case analysis
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Figure 5.1.: The worst-case analysis of the BFS in the adjacency matrix model shows a scaling of
O(n?) (red), while the QBFS scales with O(n%/?log(n)) in the same model (blue). The comparison
in the graph shows, that the BFS has a worse scaling in the worst-case analysis.

does not reflect typical problem instances, but rather extreme cases, and therefore
fails to represent realistic performance |24, [26|. Furthermore, it does not include
hardware-specific limitations such as different gate times of classical and quantum
devices.

To enable a more realistic comparison of the BFS with the QBFS, both algorithms
could be executed on classical and quantum computers, respectively.

At the current state, there are no devices that allow running the algorithm for larger
instances on quantum computers [8511]. Simulations of quantum computers are also
limited to around 50 qubits, even on supercomputers |24} |75/, making this approach
insufficient as well. Instead, the algorithm has to be executed on a classical computer.

This means that we need a different approach than the worst-case analysis and the
execution on a classical and quantum device, to compare both algorithms.

We can perform the classical Dinic’s algorithm on a classical computer while recording
its runtime. The QBFS subroutine in the quantum Dinic’s algorithm has to be analyzed
in a different way. We can calculate the number of needed gates for the QBFS to
estimate a runtime for the QBFS and, therefore, for the quantum algorithm |12].

We denote the iteration count of the QBFS by ng(|X|,t) |12]|. It represents the
number of quantum iterations of the amplitude amplification step of Grover’s algorithm
required to identify one neighbor of one node [12|. By multiplying it with the number
of gates for one Grover iteration, which we approximated in section we get a
minimal number of gates for the QBFS. Multiplying it with an estimated gate time
gives an estimated minimal runtime for the QBFS. We will use this to compare the
runtime of Dinic’s algorithm with the quantum one.
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First, we introduce the style of benchmarking used in this work. Next, we derive
the number of quantum iterations required to identify one neighbor using the QBFS.
This enables us to present the pseudocode of the implemented algorithm. Finally, we
discuss the output of Dinic’s and the quantum algorithm in the implemented code,
showing how the results can be interpreted.

5.1. Hybrid Benchmarking

Hybrid benchmarking is a method used to analyze algorithms, when they cannot be
run on a quantum computer |12|. Instead, the classical parts are run on a classical
computer, while the quantum parts are analyzed analytically |12} 2428].

In this case, we use hybrid benchmarking to compare Dinic’s algorithm with the
quantum algorithm. The runtime of the QBFS, which is the part which we would
analyze on a quantum computer, cannot be obtained experimentally because no
quantum hardware is available to execute the algorithm [8i{11]. Therefore, the number
of required quantum iterations has to be counted and translated into an estimated
execution time |7} 12].

The classical algorithm can be evaluated on a classical computer. Its full runtime
can be obtained by timing the algorithm including the BFS. The quantum algorithms
runtime can be partially recorded in the same way. The DFS and the creation of a
residual graph of the quantum algorithm can be run on classical computers. Therefore,
we can obtain their runtimes by recording them.

The QBFS, on the other hand, utilizes Grover’s algorithm, which is a quantum
algorithm. This cannot be run classically and must be analyzed analytically [10{12,
40|. The runtime to find the neighbors depends on the size of the search space and on
the number of marked neighbors |12|. In the benchmarking, we calculate the number of
iterations of Grover’s amplitude amplification step in each iteration of Dinic’s algorithm
and add it to the total iteration count for finding the Max-Flow [12]. We can then
multiply the iteration count with the amount of gates needed for one iteration and the
state of the art gate time of one quantum gate, which we described in section [4.5.]]
and section [2.3| respectively, to get an approximated runtime of the QBFS.

iteration count - number of gates per iteration - gate time

By assuming the gate time as fixed for the different gate types, we can estimate the
minimal speed of the QBFS in the quantum algorithm. The total runtime of the
quantum algorithm could be obtained by adding the runtime of the QBFS to the
runtime of the classical parts of the quantum algorithm.

In our case, we are more interested in a threshold gate time than the overall runtime
of the algorithm. The threshold gate time gives us a more direct possibility to analyze
whether the quantum algorithm is competitive with the classical one, because we can
use the threshold gate time to compare it to more than one real gate time which we
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5. Methodology

discussed in section Using the runtime as a comparison would require calculating
an approximated runtime for each gate type to compare it to the classical algorithm
runtime. The threshold gate time can be obtained by using the classical runtime of the
BFS and dividing it by the number of gates required for the execution of the QBFS.
The number of gates can be calculated by multiplying the iteration count with the
number of gates per iteration. The resulting time is the threshold gate time.

classical runtime

threshold gate time =
& number of QBF'S iterations - number of gates per iteration

The only difference between Dinic’s algorithm and the quantum algorithm is the
difference in the BFS and QBFS. Instead of running the whole algorithm twice, once
with the BFS and once with the QBFS, we can compare only these two parts. By
doing so, we only need to run the whole algorithm for finding the Max-Flow once. We
record the BFS time and calculate the iteration count for the QBFS analytically |12]
to use it to estimate a threshold gate time for the QBFS. In the next step, we compare
the threshold gate times with real gate times.

This approach does not allow us to observe all aspects of the quantum subroutine.
We cannot add such aspects as noise and error correction to the real runtime of the
algorithm. But the calculation provides an estimated minimal runtime, which we can
use to analyze the QBFS. By obtaining results, we can evaluate whether the QBFS is
competitive with the BFS. Instead of working with a worst-case assumption of the
quantum algorithm, this allows us to compare the performance of the QBFS with the
empirical BFS runtime [12].

5.2. Iteration count of Locating a Single Node via
QBFS

The function ng(|X|,t) describes the number of quantum iterations Grover’s algorithm
requires to find one marked item in a search space of the size | X|, giving that ¢ elements
are marked, with a constant success probability [12} 26]. In particular, we show in
appendix [C]that one execution of the algorithm succeeds with a probability of at least
%. In principle, this success probability can be amplified to 1 — € by repeating the
algorithm s,,4, = 10g3(%) times. This repetition would increase the iteration count
by a constant factor. Since our analysis focuses on the behavior and lower bounds,
we neglect this constant factor and use ng(|X|,t) as a lower bound on the number of

required quantum iterations.
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5.2. Iteration count of Locating a Single Node via QBFS

In the graph, X represents the set of nodes, so N = | X]| is the number of nodes and
thus the graph size. These nodes can be implemented on [log,(]X|)] qubits (8} |12].
Therefore, we set n = [logy(|X|)]. In the QBFS, the number of marked elements ¢
corresponds to the number of neighbors of a node, which have not been visited yet |12,
26|. The search space corresponds to the number of edges starting at the examined
node [12}|26].

The iteration count ng considers finding one marked item in the search space |12|
26|. If multiple unvisited neighbors exist, the quantum search has to be repeated
multiple times until all marked neighbors have been found. This repetition is part of
the QBFS, where each neighbor is found individually and added to the queue.

The calculation of ng(| X, t) is based on the runtime analysis described by Ammann
et al. in the paper Realistic Runtime Analysis for Quantum Simplex Computation [12].
The derivation is provided in Appendix C.3 of that paper. It can be also found in the
paper by Cade et al. [26]. In the following, only a brief explanation of the calculation
is given. The complete mathematical derivation can be found in appendix

B Fmag e (K221 sin(4(my + 1)0)
no(|X1,t) = k; o L:Hl 2 i+ 1)sin(20)]

X
kmaz = {log)\ X1 +4
2

t
sin?f = —
| X|
my = [min(X*, \/|X])]
A=t
)

The term for ng(|.X|,t) models the number of iterations Grover’s algorithm requires
without knowledge about the number of marked elements |12]. It is based on the
QSearch algorithm which is an extension of Grover’s algorithm that repeatedly applies
Grover’s algorithm while the number of iterations increase until a marked item is found
with a given probability [12|. The parameter lambda, chosen as A\ = g, controls the
rate, at which the interval for Grover iterations increases, and gives a restriction for
the failing probability of the search [26]. The derivation of this can also be found in
the paper by Cade et al. |26].

The angle 6 is defined through the equation sin? 6 = ﬁ It reflects the number

of marked elements in the searched space, which is assumed to be unknown in the
QSearch [12|. For the benchmarking we will assume this number as known. The
parameter my is the upper bound of the number of Grover iterations in the k-th stage
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5. Methodology

of QSearch [12]. It is upper bounded by the square root of the size of the searched
space. The maximum number of stages of the QSearch is given by k4., which depend
logarithmically on the size of the searched space |12].

Usage of ng in the hybrid benchmarking algorithm

Our goal of the usage of the QBFS algorithm is to layer all nodes of a graph. In
the beginning of the algorithm, all | X'| nodes are not layered yet. First, we assign the
node s, representing the source, a layer 0. Then we add this source node to the queue.
Since this step does not involve any search, we assume that the complexity of this is
constant and therefore in the order of O(1) [12].

We select the first item of the queue and remove it from the queue. The QBFS
searches for all unvisited neighbors of this node |7|. In Grover’s search, these neighbors
form a set of marked elements. Let ¢ denote the size of this set. In the algorithm itself,
t is unknown. For the analysis of the number of iterations, we require the number of
marked elements and assume them as known to calculate ng(| X/, t).

After the QBFS finds one neighbor of a node and assigns a level to it, this neighbor
is removed from the list of unvisited nodes |7|. Therefore, the search space |X|
and the number of unmarked elements ¢ gets reduced by one. The QSearch is then
repeated to find the next neighbor of the node, which requires ng(|X| — 1, — 1)
iterations. This continues until all neighbors of one node have been found. At this
point, ng(|X| —t + 1,1) has been calculated leading to the result, that no other
neighbors are unmarked anymore.

Once the last node has been layered, the algorithm continues with the next node A
in the queue [7|. The algorithm proceeds finding the neighbors of A in the graph which
have not been visited. Assume that there are t4 not visited neighbors of A. These
nodes belong to the next higher layer in the layered graph than the node A is in |7].

In the benchmarking algorithm, we assume that the number of next neighbors
of a node is known. While we can theoretically calculate t4 for each step in the
benchmarking algorithm, the calculation itself would require additional computation.
To avoid this, we replace t4 by an upper bound. Instead of computing the exact
number of unvisited neighbors of A, we use the total number of nodes in the next
higher layer of the graph than A is in. For example, if the node A is in the first layer,
we replace t4 by to, where t9 represents the number of nodes in the second layer of
the graph. Since ty > t4, this substitution increases the number of searched objects in
Grover’s search. As the number of iterations scales inversely proportional with 6 and
sin?§ = ﬁ, this leads to a lower resulting value of ng.

Similarly, we replace the number of neighbors of each node |X| by the number of
nodes that have not yet been assigned a layer within the graph. As this number is
always at least as large as the number of nodes that could be explored, the search
space increases and the iteration count also increases. The reason to utilize an upper
bound is that we do not know the exact number of neighbors without evaluating it.
Determining a lower bound for | X | could lead to similar results for the searched objects
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5.3. Hybrid Benchmarking Algorithm for QBFS

and the search space. This would underestimate the resulting values for the iteration
count in an uncontrollable way. Using the upper bound for the search space provides
a simple bound that can be obtained without additional graph analysis. Consequently,
this substitution prioritizes the computational effort over more precise values for the
minimal iteration count.

We apply the same reasoning for all layers of the graph. We calculate for every node
in the queue the iteration count by using the corresponding value of | X| and the size
of each layer t. We reduce the number of not layered nodes and the nodes in one layer
in each step. The algorithm terminates if one of these entries reaches zero. In this case
either all nodes have been assigned a level or no further nodes are reachable due to
missing edges. The last step has a constant complexity of O(1). We include this step
by adding one to the iteration count.

Total Iteration Count

To obtain the total number of quantum iterations required by the QBFS to layer
a graph, we have to add the individual iteration counts for all Grover’s algorithm
repetitions during the layering process together. The result represents the total number
of quantum iterations needed to layer the graph and complete the QBFS.

This iteration count is the basis for our comparison of the BFS with the QBFS. In
the following, we will integrate the iteration count in the benchmarking algorithm. This
opens us the possibility to compare the obtained results with the classical BFS and
evaluate whether the quantum algorithm is competitive with the classical algorithm.

5.3. Hybrid Benchmarking Algorithm for QBFS

To benchmark the comparison between Dinic’s algorithm and the quantum algorithm,
we wrote a code. The goal of this code is to compare the classical BFS with the QBFS
by recording the runtime of the BFS and estimating the iteration count for the QBFS.

The overall structure of the algorithm follows Dinic’s algorithm for finding the
Max-Flow. As we described in section[4.4] this algorithm utilizes the BFS to find the
level graph and the DFS to find augmenting paths.

We modify the quantum Dinic’s algorithm by using QBFS instead of BFS as in
the classical algorithm. Since we cannot run the QBFS on a quantum computer yet
|8+11], we can implement the iteration count for this subroutine on a classical device.
We implemented the algorithm using python and the pseudocode can be found in
algorithm [7] We explained the subroutines BFS and DFS used in this pseudocode in
algorithm [3]and algorithm
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To compare both algorithms, we record the runtime of the BFS directly. Using
no(|X|,t), we analytically calculate the iteration count for the QBFS and multiply
it by 4n + 1 for the required number of gates with n = [log,(|X|)], as explained in
section Both results can be compared knowing the gate time of a quantum
computer.

Algorithm 7 Benchmarking Dinic algorithm

1: function DINIC(graph)

2 total flow =0

3 BFS time =0

4: QBFS iterations =0

5: Level graph using BFS and record time

6 Add time to BE'S time

7 Calculate iterations ng(|X|,t) for each level and each node within the level
8 Add ng(|X|,t) to QBF'S iterations

9 while [(sink) # —1 do

10: Search paths using DFS and create residual graph

11: Add the flow to the total flow

12: Level graph using BFS and record time

13: Add time to BF'S time

14 Calculate iterations ng(|X|,t) for each level and each node within the level
15: Add ng(]X|,t) to QBF'S iterations

16: end while
17: Multiply QBF'S iterations with 4n + 1 to get QBFS gates
18: end function

The algorithm starts by initializing the flow to zero. We introduce two new variables
to record the runtime of the BFS and the iteration count of the QBFS. These variables
“BFS time” and “QBFS iterations” are set to zero.

The algorithm constructs the level graph using BFS. During this step, the runtime
of one execution of the BFS is recorded and added to the overall BFS time. After this
level graph has been constructed, the algorithm determines analytically how many
quantum iterations would be required if the QBFS was used instead of the BFS. This
is done by evaluating the function ng(|X|,t) for each level of the graph and each node
within that level. Here, | X| represents the number of unvisited nodes of the graph
and t the number of unvisited nodes within a layer as an upper bound for the realistic
iteration count, as discussed in section

The loop in the benchmarking algorithm is analogous to the loop in Dinic’s and the
quantum algorithm. While the sink is reachable and therefore has a level [(t) # —1,
the algorithm continues. In the first step we utilize the DFS to find augmenting paths
and create a residual graph. We add the flow through these paths to the total flow.
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After all augmenting paths in the current level graph have been found, we execute
the BFS again. We record the runtime and add it to the overall BF'S runtime. In
the same way as before, the iteration count for the QBFS can be calculated using
ng(|X|,t). This corresponds to the number of quantum iterations to create a new level
graph using QBFS on a quantum device. We add the result to the overall iteration
count of the QBFS.

The loop is repeated until no further augmenting paths exist and the level of the
sink stays at [(t) = —1. The algorithm terminates and the Max-Flow has been found.

To run the benchmarking algorithm, we need a graph. We create the graph using
a pseudo-random graph generator. This generates a graph, which can be modeled
by an upper triangular matrix. The first line represents the neighbors of the source
and the last the neighbors of the sink. The triangular matrix enables that two nodes
are connected by only one edge. An edge between two nodes is created with a given
probability, denoted by the edge probability p.

The hybrid benchmarking algorithm does not implement the quantum algorithm
directly, but it enables a comparison between the classical and the quantum approach
[12]. Tt becomes possible to analyze whether the quantum algorithm could provide a
speedup [12}/24].

The outputs generated by the benchmarking algorithm include the number of nodes
| X |, the edge probability p, the BFS time, the QBFS iteration count and the threshold
gate time. In the following section, we analyze these outputs in detail.

5.4. Description of the Output Data

The output of the implemented hybrid benchmarking code enables us a comparison
of the BFS with the QBFS. In each experiment, the output characterizes the input
graph and the performance of the BFS and the QBFS.

We describe the output of the algorithm in detail by the following values.

First, we save the number of nodes |X|. This number represents the size of the
graph and, therefore, influences both the runtime of the BFS and the runtime of the
QBFS. The larger the graph, the higher we expect the runtime of both algorithms.

Second, we save the edge probability p. We use this value for the generation of
graphs and it indicates the probability that an edge between two nodes is created.
This value determines the density of the graph. By adjusting the edge probability,
we influence the number of neighbors per node and the structure of the level graph.
Consequently, this parameter affects the complexity and runtime of the BF'S and QBFS
directly.

51



5. Methodology

Third, we record the total runtime of the BFS. This runtime corresponds to the
time spent executing the BFS during Dinic’s algorithm and is recorded in seconds.
Since the BFS is executed multiple times during Dinic’s algorithm, the total runtime
is the sum over all BFS calls.

Fourth, we calculate the total iteration count representing the number of QBFS
iterations. This number is evaluated analytically. By summing the values of ng(|X]|,?)
over all nodes and all levels, we determine the iteration count of Grover’s algorithm
for one QBF'S call. To obtain the total number of iterations required to perform the

QBFS within the quantum algorithm on a quantum device, we sum these results up
for all QBFS calls.

We get the BFS time and the QBFS iterations as output data in different units
representing different values. We record the BFS time in seconds while running the
algorithm on a classical computer, while the QBFS iterations represent the number of
quantum iterations to run this subroutine. A direct comparison of these values is not
possible.

To overcome the problem of comparing both results, we can use two different
translations. The first one is to multiply the QBFS iterations with the time, a quantum
iteration takes. The time of one iteration is equivalent to the number of gates multiplied
by the gate time of a quantum gate which we described in section The problem is,
that depending on the quantum computer and its utilized gate type, the gate time
changes. Therefore, the results of the QBFS iterations would have to be multiplied
with different gate times depending on the hardware type. A different approach to
compare both algorithms is the threshold gate time. This ratio indicates, how long a
single quantum gate may take to have the same runtime as the classical BFS under
idealized conditions.

Therefore, we finally calculate the threshold gate time in the last output. This value
is defined by the ratio between the recorded BFS time and the QBFS iterations times
the number of gates per iteration defined by 4n + 1, where n = [log,(|X|)] defines the
number of qubits needed to represent the graph. It is given by

BFS time
QBFS iterations - gates per iteration

threshold gate time =

If the gate time of a quantum device is lower than the threshold gate time, then
the quantum algorithm becomes competitive with the classical one under idealized
conditions and the assumptions we made. If the quantum algorithm cannot outperform
the threshold time, the classical BF'S remains faster.

The described output values form the basis of the next chapter. We analyze the
behavior of the BFS and the QBFS by varying the number of nodes | X| and the edge
probability p. The threshold gate time reveals, how the number of nodes | X| and the
density of the graph, given by the edge probability p, influence the runtimes of the
algorithms.
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Chapter 6.

Results

In this chapter we present the results obtained with the hybrid benchmarking approach
described in algorithm[7} We run the algorithm five times to evaluate the Max-Flow
results with a higher reliability, accuracy and validity than by evaluating it only once.
For the benchmarking, our focus lies on the comparison of the BFS with the QBFS to
determine under which conditions the QBFS could be a suitable replacement for the
BFS.

Before we present the results, we will describe the generation of data. We divide the
results into two parts. In the first part we analyze sparse graphs while we deal with
dense graphs in the second part. We expect solving the problem on dense graphs to
be computationally more expensive since they contain more edges than sparse graphs
and therefore have more paths which could possibly be taken. This is not indicated by
the complexity of the classical BFS in the adjacency matrix representation, because it
scales with O(n?), where n represents the number of nodes. For the QBFS we also
use the adjacency matrix model in the algorithm. One execution of the QBFS has a
complexity of O(n*?log(n)) [7] in the adjacency matrix model. Although the BFS
and the QBFS subroutines show no direct dependency on the number of edges m, this
does not imply that the overall complexity of Dinic’s algorithm becomes independent
of m. In Dinic’s algorithm, the BFS and QBFS are executed repeatedly to construct
level graphs [5]. The number of these iterations depends on how quickly blocking flow
can be found in the graph, which is influenced by the structure and the density of
the graph [2|72|. Consequently, the total complexity may show a dependency on the
number of edges due to the repetitions of the BFS and QBFS. Dense graphs can often
be transformed into sparse graphs by removing edges or by saturating paths through
flow [22]72]. This indicates a lower computational effort to solve the problems for
sparse graphs than for dense ones.

We use the recorded BFS time and the analytically calculated number of QBFS steps
to calculate the threshold time for quantum gates. This time can be used to determine
if the quantum Dinic’s algorithm is competitive with the classical Dinic’s algorithm.
This analysis and their implications will be our focus in the following chapter.
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6.1. Data Generation

To obtain results, we run the hybrid algorithm for benchmarking the BFS and the
QBFS. We described this algorithm in algorithmand created an implementation
which can be found hereﬂ Under the file Dinic.py, the implementation can be called
up.

We implemented the algorithm in Python 3.12.8 and executed it locally via PyCharm
on a MacBook. For measuring the time, we used the command time.time(). The error
in the recording time of the BFS is +0.2ps. Our lowest measured BFS time lies at 3.1ps
for sparse graphs (cf appendix . At such low times, the uncertainty has an impact
on the results. But only a small amount of data points lies in this regime and the
uncertainty becomes negligible for the overall analysis of the benchmarking algorithm.
For dense graphs, the lowest measured BFS time lies at 600ps (cf appendix|C.2). The
uncertainty of these measurements is negligible.

To evaluate the benchmarking algorithm, we require graphs which we can utilize for
the algorithm. We self-generated these datasets using a random graph generator. This
graph generator starts by implementing a n x n matrix with zeros and filling each
matrix element in the upper triangular block with a probability of p with integers in
the range from one to ten. This graph generation is a pseudo-random generation due
to the non-existing randomness on classical computers [8].

By implementing such an adjacency matrix we use two assumptions which simplify
our benchmarking algorithm. The first one is that we only use edges with capacities
which are integers in the range from one to ten. We use small integer capacities to avoid
an additional scaling parameter to the time recording of the BFS which is not related
to the structure of the graph itself. Since our focus for this work is on the comparison
of the BFS and QBFS with graph size and density dependence, bounding capacities
ensures that the differences in our results can be attributed to these variations. Using
a small interval is sufficient to generate nontrivial residual graphs.

Our second assumption is that we restrict the edge generation to an upper triangular
matrix. This construction ensures that two nodes are only connected by one edge and
that the graph does not contain any self-loops which is the definition of a simple graph
which we consider in this thesis [62]. Self-loops would inflate the computational time
without contributing meaningful information to the construction of the layer graph.
The restriction simplifies the structure of the graph without trivializing the problem.
The residual graph may still contain backward edges due to reverse edges. Multiple
BF'S iterations also remain necessary because the flow can utilize augmenting paths
which do not align with the Max-Flow.

1 https://github.com/Lara-256/Benchmarking-Hybrid-Dinic-Algorithm-using-QBFS
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6.1. Data Generation

We use these assumptions because our goal of the benchmarking is not to capture
the worst-case behavior of the BFS and QBFS, but rather to isolate and compare their
behavior and relative cost under controlled conditions. By using the restrictions, we
reduce other effects on the graph evaluation and isolate the impact of the graph size
and density.

6.1.1. Sparse Graphs

We executed the algorithm five times on pseudo-randomly generated sparse graphs.
The number p denotes the probability of an edge between two nodes. If an edge is
created, a non zero capacity is assigned to it. For sparse graphs, this probability is
chosen to be low.

We run the algorithm with edge probabilities ranging from 1% to 10% in steps of
1%. Additionally, we vary the number of nodes from 100 to 1600 in steps of 100. This
problem size reflects many real-world applications, although practical problem sizes
can be significantly larger [76| |77]. Due to the increasing runtime with increasing
graphs, graph sizes above 1600 nodes lead to execution times exceeding multiple days
on the used classical computer.

The high runtime of the algorithm leads to evaluating each combination of nodes and
edge probabilities only five times. To reduce fluctuations and increase the reliability
and accuracy of the results, we use the average of these five results in the graphs.

6.1.2. Dense Graphs

For dense graphs we use higher edge probabilities than for sparse graphs. We range
the probabilities p of an edge between two nodes from 70% to 98% in steps of 2%. Due
to the increased runtime for dense graphs, we have to lower the number of nodes into
a smaller range than for sparse graphs. Larger graph sizes would result in excessively
long runtimes caused by the random graph generation and the repeated computation
and updating of the residual graph.

We varied the number of nodes between 100 and 300 nodes in steps of 10. Due to
the decrease in the graph size compared to the evaluation of sparse graphs, we are able
to repeat each evaluation of the benchmarking algorithm also multiple times for the
same configuration of number of nodes and edge probabilities to decrease fluctuations.
We do so five times and averaged these five resulting data points.

All measured data points can be found in appendix [C|and in the graphs in the
following sections.
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6.2. Sparse Graphs

After we created sparse datasets, we used them to execute the benchmarking algorithm
for the BFS and QBFS. We used the results to benchmark the QBFS by recording
the time the BF'S needs to layer the graph and the iteration count of the QBFS which
we approximated analytically. From this, we obtained the threshold gate time of the
quantum algorithm. These results can be found in the tables in appendix [C.1]

The recorded runtimes of the BFS for sparse graphs are shown in fig. The BFS
runtime increases monotonically with the number of nodes. This increase is visible
regardless of the used edge probability. For graphs with 100 nodes, all BFS runtimes
remain below 0.0012 seconds. At 500 nodes, this runtime remains below 0.081 seconds
and for 1000 nodes below 0.53 seconds. For 1800 nodes, all runtimes lie below 1.7
seconds.

As expected, the runtime increases with the size of the graph. This observation
is consistent with our presumption due to the scaling of the BFS with O(n?). Also,
higher edge probabilities lead to a higher BFS runtime, which can be seen due to the
color distribution of edge probabilities in the graph. Since higher edge probabilities
lead to more neighbors, more paths get possible which can be found in more iterations
of Dinic’s algorithm. More iterations of Dinic’s algorithm lead to more iterations of
the BFS and, therefore, increases the BFS runtime. These results mainly serve us as a
step towards the comparison with the QBFS algorithm.

The graph in fig. shows the expected number of iterations of the amplitude
amplification @) in Grover’s algorithm required for leveling the original graph and all
required residual graphs in one execution of the quantum Dinic’s algorithm using the
QBFS for the same set of sparse graphs. The qualitative behavior is similar to the
behavior of the BFS runtime. Larger graphs with higher edge probabilities increase
the number of quantum steps in the QBFS. This is expected due to the scaling of the
QBFS with O(n*?1log(n)) |7] and the repetition of the QBFS due to the iterations of
Dinic’s algorithm. We can see in the graph that the fluctuations become larger for
higher edge probabilities. Each point represents the average over five pseudo-randomly
generated graphs. The fluctuations are lower than using only results for one data
point, but more repetitions of the algorithm would lead to even smoother curves. This
is because each execution of the algorithm is unpredictable. The edge density gives
a probability of an edge but the graph structure could look very different for two
graphs with the same data points. It could be that the Max-Flow is found within the
first iteration due to conveniently located edges and the right choice of paths. But
on the other hand, the algorithm could use paths which are suboptimal, as shown in
fig. which would lead to higher runtimes. By repeating the algorithm multiple
times and taking the average, we get an averaged graph with smoother curves and
less fluctuations. But the more repetitions we use, the higher the computational effort
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BFS time for layering in dependence of graph size n and probability of edge between two
nodes p
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Figure 6.1.: The number of iterations of the BFS for sparse graphs increases superlinearly with
increasing graph size. This is consistent with the complexity of O(n?) of one iteration of the BFS.
The higher runtime for increasing edge probabilities results from the amount of repetitions of Dinic’s
algorithm.

gets. Five iterations represent a good balance between both. The overall trend of
the quantum iterations shows a monotonic increase of the number of iterations with
increasing graph size and increasing graph density. Based on the observed data, the
growth appears superlinear in the number of nodes.

To directly compare the classical BFS with the QBFS algorithm, we divided the BFS
runtime by the expected number of gates for the QBFS. We calculated this number by
multiplying the number of QBFS iterations with the gates per iteration which is given
as 4[log,(|X|)] + 1 what we derived in section The calculated results are shown
in fig. and can also be found in appendix The ratio of these values gives us
a threshold gate time for one quantum gate. It determines the maximum time one
quantum gate may take for the QBFS to still be competitive with the classical BFS.
As we can see, the threshold gate time increases monotonically with increasing graph
size. It also increases with the edge probability. The growth with the graph size shows
a more linear behavior. If the experimentally achieved threshold gate time cannot be
exceeded in real-life experiments, than the QBFS cannot provide any speedup. If the
best experimentally obtained gate time for quantum gates lies below the threshold
time, the quantum algorithm is competitive with the classical algorithm under idealized
conditions and the assumptions we made.
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QBFS iterations for layering of graph in dependence of graph size n and probability of edge
between two nodes p
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Figure 6.2.: The number of iterations of the QBFS for sparse graphs increases superlinearly with
increasing graph size. This is consistent with the complexity of O(n? log(n)) [7| of one iteration of
the QBFS. The higher runtime for increasing edge probabilities results from the amount of repetitions
of the quantum Dinic’s algorithm.

Experimentally obtained results for quantum gate times are currently available on
three qualifying hardware platforms [@ . One of them is the Rydberg quantum
computer which reports a gate time for a two-qubit gate of approximately 6.5ns .
To compare the threshold gate time with the state of the art gate time, we included
a red line showing the gate time of Rydberg quantum gates in the graph. A second
green line shows the gate time of superconducting quantum gates at 48ns . The
gate time for trapped-ion systems of 1.671s exceeds the range of the graph and
is therefore not included in the graph.

The data points show a monotonic increase of the threshold gate time with the
graph size. Also, the threshold gate time is higher for high graph densities. For low
graph densities, such as p = 1%, we observe significant fluctuations for small graph
sizes. These fluctuations can be attributed to the variability of graph structures across
these instances. In particular, for small and sparse graphs, the degree distribution
and the number of reachable nodes may vary substantially between samples. Since
the structure of the graph directly affects both the BFS and QBFS within Dinic’s
algorithm, even minor changes in the edge set can lead to large changes in the runtime
and the number of iterations of the algorithms. For higher graph sizes and graph
densities, these fluctuations decrease.
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BFS time divided by QBFS gates for layering in dependence of graph size n and probability
of edge between two nodes p
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Figure 6.3.: The calculated threshold gate times for sparse graphs increase monotonically with
increasing graph size and graph density. The state of the art gate time of Rydberg quantum gates,
shown as a red line, shows that the QBFS is competitive with the BFS. Superconducting quantum
gates, shown as a green line, show a lower advantage compared to Rydberg quantum gates. But still,
they achieve gate times which seem to lead to the QBFS being competitive with the BFS.

Comparing these values with the threshold gate time obtained for sparse graphs
shows that the state of the art gate time of Rydberg quantum gates of 6.5ns is
lower than the threshold gate times for one hundred nodes and higher under idealized
conditions and the assumptions we made. This indicates that under these assumptions
the quantum algorithm could be competitive with the classical algorithm in the
analyzed regime. Superconducting two-qubit gates reach higher gate times such as
48ns . Even though this gate time is higher than for Rydberg quantum gates,
the threshold gate times are higher for several hundred nodes and higher. Therefore,
also superconducting quantum computers could provide an implementation of the
quantum Dinic’s algorithm which is competitive with the classical one under idealized
conditions and the assumptions we made. But the experimental challenges for reaching
temperatures nearly absolute zero are yet too expensive to use them for solving the
Max-Flow problem. Trapped-ion quantum gates with gate times of 1.61s
are not competitive with the classical BFS, because the threshold gate times are
significantly lower in the analyzed regime than the gate time for trapped-ion systems.

For lower edge probabilities, such as 1%, shown in the figures as red dots, the
threshold gate time is higher than the state of the art gate time. But in these cases, the
classical BFS already has short runtimes of up to 0.52s, and the quantum algorithm
provides little to no advantage.
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BFS time for layering in dependence of graph size n and probability of edge between two
nodes p
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Figure 6.4.: The BFS runtime increases with increasing graph size superlinearly. This is consistent
with the scaling of O(n?) of the BFS. But other than expected, the runtime decreases with increasing
graph density. This is due to finding high blocking flow in lower iterations of Dinic’s algorithm in
highly connected graphs.

Even though the quantum algorithm is competitive with the classical one, the
speedup could not exceed 1.7s in the analyzed regime of sparse graphs due to the low
runtime of the BFS. But as the edge probability increases, the threshold gate times
also increase and the quantum algorithm using the QBFS as a subroutine gets more
likely to be competitive with Dinic’s algorithm. Due to the increasing BF'S runtime
with graph size and graph density, the quantum algorithm gets more interesting in
these cases.

In the following section, we extend the analysis to dense graphs.

6.3. Dense Graphs

We executed the benchmarking algorithm to receive results for the runtime of the BFS
and the number of iterations required for the QBFS for dense graphs the same way as
for sparse graphs. These results can be found in the tables in appendix

First, we show the measured runtime of the BFS in dependence of the number of
nodes and the edge probability in fig.
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As expected, the BFS runtime increases monotonically and superlinearly with the
number of nodes. This is consistent with the scaling O(n?) of the BFS. With increasing
graph size, the spread of the BFS runtime grows. Considering the overall BFS
executions, we would expect higher graph densities to increase the runtime faster due
to more possible paths leading to more iterations of Dinic’s algorithm and, therefore,
more BFS calls and a higher overall BFS runtime. However, the graph shows that the
total BFS runtime is higher for graph densities of 70% than for lower graph densities as
98%. This apparent contradiction can be explained by the number of BFS iterations in
Dinic’s algorithm. In highly connected graphs, which have very high edge probabilities,
short paths between the sink and the source get more probable. This leads to large
blocking flows, which can be found in lower iterations than for less dense graphs. As a
result, Dinic’s algorithm requires less level graph constructions and less BE'S iterations
which overweights the higher amount of possible paths. The overall runtime of the
BFS decreases for denser graphs. The effect in the runtime difference is higher for
larger graphs due to the higher runtime than for smaller graphs. Therefore, the spread
in the runtime difference increases for larger graphs.

The number of iterations for executing the QBFS on a quantum device is shown in
fig. Similar to the BFS runtime, the amount of iterations of the QBFS increases
monotonically with the number of nodes, which is consistent with the scaling of the
QBFS with O(n2 log(n)) |7|. For highly connected graphs, the number of iterations is
lower than for less dense graphs. Also, the spread in the number of iterations between
different graph densities grows with larger graphs. Both effects have the same reason
as the runtime spread for the BFS.

To compare both results with each other, we once again divided the runtime of the
BFS by the number of iterations of the QBFS and the number of gates per QBFS
iteration. The resulting threshold gate times are shown in fig. and they can be

also found in appendix

The resulting threshold gate times increase monotonically, similar to sparse graphs,
with increasing graph sizes and edge probabilities. The increase with edge probability
results from the effect, that the decrease due to less iterations of Dinic’s algorithm in
the BFS runtime and the QBFS iteration count cancels out each other. This increase
leads to the assumption, that the quantum algorithm is best suited for dense graphs.
By once again comparing these results with the gate time of a two-qubit gate on
Rydberg quantum computers, which lie at 6.5ns [13], the state of the art gate time
outperforms the obtained threshold gate times. Therefore, the results indicate that
the quantum algorithm could be competitive with Dinic’s algorithm under idealized
conditions and the made assumptions for dense graphs.

Similar as for sparse graphs, superconducting two-qubit gates with gate times at 48ns
147] show, that the quantum algorithm could be competitive with Dinic’s algorithm.
But the difference between the threshold gate times and the superconducting state of
the art gate time is much smaller and other effects as repetitions of the algorithm for
higher success probabilities are more likely to decrease the possibility of the quantum
algorithm being competitive with Dinic’s algorithm. Also, the usage of superconducting
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QBFS iterations for layering of graph in dependence of graph size n and probability of
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Figure 6.5.: The number of iterations of the QBF'S for dense graphs grows with the increasing graph
size. This is consistent with the scaling of the QBFS with O(n2 log(n)) |7]. The number of iterations
decrease with increasing graph density because highly connected graphs lead to high blocking flows in
low iterations of Dinic’s algorithm and, therefore, to less iterations of the whole algorithm.

quantum gates with an operating temperature near absolute zero is yet too expensive
to justify their usage on the Max-Flow problem. For trapped-ion quantum computers,
the gate time of 1.6ps is higher than the threshold gate times in the analyzed regime.
Therefore, such quantum computers are not able to be competitive using the quantum
algorithm compared to Dinic’s algorithm on classical computers.

In summary, the results for dense graphs show that the QBFS could be competitive
with Dinic’s algorithm and could reduce the cost of constructing the level graph during
Dinic’s algorithm using Rydberg quantum computers.

6.4. Comparison of the Results

For sparse graphs, the classical BFS has low runtimes. This is especially visible in
fig. [6.1] for small graph sizes up to 400 nodes, where the BFS runtime does not exceed
0.1 seconds. Achieving a speedup could be possible in this regime, because the state of
the art gate time is lower than the threshold gate time in fig. and, therefore, the
quantum algorithm is competitive with the classical one. But the QBFS could not
provide any noticeable speedup compared to the classical BFS due to the already low
runtime of the BFS, and the QBFS is therefore not required for these graphs.
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BFS time divided by QBFS gates for layering in dependence of graph size n and probability
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Figure 6.6.: The threshold gate times show an increase with increasing graph size and graph density.
The higher the threshold gate time, the more likely the QBFS gets to be competitive with the BFS.
The red line shows the state of the art gate time of Rydberg quantum gates. They lie lower than the
threshold gate times and is, therefore, more likely to provide a QBFS which is competitive with the
BF'S. The superconducting quantum gate has a higher gate time, shown as a green line, but still a
lower gate time than the threshold gate times. It is less likely to provide a QBFS which is competitive
with the BFS, but the possibility remains.

As the number of nodes and the edge probability increase within the sparse graphs,
the behavior of the threshold time changes. Empirically, the BFS runtime grows
superlinearly with the number of nodes, consistent with quadratic dependence in the
observed range. The number of iterations of the QBFS grows more slowly and appears
closer to linear scaling with the number of nodes. This slower increase is caused by
Grover’s algorithm, which allows to search unstructured lists with less steps .
The threshold gate time increases as a consequence with the number of nodes, reflecting
the asymptotic advantage provided by Grover’s search. The quantum algorithm is
therefore more likely to be competitive with the classical Dinic’s algorithm as the
graph size and graph density increase. If utilizable quantum devices existed, we would
be able to verify whether a speedup could be achieved for the computed graphs.

For dense graphs, the threshold gate times, comparing the classical and the quantum
algorithm, becomes higher on the same order of magnitude of nodes in the graph than
for sparse graphs. The high number of edges, due to the high edge probability in
dense graphs, leads to more possible paths and more iterations of Dinic’s algorithm.
This leads to higher runtimes in the BFS. The QBFS does not have to analyze each
neighbor of a node in the graph individually due to Grover’s algorithm. Using Grover’s
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algorithm, the number of iterations of the amplitude amplification and therefore the
runtime of the QBFS scales at a lower rate than the classical BFS. The effect, that
higher edge probabilities lead to finding paths in lower iterations with a higher blocking
flow decreasing the amount of iterations of Dinic’s algorithm, only appears in highly
connected graphs. We are still able to compare both, sparse and dense graphs, and
observe, that the threshold gate times for dense graphs are higher than for sparse
graphs. Therefore, the quantum algorithm is more likely to be competitive with the
classical algorithm for dense graphs.

The comparison of both results leads to the observation that the quantum algorithm
tends to be more promising for dense graphs and graphs with a higher number of nodes.
Comparing the threshold gate times with experimentally obtained gate times, such as
for Rydberg quantum gates, show that the quantum algorithm could be competitive
with the classical one.

In both cases, we performed the comparison for the gate time is using two-qubit
Rydberg gates and two-qubit superconducting gates. They have gate times of 6.5ns
13| and 48ns [47|, respectively. These gate times lie within the nanosecond regime
and are below the threshold gate times observed in the hybrid benchmarking, showing
that the quantum algorithm could be competitive with the classical one.

The two-qubit gate time for trapped-ion systems of approximately 1.6ps |48 |49]
exceeds the range shown fig. [6.3]and [6.6]and is therefore left out of the graph. For
these devices, the gate time lies above the observed threshold gate times and thus the
QBFS would not be competitive with the BFS on such devices.

We need to interpret the comparison of all results with care. Even though we
executed the classical BFS and the QBFS and compared them for various graph sizes
and edge probabilities, all results are restricted on small and medium-sized graphs. For
sparse graphs, we increased the number of nodes up to 1600 nodes, while we considered
dense graphs limited by 300 nodes. We need this limitation due to the increasing
runtime of the benchmarking algorithm with increasing graph size.

Due to the limitation to small and medium-sized graphs, the BFS runtime does not
exceed 2.3s. Even though we analyzed the runtimes of the BF'S, the classical BFS is
computationally inexpensive for these cases. Therefore, a potential speedup by using
the quantum algorithm has no practical advantage at the current stage.

We used a MacBook to obtain the runtime. Using a supercomputer could lead to
even lower runtimes for the BF'S than the recorded times. This would also lower the
threshold gate times, making the QBFS less competitive with the BFS.

But the results show a trend. With increasing graph size and edge density, the
threshold gate times increase. While this behavior does not constitute evidence of an
advantage using the quantum algorithm, it suggests that the QBFS does not become
excessively expensive with increasing graph size within the analyzed range.
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The findings should be treated as promising indications rather than conclusive results.
The counted iterations of the amplitude amplification of Grover’s algorithm are only a
lower limit. We assumed that Grover’s algorithm only has a success probability of %
In order to find searched elements with a higher probability, the algorithm has to be
repeated several times increasing the number of iterations. The iteration count gives us
only approximated results and it does not include the number of iterations of the state
preparation and the measurement. The amount of gates is also only approximated
because we ignored the oracle gates and assumed gate times for two-qubit gates for all
gates. Therefore, the obtained results show a lower bound of the iteration count and
an upper bound of the threshold gate time. More precise evaluations would lead to
lower threshold gate times which could be even lower than the state of the art gate
times.

Another important aspect is that we assumed a FTQC setting in our analysis and
treated the quantum gates similar to logical gates. However, we did not take into
account that such an implementation of gates would need quantum error correction.
In practice, FTQC implementations would need several operations to realize such a
treatment due to error correction and other physical operations |14} 15|. This impacts
the effective runtime of the quantum gate and lowers the threshold gate time obtained
in our analysis. Consequently, the QBFS might become less competitive with the BFS
considering a realistic implementation of FTQC.

Also, we analyzed and implemented only special cases as graphs. These were created
using a pseudo-random graph generator and assuming the adjacency matrix as an
upper triangular matrix. This allowed us to only consider simple graphs with no
self-loops. The capacities are represented as integers between one and ten or zero if no
edge exists. These assumptions made it possible to focus the hybrid benchmarking
algorithm on the behavior and relative cost of the BFS and QBFS. The simplified
graphs allowed us to isolate the impact of the graph size and graph density on the
algorithms.

To implement those graphs, we used the adjacency matrix representation. This
representation has a higher runtime as the adjacency list representation [67|. Both
representations have different areas of application. The list model is favored for sparse
graphs while the matrix model makes it easier to access specific edges 61} 64, |67]. We
choose the matrix model because it has the same structure for sparse and dense graphs
and it does not impact the BFS and QBFS comparison for graph densities. The list
model leads to lower runtimes, especially for sparse graphs. Using the list model could
also impact the threshold gate times.

Further benchmarking on real data sets, instead of self generated ones, is needed to
assess the practical feasibility of the quantum algorithm. The iteration count has to
be updated to get more realistic results. Also, more hardware related benchmarking
needs to be done such as error correction.
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Overall, the obtained results show that the QBFS could be competitive with the
BF'S, but this depends on the structure of the graph. For small and sparse graphs, the
classical BFS has a low runtime and the quantum algorithm would not be meaningful
in this context. For larger and dense graphs, on the other hand, the quantum algorithm
could be a replacement of Dinic’s algorithm.
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Chapter 7.

Conclusion and Outlook

In this thesis, we analyzed a quantum algorithm based on Dinic’s algorithm to solve
the Max-Flow Min-Cut problem. First, we introduced basic concepts of quantum
computing in chapter 2| laying the ground for more advanced algorithmic concepts.
These concepts helped us understanding the gate time of two-qubit gates, which we
required for our analysis. Second, we introduced the mathematical foundations for the
Max-Flow Min-Cut problem in chapter[3] using a graph theoretical framework. In the
next part, in chapter [4] we presented the Max-Flow Min-Cut problem including its
applications and algorithms to solve this problem.

In the quantum algorithm, we replaced the classical BFS for leveling a graph by its
quantum analog, the QBFS |7]. It utilizes Grover’s algorithm as a subroutine to find
not leveled neighbors of a node [7]. As our datasets were too large in order to evaluate
them on quantum hardware, we took an alternative approach [12|/26|. This approach
is hybrid benchmarking which we described in chapter |5/ [12]. It allows an estimation
on the gate runtime for the QBFS in order to be competitive with the BFS.

In the last part of this thesis, in chapter [6] we examined whether the quantum
algorithm is competitive with the classical one using the results provided by the hybrid
benchmarking algorithm. These results show that the QBFS could be competitive with
the classical BFS for constructing a level graph under idealized assumptions. Larger
graphs reach favorable results compared to smaller ones using the QBF'S, since the
BFS runtime increases faster with growing graph size than the QBFS iteration count.
The same holds for denser graphs, since dense graphs require more iterations of Dinic’s
algorithm than sparse ones, leading to more applications of the BFS and the QBFS
and, therefore, a larger impact of the possible competitiveness of the QBFS compared
to the BFS. The obtained threshold gate times reach times up to 200ns in the analyzed
regime, while state of the art gate times are as low as 6.5ns |13|. This shows us if and
when the quantum algorithm could be competitive with the classical one and which
quantum device is best suited.

Trapped-ion systems with gate times of 1.6ps (48] 49| have too slow gate times,
so the algorithm is not competitive using them. But Rydberg and superconducting
quantum devices could be competitive. For superconducting quantum gates with a
gate time of 48ns [47|, sparse and small graphs are not competitive. But at moderate
graph sizes and dense graphs, the superconducting gate time reaches lower values than
the threshold gate times. For Rydberg quantum gates, the state of the art gate time
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lies lower than the threshold gate time in the whole regime. But the best promising
results are reached for dense and larger graphs, because the state of the art gate time
of 6.5ns for Rydberg quantum gates [13] lies at least an entire order of magnitude
below the threshold gate times in this region.

We must consider several limitations for comparing Dinic’s algorithm to the quantum
algorithm. We compared the number of iterations of the QBFS to the runtime of the
BFS on a MacBook. A MacBook is not a supercomputer and therefore the BFS could
be able to reach even lower runtimes on different devices. Second, we considered only
graphs of limited size, with a maximum of 1600 nodes. This results in BFS runtimes of
up to 2.3s. In this regime, the QBFS could not provide any practical advantage. While
the observed trend suggests, that the quantum algorithm may become competitive
with the classical approach for larger graph sizes, this cannot be demonstrated without
benchmarking at a larger scale with BFS runtimes exceeding 2.3s. Third, we assumed
the graph structure in the benchmarking algorithm as an upper triangular adjacency
matrix, which restricts the graph to a simple graph with no antiparallel edges and
self-loops, with integer capacities ranging from one to ten. This also can influence
the performance of the benchmarking algorithm. Forth, we implemented the graph as
an adjacency matrix, to make the comparison between sparse and dense graphs more
reliable. This also influences both the BFS runtime and the QBFS iteration count.
Fifth, we made the assumption of a minimal iteration count of the algorithm and
ignored the gate count of the oracle. We for example assumed a success probability of
% for Grover’s algorithm and only took the amplitude amplification into consideration.
This gives us more realistic results than a worst-case analysis, but the threshold gate
times are higher than in realistic applications. Therefore, the benchmarking algorithm
produces better results for the quantum algorithm than in reality. Last, we assumed
FTQC without taking physical operations like error correction into account. This
would lead to a higher runtime of the quantum gates and therefore a lower threshold
gate time.

Despite the limitations, the thesis shows an optimistic analysis of the quantum
algorithm for solving the Max-Flow Min-Cut problem which is done under generous
assumptions. The quantum subroutine QBFS seems to be competitive with the
classical BFS under the conditions like the usage of a FTQC, using specific graphs
as described in section and the usage of a minimal iteration count. In the future,
this benchmarking should be extended to larger, more general, and realistic graphs
for a more realistic investigation of the algorithm. Also, the iteration count should be
extended to a higher success probability of Grover’s algorithm and to include the state
preparation and the measurement.

In this thesis, we learned how to apply the hybrid benchmarking technique. In the
open next step, we have to go even deeper and consider other limitations as hardware
complications. We then need to consider even larger instances and real data instead of
self-generated graphs for the benchmarking.
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Appendix A.

Example QBFS

To illustrate the QBFS, we consider the graph shown in fig. This graph is chosen
to have multiple neighbors of node e, which will be analyzed in the following.

The goal of the QBFS is to find and level neighbors of a given node which have not
been leveled.

Before the QBFS can be applied, the graph must be provided in a suitable represen-
tation. As described in section two common representations are relevant in this
thesis.

The first one is the adjacency list representation. In this representation, each
node is stored in a list containing the outgoing edges and their corresponding edge
weights. The lists are not required to be sorted and they may contain gaps as in
Ns = {(a,2);;(b,7);(c,5)}. The direction of the edges is encoded within the list
structure. Each edge only appears in the list of its source node. For the graph in

Figure A.1.: We will use this graph to describe the QBFS. We will analyze the not leveled neighbors
of the edge e. Because of this, we choose this node to have multiple edges leaving it. In our example
we will assume that the nodes s, a, b, ¢ and d were already visited during the leveling process and
they have an assigned level.
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fig. the adjacency lists are given by:

Ns = {(a,2);;(b,7); (¢, 5)}

No ={(d,9)}

Ny = {(d’ 5)5}

Ne={;(e,5)}

Na={(f,3)}

Ne ={(f,9): (a,5); (s5,4); (9,3); (b, 1);;(d,8)}
Ny ={(t,8)}

Ny ={(t,6)}

An alternative representation is the adjacency matrix. In this model, the graph is
represented by a matrix in which each row corresponds to one source node and each
column to a target node for an edge. The graph in fig. can be represented by the
following matrix:

SO O OO OO
OO O UTO OO OoONN
OO O, OO OO
O OO OO OO DU
O OO OO O Ut O
OO O OO UTto OO
DO DOV WD o oo
OO DO WO oo oo

=

OO 00 OO OO

The adjacency matrix is useful in the following example, since it makes it easier to
show the effect of the operations in Grover’s algorithm.

Assume that the QBFS is examining the source node e while levels have been
assigned yet to the nodes s, a, b, c and d. The task is to identify all neighbors of e with
a level of —1, which are the nodes f and g.

The first step of Grover’s algorithm is to initialize the quantum state |S). Since the
neighbors of e consist of six nodes, the initial state is an equal superposition of the six
basis states. Each basis state corresponds to one node of the neighbors.
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Classically, all possible nodes would be examined. In the quantum algorithm, this
search is performed by Grover’s algorithm |7} 40|.

An oracle U, is constructed which marks the states corresponding to the not leveled
neighbors of e. In this example, these are the nodes f and ¢g. The oracle flips the
phase of the quantum states associated with these two nodes while the other quantum
states remain unchanged.
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After applying the oracle U, the diffusion operator D is applied to the quantum
state. This operator amplifies the marked states and suppresses the amplitudes of the
unmarked ones. As a result, the probability of measuring f or g increases.
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This process in repeated multiple times. The number of repetitions is determined in
section Afterwards, a measurement is performed leading with increased probability
to one of the not leveled neighbors of e. Repetitions of the Grover algorithm allow to
identify all not leveled neighbors of e.

Once a neighbor has been identified, the corresponding edge weight has to be
determined. This can be done classically and visualized by a matrix multiplication.

The weight can be obtained by selecting the row corresponding to the current node
and the column corresponding to the measured neighbor. In the following example,
the current node is node e with the measured neighbor f. The matrix multiplication
leads to an edge weight of 9.

0 275000 0 0] [0]
000090000 [0
00005000 0| [0
00000500 0| [0
[000001000}-000000300 0:[9}
451060930 |0
00000O0GO0GO 0S8 |1
00000O0GO0O0 6| [0
0000000 O0O o

This example demonstrates how the QBFS replaces the classical neighbor search
in the BFS with a quantum search using Grover’s algorithm. The combination of a
classical algorithm with a quantum part leads to the quantum algorithm.



B. Derivation of ng(|X|, 1)

Appendix B.

Derivation of ng(|X]|,?)

We described the QSearch algorithm in section [4.5.1] The derivation can be also found
in the appendix C.3 of the paper “Realistic Runtime Analysis for Quantum Simplex
Computation” by Ammann et al. |12|. The algorithm is used to find one out of ¢
searched elements of a list of the size N = | X| with a probability of 1 — e. The search
space can be implemented using n = [logy (| X )] qubits.

Grover’s algorithm prepares the state |1)y) = \/% SN Fx) and then applies the
oracle U, and the diffusion operator D repetitively before measuring the state. We
introduced both operators in section [4.5.1] After one execution of the algorithm, the
states of the searched elements are

[Vs) = Z )

acET

and the states of the not searched elements are

V)
| t \/TJ;LT

where the set T" resembles the ¢ searched elements and B the b = | X| — ¢ not searched
elements.

By defining 0 as sin? 6 = B4l X‘ the ground state can be rewritten as

|1/J0> =sin6 ’¢t> + cos |wb> .

Applying the oracle and the diffusion transformation once, we get the state

|th1) = DU, [tho)
= DU, (sin @ |1y) + cos 8 |1p))
= D(—sin@ |¢;) + cos 0 |iy))
= (2v0) (Yol = 1)(=sinb[¢) + cos b [¢))

= sin(30) |¢) + cos(30) |iy)

XI



B. Derivation of ng(|X]|,t)

The j-th application of the oracle and the diffusion transformation operator gives the
following state |12]:

[¥5) = sin((2] + 1)0) [¢he) + cos((2 + 1)0) [¢s)

Proof. To prove the equation for |¢;), we are using induction. For the first step
7 = 0 we get the initial state

j=0: |1bo) = sin((2 -0+ 1)0) [t0;) + cos((2 - 0+ 1)) [4hp)
= sin(@) |¢y) + cos(d) |vp) .

For the induction step we get:

1) =sin((2- (j +1) + 1)0) |thr) + cos((2- (j + 1) +1)0) [¢)
= sin((2] 4 3)0) [vx) + cos((2) + 3)0) [¥s) -

V1) =DU, [¢5)

=DU, (sin[(2j + 1)0] [¢¢) + cos[(2] + 1)6] [¢))

=D(=sin[(2] + 1)6] |voe) + cos[(2] + 1)0] [¢))

=(2ltho) (o] = 1)(=sin[(2j + 1)0] [¢r) + cos[(2] + 1)] |¢hs))

=(2sin? 0 |0y) (W¢] + 2 cos? O 1) (1| + 28in 6 cos O [1y) {1y 4+ 2sin 0 cos O |1hy) (1] — 1)
(=sin[(2) + 1)0] |¢x) + cos[(2] + 1)0] [¢s))

= — 2sin? O sin[(25 + 1)0] 1) + 2 cos? O cos[(27 + 1)8] |1bs)
+ 2sin 6 cos 0 cos|(25 + 1)0] [1¢) — 2sin 0 cos O sin[(25 + 1)0] |1p)
+5in(2] + 1)6] ) — cos[(2] + 1)0] ¢a)

—sin((2] + 3)0) [ ) + cos((2] + 3)6) lia)

We see, that both equations give the same results for |¢;41). Therefore, we have
proven the equation for |¢;) using the representation with 6. O

The probability to find a searched element after j iterations of the amplitude
amplification is
p; = sin?[(2) +1)0].

We will now consider the average probabilities of finding a searched item for each
step of the iteration. For the k-th step, we determine m; = min(\*,,/|X|) and choose

j €10, |[mg]] at random. Therefore, we have my + 1 possibilities to choose j and the
average of the probabilities of each choice of j is equal to
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B. Derivation of ng(|X|, 1)

<ka Z Djy,

k j=0
! (21 + 1)0)

T + my jkzo sin® (2

— sin[4(my + 1)0] csc(20) + 2my, + 2

4(mk + 1)
1 sin[4(my +1)0]

2 4(my +1)sin(20)

This results are only valid for 2—7f ¢ Z. This is equal to § = arcsin (1 /&‘) ¢5-Z

which is already given by the definition of arcsin. This gives us the overall failing
probability of

kmam

(Praa) = T] (1 = (ps)).

k=1

To approximate the failing probability, we use an upper bound. This can be done by
finding a lower bound of <p]k> due to the product. In the next step we will show under
which conditions my +1 > ( ) applies. If thls is valid, then (p;,) < 1 is valid due to

— sin

sin[4(my + 1)0] <1 [12]|. To show my +1 > we will dlfferentlate two cases [12].

szn(29)

1. In the first case we assume 0 € {%, g} We will divide the interval into three
smaller intervals in the following.

T 57

l.a. For @ € [f —] the inequality mk—l—l > (29) is always valid, because my+1 > 2

67 12
is always fulfilled and in the interval < 2.

(29)

1.b. For 0 € }5—” E{ we follow the structure of |26] and have a look at the whole

120 2
term
sin[4(my + 1)0] g(0)

4(my, + 1)sin(20)  h(6)’

where we define g(0) = sin[4(my, + 1)6] and h(0) = 4(my + 1) sin(260). The largest
value of the term can be obtained when ¢(#) reaches its maximum and A(#) its minimum.
h(#) is a monotonically non-increasing function on the interval. Therefore, it has its
minimum at the end of the interval near § = 7. Because g(f) is an oscillating function,
we can look at its roots. These are 4(my + 1)0 = nm, where n is an integer. We

are only interested in positive results of g(6). The last positive part of g(f) in the
2(mg+1)—1
4(mk+1)

until n < 2(my + 1). We reach a minimum of h(¢) in this regime for § <7

interval lies before § = 7 , because ¢(f) is negative for n > 2(my + 1) — 1

2(mp+1)—1
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B. Derivation of ng(|X]|,t)

sin[4(my + 1)0]
4(my + 1) sin(20) — 4(my + 1) sin(26)

1
S 4(my, + 1) sin (2 47&:31 1)
1
B 4(my + 1) sin <7T mk+1 )
1
o 1) on () ()~ ()5 ()
1

Ay + 1) sin (55775)

sin( ) > %x is fulfilled for 0 < z < 7. Because my is a positive integer, 0 <

< Z holds and we can make the following estimate:

us
(m;ﬁ—l) 2

sin[4(my + 1)0)] !
4(my + 1) sin(26) — 4(my, + 1) sin (m)
1

<
= 4(my +1)25

(mk+1)

| =

l.c. For § = 7, we use the method of |26]. The numerator and denominator of
sin[4(my+1)0]

Tmp+1)sin(20) both reach the value zero. We can use the rule of L’Hopital:

- sin[d(mg +1)0] " 4(my + 1) cos[4(my, + 1)0]
6= 4(my, + 1)sin(20) 6>z 4(my + 1) - 2cos(26)
— lim cos[4(my + 1)6] _ 1 < 1
60— 2cos(20) 274

L’Hopital can be applied, because h'(0) with h(0) = 4(my + 1) sin(260) does not equal

to zero at 0 = g

Now we found an upper bound

sin[4(my + 1)0]
4(my, + 1) sin(260)

IN

1
1
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B. Derivation of ng(|X|, 1)

We showed this upper bound first for the case 6 € [%, %] We also showed it for

the case 0 € }51 ﬁ[ for § < w2ty the region of W%

127 2 A(mp+1)
% is negative and therefore also upper bounded by %. For 6 = 7, the upper

bound also applies. In total, this bound applies for 6 € {%, g} We can use it to find a
bound for the probability to find a searched item in the k-th step of the iteration

™

<0 <3,

1 sin[4(mg + 1)0]

(i) = 2 A(my + 1)sin(20) ~ 4

and for the overall failing probability of the algorithm

(Dfait) = kﬁz(l = (i) < (Z)km

k=1

2. In the second case 6 < g, which can be rewritten to |X| > 4t, we will use
sin(20) = 25sin(0) cos(6) [12].

1111
sin(260)  2sin(6) cos(6)

1 X 1
2Vt 1 L

X]
1 1 1
< SVIX] — | 1_L§\/§f0r]X|22
\/ | X1 \/ 1 X
1
§§\/|X|¢§

X

2

for t > 1, | X| > 2, |X]| > ¢,
t =1 gives an upper bound

This equation tells us, that m has an upper bound. Therefore, we can find a

critical k, which we will name k., that fulfills the condition m; + 1 > #(20). my 1S

defined as |min(A¥, /| X1)]. The second term, y/|X|, fulfills the condition, because we

found the upper bound of sin(%&)' The first term fulfills the condition, if \¥ +1 > Sm(lw .

This gives us the critical value for k, where k > k. has to be fulfilled for (p;,) < i.
The critical k is defined as

k. = [—log, sin(20)].
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B. Derivation of ng(|X]|,t)

The worst value for k. is for t = 1, and this is given as

ke < [—log, sin(20ﬂ
= ( log, (2sin(¢

) ( I rﬂ

After k* iterations of the search, we found a lower bound for the probability to find
one searched item in the k-th iteration as (p;,) > i and we can rewrite the overall
failing probability to

kmaw

(prait) = [T (1 = (pj)) < G)km_k* .

k=1

If we require the failing probability to be lower than %, we can use

3>k5maz_k5* 1
<
3

(Pfait) < (4

which apples for k.. = k* + 4. To reach a failing probability of € > 0, the algorithm
has to be repeated Spq, = logs(1) times.

Now we figured out k4., which gives us the number of iterations we repeat the
Grover search while increasing the interval from which the number of iterations
of the amplitude amplification j is chosen. In the next step we will calculate the
expected number of iterations of the amplitude amplification ). We use this number to
approximate the runtime of the quantum Dinic’s algorithm as described in section
We only consider the number of iterations ng of the main part of Grover’s algorithm.
This is the oracle application and the diffusion transformation which we combine as
the amplitude amplification. We will ignore the number of iterations n;., of the state
preparation and the measurement because ng is the dominant term |12].

With every iteration of Grover’s algorithm, k& gets raised by one and the interval
[0, mg], from which the number of Grover iterations j is chosen, gets raised by A = g

until the upper bound /| X| is reached. In each step we use my = |[min(\*, /| X])].

The choice of A = g minimizes the maximum number of iterations of Grover’s algorithm,
which is described in the paper |26] in appendix A.1.
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B. Derivation of ng(|X|, 1)

To calculate the average number of applications of (), we have to consider a random
draw of j in each iteration which denotes the number of applications of () in the k-th
iteration of the algorithm [12]. Let J = (j1,j2, " , jk,.az) be such a random draw of
j’s. Then the number of applications of @) is given by

(ng)s = g1+ (1 = pj, )(nQ) ngy 12

The number of iterations is given by the sum of the number of applications of @) in
the first iteration of the algorithm and the failing probability multiplied with the
applications of @ in the next steps. (ng)s ) is calculated the same way using jo
except of j1. This recursion gives us the overall average number of applications of )
with the string J of random drawn j’s as

kWLaz

(nQ)s= [Jk [T —p)

k=1

If we use the average choice of j’s, we get

1
myg + 1

(Jr) = Z Jk = %

Jk=0

If we insert the probabilities to find a good solution in the k-th iteration and the
average choice of j’s, we get the overall average number of applications of () given as
no(|X|,t) to find one searched item out of ¢ in the search space of the size | X]| as:

k

2 My sin(4(my +1)6)
X -
na(lXlt) = 2. = H 2(my + 1) sin(26)

This is the number of iterations we use in the hybrid benchmarking algorithm to
find the minimal number of iterations the QBFS takes.
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C. Results of the Hybrid Benchmarking Algorithm

Appendix C.

Results of the Hybrid

Benchmarking Algorithm

C.1. Sparse Graphs

The following tables show the output of the hybrid benchmarking algorithm for sparse
graphs. The algorithm was run using a graph size ranging from 100 to 1600 nodes
in steps of 100 nodes and edge probabilities of 1% to 10% in steps of 1%. Each
measurement was repeated five times.

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,01 1,567E-05 12 4,51E-08
200 0,01 5,10E-05 40 3,86E-08
300 0,01 6,08E-05 38 4,32E-08
400 0,01 2,00E-05 1 5,41E-07
500 0,01 0,001242876 | 427 7,87E-08
600 0,01 0,000174046 | 60 7,08E-08
700 0,01 0,000360012 | 104 8,44E-08
800 0,01 0,026974678 | 3158 2,08E-07
900 0,01 0,04044795 4134 2,39E-07
1000 0,01 0,027356386 | 3624 1,84E-07
1100 0,01 0,079729557 | 10033 1,77E-07
1200 0,01 0,097618341 | 10516 2,06E-07
1300 0,01 0,12604928 11027 2,54E-07
1400 0,01 0,062510014 | 5824 2,39E-07
1500 0,01 0,451539278 | 39641 2,53E-07
1600 0,01 0,236394167 | 14773 3,56E-07
100 0,01 1,79E-05 3 2,06E-07
200 0,01 6,79E-05 28 7,35E-08
300 0,01 7,30E-05 15 1,32E-07
400 0,01 2,69E-05 1 7,27E-07
500 0,01 0,000717163 | 206 9,41E-08
600 0,01 0,01339817 2339 1,40E-07
700 0,01 0,004332066 | 730 1,45E-07
800 0,01 0,027472258 | 3286 2,04E-07
900 0,01 0,062069178 | 6218 2,43E-07
1000 0,01 0,054364204 | 5491 2,41E-07
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C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
1100 0,01 0,163101196 | 13221 2,74E-07
1200 0,01 0,290007591 | 23763 2,71E-07
1300 0,01 0,109224081 | 7309 3,32E-07
1400 0,01 0,296657801 | 17336 3,80E-07
1500 0,01 0,415473938 | 23778 3,88E-07
1600 0,01 0,481719255 | 22525 4,75E-07
100 0,01 7,87E-06 1 2,71E-07
200 0,01 5,39E-05 22 7.42E-08
300 0,01 0,000211954 | 102 5,62E-08
400 0,01 0,000906944 | 276 8,88E-08
500 0,01 3 60E-05 1 9,73E-07
600 0,01 0,016448021 | 3029 1,32E-07
700 0,01 0,042934179 | 6473 1,62E-07
800 0,01 0,013494253 | 1706 1,93E-07
900 0,01 0,076588154 | 7101 2,63E-07
1000 0,01 0,078896046 | 8798 2,19E-07
1100 0,01 0,062644005 | 5799 2,40E-07
1200 0,01 0,226926088 | 13743 3,67E-07
1300 0,01 0,322458267 | 21537 3,33E-07
1400 0,01 0,134468794 | 7177 4,16E-07
1500 0,01 0,246376991 | 13767 3,98E-07
1600 0,01 0,210680962 | 9143 2,12E-07
100 0,01 1,10E-05 2 1,90E-07
200 0,01 1,41E-05 1 4.27E-07
300 0,01 0,000349283 | 171 5,52E-08
400 0,01 0,000387192 | 126 8,31E-08
500 0,01 0,000886679 | 260 9,22E-08
600 0,01 0,008799076 | 1774 1,21E-07
700 0,01 0,032056808 | 3942 1,98E-07
800 0,01 0,063808918 | 8416 1,85E-07
900 0,01 0,045688391 | 4818 2,31E-07
1000 0,01 0,089049101 | 7729 2,81E-07
1100 0,01 0,163611174 | 13895 2,62E-07
1200 0,01 0,121253967 | 7977 3,38E-07
1300 0,01 0,143188 9897 3,22E-07
1400 0,01 0,204332352 | 11523 3,94E-07
1500 0,01 0,51996541 30336 3,81E-07
1600 0,01 0,391685724 | 22217 3,92E-07
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C.1. Sparse Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,01 9,06E-06 1 3,12E-07
200 0,01 3,81E-05 19 6,08E-08
300 0,01 9,39E-05 42 6,04E-08
400 0,01 0,000605822 | 214 7,65E-08
500 0,01 0,007834196 | 1622 1,31E-07
600 0,01 0,008481026 | 1394 1,48E-07
700 0,01 0,02051568 2709 1,85E-07
800 0,01 0,024708033 | 2974 2,03E-07
900 0,01 0,066040993 | 7087 2,27E-07
1000 0,01 0,075090885 | 7399 2,48E-07
1100 0,01 0,131548405 | 8584 3,41E-07
1200 0,01 0,171299458 | 9050 4,21E-07
1300 0,01 0,206040382 | 17534 2,61E-07
1400 0,01 0,415141582 | 22981 4,01E-07
1500 0,01 0,402750015 | 19996 4,48E-07
1600 0,01 0,494801044 | 24031 4,58E-07
100 0,02 1,12E-05 9 4,29E-08
200 0,02 0,001046419 | 635 4,99E-08
300 0,02 0,001532555 | 723 5,73E-08
400 0,02 0,00848937 2292 1,00E-07
500 0,02 0,017062664 | 4282 1,08E-07
600 0,02 0,045840979 | 9862 1,13E-07
700 0,02 0,068961382 | 10983 1,563E-07
800 0,02 0,124691725 | 14979 2,03E-07
900 0,02 0,074191093 | 8219 2,20E-07
1000 0,02 0,117187977 | 8915 3,21E-07
1100 0,02 0,237308502 | 24145 2,18E-07
1200 0,02 0,303251743 | 28512 2,36E-07
1300 0,02 0,453383923 | 36636 2,75E-07
1400 0,02 0,578416586 | 40255 3,19E-07
1500 0,02 0,400807858 | 20114 4,43E-07
1600 0,02 0,878932714 | 67316 2,90E-07
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C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,02 3.81E-00 0 -

200 0,02 0,000163078 | 83 5,95E-08
300 0,02 0,003474236 | 1230 7,63E-08
400 0,02 0,00844717 1887 1,21E-07
500 0,02 0,013917923 | 2404 1,56E-07
600 0,02 0,030451059 | 3710 2,00E-07
700 0,02 0,072579384 | 8352 2,12E-07
800 0,02 0,173619509 | 15119 2,80E-07
900 0,02 0,247650385 | 19223 3,14E-07
1000 0,02 0,323297977 | 25054 3,15E-07
1100 0,02 0,345219851 | 22224 3,45E-07
1200 0,02 0,590608835 | 32817 4,00E-07
1300 0,02 0,431157827 | 25012 3,83E-07
1400 0,02 0,373215914 | 18942 4,38E-07
1500 0,02 0,840400696 | 35813 5,21E-07
1600 0,02 0,746124744 | 18439 8,99E-07
100 0,02 3,19E-05 31 3,55E-08
200 0,02 0,00070715 360 2,95E-08
300 0,02 0,011348248 | 3440 8,92E-08
400 0,02 0,007989645 | 2096 1,03E-07
500 0,02 0,035603285 | 5981 1,61E-07
600 0,02 0,025696754 | 4555 1,38E-07
700 0,02 0,107293129 | 11177 2,34E-07
800 0,02 0,242988586 | 25117 2,36E-07
900 0,02 0,177286386 | 12262 3,53E-07
1000 0,02 0,299396753 | 20852 3,50E-07
1100 0,02 0,385261297 | 27760 3,08E-07
1200 0,02 0,56478548 31248 4,02E-07
1300 0,02 0,510110855 | 27855 4,07E-07
1400 0,02 0,917098522 | 50127 4,07E-07
1500 0,02 1,070284605 | 56018 4,25E-07
1600 0,02 1,117218733 | 52121 4, 76E-07

XXII




C.1. Sparse Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,02 5,79E-05 51 3,91E-08
200 0,02 0,001281977 | 580 6,70E-08
300 0,02 0,002286911 | 825 7,49E-08
400 0,02 0,008396864 | 2186 1,04E-07
500 0,02 0,022948265 | 4692 1,32E-07
600 0,02 0,078850508 | 10655 1,80E-07
700 0,02 0,09137392 9543 2,34E-07
800 0,02 0,072808027 | 5377 3,30E-07
900 0,02 0,210587502 | 19852 2,59E-07
1000 0,02 0,145484209 | 12010 2,95E-07
1100 0,02 0,245710135 | 16460 3,32E-07
1200 0,02 0,376172543 | 22553 3,71E-07
1300 0,02 0,496726274 | 24066 4,59E-07
1400 0,02 0,810663462 | 40797 4,42E-07
1500 0,02 0,883154392 | 44760 4,38E-07
1600 0,02 1,04534483 49170 4,72E-07
100 0,02 1,00E-05 8 4,31E-08
200 0,02 0,000385761 | 217 9,39E-08
300 0,02 0,000602007 | 236 6,89E-08
400 0,02 0,02127409 4575 1,26E-07
500 0,02 0,026081085 | 4214 1,67E-07
600 0,02 0,063988447 | 8679 1,80E-07
700 0,02 0,060418367 | 7313 2,02E-07
800 0,02 0,167811871 | 15972 2,56E-07
900 0,02 0,13893342 10501 3,23E-07
1000 0,02 0,384161711 | 26329 3,56E-07
1100 0,02 0,263327599 | 19246 3,04E-07
1200 0,02 0,451003313 | 30750 3,26E-07
1300 0,02 0,718608856 | 42278 3,78E-07
1400 0,02 0,522017479 | 25442 4,56E-07
1500 0,02 1,179111004 | 62906 4,17E-07
1600 0,02 0,845050097 | 33824 5,50E-07
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C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,03 4,82E-05 ol 3,26E-08
200 0,03 9,49E-05 73 3,94E-08
300 0,03 0,002841949 | 1059 7,25E-08
400 0,03 0,010196447 | 2478 1,11E-07
500 0,03 0,038519621 | 7830 1,33E-07
600 0,03 0,085715532 | 14502 1 44E-07
700 0,03 0,096194983 | 14788 1,59E-07
800 0,03 0,02680707 2859 2,29E-07
900 0,03 0,16290307 20299 1,96E-07
1000 0,03 0,13434124 10957 2,99E-07
1100 0,03 0,273719788 | 27413 2,22E-07
1200 0,03 0,397921085 | 28156 3,14E-07
1300 0,03 0,442746878 | 33690 2,92E-07
1400 0,03 0,431390762 | 30332 3,16E-07
1500 0,03 0,86801219 61490 3,14E-07
1600 0,03 0,806166649 | 43725 4,10E-07
100 0,03 0,000119686 | 112 3,68E-08
200 0,03 0,001515865 | 650 7,07E-08
300 0,03 0,004409552 | 1234 9,66E-08
400 0,03 0,020163774 | 3086 1,77E-07
500 0,03 0,031507015 | 4371 1,95E-07
600 0,03 0,087653875 | 10841 1,97E-07
700 0,03 0,110986233 | 10122 2,67E-07
800 0,03 0,153310299 | 11557 3,24E-07
900 0,03 0,453442335 | 42979 2,57TE-07
1000 0,03 0,273182154 | 18208 3,66E-07
1100 0,03 0,376891851 | 28205 2,97E-07
1200 0,03 0,646633625 | 35086 4,10E-07
1300 0,03 0,909895897 | 51488 3,93E-07
1400 0,03 0,845999956 | 38305 4,91E-07
1500 0,03 0,715009928 | 32780 4,85E-07
1600 0,03 1,072943211 | 44281 2,38E-07
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C.1. Sparse Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,03 5,32E-05 49 3,74E-08
200 0,03 0,003587961 | 1011 1,08E-07
300 0,03 0,005797386 | 1572 9,97E-08
400 0,03 0,009363174 | 1944 1,30E-07
500 0,03 0,035564661 | 4890 1,97E-07
600 0,03 0,077632904 | 10504 1,80E-07
700 0,03 0,069457293 | 6777 2,50E-07
800 0,03 0,226766825 | 19160 2,89E-07
900 0,03 0,323455811 | 30595 2,58E-07
1000 0,03 0,322783232 | 23938 3,29E-07
1100 0,03 0,441709042 | 31626 3,10E-07
1200 0,03 0,660508633 | 38920 3,77TE-07
1300 0,03 0,511650801 | 25281 4,50E-07
1400 0,03 0,785552025 | 36529 4,78E-07
1500 0,03 1,083007097 | 45426 5,30E-07
1600 0,03 1,281659603 | 58803 4,84E-07
100 0,03 7,15E-06 1 247E-07
200 0,03 0,001037359 | 494 6,36E-08
300 0,03 0,003153801 | 1074 7,94E-08
400 0,03 0,032056093 | 6659 1,30E-07
500 0,03 0,025820494 | 3597 1,94E-07
600 0,03 0,051305532 | 7559 1,66E-07
700 0,03 0,128057241 | 12679 2,46E-07
800 0,03 0,338216305 | 32567 2,53E-07
900 0,03 0,086531639 | 6255 3,37E-07
1000 0,03 0,443027735 | 30795 3,51E-07
1100 0,03 0,561695814 | 39412 3,17E-07
1200 0,03 0,660886049 | 46995 3,13E-07
1300 0,03 0,570994616 | 25638 4,95E-07
1400 0,03 1,124643326 | 62940 3,97E-07
1500 0,03 0,7458992 31619 5,24E-07
1600 0,03 1,058769941 | 50126 4,69E-07

XXV



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,03 7,15E-06 1 2,47E-07
200 0,03 0,00114584 045 6,37E-08
300 0,03 0,006292105 | 1598 1,06E-07
400 0,03 0,011209011 | 2310 1,31E-07
500 0,03 0,081934452 | 12854 1,72E-07
600 0,03 0,107776403 | 12005 2,19E-07
700 0,03 0,124610662 | 12950 2,35E-07
800 0,03 0,174601316 | 15478 2,75E-07
900 0,03 0,270748138 | 19879 3,32E-07
1000 0,03 0,25082612 14867 4,11E-07
1100 0,03 0,735866785 | 49331 3,31E-07
1200 0,03 0,667468071 | 39155 3,79E-07
1300 0,03 0,936017752 | 55631 3,74E-07
1400 0,03 0,886193752 | 45378 4,34E-07
1500 0,03 1,101642609 | 46565 5,26E-07
1600 0,03 1,113915205 | 50152 4,94E-07
100 0,04 0,000132084 | 162 2,81E-08
200 0,04 0,000972033 | 555 2,31E-08
300 0,04 0,009329081 | 2919 8,64E-08
400 0,04 0,018802881 | 3743 1,36E-07
500 0,04 0,05590415 10337 1,46E-07
600 0,04 0,113027096 | 19692 1,40E-07
700 0,04 0,13977623 21338 1,60E-07
800 0,04 0,177135468 | 17491 2,47E-07
900 0,04 0,249678373 | 23180 2,63E-07
1000 0,04 0,159655094 | 13440 2,90E-07
1100 0,04 0,438181639 | 37946 2,57TE-07
1200 0,04 0,266611576 | 19336 3,06E-07
1300 0,04 0,584249258 | 40255 3,23E-07
1400 0,04 0,798412561 | 54805 3,24E-07
1500 0,04 1,097412825 | 73411 3,32E-07
1600 0,04 1,074726343 | 65390 3,66E-07

XXVI




C.1. Sparse Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,04 7,89E-05 68 4,00E-08
200 0,04 0,001647949 | 672 7,43E-08
300 0,04 0,012166262 | 2682 1,23E-07
400 0,04 0,034898996 | 6928 1,36E-07
500 0,04 0,066543341 | 9215 1,95E-07
600 0,04 0,057938099 | 6999 2,02E-07
700 0,04 0,139531374 | 13504 2,52E-07
800 0,04 0,218557119 | 19322 2,76E-07
900 0,04 0,246309757 | 15287 3,93E-07
1000 0,04 0,543226719 | 38248 3,46E-07
1100 0,04 0,610430717 | 36697 3,70E-07
1200 0,04 0,355542421 | 18600 4,25E-07
1300 0,04 0,89201498 50061 3,96E-07
1400 0,04 0,959064007 | 42614 5,00E-07
1500 0,04 1,411567926 | 70171 4,47E-07
1600 0,04 1,498871803 | 65332 5,10E-07
100 0,04 8,82E-06 8 3,80E-08
200 0,04 0,001651049 | 790 6,33E-08
300 0,04 0,012027979 | 3200 1,02E-07
400 0,04 0,010589361 | 2656 1,08E-07
500 0,04 0,044113874 | 5533 2,15E-07
600 0,04 0,106303215 | 12790 2,03E-07
700 0,04 0,105082035 | 8330 3,08E-07
800 0,04 0,181051016 | 13359 3,31E-07
900 0,04 0,216976166 | 16233 3,26E-07
1000 0,04 0,597995996 | 47957 3,04E-07
1100 0,04 0,341786146 | 17387 4,37E-07
1200 0,04 0,710940599 | 40579 3,89E-07
1300 0,04 0,966607332 | 52985 4,05E-07
1400 0,04 1217448711 | 62103 4,36E-07
1500 0,04 1,315239191 | 66205 4,41E-07
1600 0,04 0,941941023 | 38405 5,45E-07

XXVII



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,04 3.10E-00 0 -

200 0,04 0,002220631 | 778 8,65E-08
300 0,04 0,019194126 | 5127 1,01E-07
400 0,04 0,039146185 | 6991 1,51E-07
500 0,04 0,031852722 | 4418 1,95E-07
600 0,04 0,112943649 | 13393 2,06E-07
700 0,04 0,205483913 | 22262 2,25E-07
800 0,04 0,191541195 | 13619 3,43E-07
900 0,04 0,352229834 | 26560 3,23E-07
1000 0,04 0,345020771 | 23397 3,60E-07
1100 0,04 0,573811293 | 35492 3,59E-07
1200 0,04 0,538899422 | 27165 4,41E-07
1300 0,04 0,765519857 | 40749 4,17E-07
1400 0,04 1,400075436 | 73545 4,23E-07
1500 0,04 1,243735313 | 59217 4,67E-07
1600 0,04 1,648236513 | 76995 4,76E-07
100 0,04 0,000141144 | 136 3,58E-08
200 0,04 0,002028942 | 688 8,94E-08
300 0,04 0,008005381 | 2374 9,11E-08
400 0,04 0,022519588 | 3561 1,71E-07
500 0,04 0,079929352 | 12653 1,71E-07
600 0,04 0,116935968 | 13608 2,10E-07
700 0,04 0,199148655 | 21435 2,27TE-07
800 0,04 0,092052698 | 6959 3,23E-07
900 0,04 0,232411146 | 16612 3,41E-07
1000 0,04 0,33956933 21144 3,92E-07
1100 0,04 0,491589785 | 30762 3,55E-07
1200 0,04 0,726799011 | 39675 4,07E-07
1300 0,04 0,825095177 | 43917 4,18E-07
1400 0,04 0,775927544 | 34740 4,96E-07
1500 0,04 1,034761429 | 48161 4,77TE-07
1600 0,04 1,22125721 04337 4,99E-07

XXVIII




C.1. Sparse Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,05 0,000446796 | 463 3,33E-08
200 0,05 0,001440048 | 787 5,54E-08
300 0,05 0,005704165 | 1921 8,03E-08
400 0,05 0,022691011 | 6817 9,00E-08
500 0,05 0,051471233 | 8761 1,59E-07
600 0,05 0,095299482 | 12896 1,80E-07
700 0,05 0,103437424 | 13084 1,93E-07
800 0,05 0,115893364 | 11898 2,38E-07
900 0,05 0,262813568 | 26023 2,46E-07
1000 0,05 0,192435026 | 13953 3,36E-07
1100 0,05 0,389065742 | 29147 2,97E-07
1200 0,05 0,546885967 | 42409 2,87TE-07
1300 0,05 0,816735268 | 58801 3,09E-07
1400 0,05 0,983009815 | 69730 3,13E-07
1500 0,05 0,635890484 | 34546 4,09E-07
1600 0,05 1,686017513 | 108431 3,46E-07
100 0,05 0,000210047 | 172 4,21E-08
200 0,05 0,002783775 | 814 1,04E-07
300 0,05 0,021794081 | 5940 9,92E-08
400 0,05 0,046909809 | 9708 1,31E-07
500 0,05 0,084248304 | 10276 2,22E-07
600 0,05 0,176485062 | 21001 2,05E-07
700 0,05 0,111127615 | 10063 2,69E-07
800 0,05 0,120056629 | 7917 3,70E-07
900 0,05 0,324136496 | 23390 3,38E-07
1000 0,05 0,442353725 | 27905 3,87TE-07
1100 0,05 0,775739193 | 52336 3,29E-07
1200 0,05 0,862623215 | 50296 3,81E-07
1300 0,05 0,613082647 | 31443 4,33E-07
1400 0,05 1,425598383 | 76823 4,12E-07
1500 0,05 1,293337107 | 52849 5,44E-07
1600 0,05 1,712753296 | 79773 4, 7T71E-07

XXIX



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,05 0,000558615 | 452 4,26E-08
200 0,05 0,001157761 | 471 7,45E-08
300 0,05 0,014690399 | 3389 1,17E-07
400 0,05 0,039631605 | 7131 1,50E-07
500 0,05 0,030476093 | 3248 2,54E-07
600 0,05 0,167029142 | 17856 2,28E-07
700 0,05 0,144570351 | 11510 3,06E-07
800 0,05 0,202617645 | 16681 2,96E-07
900 0,05 0,487787962 | 39822 2,99E-07
1000 0,05 0,230912924 | 13957 4,04E-07
1100 0,05 0,775107145 | 53248 3,23E-07
1200 0,05 0,841879368 | 49594 3,77E-07
1300 0,05 0,551065445 | 25363 4,83E-07
1400 0,05 0,862694025 | 38674 4,96E-07
1500 0,05 0,572410107 | 20221 6,29E-07
1600 0,05 1,234478235 | 53178 2,16E-07
100 0,05 0,000801086 | 483 5,72E-08
200 0,05 0,009472132 | 2972 9,66E-08
300 0,05 0,008607388 | 1877 1,24E-07
400 0,05 0,03697443 6412 1,56E-07
500 0,05 0,054961205 | 7640 1,94E-07
600 0,05 0,097313881 | 10576 2,24E-07
700 0,05 0,190670967 | 17593 2,64E-07
800 0,05 0,174522161 | 12288 3,46E-07
900 0,05 0,414684534 | 34572 2,93E-07
1000 0,05 0,33435154 21763 3,75E-07
1100 0,05 0,596454144 | 37377 3,55E-07
1200 0,05 0,561299562 | 30148 4,14E-07
1300 0,05 0,812975883 | 42397 4,26E-07
1400 0,05 0,862481117 | 40605 4,72E-07
1500 0,05 0,91485858 38805 5,24E-07
1600 0,05 0,930204868 | 35874 2,76E-07

XXX




C.1. Sparse Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,05 5,70E-05 50 3,93E-08
200 0,05 0,001926899 | 787 7,42E-08
300 0,05 0,022881746 | 5217 1,19E-07
400 0,05 0,026611805 | 4929 1,46E-07
500 0,05 0,074138165 | 10556 1,90E-07
600 0,05 0,104101181 | 11418 2.99F-07
700 0,05 0,178211927 | 16397 2,65E-07
800 0,05 0,302205086 | 26890 2,74E-07
900 0,05 0,440300941 | 37441 2,87E-07
1000 0,05 0,285852432 | 17256 4,04E-07
1100 0,05 0,801311016 | 52826 3,37E-07
1200 0,05 0,471771955 | 22489 4,66E-07
1300 0,05 1,126435757 | 60322 4,15E-07
1400 0,05 1,136305332 | 63602 3,97E-07
1500 0,05 0,971630573 | 42676 5,06E-07
1600 0,05 1,840036392 | 94205 4,34E-07
100 0,06 0,000771761 | 681 3,91E-08
200 0,06 0,004611015 | 2009 6,96 E-08
300 0,06 0,009795904 | 2766 9,57E-08
400 0,06 0,022436142 | 5713 1,06E-07
500 0,06 0,038833857 | 5969 1,76E-07
600 0,06 0,051390171 | 6750 1,86E-07
700 0,06 0,128828526 | 18029 1,74E-07
800 0,06 0,25799346 30808 2,04E-07
900 0,06 0,314942598 | 33346 2,30E-07
1000 0,06 0,261503696 | 23191 2,75E-07
1100 0,06 0,4451406 31924 3,10E-07
1200 0,06 0,646290302 | 47028 3,050E-07
1300 0,06 0,558060408 | 37715 3,29E-07
1400 0,06 0,785776854 | 48778 3,58 E-07
1500 0,06 1,317622185 | 85385 3,43E-07
1600 0,06 0,940931082 | 51884 4,03E-07

XXXI



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,06 0,000651836 | 416 5,40E-08
200 0,06 0,005400181 | 2081 7,86E-08
300 0,06 0,007839441 | 1435 1,48E-07
400 0,06 0,047988892 | 7851 1,65E-07
500 0,06 0,056451559 | 8393 1,82E-07
600 0,06 0,156691074 | 17752 2,15E-07
700 0,06 0,223804235 | 21571 2,53E-07
800 0,06 0,19303894 13282 3,54E-07
900 0,06 0,287268877 | 17492 4,01E-07
1000 0,06 0,627958536 | 46977 3,26E-07
1100 0,06 0,5405128 33260 3,61E-07
1200 0,06 0,815365314 | 50418 3,59E-07
1300 0,06 1,015117645 | 49281 4,58 E-07
1400 0,06 1,069696903 | 52049 4,57TE-07
1500 0,06 1,599676847 | 74650 4,76E-07
1600 0,06 1,378587246 | 54252 2,65E-07
100 0,06 0,000195742 | 155 4,35E-08
200 0,06 0,004000187 | 1544 7,85E-08
300 0,06 0,017859221 | 3626 1,33E-07
400 0,06 0,064310312 | 11392 1,53E-07
500 0,06 0,077896595 | 10956 1,92E-07
600 0,06 0,138048172 | 15605 2,16E-07
700 0,06 0,15541625 14372 2,64E-07
800 0,06 0,198230267 | 15302 3,16E-07
900 0,06 0,449683666 | 36394 3,01E-07
1000 0,06 0,256580591 | 15350 4,08E-07
1100 0,06 0,600906134 | 32822 4,07E-07
1200 0,06 0,741805315 | 31894 2,17TE-07
1300 0,06 1,070468903 | 60834 3,91E-07
1400 0,06 1,4188025 65274 4,83E-07
1500 0,06 1,476709843 | 72624 4,52E-07
1600 0,06 1,623872042 | 72144 2,00E-07

XXXII




C.1. Sparse Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,06 0,000890493 | 590 5,20E-08
200 0,06 0,008593321 | 2799 9,30E-08
300 0,06 0,022637129 | 5872 1,04E-07
400 0,06 0,036922932 | 6904 1,45E-07
500 0,06 0,063907385 | 8182 2,11E-07
600 0,06 0,101666212 | 10245 2,42E-07
700 0,06 0,146505117 | 14231 2,51E-07
800 0,06 0,292150021 | 25581 2,79E-07
900 0,06 0,32757616 25228 3,17E-07
1000 0,06 0,560945511 | 39889 3,43E-07
1100 0,06 0,474156857 | 27143 3,88E-07
1200 0,06 0,886351347 | 55364 3,56E-07
1300 0,06 0,7703619 41422 4,13E-07
1400 0,06 1,393428802 | 73124 4,23E-07
1500 0,06 1,399166107 | 64460 4,82E-07
1600 0,06 1,541940928 | 68910 4,97E-07
100 0,06 0,001380682 | 972 4,90E-08
200 0,06 0,007712603 | 2638 8,86E-08
300 0,06 0,022512436 | 4838 1,26E-07
400 0,06 0,027570724 | 4766 1,56E-07
500 0,06 0,065777779 | 8382 2,12E-07
600 0,06 0,128247261 | 13270 2,36E-07
700 0,06 0,100250244 | 8638 2,83E-07
800 0,06 0,255467415 | 20476 3,04E-07
900 0,06 0,41136694 31891 3,15E-07
1000 0,06 0,51559639 32656 3,85E-07
1100 0,06 0,622586012 | 38202 3,62E-07
1200 0,06 0,62733531 32523 4,29E-07
1300 0,06 1,11561203 60276 4,11E-07
1400 0,06 1,042043686 | 45072 5,14E-07
1500 0,06 1,355191946 | 60579 4,97E-07
1600 0,06 2,000560284 | 93032 4,78E-07

XXXIII



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,07 0,000414371 | 345 4,14E-08
200 0,07 0,005696058 | 2617 6,60E-08
300 0,07 0,017673969 | 5491 8,70E-08
400 0,07 0,031281471 | 6679 1,27E-07
500 0,07 0,024674892 | 4420 1,51E-07
600 0,07 0,090749979 | 13297 1,66E-07
700 0,07 0,11079812 13275 2,04E-07
800 0,07 0,130728006 | 13325 2,39E-07
900 0,07 0,382836103 | 41404 2,26E-07
1000 0,07 0,41321373 36954 2,73E-07
1100 0,07 0,376764774 | 30431 2,75E-07
1200 0,07 0,708762884 | 55339 2,85E-07
1300 0,07 0,554364443 | 34702 3,55E-07
1400 0,07 1,10209012 81301 3,01E-07
1500 0,07 1,02092123 52650 4,31E-07
1600 0,07 1,082470179 | 58977 4,08E-07
100 0,07 0,000541687 | 331 5,64E-08
200 0,07 0,006098509 | 2168 8,52E-08
300 0,07 0,020661354 | 4407 1,27E-07
400 0,07 0,040779591 | 6107 1,80E-07
500 0,07 0,09231019 10469 2,38E-07
600 0,07 0,10231185 10743 2,32E-07
700 0,07 0,228082657 | 21379 2,60E-07
800 0,07 0,406744003 | 36693 2,70E-07
900 0,07 0,395813465 | 27867 3,46E-07
1000 0,07 0,362512112 | 23866 3,70E-07
1100 0,07 0,830322504 | 54372 3,39E-07
1200 0,07 0,845340252 | 49839 3,7TE-07
1300 0,07 1,25664258 72017 3,88E-07
1400 0,07 1,229545832 | 59148 4,62E-07
1500 0,07 1,5091186523 | 78375 4,51E-07
1600 0,07 2,098728418 | 93461 4,99E-07

XXXIV




C.1. Sparse Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,07 0,000152349 | 119 4,41E-08
200 0,07 0,00845933 2712 9,45E-08
300 0,07 0,018779755 | 4126 1,23E-07
400 0,07 0,056640625 | 9836 1,56E-07
500 0,07 0,085921526 | 11509 2,02E-07
600 0,07 0,175398827 | 20515 2,09E-07
700 0,07 0,191907883 | 17405 2,69E-07
800 0,07 0,252472162 | 21100 2,92E-07
900 0,07 0,379279375 | 30370 3,05E-07
1000 0,07 0,364093065 | 24938 3,56E-07
1100 0,07 0,710358381 | 43646 3,62E-07
1200 0,07 0,635332823 | 35971 3,92E-07
1300 0,07 0,998509645 | 54298 4,09E-07
1400 0,07 0,890525103 | 41698 4,75E-07
1500 0,07 1,740211964 | 81427 4,75E-07
1600 0,07 1,397747278 | 56958 5,45E-07
100 0,07 0,000719786 | 580 4,28E-08
200 0,07 0,003275871 | 1168 8,50E-08
300 0,07 0,010690212 | 2037 1,42E-07
400 0,07 0,038610458 | 6253 1,67E-07
500 0,07 0,086387396 | 10608 2,20E-07
600 0,07 0,204473734 | 25604 1,95E-07
700 0,07 0,171605587 | 14551 2,88E-07
800 0,07 0,199130058 | 14608 3,32E-07
900 0,07 0,495476484 | 34522 3,50E-07
1000 0,07 0,619385481 | 42011 3,60E-07
1100 0,07 0,558286667 | 33711 3,68E-07
1200 0,07 0,964049339 | 60370 3,55E-07
1300 0,07 1,05218482 55481 4,21E-07
1400 0,07 1,000930548 | 49732 4,47E-07
1500 0,07 1,345842361 | 62580 4,78E-07
1600 0,07 1,721901894 | 71351 5,36 E-07

XXXV



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,07 0,000705957 | 539 4,52E-08
200 0,07 0,006089449 | 1772 1,04E-07
300 0,07 0,022598028 | 4594 1,33E-07
400 0,07 0,060319424 | 10291 1,58E-07
500 0,07 0,074168205 | 9475 2,12E-07
600 0,07 0,091417789 | 10173 2,19E-07
700 0,07 0,224803686 | 23807 2,30E-07
800 0,07 0,18500495 13221 3,41E-07
900 0,07 0,326611996 | 23100 3,45E-07
1000 0,07 0,371354103 | 23129 3,92E-07
1100 0,07 0,476688623 | 26422 4,01E-07
1200 0,07 0,608243465 | 31100 4,35E-07
1300 0,07 0,750997782 | 39021 4,28E-07
1400 0,07 0,849232197 | 35866 5,26E-07
1500 0,07 1,019226074 | 44660 5,07E-07
1600 0,07 2,160463572 | 96877 4,96E-07
100 0,08 0,000735998 | 518 4,90E-08
200 0,08 0,005753279 | 2111 8,26E-08
300 0,08 0,012152195 | 3885 8,45E-08
400 0,08 0,037354708 | 8834 1,14E-07
500 0,08 0,047812462 | 7419 1,74E-07
600 0,08 0,167893648 | 26041 1,57E-07
700 0,08 0,138715744 | 14304 2,37TE-07
800 0,08 0,247473717 | 28421 2,12E-07
900 0,08 0,251013756 | 23127 2,65E-07
1000 0,08 0,279292822 | 24786 2,75E-07
1100 0,08 0,308936834 | 24291 2,83E-07
1200 0,08 0,768442154 | 59526 2,8TE-07
1300 0,08 0,798083544 | 59065 3,00E-07
1400 0,08 0,933048248 | 62948 3,29E-07
1500 0,08 1,014674425 | 64716 3,48E-07
1600 0,08 1,160981894 | 59954 4,30E-07
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C.1. Sparse Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,08 0,001383543 | 892 5,35E-08
200 0,08 0,007999659 | 2392 1,01E-07
300 0,08 0,014064312 | 3027 1,26E-07
400 0,08 0,065408468 | 11935 1,48E-07
500 0,08 0,079922438 | 10095 2,14E-07
600 0,08 0,159771204 | 15980 2,44E-07
700 0,08 0,200523138 | 18370 2,66E-07
800 0,08 0,314953089 | 25938 2,96E-07
900 0,08 0,34697938 24639 3,43E-07
1000 0,08 0,553424597 | 40614 3,32E-07
1100 0,08 0,678906679 | 42095 3,58 E-07
1200 0,08 0,827717543 | 44205 4,16E-07
1300 0,08 0,930812597 | 46730 4,43E-07
1400 0,08 1,688037395 | 89410 4,20E-07
1500 0,08 0,971461535 | 41550 5,20E-07
1600 0,08 2,182718039 | 98244 4,94E-07
100 0,08 0,000990868 | 538 6,35E-08
200 0,08 0,004704952 | 1294 1,10E-07
300 0,08 0,026754856 | 5855 1,24E-07
400 0,08 0,061069489 | 10181 1,62E-07
500 0,08 0,060351133 | 7415 2,20E-07
600 0,08 0,095716953 | 11049 2,11E-07
700 0,08 0,155558109 | 13141 2,89E-07
800 0,08 0,201184273 | 13795 3,56E-07
900 0,08 0,552491665 | 45802 2,94E-07
1000 0,08 0,520425797 | 32180 3,94E-07
1100 0,08 0,800629139 | 51268 3,47TE-07
1200 0,08 0,741577387 | 42206 3,90E-07
1300 0,08 0,770341158 | 39903 4,29E-07
1400 0,08 -1,262851238 | 49527 -5,67E-07
1500 0,08 1,03640914 42043 5,48E-07
1600 0,08 1,624857426 | 66311 5,45E-07
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C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,08 0,000449419 | 361 4,29E-08
200 0,08 0,006494045 | 2371 8,30E-08
300 0,08 0,01075387 2174 1,34E-07
400 0,08 0,026467323 | 4257 1,68E-07
500 0,08 0,088387966 | 10155 2,35E-07
600 0,08 0,142060518 | 15873 2,18E-07
700 0,08 0,236335039 | 22342 2,58E-07
800 0,08 0,342236519 | 30310 2,75E-07
900 0,08 0,344255686 | 21275 3,95E-07
1000 0,08 0,465181589 | 28238 4,02E-07
1100 0,08 0,565559864 | 36932 3,40E-07
1200 0,08 0,853167295 | 51057 3,71E-07
1300 0,08 0,842866421 | 42889 4,37E-07
1400 0,08 1,744384289 | 96134 4,03E-07
1500 0,08 1,959935188 | 100647 4,33E-07
1600 0,08 1,043337584 | 41392 2,60E-07
100 0,08 0,000223875 | 174 4,44E-08
200 0,08 0,007232666 | 2142 1,02E-07
300 0,08 0,010039806 | 2148 1,26E-07
400 0,08 0,039104939 | 5129 2,06E-07
500 0,08 0,061525345 | 7372 2,26E-07
600 0,08 0,09506321 10460 2,22E-07
700 0,08 0,217944384 | 19042 2,79E-07
800 0,08 0,202367067 | 14633 3,37E-07
900 0,08 0,49186945 38558 3,11E-07
1000 0,08 0,52393961 35191 3,63E-07
1100 0,08 0,575330973 | 33654 3,80E-07
1200 0,08 0,640519857 | 34264 4,15E-07
1300 0,08 1,182035446 | 66046 3,98E-07
1400 0,08 1,081710577 | 52249 4,60E-07
1500 0,08 0,980159521 | 35042 6,22E-07
1600 0,08 1,221735716 | 50431 2,38E-07
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C.1. Sparse Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,09 0,000564814 | 364 5,35E-08
200 0,09 0,007515907 | 3006 7,58E-08
300 0,09 0,010160208 | 2645 1,04E-07
400 0,09 0,039573669 | 8112 1,32E-07
500 0,09 0,063945055 | 10804 1,60E-07
600 0,09 0,116089821 | 15527 1,82E-07
700 0,09 0,121455669 | 13265 2,23E-07
800 0,09 0,238103151 | 21924 2,65E-07
900 0,09 0,175951719 | 14778 2,90E-07
1000 0,09 0,327919722 | 27850 2,87E-07
1100 0,09 0,24804306 16905 3,26E-07
1200 0,09 0,554991245 | 39795 3,10E-07
1300 0,09 0,43858099 28574 3,41E-07
1400 0,09 0,812294245 | 49455 3,65E-07
1500 0,09 0,794362068 | 47520 3,71E-07
1600 0,09 0,879004717 | 45004 4,34E-07
100 0,09 0,001075029 | 507 7,31E-08
200 0,09 0,006986856 | 2250 9,41E-08
300 0,09 0,02149868 4731 1,23E-07
400 0,09 0,045857668 | 7495 1,65E-07
500 0,09 0,062774897 | 8360 2,03E-07
600 0,09 0,080721617 | 7952 2,48E-07
700 0,09 0,169243097 | 15406 2,68E-07
800 0,09 0,266257763 | 22730 2,86E-07
900 0,09 0,400512218 | 26907 3,63E-07
1000 0,09 0,649176598 | 46120 3,43E-07
1100 0,09 0,688037395 | 44886 3,41E-07
1200 0,09 1,035558462 | 64639 3,56E-07
1300 0,09 0,996650696 | 50356 4,40E-07
1400 0,09 1,051612139 | 42908 5,45E-07
1500 0,09 1,640669823 | 80597 4,52E-07
1600 0,09 2,158904791 | 96380 4,98E-07
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C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,09 0,001486063 | 1052 4,87TE-08
200 0,09 0,009279728 | 2513 1,12E-07
300 0,09 0,011091948 | 2190 1,37E-07
400 0,09 0,039020061 | 5388 1,96E-07
500 0,09 0,060754299 | 8273 1,98E-07
600 0,09 0,171251535 | 19401 2,15E-07
700 0,09 0,138557196 | 11406 2,96E-07
800 0,09 0,173471212 | 12983 3,26E-07
900 0,09 0,135092974 | 9404 3,50E-07
1000 0,09 0,494588137 | 32028 3,7TE-07
1100 0,09 0,499216318 | 26966 4,11E-07
1200 0,09 0,929854155 | 56579 3,65E-07
1300 0,09 1,036837578 | 51318 4,49E-07
1400 0,09 1,181912422 | 57607 4,56E-07
1500 0,09 1,564507961 | 64031 5,43E-07
1600 0,09 1,123022795 | 43734 2, 71E-07
100 0,09 0,000926018 | 653 4,89E-08
200 0,09 0,007274151 | 2222 9,92E-08
300 0,09 0,016287327 | 3490 1,26E-07
400 0,09 0,033788204 | 4721 1,93E-07
500 0,09 0,097584724 | 12941 2,04E-07
600 0,09 0,218554735 | 24959 2,14E-07
700 0,09 0,127959728 | 10181 3,07E-07
800 0,09 0,230548859 | 18026 3,12E-07
900 0,09 0,187507629 | 11501 3,98E-07
1000 0,09 0,540803194 | 34551 3,82E-07
1100 0,09 0,624501705 | 35539 3,90E-07
1200 0,09 0,761233091 | 43962 3,85E-07
1300 0,09 0,78630805 35722 4,89E-07
1400 0,09 1,545694113 | 80698 4,26E-07
1500 0,09 1,242808104 | 54950 5,03E-07
1600 0,09 1,561995268 | 66309 2,23E-07
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C.1. Sparse Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,09 0,001249313 | 663 6,50E-08
200 0,09 0,007338524 | 2400 9,27E-08
300 0,09 0,024090528 | 4440 1,47E-07
400 0,09 0,069444418 | 10222 1,84E-07
500 0,09 0,116845131 | 14909 2,12E-07
600 0,09 0,205618858 | 24970 2,01E-07
700 0,09 0,110348701 | 9636 2,79E-07
800 0,09 0,328677654 | 27476 2,92E-07
900 0,09 0,320278645 | 20368 3,84E-07
1000 0,09 0,331406116 | 18352 4,40E-07
1100 0,09 0,57689929 34125 3,76E-07
1200 0,09 0,494150162 | 27151 4,04E-07
1300 0,09 0,947840929 | 47163 4.47E-07
1400 0,09 1,326075077 | 63824 4,62E-07
1500 0,09 0,928399086 | 39695 5,20E-07
1600 0,09 1,804996729 | 74711 5,37E-07
100 0,1 0,001008272 | 778 4,47E-08
200 0,1 0,009348392 | 3738 7,58E-08
300 0,1 0,017133474 | 5639 8,21E-08
400 0,1 0,035699844 | 6602 1,46E-07
500 0,1 0,06768322 11760 1,56E-07
600 0,1 0,135658264 | 21498 1,54E-07
700 0,1 0,074379921 | 8578 2,11E-07
800 0,1 0,242998362 | 22011 2,69E-07
900 0,1 0,383110285 | 36299 2,57E-07
1000 0,1 0,62691021 63086 2,42E-07
1100 0,1 0,426766872 | 31736 2,99E-07
1200 0,1 0,875358105 | 70559 2,76E-07
1300 0,1 0,776081324 | 48101 3,59E-07
1400 0,1 0,946324825 | 62464 3,37E-07
1500 0,1 1,424225569 | 91475 3,46E-07
1600 0,1 1,299262524 | 76082 3,79E-07
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C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,1 0,000497103 | 297 5,77TE-08
200 0,1 0,010737658 | 3152 1,03E-07
300 0,1 0,01773715 3484 1,38E-07
400 0,1 0,039187908 | 6086 1,74E-07
500 0,1 0,08220005 10477 2,12E-07
600 0,1 0,149770021 | 16499 2,21E-07
700 0,1 0,253804207 | 25519 2,43E-07
800 0,1 0,20968771 14636 3,49E-07
900 0,1 0,551264286 | 41686 3,23E-07
1000 0,1 0,408023596 | 21994 4,52E-07
1100 0,1 1,066704273 | 74059 3,20E-07
1200 0,1 0,789685488 | 39954 4,39E-07
1300 0,1 1,036490679 | 52018 4,43E-07
1400 0,1 0,773275614 | 36503 4,71E-07
1500 0,1 1,171849728 | 45048 5, 78E-07
1600 0,1 1,762760162 | 76606 2,11E-07
100 0,1 0,001243353 | 709 6,05E-08
200 0,1 0,005143881 | 1403 1,11E-07
300 0,1 0,01801753 3889 1,25E-07
400 0,1 0,044450045 | 7117 1,69E-07
500 0,1 0,126237392 | 17673 1,93E-07
600 0,1 0,163166523 | 17578 2,26E-07
700 0,1 0,064972878 | 5558 2,85E-07
800 0,1 0,231805325 | 17314 3,27TE-07
900 0,1 0,559351206 | 41631 3,28E-07
1000 0,1 0,335774183 | 21758 3,76E-07
1100 0,1 0,842774391 | 54995 3,41E-07
1200 0,1 0,547704458 | 30635 3,97E-07
1300 0,1 0,5712533 29930 4,24E-07
1400 0,1 1,470482111 | 76602 4,27E-07
1500 0,1 1,68149209 75599 4,94E-07
1600 0,1 1,505903959 | 66815 2,01E-07
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C.1. Sparse Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,1 0,00070405 420 5,78E-08
200 0,1 0,009402514 | 3024 9,42E-08
300 0,1 0,0204916 4133 1,34E-07
400 0,1 0,065537214 | 11356 1,56E-07
500 0,1 0,094459057 | 11567 2,21E-07
600 0,1 0,13756299 13035 2,57E-07
700 0,1 0,21436882 21374 2,45E-07
800 0,1 0,422162533 | 34601 2,98E-07
900 0,1 0,213599443 | 14857 3,51E-07
1000 0,1 0,476535559 | 31407 3,70E-07
1100 0,1 0,445570707 | 22787 4,35E-07
1200 0,1 0,68732667 38692 3,95E-07
1300 0,1 0,911460638 | 39567 5,12E-07
1400 0,1 0,802009583 | 35427 5,03E-07
1500 0,1 1,23101306 57415 4,76E-07
1600 0,1 1,634055853 | 62324 5,83E-07
100 0,1 0,002118349 | 1349 5,41E-08
200 0,1 0,006896257 | 1972 1,06E-07
300 0,1 0,021877766 | 5012 1,18E-07
400 0,1 0,041193247 | 6690 1,66E-07
500 0,1 0,127971649 | 18003 1,92E-07
600 0,1 0,198904276 | 22185 2,19E-07
700 0,1 0,227441549 | 21286 2,61E-07
800 0,1 0,195924997 | 14727 3,24E-07
900 0,1 0,568690062 | 46713 2,97E-07
1000 0,1 0,799908876 | 61669 3,16E-07
1100 0,1 0,579558372 | 33027 3,90E-07
1200 0,1 0,991390944 | 59266 3,72E-07
1300 0,1 0,814195395 | 36234 4,99E-07
1400 0,1 0,934955835 | 42846 4,85E-07
1500 0,1 2,29935758 120275 4,25E-07
1600 0,1 1,644845724 | 73731 4,96 E-07
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C. Results of the Hybrid Benchmarking Algorithm

C.2. Dense Graphs

The following tables show the output of the hybrid benchmarking algorithm for dense
graphs. The algorithm was run using a graph size ranging from 100 to 300 nodes
in steps of 10 nodes and edge probabilities of 70% to 98% in steps of 2%. Each

measurement was repeated five times.

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,7 0,00095367 449 7,32E-08
110 0,7 0,0014832 692 7,39E-08
120 0,7 0,00207758 996 7,19E-08
130 0,7 0,00158429 607 7,91E-08
140 0,7 0,00253582 1049 7,33E-08
150 0,7 0,0035181 1468 7,26E-08
160 0,7 0,00152993 465 9,97E-08
170 0,7 0,00549579 2105 7,91E-08
180 0,7 0,00465083 1473 9,57TE-08
190 0,7 0,00707293 2517 8,52E-08
200 0,7 0,00822043 2623 9,50E-08
210 0,7 0,00582314 1717 1,03E-07
220 0,7 0,00517535 1328 1,18E-07
230 0,7 0,00618672 1476 1,27E-07
240 0,7 0,00990105 2746 1,09E-07
250 0,7 0,00987673 2590 1,16E-07
260 0,7 0,00611567 1327 1,25E-07
270 0,7 0,01102614 2628 1,13E-07
280 0,7 0,01490903 3832 1,05E-07
2900 0,7 0,01003695 | 1778 1,53E-07
300 0,7 0,00855088 1814 1,27E-07

XLIV




C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,7 0,00109482 268 6,65E-08
110 0,7 0,00101638 462 7,509E-08
120 0,7 0,00123048 563 7,54E-08
130 0,7 0,00281 1329 6,41E-08
140 0,7 0,00230765 852 8,21E-08
150 0,7 0,00206566 644 9,72E-08
160 0,7 0,00473857 1985 7,23E-08
170 0,7 0,0043509 1486 8,87TE-08
180 0,7 0,00301433 869 1,05E-07
190 0,7 0,00373244 1123 1,01E-07
200 0,7 0,00594783 1871 9,63E-08
210 0,7 0,01160812 4064 8,66E-08
220 0,7 0,00602341 1476 1,24E-07
230 0,7 0,00966763 2897 1,01E-07
240 0,7 0,01045823 3154 1,00E-07
250 0,7 0,00683784 1863 1,11E-07
260 0,7 0,0092926 2440 1,03E-07
270 0,7 0,01110697 2283 1,31E-07
280 0,7 0,01157999 2638 1,19E-07
290 0,7 0,01260924 2775 1,23E-07
300 0,7 0,01398659 2971 1,27E-07
100 0,7 0,00217247 1237 6,06E-08
110 0,7 0,00128293 673 6,57E-08
120 0,7 0,0017662 782 7,79E-08
130 0,7 0,00275373 1237 6,75E-08
140 0,7 0,00298762 1065 8,50E-08
150 0,7 0,00287223 1162 7,49E-08
160 0,7 0,00458288 1644 8,45E-08
170 0,7 0,00249124 783 9,64E-08
180 0,7 0,00393724 1203 9,92E-08
190 0,7 0,00361633 1020 1,07E-07
200 0,7 0,00644851 2123 9,20E-08
210 0,7 0,00938368 3184 8,93E-08
220 0,7 0,00320816 822 1,18E-07
230 0,7 0,00885415 2738 9,80E-08
240 0,7 0,00741005 2251 9,98E-08
250 0,7 0,00940013 2295 1,24E-07
260 0,7 0,00792027 1617 1,32E-07
270 0,7 0,00688553 1404 1,33E-07
280 0,7 0,00885606 2115 1,13E-07
290 0,7 0,01334643 3308 1,09E-07
300 0,7 0,0149579 3273 1,24E-07
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C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,7 0,00117397 609 6,65E-08
110 0,7 0,00114751 494 8,01E-08
120 0,7 0,0018177 743 8,44E-08
130 0,7 0,00251698 1145 6,66E-08
140 0,7 0,00185132 655 8,56 E-08
150 0,7 0,00540709 2172 7,54E-08
160 0,7 0,00431061 1641 7,96E-08
170 0,7 0,0037775 1265 9,05E-08
180 0,7 0,00585985 1819 9,76E-08
190 0,7 0,00297713 872 1,03E-07
200 0,7 0,00476098 1208 1,19E-07
210 0,7 0,00653696 1669 1,19E-07
220 0,7 0,0046382 1135 1,24E-07
230 0,7 0,00768113 1996 1,17E-07
240 0,7 0,00800514 2050 1,18E-07
250 0,7 0,01370883 3673 1,13E-07
260 0,7 0,02006507 2542 9,79E-08
270 0,7 0,008881092 | 1471 1,63E-07
280 0,7 0,008882284 | 1126 2,13E-07
290 0,7 0,018520594 | 3780 1,32E-07
300 0,7 0,012749195 | 1899 1,81E-07
100 0,7 0,00203133 1118 6,27E-08
110 0,7 0,00123882 267 7,53E-08
120 0,7 0,00209475 955 7,56E-08
130 0,7 0,00262451 1177 6,76E-08
140 0,7 0,00138521 536 7,83E-08
150 0,7 0,00342774 1298 8,00E-08
160 0,7 0,00351167 1337 7,96E-08
170 0,7 0,00476646 1948 7,41E-08
180 0,7 0,00415802 1442 8,74E-08
190 0,7 0,00426984 1186 1,09E-07
200 0,7 0,01188898 3966 9,08E-08
210 0,7 0,00653911 1877 1,06E-07
220 0,7 0,00722098 1744 1,25E-07
230 0,7 0,00706077 2131 1,00E-07
240 0,7 0,00453711 1199 1,15E-07
250 0,7 0,01138186 2859 1,21E-07
260 0,7 0,01202345 2865 1,13E-07
270 0,7 0,023910761 | 5264 1,23E-07
280 0,7 0,008841991 | 1261 1,90E-07
290 0,7 0,009575367 | 1243 2,08E-07
300 0,7 0,018328428 | 3286 1,51E-07
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C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,72 0,0016129 841 6,61E-08
110 0,72 0,00106835 519 7,10E-08
120 0,72 0,0022912 1156 6,83E-08
130 0,72 0,00207233 868 7,23E-08
140 0,72 0,00248933 1000 7,54E-08
150 0,72 0,0049758 2062 7,31E-08
160 0,72 0,00235772 762 9,38E-08
170 0,72 0,00175309 479 1,11E-07
180 0,72 0,00326276 982 1,01E-07
190 0,72 0,00675321 2344 8,73E-08
200 0,72 0,00292277 887 9,99E-08
210 0,72 0,00621557 1885 9,99E-08
220 0,72 0,01008916 3102 9,86E-08
230 0,72 0,0097301 2969 9,93E-08
240 0,72 0,00673079 1546 1,32E-07
250 0,72 0,01207924 3386 1,08E-07
260 0,72 0,00748158 1822 1,11E-07
270 0,72 0,01304245 3011 1,17E-07
280 0,72 0,02003789 4974 1,09E-07
290 0,72 0,00973487 1989 1,32E-07
300 0,72 0,01882148 | 4462 1, 14E-07
100 0,72 0,00136113 685 6,85E-08
110 0,72 0,00161099 935 5,94E-08
120 0,72 0,0022881 1063 7,42E-08
130 0,72 0,00216627 973 6,75E-08
140 0,72 0,00180507 626 8,74E-08
150 0,72 0,00271463 923 8,91E-08
160 0,72 0,00381708 1374 8,42E-08
170 0,72 0,00300384 1107 8,22E-08
180 0,72 0,00383997 1152 1,01E-07
190 0,72 0,00330496 873 1,15E-07
200 0,72 0,00525641 1692 9,41E-08
210 0,72 0,01013303 3052 1,01E-07
220 0,72 0,00707912 1974 1,09E-07
230 0,72 0,00494552 1156 1,30E-07
240 0,72 0,00855112 2137 1,21E-07
250 0,72 0,01788282 5258 1,03E-07
260 0,72 0,00628924 1367 1,24E-07
270 0,72 0,01266098 3137 1,09E-07
280 0,72 0,00698161 1271 1,48E-07
290 0,72 0,01060677 2156 1,33E-07
300 0,72 0,01012135 2043 1,34E-07
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C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,72 0,00146747 822 6,16E-08
110 0,72 0,00319481 1686 6,53E-08
120 0,72 0,00089765 323 9,58E-08
130 0,72 0,00197196 805 7,42E-08
140 0,72 0,002321 914 7,70E-08
150 0,72 0,0028336 1066 8,06E-08
160 0,72 0,00274491 927 8,97E-08
170 0,72 0,0028708 927 9,38E-08
180 0,72 0,0034914 1254 8,44E-08
190 0,72 0,00415325 1169 1,08E-07
200 0,72 0,00482583 1415 1,03E-07
210 0,72 0,00387287 921 1,27E-07
220 0,72 0,00845265 2511 1,02E-07
230 0,72 0,00564027 1425 1,20E-07
240 0,72 0,00842881 2645 9,66E-08
250 0,72 0,00669718 1567 1,30E-07
260 0,72 0,00976682 2317 1,14E-07
270 0,72 0,01487613 4107 9,79E-08
280 0,72 0,01018429 2262 1,22E-07
290 0,72 0,00751066 1234 1,64E-07
300 0,72 0,01090598 1962 1,50E-07
100 0,72 0,00089693 ATT7 6,48E-08
110 0,72 0,00184608 893 7,13E-08
120 0,72 0,00140405 288 8,23E-08
130 0,72 0,00176191 781 6,84E-08
140 0,72 0,00288343 1194 7,32E-08
150 0,72 0,00276446 893 9,38E-08
160 0,72 0,00492477 1936 7,71E-08
170 0,72 0,00482917 1944 7,53E-08
180 0,72 0,00707245 2734 7,84E-08
190 0,72 0,01074076 4001 8,13E-08
200 0,72 0,00429559 1218 1,07E-07
210 0,72 0,00680542 1821 1,13E-07
220 0,72 0,00583434 1396 1,27E-07
230 0,72 0,00793719 1971 1,22E-07
240 0,72 0,00801015 2143 1,13E-07
250 0,72 0,00783539 1930 1,23E-07
260 0,72 0,01760006 5133 9,27E-08
270 0,72 0,019023418 | 3373 1,52E-07
280 0,72 0,008871078 | 1154 2,08E-07
290 0,72 0,01261878 2079 1,64E-07
300 0,72 0,017376423 | 2719 1,73E-07

XLVIII




C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,72 0,00115561 647 6,16E-08
110 0,72 0,00076699 396 6,68E-08
120 0,72 0,00224233 995 7,77E-08
130 0,72 0,00254536 1130 6,83E-08
140 0,72 0,0035255 1356 7,88E-08
150 0,72 0,00244737 923 8,03E-08
160 0,72 0,00184798 602 9,30E-08
170 0,72 0,00235486 724 9,86E-08
180 0,72 0,00316691 950 1,01E-07
190 0,72 0,00660586 2146 9,33E-08
200 0,72 0,00712228 2086 1,03E-07
210 0,72 0,00564075 1624 1,05E-07
220 0,72 0,00685978 1966 1,06E-07
230 0,72 0,00881863 2376 1,12E-07
240 0,72 0,00852776 2112 1,22E-07
250 0,72 0,00563002 1158 1,47E-07
260 0,72 0,00799322 1626 1,33E-07
270 0,72 0,010409117 | 1845 1,52E-07
280 0,72 0,020236731 | 3361 1,63E-07
290 0,72 0,013277292 | 2175 1,65E-07
300 0,72 0,013794899 | 2314 1,61E-07
100 0,74 0,00116682 637 6,32E-08
110 0,74 0,00149846 702 7,36 E-08
120 0,74 0,00244308 1251 6,73E-08
130 0,74 0,00411725 1906 6,55E-08
140 0,74 0,00326037 1470 6,72E-08
150 0,74 0,00227499 894 7,71E-08
160 0,74 0,00322819 1134 8,63E-08
170 0,74 0,00349689 1153 9,19E-08
180 0,74 0,00455117 1545 8,93E-08
190 0,74 0,00430202 1216 1,07E-07
200 0,74 0,00594592 1583 1,14E-07
210 0,74 0,00471544 | 1249 1,14E-07
220 0,74 0,00442553 1002 1,34E-07
230 0,74 0,00624108 1612 1,17E-07
240 0,74 0,01109314 3228 1,04E-07
250 0,74 0,01350617 3858 1,06E-07
260 0,74 0,00607276 1254 1,31E-07
270 0,74 0,008605 1945 1,20E-07
280 0,74 0,01450253 3204 1,22E-07
290 0,74 0,01013565 1869 1,47E-07
300 0,74 0,00665593 1282 1,40E-07

XLIX



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,74 0,00119519 298 6,89E-08
110 0,74 0,00112605 485 8,01E-08
120 0,74 0,0023222 722 1,11E-07
130 0,74 0,0015769 621 7,69E-08
140 0,74 0,00236607 891 8,05E-08
150 0,74 0,00293136 1171 7,59E-08
160 0,74 0,00451088 1706 8,01E-08
170 0,74 0,00345254 1096 9,55E-08
180 0,74 0,00288868 846 1,03E-07
190 0,74 0,00751591 2288 9,95E-08
200 0,74 0,00835371 2659 9,52E-08
210 0,74 0,00612521 1801 1,03E-07
220 0,74 0,00685215 2005 1,04E-07
230 0,74 0,0077951 1851 1,28E-07
240 0,74 0,00920153 2926 9,53E-08
250 0,74 0,01222301 3484 1,06E-07
260 0,74 0,00683141 1540 1,20E-07
270 0,74 0,01086068 2465 1,19E-07
280 0,74 0,0093298 1674 1,51E-07
290 0,74 0,01762128 3646 1,31E-07
300 0,74 0,01132584 2394 1,28E-07
100 0,74 0,00151324 848 6,15E-08
110 0,74 0,00162697 831 6,75E-08
120 0,74 0,00094819 389 8,41E-08
130 0,74 0,00191522 834 6,96E-08
140 0,74 0,00188851 697 8,21E-08
150 0,74 0,00268435 977 8,33E-08
160 0,74 0,00232697 686 1,03E-07
170 0,74 0,00552344 2110 7,93E-08
180 0,74 0,00666332 2470 8,17E-08
190 0,74 0,00620079 2128 8,83E-08
200 0,74 0,00610924 1836 1,01E-07
210 0,74 0,00521612 1423 1,11E-07
220 0,74 0,00699186 2042 1,04E-07
230 0,74 0,00465465 1039 1,36E-07
240 0,74 0,00531483 1201 1,34E-07
250 0,74 0,00760198 1884 1,22E-07
260 0,74 0,01044965 2937 9,62E-08
270 0,74 0,00440001 808 1,47E-07
280 0,74 0,00926614 1965 1,27E-07
290 0,74 0,01259208 2381 1,43E-07
300 0,74 0,01068282 2000 1,44E-07




C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,74 0,00246787 1367 6,23E-08
110 0,74 0,00163245 881 6,39E-08
120 0,74 0,00133777 534 8,64E-08
130 0,74 0,00165796 629 7,99E-08
140 0,74 0,00290108 1202 7,31E-08
150 0,74 0,0040369 1568 7,80E-08
160 0,74 0,00275207 1060 7,87TE-08
170 0,74 0,00466299 1805 7,83E-08
180 0,74 0,00203753 496 1,24E-07
190 0,74 0,00319123 921 1,05E-07
200 0,74 0,00440907 1214 1,10E-07
210 0,74 0,00647449 1961 1,00E-07
220 0,74 0,00755239 2161 1,06E-07
230 0,74 0,00781369 2195 1,08E-07
240 0,74 0,00787282 2298 1,04E-07
250 0,74 0,00762701 1735 1,33E-07
260 0,74 0,00642705 1307 1,33E-07
270 0,74 0,019995689 | 4142 1,30E-07
280 0,74 0,013725281 | 2561 1,45E-07
290 0,74 0,012905121 | 1863 1,87E-07
300 0,74 0,01385355 | 1918 1,95E-07
100 0,74 0,00104666 466 7,75E-08
110 0,74 0,00147629 680 7,49E-08
120 0,74 0,00091529 335 9,42E-08
130 0,74 0,00155783 636 7,42E-08
140 0,74 0,00376749 1743 6,55E-08
150 0,74 0,00351071 1356 7,85E-08
160 0,74 0,0021019 761 8,37E-08
170 0,74 0,00530887 1992 8,08E-08
180 0,74 0,00288177 893 9,78E-08
190 0,74 0,00383019 1178 9,85E-08
200 0,74 0,00356126 885 1,22E-07
210 0,74 0,0056603 1847 9,29E-08
220 0,74 0,01000023 2773 1,09E-07
230 0,74 0,00595975 1468 1,23E-07
240 0,74 0,00687122 1522 1,37E-07
250 0,74 0,00678515 1912 1,08 E-07
260 0,74 0,00593972 1392 1,15E-07
270 0,74 0,009633064 | 1869 1,39E-07
280 0,74 0,008462191 | 1406 1,63E-07
290 0,74 0,009585142 | 1488 1,74E-07
300 0,74 0,013382435 | 2085 1,73E-07

LI



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,76 0,00235367 1449 5,60E-08
110 0,76 0,00183988 916 6,93E-08
120 0,76 0,00148034 659 7,75E-08
130 0,76 0,00254226 1074 7,17TE-08
140 0,76 0,00178003 707 7,63E-08
150 0,76 0,00471282 1958 7,29E-08
160 0,76 0,0019412 657 8,95E-08
170 0,76 0,00302768 1034 8,87E-08
180 0,76 0,00360513 1209 9,04E-08
190 0,76 0,00718856 2735 7,96E-08
200 0,76 0,00627804 1826 1,04E-07
210 0,76 0,0079217 2405 9,98E-08
220 0,76 0,00472498 1181 1,21E-07
230 0,76 0,00513411 | 1415 1,10E-07
240 0,76 0,01006508 2681 1,14E-07
250 0,76 0,0059967 1335 1,36E-07
260 0,76 0,00794983 1832 1,17E-07
270 0,76 0,01327133 3169 1,13E-07
280 0,76 0,01447153 3282 1,19E-07
290 0,76 0,01517439 3382 1,21E-07
300 0,76 0,01107001 1952 1,53E-07
100 0,76 0,00113964 613 6,41E-08
110 0,76 0,00196385 1053 6,43E-08
120 0,76 0,00216794 1037 7,21E-08
130 0,76 0,00281382 1376 6,20E-08
140 0,76 0,00230098 853 8,17E-08
150 0,76 0,00225019 781 8,73E-08
160 0,76 0,00301194 1176 7,76E-08
170 0,76 0,00382066 1336 8,6TE-08
180 0,76 0,00268173 | 858 9,47E-08
190 0,76 0,00432706 1213 1,08E-07
200 0,76 0,0048759 1364 1,08E-07
210 0,76 0,00635195 1972 9,76E-08
220 0,76 0,00445056 1153 1,17E-07
230 0,76 0,00719213 2080 1,05E-07
240 0,76 0,00602865 1466 1,25E-07
250 0,76 0,00786567 2197 1,08 E-07
260 0,76 0,00698376 1876 1,01E-07
270 0,76 0,00654078 1222 1,45E-07
280 0,76 0,01132488 2681 1,14E-07
290 0,76 0,00903392 1832 1,33E-07
300 0,76 0,00805759 1339 1,63E-07

LII




C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,76 0,00127268 805 5,45E-08
110 0,76 0,00272703 1602 5,87E-08
120 0,76 0,00224781 1021 7,59E-08
130 0,76 0,00353885 1945 5,51E-08
140 0,76 0,00526428 2634 6,06E-08
150 0,76 0,00396323 1666 7,21E-08
160 0,76 0,00311995 1041 9,08E-08
170 0,76 0,00599694 2053 8,85E-08
180 0,76 0,00478172 1647 8,80E-08
190 0,76 0,00719976 2608 8,37E-08
200 0,76 0,00406241 1160 1,06E-07
210 0,76 0,00745487 2153 1,05E-07
220 0,76 0,00299788 689 1,32E-07
230 0,76 0,00706601 2110 1,01E-07
240 0,76 0,00424099 1057 1,22E-07
250 0,76 0,00962377 2519 1,16E-07
260 0,76 0,00798512 1622 1,33E-07
270 0,76 0,00650001 1183 1,49E-07
280 0,76 0,00692892 1229 1,562E-07
290 0,76 0,01377869 3375 1,10E-07
300 0,76 0,01011682 2048 1,34E-07
100 0,76 0,00118136 562 7,25E-08
110 0,76 0,00247097 1480 5,76E-08
120 0,76 0,0026772 1216 7,09E-08
130 0,76 0,00272489 831 9,94E-08
140 0,76 0,00182295 645 8,56E-08
150 0,76 0,00210071 715 8,90E-08
160 0,76 0,00388789 1415 8,33E-08
170 0,76 0,00358319 1244 8,73E-08
180 0,76 0,00383115 1180 9,84E-08
190 0,76 0,00520611 1550 1,02E-07
200 0,76 0,00766206 2407 9,65E-08
210 0,76 0,00648117 1769 1,11E-07
220 0,76 0,00469303 1241 1,15E-07
230 0,76 0,0102725 3509 8,87E-08
240 0,76 0,00794291 2087 1,15E-07
250 0,76 0,00750899 1690 1,35E-07
260 0,76 0,00674677 1512 1,21E-07
270 0,76 0,010754347 | 2065 1,41E-07
280 0,76 0,010305643 | 2002 1,39E-07
290 0,76 0,009531021 | 1396 1,85E-07
300 0,76 0,016269445 | 2777 1,58E-07

LIII



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,76 0,00214338 1298 5,69E-08
110 0,76 0,00113297 505 7,74E-08
120 0,76 0,00091577 355 8,90E-08
130 0,76 0,00182581 784 7,06E-08
140 0,76 0,00304222 1194 7,72E-08
150 0,76 0,00236893 894 8,03E-08
160 0,76 0,00466442 1707 8,28E-08
170 0,76 0,00256801 866 8,99E-08
180 0,76 0,00304484 960 9,61E-08
190 0,76 0,00650525 2050 9,62E-08
200 0,76 0,00435996 1237 1,07E-07
210 0,76 0,00578141 1705 1,03E-07
220 0,76 0,00825262 2287 1,09E-07
230 0,76 0,00628352 1619 1,18E-07
240 0,76 0,00809121 2211 1,11E-07
250 0,76 0,00444126 1069 1,26E-07
260 0,76 0,00712132 1641 1,17E-07
270 0,76 0,008569241 | 1197 1,93E-07
280 0,76 0,008387089 | 1408 1,61E-07
290 0,76 0,012784243 | 1900 1,82E-07
300 0,76 0,010724545 | 1364 2,13E-07
100 0,78 0,00064588 306 7,28E-08
110 0,78 0,00305057 1765 5,96 E-08
120 0,78 0,00163031 725 7,75E-08
130 0,78 0,00190973 793 7,30E-08
140 0,78 0,00138593 o71 7,36E-08
150 0,78 0,00268936 1111 7,34E-08
160 0,78 0,0023303 T 9,09E-08
170 0,78 0,00628042 2601 7,32E-08
180 0,78 0,00348115 | 1050 1,00E-07
190 0,78 0,00423408 1261 1,02E-07
200 0,78 0,00827122 2767 9,06E-08
210 0,78 0,00788713 2471 9,6TE-08
220 0,78 0,01076102 3455 9,44E-08
230 0,78 0,00814676 2169 1,14E-07
240 0,78 0,0105207 2745 1,16E-07
250 0,78 0,00513172 1239 1,26E-07
260 0,78 0,00802159 1824 1,19E-07
270 0,78 0,01709747 4736 9,76E-08
280 0,78 0,01167083 2682 1,18E-07
290 0,78 0,01612234 4570 9,53E-08
300 0,78 0,01075125 2160 1,35E-07

LIV




C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,78 0,00098515 518 6,56E-08
110 0,78 0,00155592 799 6,71E-08
120 0,78 0,00159287 721 7,62E-08
130 0,78 0,00157762 632 7,56E-08
140 0,78 0,00147605 577 7,75E-08
150 0,78 0,00279069 1044 8,10E-08
160 0,78 0,00477767 1804 8,03E-08
170 0,78 0,00393867 1335 8,94E-08
180 0,78 0,00545573 2065 8,01E-08
190 0,78 0,00609803 2027 9,12E-08
200 0,78 0,0036211 896 1,22E-07
210 0,78 0,00395584 1112 1,08E-07
220 0,78 0,00531507 1530 1,05E-07
230 0,78 0,00952244 2900 9,95E-08
240 0,78 0,01008129 2770 1,10E-07
250 0,78 0,00718069 1973 1,10E-07
260 0,78 0,00582314 1287 1,22E-07
270 0,78 0,01119494 2539 1,19E-07
280 0,78 0,00839615 1820 1,25E-07
290 0,78 0,00743723 1515 1,33E-07
300 0,78 0,01358223 2654 1,38E-07
100 0,78 0,00101066 562 6,20E-08
110 0,78 0,00130486 619 7,27E-08
120 0,78 0,0021131 976 7,47E-08
130 0,78 0,00152802 611 7,58E-08
140 0,78 0,00239325 909 7,98E-08
150 0,78 0,00205922 682 9,15E-08
160 0,78 0,00435901 1728 7,64E-08
170 0,78 0,00458217 1679 8,27E-08
180 0,78 0,00335956 1070 9,51E-08
190 0,78 0,00335026 1050 9,67E-08
200 0,78 0,00521398 1561 1,01E-07
210 0,78 0,00405264 1029 1,19E-07
220 0,78 0,00725603 1977 1,11E-07
230 0,78 0,00630379 1769 1,08E-07
240 0,78 0,00681806 1592 1,30E-07
250 0,78 0,00910473 2639 1,05E-07
260 0,78 0,00430918 1014 1,15E-07
270 0,78 0,00795221 1815 1,18E-07
280 0,78 0,01005888 2429 1,12E-07
290 0,78 0,00959539 1954 1,33E-07
300 0,78 0,00819373 1415 1,57E-07

LV



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,78 0,00108576 607 6,17E-08
110 0,78 0,00131941 613 7,42E-08
120 0,78 0,00168395 746 7,78E-08
130 0,78 0,00228095 1122 6,16E-08
140 0,78 0,00237417 900 7,99E-08
150 0,78 0,00296497 1258 7,14E-08
160 0,78 0,00160813 481 1,01E-07
170 0,78 0,00307226 1036 8,99E-08
180 0,78 0,00224686 718 9,48E-08
190 0,78 0,00321436 854 1,14E-07
200 0,78 0,00488639 1288 1,15E-07
210 0,78 0,00325799 892 1,11E-07
220 0,78 0,00582099 1414 1,25E-07
230 0,78 0,00582433 1492 1,18E-07
240 0,78 0,00897169 2360 1,15E-07
250 0,78 0,00843644 2333 1,10E-07
260 0,78 0,00688887 1477 1,26E-07
270 0,78 0,008217096 | 1244 1,79E-07
280 0,78 0,017552853 | 3205 1,48E-07
290 0,78 0,023896694 | 5493 1,18E-07
300 0,78 0,009388924 | 1540 1,65E-07
100 0,78 0,0012145 645 6,49E-08
110 0,78 0,00216079 1186 6,28E-08
120 0,78 0,00162101 753 7,42E-08
130 0,78 0,00205612 862 7,23E-08
140 0,78 0,00506425 2507 6,12E-08
150 0,78 0,00213909 765 8,47E-08
160 0,78 0,00393581 1326 8,99E-08
170 0,78 0,0033617 1150 8,86E-08
180 0,78 0,00464559 | 1452 9,70E-08
190 0,78 0,00331473 855 1,17E-07
200 0,78 0,00436616 1320 1,00E-07
210 0,78 0,00543356 1512 1,09E-07
220 0,78 0,00710511 2058 1,05E-07
230 0,78 0,00947261 2673 1,07E-07
240 0,78 0,00970149 2527 1,16E-07
250 0,78 0,00917888 2414 1,15E-07
260 0,78 0,00593686 1368 1,17E-07
270 0,78 0,014038086 | 2302 1,65E-07
280 0,78 0,006551743 | 1052 1,68E-07
290 0,78 0,019415855 | 3380 1,55E-07
300 0,78 0,010444164 | 1372 2,06E-07

LVI




C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,8 0,00089264 480 6,41E-08
110 0,8 0,00112796 482 8,07E-08
120 0,8 0,00222945 1118 6,88E-08
130 0,8 0,00237036 1100 6,53E-08
140 0,8 0,00301194 1250 7,30E-08
150 0,8 0,0025444 965 7,99E-08
160 0,8 0,00339055 1282 8,01E-08
170 0,8 0,00275087 907 9,19E-08
180 0,8 0,00275898 809 1,03E-07
190 0,8 0,00581408 2047 8,61E-08
200 0,8 0,00377083 1023 1,12E-07
210 0,8 0,00395226 970 1,23E-07
220 0,8 0,00442696 1047 1,28E-07
230 0,8 0,00937033 2743 1,04E-07
240 0,8 0,00925779 2605 1,08E-07
250 0,8 0,00826573 2198 1,14E-07
260 0,8 0,00644112 1377 1,26E-07
270 0,8 0,00705791 1525 1,25E-07
280 0,8 0,01058507 2491 1,15E-07
290 0,8 0,01163697 2692 1,17E-07
300 0,8 0,00888014 1695 1,42E-07
100 0,8 0,00095439 504 6,53E-08
110 0,8 0,00161767 855 6,52E-08
120 0,8 0,002033 1014 6,91E-08
130 0,8 0,00159073 597 8,07E-08
140 0,8 0,00195098 768 7,70E-08
150 0,8 0,00205708 638 9,06E-08
160 0,8 0,00263524 948 8,42E-08
170 0,8 0,00418615 1462 8,68E-08
180 0,8 0,00316954 1128 8,51E-08
190 0,8 0,0021739 544 1,21E-07
200 0,8 0,00628805 2015 9,46E-08
210 0,8 0,00700736 2018 1,05E-07
220 0,8 0,004004 1116 1,09E-07
230 0,8 0,01115489 3646 9,27E-08
240 0,8 0,00561285 1322 1,29E-07
250 0,8 0,00746512 1649 1,37E-07
260 0,8 0,00696826 1569 1,20E-07
270 0,8 0,01168299 3088 1,02E-07
280 0,8 0,00935292 2045 1,24E-07
290 0,8 0,01104522 2499 1,19E-07
300 0,8 0,01764083 4608 1,03E-07

LVII



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,8 0,00081515 462 6,08E-08
110 0,8 0,00149059 715 7,19E-08
120 0,8 0,00137424 238 8,81E-08
130 0,8 0,00273919 1278 6,49E-08
140 0,8 0,00191808 812 7,16E-08
150 0,8 0,0022738 864 7,97E-08
160 0,8 0,00447893 1813 7,49E-08
170 0,8 0,00276542 912 9,19E-08
180 0,8 0,00299001 895 1,01E-07
190 0,8 0,00427794 1232 1,05E-07
200 0,8 0,00335383 913 1,11E-07
210 0,8 0,00652075 1685 1,17E-07
220 0,8 0,00588989 1580 1,13E-07
230 0,8 0,00483847 1147 1,28E-07
240 0,8 0,00716949 1931 1,13E-07
250 0,8 0,00542927 1151 1,43E-07
260 0,8 0,00865126 2363 9,89E-08
270 0,8 0,01597667 4288 1,01E-07
280 0,8 0,01281333 3282 1,06E-07
290 0,8 0,01381111 3383 1,10E-07
300 0,8 0,00821924 1356 1,64E-07
100 0,8 0,00149536 840 6,14E-08
110 0,8 0,00125027 | 577 7.47TE-08
120 0,8 0,00161076 726 7,65E-08
130 0,8 0,00171494 737 7,05E-08
140 0,8 0,00327921 1452 6,84E-08
150 0,8 0,00145078 510 8,62E-08
160 0,8 0,00354266 1306 8,22E-08
170 0,8 0,00277972 862 9,77TE-08
180 0,8 0,00351238 1094 9,73E-08
190 0,8 0,00435829 1238 1,07E-07
200 0,8 0,00480413 1339 1,09E-07
210 0,8 0,00400233 988 1,23E-07
220 0,8 0,00583863 1429 1,24E-07
230 0,8 0,00776196 2115 1,11E-07
240 0,8 0,00762534 2010 1,15E-07
250 0,8 0,00717282 1864 1,17E-07
260 0,8 0,00785112 1745 1,22E-07
270 0,8 0,01419306 2626 1,46E-07
280 0,8 0,00600958 821 1,98E-07
290 0,8 0,02664542 0414 1,33E-07
300 0,8 0,0138402 2120 1,76E-07

LVIII




C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,8 0,00117993 635 6,41E-08
110 0,8 0,00221229 1170 6,52E-08
120 0,8 0,00186229 781 8,22E-08
130 0,8 0,00148582 620 7,26E-08
140 0,8 0,00297189 1201 7,50E-08
150 0,8 0,00252295 962 7,95E-08
160 0,8 0,00300193 1160 7,84E-08
170 0,8 0,00368476 1293 8,64E-08
180 0,8 0,00362992 1159 9,49E-08
190 0,8 0,00364423 1093 1,01E-07
200 0,8 0,0047977 1492 9,74E-08
210 0,8 0,00481176 1631 8,94E-08
220 0,8 0,00575137 1535 1,14E-07
230 0,8 0,00479627 1088 1,34E-07
240 0,8 0,0077939 2379 9,93E-08
250 0,8 0,00578737 1334 1,31E-07
260 0,8 0,01366138 3997 9,24E-08
270 0,8 0,00715184 1275 1,52E-07
280 0,8 0,016325 3098 1,42E-07
290 0,8 0,02017021 4015 1,36E-07
300 0,8 0,01114178 1670 1,80E-07
100 0,82 0,00099587 503 6,83E-08
110 0,82 0,00144458 704 7,08E-08
120 0,82 0,00245953 1242 6,83E-08
130 0,82 0,00158691 608 7,91E-08
140 0,82 0,0012424 429 8, 78E-08
150 0,82 0,0027411 1000 8,31E-08
160 0,82 0,00457406 1750 7,92E-08
170 0,82 0,00361586 1181 9,28E-08
180 0,82 0,00393987 1176 1,02E-07
190 0,82 0,00605655 2141 8,57E-08
200 0,82 0,00425696 1282 1,01E-07
210 0,82 0,00467682 1335 1,06E-07
220 0,82 0,00581145 1658 1,06E-07
230 0,82 0,00472736 1072 1,34E-07
240 0,82 0,00563526 1397 1,22E-07
250 0,82 0,00722027 1773 1,23E-07
260 0,82 0,01022196 2323 1,19E-07
270 0,82 0,00753903 1712 1,19E-07
280 0,82 0,00944972 2063 1,24E-07
290 0,82 0,00705481 1420 1,34E-07
300 0,82 0,0085516 1587 1,46E-07

LIX



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,82 0,00097084 507 6,60E-08
110 0,82 0,00113416 519 7,54E-08
120 0,82 0,00205493 987 7,18E-08
130 0,82 0,0011282 467 7,32E-08
140 0,82 0,00420666 1881 6,78E-08
150 0,82 0,00323796 1297 7,57E-08
160 0,82 0,00345826 1288 8,14E-08
170 0,82 0,0025351 800 9,60E-08
180 0,82 0,00586843 2174 8,18E-08
190 0,82 0,00432992 1250 1,05E-07
200 0,82 0,00468516 1406 1,01E-07
210 0,82 0,00266695 604 1,34E-07
220 0,82 0,00819397 2536 9,79E-08
230 0,82 0,00523591 1295 1,23E-07
240 0,82 0,00711966 1804 1,20E-07
250 0,82 0,01120162 2848 1,19E-07
260 0,82 0,00973606 2738 9,61E-08
270 0,82 0,00655365 1334 1,33E-07
280 0,82 0,00733376 1513 1,31E-07
290 0,82 0,00906229 1841 1,33E-07
300 0,82 0,01622319 3254 1,35E-07
100 0,82 0,00094271 442 7,35E-08
110 0,82 0,00168562 903 6,44E-08
120 0,82 0,00154638 731 7,29E-08
130 0,82 0,00248623 1122 6,71E-08
140 0,82 0,00180316 697 7,84E-08
150 0,82 0,00364089 1457 7,57E-08
160 0,82 0,00155711 499 9,46E-08
170 0,82 0,0024097 827 8,83E-08
180 0,82 0,0043087 1474 8,86E-08
190 0,82 0,00526524 1695 9,41E-08
200 0,82 0,00602698 1851 9,87E-08
210 0,82 0,00517273 1396 1,12E-07
220 0,82 0,00535393 1462 1,11E-07
230 0,82 0,00742912 2063 1,09E-07
240 0,82 0,00531006 1227 1,31E-07
250 0,82 0,00614452 1619 1,15E-07
260 0,82 0,0155611 4104 1,02E-07
270 0,82 0,00781035 1814 1,16E-07
280 0,82 0,00944734 1980 1,29E-07
290 0,82 0,0194478 9525 9,51E-08
300 0,82 0,00821209 1384 1,60E-07

LX




C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,82 0,00140452 807 6,00E-08
110 0,82 0,00151014 728 7,15E-08
120 0,82 0,00177097 810 7,54E-08
130 0,82 0,00222111 947 7,11E-08
140 0,82 0,00223613 935 7,25E-08
150 0,82 0,00328565 1314 7,58 E-08
160 0,82 0,00347495 1237 8,51E-08
170 0,82 0,00349951 1139 9,31E-08
180 0,82 0,00423074 1480 8,66E-08
190 0,82 0,00528049 1705 9,39E-08
200 0,82 0,00483036 1365 1,07E-07
210 0,82 0,00561619 1706 9,98E-08
220 0,82 0,00450468 1075 1,27E-07
230 0,82 0,01177597 3579 9,97E-08
240 0,82 0,00524092 1239 1,28E-07
250 0,82 0,0074687 1707 1,33E-07
260 0,82 0,00628638 1334 1,27E-07
270 0,82 0,01024628 1868 1,48E-07
280 0,82 0,00970626 1636 1,60E-07
290 0,82 0,0135622 2482 1,48E-07
300 0,82 0,01043534 1406 2,01E-07
100 0,82 0,00094485 445 7,32E-08
110 0,82 0,00115824 o915 7,76E-08
120 0,82 0,00135493 559 8,36 E-08
130 0,82 0,0019443 843 6,99E-08
140 0,82 0,00254989 1042 7,42E-08
150 0,82 0,00411582 1760 7,09E-08
160 0,82 0,00276995 991 8,47E-08
170 0,82 0,00419044 1485 8,55E-08
180 0,82 0,0039165 1356 8,75E-08
190 0,82 0,00391865 1227 9,68E-08
200 0,82 0,00557685 1731 9,76E-08
210 0,82 0,00396276 1070 1,12E-07
220 0,82 0,00576925 1523 1,15E-07
230 0,82 0,0062685 1539 1,23E-07
240 0,82 0,00836658 2226 1,14E-07
250 0,82 0,00646114 1578 1,24E-07
260 0,82 0,00977659 2421 1,09E-07
270 0,82 0,00957918 1692 1,53E-07
280 0,82 0,01096225 1905 1,56E-07
290 0,82 0,01818395 3382 1,45E-07
300 0,82 0,01403522 2123 1,79E-07

LXI



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,84 0,00161195 834 6,66E-08
110 0,84 0,00122333 624 6,76E-08
120 0,84 0,00170398 760 7,73E-08
130 0,84 0,00329423 1685 2,92E-08
140 0,84 0,00124311 | 421 8,95E-08
150 0,84 0,00314474 1285 7,42E-08
160 0,84 0,00282311 1082 7,91E-08
170 0,84 0,00361395 1376 7,96E-08
180 0,84 0,00293899 824 1,08E-07
190 0,84 0,003304 934 1,07E-07
200 0,84 0,0047965 1376 1,06E-07
210 0,84 0,00271583 657 1,25E-07
220 0,84 0,00566339 1591 1,08E-07
230 0,84 0,00892329 2669 1,01E-07
240 0,84 0,00693035 1657 1,27E-07
250 0,84 0,00878 2397 1,11E-07
260 0,84 0,00623441 1421 1,19E-07
270 0,84 0,01094556 2344 1,26E-07
280 0,84 0,00731921 1430 1,38E-07
290 0,84 0,00939035 2029 1,25E-07
300 0,84 0,00910282 2022 1,22E-07
100 0,84 0,00126481 741 2,89E-08
110 0,84 0,00137401 712 6,65E-08
120 0,84 0,00136375 997 7,88E-08
130 0,84 0,0020349 845 7,30E-08
140 0,84 0,00182676 654 8,46E-08
150 0,84 0,00217295 T 8,47E-08
160 0,84 0,00293589 1110 8,01E-08
170 0,84 0,00323462 1073 9,14E-08
180 0,84 0,00306439 | 898 1,03E-07
190 0,84 0,00665855 2212 9,12E-08
200 0,84 0,00478125 1442 1,00E-07
210 0,84 0,00470638 1367 1,04E-07
220 0,84 0,00444698 1128 1,19E-07
230 0,84 0,00668597 1924 1,05E-07
240 0,84 0,00647545 1662 1,18E-07
250 0,84 0,0059092 1370 1,31E-07
260 0,84 0,00641584 1468 1,18E-07
270 0,84 0,00715041 1588 1,22E-07
280 0,84 0,01385021 3183 1,18E-07
290 0,84 0,01339197 2992 1,21E-07
300 0,84 0,01615 3954 1,10E-07

LXII




C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,84 0,00100183 533 6,48E-08
110 0,84 0,00195313 1066 6,32E-08
120 0,84 0,00220156 964 7,88E-08
130 0,84 0,00261617 1159 6,84E-08
140 0,84 0,00413346 1860 6,73E-08
150 0,84 0,00350738 1430 7,43E-08
160 0,84 0,00235724 748 9,55E-08
170 0,84 0,0034349 1146 9,08E-08
180 0,84 0,00417042 1440 8,78E-08
190 0,84 0,00435376 1321 9,99E-08
200 0,84 0,00358462 909 1,19E-07
210 0,84 0,00264788 636 1,26E-07
220 0,84 0,00656486 1905 1,04E-07
230 0,84 0,00692272 1921 1,09E-07
240 0,84 0,00647807 1624 1,21E-07
250 0,84 0,00609231 1449 1,27E-07
260 0,84 0,00603485 1324 1,23E-07
270 0,84 0,00832391 2011 1,12E-07
280 0,84 0,00690031 1436 1,30E-07
290 0,84 0,01064777 2262 1,27E-07
300 0,84 0,01160669 2585 1,21E-07
100 0,84 0,00116396 617 6,51E-08
110 0,84 0,00143409 691 7,16E-08
120 0,84 0,00266194 1446 6,35E-08
130 0,84 0,00213695 890 7,28E-08
140 0,84 0,00310087 1351 6,96E-08
150 0,84 0,00272679 1023 8,08E-08
160 0,84 0,00269508 935 8,73E-08
170 0,84 0,00331473 1081 9,29E-08
180 0,84 0,00339866 1083 9,51E-08
190 0,84 0,00416207 1239 1,02E-07
200 0,84 0,00501156 1348 1,13E-07
210 0,84 0,00638008 1813 1,07E-07
220 0,84 0,00694418 1999 1,05E-07
230 0,84 0,00924397 2568 1,09E-07
240 0,84 0,0089438 2307 1,17E-07
250 0,84 0,00583148 1344 1,31E-07
260 0,84 0,00624251 1380 1,22E-07
270 0,84 0,00771093 1352 1,54E-07
280 0,84 0,01074457 1870 1,55E-07
290 0,84 0,01165223 2022 1,56 E-07
300 0,84 0,01069903 1768 1,64E-07

LXIII



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,84 0,00127816 663 6,65E-08
110 0,84 0,00149608 690 7,48E-08
120 0,84 0,0023756 1225 6,69E-08
130 0,84 0,00184846 797 7,03E-08
140 0,84 0,00185418 706 7,96E-08
150 0,84 0,00317836 1319 7,30E-08
160 0,84 0,00239205 794 9,13E-08
170 0,84 0,00561094 2124 8,01E-08
180 0,84 0,00386596 1187 9,87E-08
190 0,84 0,00659776 2199 9,09E-08
200 0,84 0,00272775 810 1,02E-07
210 0,84 0,00485182 1379 1,07E-07
220 0,84 0,00712013 2033 1,06E-07
230 0,84 0,00482798 1119 1,31E-07
240 0,84 0,00544596 1314 1,26E-07
250 0,84 0,00845766 2647 9,68E-08
260 0,84 0,00796795 1805 1,19E-07
270 0,84 0,01789546 3791 1,28E-07
280 0,84 0,01215267 1878 1,75E-07
290 0,84 0,01635575 2657 1,66E-07
300 0,84 0,01490307 2628 1,53E-07
100 0,86 0,00141311 852 2,72E-08
110 0,86 0,00080204 | 366 7.56E-08
120 0,86 0,00140166 602 8,03E-08
130 0,86 0,00363278 1485 7,41E-08
140 0,86 0,00194836 657 8,99E-08
150 0,86 0,00243092 1008 7,31E-08
160 0,86 0,00323343 1202 8,15E-08
170 0,86 0,0034771 1187 8,88E-08
180 0,86 0,0029521 846 1,06E-07
190 0,86 0,00373316 1129 1,00E-07
200 0,86 0,00409007 1220 1,02E-07
210 0,86 0,005234 1480 1,07E-07
220 0,86 0,00304723 783 1,18E-07
230 0,86 0,00922394 2808 9,95E-08
240 0,86 0,01061106 2931 1,10E-07
250 0,86 0,0054369 1144 1,44E-07
260 0,86 0,00520492 1261 1,12E-07
270 0,86 0,0079031 1745 1,22E-07
280 0,86 0,00870228 1970 1,19E-07
290 0,86 0,00794148 1493 1,44E-07
300 0,86 0,00828767 1720 1,30E-07

LXIV




C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,86 0,0009501 465 7,05E-08
110 0,86 0,00145435 713 7,03E-08
120 0,86 0,00135207 635 7,34E-08
130 0,86 0,00257778 1184 6,60E-08
140 0,86 0,00351644 1579 6,75E-08
150 0,86 0,00256467 998 7,79E-08
160 0,86 0,00235057 770 9,25E-08
170 0,86 0,006001 2264 8,03E-08
180 0,86 0,00382376 1147 1,01E-07
190 0,86 0,00365996 1141 9,72E-08
200 0,86 0,00662732 2211 9,08E-08
210 0,86 0,00692201 2041 1,03E-07
220 0,86 0,0059495 1663 1,08E-07
230 0,86 0,00483298 1138 1,29E-07
240 0,86 0,00538802 1289 1,27E-07
250 0,86 0,00668883 1587 1,28E-07
260 0,86 0,00812173 1874 1,17E-07
270 0,86 0,00697827 1428 1,32E-07
280 0,86 0,00761223 1642 1,25E-07
290 0,86 0,01744175 4305 1,10E-07
300 0,86 0,00787807 1537 1,39E-07
100 0,86 0,0017159 1035 5,72E-08
110 0,86 0,00150132 725 7,14E-08
120 0,86 0,00184464 953 6,67E-08
130 0,86 0,00159049 564 8,55E-08
140 0,86 0,00199914 791 7,66E-08
150 0,86 0,00269699 961 8,50E-08
160 0,86 0,0023613 792 9,03E-08
170 0,86 0,00308824 1112 8,42E-08
180 0,86 0,00392246 1207 9,85E-08
190 0,86 0,00449252 1362 1,00E-07
200 0,86 0,00511599 1619 9,58E-08
210 0,86 0,00396323 1057 1,14E-07
220 0,86 0,00472283 1314 1,09E-07
230 0,86 0,00576782 1586 1,10E-07
240 0,86 0,00584435 1459 1,21E-07
250 0,86 0,00565004 1254 1,37E-07
260 0,86 0,00701833 1712 1,11E-07
270 0,86 0,00658393 1253 1,42E-07
280 0,86 0,01547146 4217 9,92E-08
290 0,86 0,01403189 3383 1,12E-07
300 0,86 0,01045561 2263 1,25E-07

LXV



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,86 0,00121379 624 6,71E-08
110 0,86 0,00117588 266 7,16E-08
120 0,86 0,00134397 279 8,00E-08
130 0,86 0,00110126 408 8,18E-08
140 0,86 0,00244188 996 7,43E-08
150 0,86 0,00273347 1018 8,14E-08
160 0,86 0,00242519 818 8,98E-08
170 0,86 0,00374961 1314 8,65E-08
180 0,86 0,00203371 579 1,06E-07
190 0,86 0,00258493 847 9,25E-08
200 0,86 0,00354624 980 1,10E-07
210 0,86 0,0052371 1419 1,12E-07
220 0,86 0,00568843 1539 1,12E-07
230 0,86 0,00477505 1089 1,33E-07
240 0,86 0,00931835 2551 1,11E-07
250 0,86 0,00711751 1662 1,30E-07
260 0,86 0,00607324 1193 1,38E-07
270 0,86 0,01103354 1860 1,60E-07
280 0,86 0,00934505 1338 1,89E-07
290 0,86 0,00703335 1064 1,79E-07
300 0,86 0,01404643 1991 1,91E-07
100 0,86 0,00124121 272 7,48E-08
110 0,86 0,00158238 680 8,02E-08
120 0,86 0,00162172 762 7,34E-08
130 0,86 0,00158596 608 7,90E-08
140 0,86 0,00183105 677 8,20E-08
150 0,86 0,00212193 764 8,42E-08
160 0,86 0,0056181 2368 7,19E-08
170 0,86 0,00305581 1060 8,74E-08
180 0,86 0,0032661 1049 0,43E-08
190 0,86 0,00439501 1281 1,04E-07
200 0,86 0,00392818 1113 1,07E-07
210 0,86 0,00472331 1364 1,05E-07
220 0,86 0,00900865 2739 9,97E-08
230 0,86 0,00704813 2042 1,05E-07
240 0,86 0,00523877 1189 1,34E-07
250 0,86 0,00717616 1916 1,13E-07
260 0,86 0,00617909 1330 1,26E-07
270 0,86 0,0072844 1267 1,55E-07
280 0,86 0,00914407 1540 1,60E-07
290 0,86 0,01459622 2551 1,55E-07
300 0,86 0,01930451 3237 1,61E-07

LXVI




C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,88 0,00199461 1334 5,16E-08
110 0,88 0,00124264 628 6,82E-08
120 0,88 0,00218797 964 7,83E-08
130 0,88 0,00199389 824 7,33E-08
140 0,88 0,00251198 934 8,15E-08
150 0,88 0,00219631 834 7,98E-08
160 0,88 0,00233078 779 9,07E-08
170 0,88 0,00391793 1533 7,74E-08
180 0,88 0,00368237 1238 9,01E-08
190 0,88 0,00517344 1915 8,19E-08
200 0,88 0,00922942 3171 8,82E-08
210 0,88 0,00479102 1488 9,76E-08
220 0,88 0,00585794 1527 1,16E-07
230 0,88 0,00471401 1090 1,31E-07
240 0,88 0,00519609 1101 1,43E-07
250 0,88 0,00866079 2380 1,10E-07
260 0,88 0,0092566 2253 1,11E-07
270 0,88 0,00716972 1679 1,15E-07
280 0,88 0,00482607 899 1,45E-07
290 0,88 0,00799012 1447 1,49E-07
300 0,88 0,01151371 2986 1,04E-07
100 0,88 0,00124669 633 6,79E-08
110 0,88 0,00216365 1241 6,01E-08
120 0,88 0,00097132 458 7,31E-08
130 0,88 0,00226259 1078 6,36E-08
140 0,88 0,00165129 702 7,13E-08
150 0,88 0,0020721 704 8,92E-08
160 0,88 0,00315213 1127 8,48E-08
170 0,88 0,00297785 1044 8,64E-08
180 0,88 0,00495434 1642 9,14E-08
190 0,88 0,0036993 1197 9,37E-08
200 0,88 0,00366688 964 1,15E-07
210 0,88 0,00523782 1669 9,51E-08
220 0,88 0,00590754 1531 1,17E-07
230 0,88 0,00497675 1217 1,24E-07
240 0,88 0,00529814 1225 1,31E-07
250 0,88 0,00575495 1163 1,50E-07
260 0,88 0,00736117 1677 1,19E-07
270 0,88 0,00886559 1809 1,32E-07
280 0,88 0,00645423 1431 1,22E-07
290 0,88 0,01019645 2066 1,33E-07
300 0,88 0,01367068 3239 1,14E-07

LXVII



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,88 0,00104165 041 6,64E-08
110 0,88 0,00081491 418 6,72E-08
120 0,88 0,00138903 600 7,98E-08
130 0,88 0,00178981 781 6,94E-08
140 0,88 0,00303555 1339 6,87E-08
150 0,88 0,00213742 796 8,14E-08
160 0,88 0,00308251 1153 8,10E-08
170 0,88 0,00321651 1086 8,98E-08
180 0,88 0,00371981 1240 9,09E-08
190 0,88 0,00345898 1024 1,02E-07
200 0,88 0,00480723 1297 1,12E-07
210 0,88 0,00528836 1305 1,23E-07
220 0,88 0,00511718 1380 1,12E-07
230 0,88 0,00615263 1614 1,16E-07
240 0,88 0,0072701 1939 1,14E-07
250 0,88 0,00662708 1620 1,24E-07
260 0,88 0,00949001 2373 1,08E-07
270 0,88 0,00631332 1396 1,22E-07
280 0,88 0,01234198 2991 1,12E-07
290 0,88 0,00775337 1343 1,56E-07
300 0,88 0,01108217 2253 1,33E-07
100 0,88 0,00116682 605 6,65E-08
110 0,88 0,00117421 263 7,19E-08
120 0,88 0,00181866 887 7,07E-08
130 0,88 0,002074 865 7,27E-08
140 0,88 0,00182438 657 8,41E-08
150 0,88 0,00490165 2103 7,06E-08
160 0,88 0,00431561 1746 7,49E-08
170 0,88 0,00307202 1054 8,83E-08
180 0,88 0,00361753 1071 1,02E-07
190 0,88 0,00666285 2184 9,24E-08
200 0,88 0,00503159 1408 1,08E-07
210 0,88 0,00398874 1004 1,20E-07
220 0,88 0,00507689 1290 1,19E-07
230 0,88 0,00603271 1532 1,19E-07
240 0,88 0,00861859 2396 1,09E-07
250 0,88 0,00797176 2073 1,17E-07
260 0,88 0,00809288 1753 1,25E-07
270 0,88 0,00865698 1334 1,75E-07
280 0,88 0,01064777 1855 1,55E-07
290 0,88 0,01000524 1355 2,00E-07
300 0,88 0,01942706 3726 1,41E-07
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C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,88 0,00064898 302 7,41E-08
110 0,88 0,00189781 884 7,40E-08
120 0,88 0,0016973 835 7,01E-08
130 0,88 0,00208688 889 7,11E-08
140 0,88 0,00204015 864 7,16E-08
150 0,88 0,00414538 1637 7,67E-08
160 0,88 0,00380898 1455 7,93E-08
170 0,88 0,00359201 1166 9,34E-08
180 0,88 0,00380278 1237 9,32E-08
190 0,88 0,00544786 1689 9,77TE-08
200 0,88 0,00362563 948 1,16E-07
210 0,88 0,00531459 1437 1,12E-07
220 0,88 0,00541067 1513 1,08E-07
230 0,88 0,00622201 1569 1,20E-07
240 0,88 0,00721407 1774 1,23E-07
250 0,88 0,00700951 1796 1,18E-07
260 0,88 0,00658059 1480 1,20E-07
270 0,88 0,01135874 1734 1,77E-07
280 0,88 0,015028 2541 1,60E-07
290 0,88 0,00838399 1405 1,61E-07
300 0,88 0,01419115 2153 1,78E-07
100 0,9 0,00128365 650 6,81E-08
110 0,9 0,00117588 488 8,31E-08
120 0,9 0,0015471 738 7,23E-08
130 0,9 0,00179529 792 6,87E-08
140 0,9 0,00186801 680 8,32E-08
150 0,9 0,00339389 1327 7,75E-08
160 0,9 0,00312328 1082 8,75E-08
170 0,9 0,00178027 D78 9,33E-08
180 0,9 0,00197983 561 1,07E-07
190 0,9 0,00381398 1169 9,89E-08
200 0,9 0,00329757 929 1,08E-07
210 0,9 0,0041554 1109 1,14E-07
220 0,9 0,00584626 1580 1,12E-07
230 0,9 0,00673413 1835 1,11E-07
240 0,9 0,00621772 1491 1,26E-07
250 0,9 0,00937629 2514 1,13E-07
260 0,9 0,00662255 1510 1,19E-07
270 0,9 0,0069809 1511 1,25E-07
280 0,9 0,00673032 1437 1,27E-07
290 0,9 0,00512314 820 1,69E-07
300 0,9 0,01397586 2548 1,48E-07

LXIX



C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,9 0,0011549 608 6,55E-08
110 0,9 0,00153613 740 7,16E-08
120 0,9 0,00090766 325 9,63E-08
130 0,9 0,00207019 789 7,95E-08
140 0,9 0,0036695 1602 6,94E-08
150 0,9 0,00324106 794 1,24E-07
160 0,9 0,00332546 1276 7,90E-08
170 0,9 0,00403404 1505 8,12E-08
180 0,9 0,00402832 1190 1,03E-07
190 0,9 0,00355768 1009 1,07E-07
200 0,9 0,00465393 1419 9,94E-08
210 0,9 0,00698519 2013 1,05E-07
220 0,9 0,00298524 695 1,30E-07
230 0,9 0,00480223 1152 1,26E-07
240 0,9 0,00659084 1676 1,19E-07
250 0,9 0,00664616 1556 1,29E-07
260 0,9 0,01114106 2953 1,02E-07
270 0,9 0,00715542 1430 1,35E-07
280 0,9 0,00491714 932 1,43E-07
290 0,9 0,01003551 1967 1,38E-07
300 0,9 0,01098347 2213 1,34E-07
100 0,9 0,00090861 433 7,24E-08
110 0,9 0,00151658 713 7,33E-08
120 0,9 0,00258493 1406 6,34E-08
130 0,9 0,00207257 809 7,76E-08
140 0,9 0,00184202 699 7,99E-08
150 0,9 0,00269413 943 8,66E-08
160 0,9 0,00251293 776 9,81E-08
170 0,9 0,002635 812 9,83E-08
180 0,9 0,00368619 1039 1,08 E-07
190 0,9 0,00324774 893 1,10E-07
200 0,9 0,00378442 1028 1,12E-07
210 0,9 0,00426745 1206 1,07E-07
220 0,9 0,00697184 1897 1,11E-07
230 0,9 0,00473261 1088 1,32E-07
240 0,9 0,00872779 2093 1,26E-07
250 0,9 0,00722384 1637 1,34E-07
260 0,9 0,00968504 2320 1,13E-07
270 0,9 0,00881243 1682 1,42E-07
280 0,9 0,00719595 1355 1,44E-07
290 0,9 0,00831819 1731 1,30E-07
300 0,9 0,01104116 1923 1,55E-07
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C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,9 0,00124979 661 6,52E-08
110 0,9 0,00119686 464 8,89E-08
120 0,9 0,00160432 731 7,57TE-08
130 0,9 0,00159955 933 9,09E-08
140 0,9 0,00239372 876 8,28E-08
150 0,9 0,0022254 814 8,28E-08
160 0,9 0,00250673 795 9,55E-08
170 0,9 0,00323296 995 9,85E-08
180 0,9 0,00310636 944 9,97E-08
190 0,9 0,00441408 1245 1,07E-07
200 0,9 0,0038147 970 1,19E-07
210 0,9 0,00763297 2586 8,94E-08
220 0,9 0,00574493 1429 1,22E-07
230 0,9 0,00476956 1199 1,21E-07
240 0,9 0,00521445 1178 1,34E-07
250 0,9 0,0086813 2271 1,16E-07
260 0,9 0,00610304 1276 1,29E-07
270 0,9 0,01156616 1778 1,76E-07
280 0,9 0,0094862 1394 1,84E-07
290 0,9 0,01017737 1416 1,94E-07
300 0,9 0,01192427 1895 1,70E-07
100 0,9 0,00109482 524 7,20E-08
110 0,9 0,0012033 522 7,95E-08
120 0,9 0,00134182 516 8,97E-08
130 0,9 0,00198126 814 7,38E-08
140 0,9 0,00273681 1188 6,98E-08
150 0,9 0,00347018 1438 7,31E-08
160 0,9 0,00354743 1340 8,02E-08
170 0,9 0,00339484 1179 8,73E-08
180 0,9 0,00380373 1110 1,04E-07
190 0,9 0,00436449 1241 1,07E-07
200 0,9 0,004668 1317 1,07E-07
210 0,9 0,00404882 943 1,30E-07
220 0,9 0,00704861 1942 1,10E-07
230 0,9 0,0109663 3253 1,02E-07
240 0,9 0,00900364 2330 1,17E-07
250 0,9 0,00568795 1232 1,40E-07
260 0,9 0,01004767 2293 1,18E-07
270 0,9 0,01237988 2008 1,67E-07
280 0,9 0,01235938 1842 1,81E-07
290 0,9 0,01002407 1426 1,90E-07
300 0,9 0,01090026 1224 2,41E-07
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C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,92 0,00126529 616 7,08E-08
110 0,92 0,00118518 o17 7,90E-08
120 0,92 0,0017364 758 7,90E-08
130 0,92 0,00174594 750 7,05E-08
140 0,92 0,00242996 782 9,42E-08
150 0,92 0,00307155 1174 7,93E-08
160 0,92 0,00412345 1493 8,37TE-08
170 0,92 0,00269699 700 1,17E-07
180 0,92 0,00364399 1105 9,99E-08
190 0,92 0,00392365 1065 1,12E-07
200 0,92 0,00369215 981 1,14E-07
210 0,92 0,00414324 1039 1,21E-07
220 0,92 0,00625753 1760 1,08E-07
230 0,92 0,00492501 1145 1,30E-07
240 0,92 0,00668335 1629 1,24E-07
250 0,92 0,00631118 1446 1,32E-07
260 0,92 0,01015735 2177 1,26E-07
270 0,92 0,00886607 1644 1,46E-07
280 0,92 0,00721884 1382 1,41E-07
290 0,92 0,01046729 2149 1,32E-07
300 0,92 0,00865626 1477 1,58E-07
100 0,92 0,00096679 436 7,65E-08
110 0,92 0,00100875 950 6,32E-08
120 0,92 0,00152707 628 8,38E-08
130 0,92 0,00198269 822 7,31E-08
140 0,92 0,00243402 979 7,53E-08
150 0,92 0,002882 1075 8,12E-08
160 0,92 0,00353837 1252 8,56E-08
170 0,92 0,0036335 1042 1,06E-07
180 0,92 0,00375366 1213 9,38E-08
190 0,92 0,0033071 869 1,15E-07
200 0,92 0,00493908 1297 1,15E-07
210 0,92 0,0054574 1481 1,12E-07
220 0,92 0,00574613 1375 1,27E-07
230 0,92 0,00510597 1212 1,28E-07
240 0,92 0,00711012 1637 1,32E-07
250 0,92 0,00600314 | 1297 1,40E-07
260 0,92 0,01016879 2211 1,24E-07
270 0,92 0,00608587 1313 1,25E-07
280 0,92 0,00803113 1591 1,36E-07
290 0,92 0,00796008 1379 1,56E-07
300 0,92 0,00969386 1934 1,35E-07
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C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,92 0,00144553 722 6,90E-08
110 0,92 0,00114489 549 7,19E-08
120 0,92 0,00094414 360 9,04E-08
130 0,92 0,00160241 542 8,96E-08
140 0,92 0,00233793 845 8,38E-08
150 0,92 0,00259972 983 8,01E-08
160 0,92 0,00263762 849 9,41E-08
170 0,92 0,00527406 1698 9,41E-08
180 0,92 0,00446415 1490 9,08E-08
190 0,92 0,00438523 1163 1,14E-07
200 0,92 0,0045681 1276 1,08E-07
210 0,92 0,00426459 1121 1,15E-07
220 0,92 0,00501633 1359 1,12E-07
230 0,92 0,00639725 1351 1,43E-07
240 0,92 0,00567508 1311 1,31E-07
250 0,92 0,00449514 1035 1,32E-07
260 0,92 0,00701046 1592 1,19E-07
270 0,92 0,00599122 1392 1,16E-07
280 0,92 0,01426196 3576 1,08E-07
290 0,92 0,00893283 1704 1,42E-07
300 0,92 0,01077771 1941 1,50E-07
100 0,92 0,00094581 388 8,41E-08
110 0,92 0,0012064 570 7,30E-08
120 0,92 0,00175405 792 7,64E-08
130 0,92 0,00182867 770 7,20E-08
140 0,92 0,002213 822 8,16E-08
150 0,92 0,00208759 583 1,09E-07
160 0,92 0,0023818 739 9,77E-08
170 0,92 0,00423598 1617 7,94E-08
180 0,92 0,00294471 863 1,03E-07
190 0,92 0,00322032 869 1,12E-07
200 0,92 0,00436282 1084 1,22E-07
210 0,92 0,00431705 1134 1,15E-07
220 0,92 0,00667477 1871 1,08E-07
230 0,92 0,0064373 1429 1,37E-07
240 0,92 0,00732923 1726 1,29E-07
250 0,92 0,01141143 2801 1,23E-07
260 0,92 0,00889301 1997 1,20E-07
270 0,92 0,01248002 2209 1,53E-07
280 0,92 0,01235986 1945 1,72E-07
290 0,92 0,01244473 1891 1,78E-07
300 0,92 0,01444793 1938 2,01E-07
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C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,92 0,00095916 500 6,61E-08
110 0,92 0,00149012 694 7,40E-08
120 0,92 0,00154996 659 8,11E-08
130 0,92 0,00173712 670 7,86E-08
140 0,92 0,00197315 639 9,36E-08
150 0,92 0,0022521 744 9,17E-08
160 0,92 0,00301981 1036 8,83E-08
170 0,92 0,00283599 976 8,81E-08
180 0,92 0,00472021 1795 7,97E-08
190 0,92 0,00330901 794 1,26E-07
200 0,92 0,00475335 1311 1,10E-07
210 0,92 0,00902414 2908 9,40E-08
220 0,92 0,0059731 1473 1,23E-07
230 0,92 0,00925136 2447 1,15E-07
240 0,92 0,00523758 991 1,60E-07
250 0,92 0,00745773 1664 1,36E-07
260 0,92 0,00809002 1735 1,26E-07
270 0,92 0,01090336 1878 1,67E-07
280 0,92 0,00970769 1434 1,83E-07
290 0,92 0,01001644 1200 2,26E-07
300 0,92 0,01201797 1759 1,85E-07
100 0,94 0,00096202 449 7,39E-08
110 0,94 0,00164199 815 6,95E-08
120 0,94 0,0009191 329 9,63E-08
130 0,94 0,00190878 760 7,61E-08
140 0,94 0,00306058 1044 8,88E-08
150 0,94 0,00213194 637 1,01E-07
160 0,94 0,00450897 1508 9,06E-08
170 0,94 0,00355434 1078 9,99E-08
180 0,94 0,00349617 993 1,07E-07
190 0,94 0,00365424 947 1,17E-07
200 0,94 0,00412059 1068 1,17E-07
210 0,94 0,00530457 1233 1,30E-07
220 0,94 0,00441504 976 1,37E-07
230 0,94 0,00493908 1105 1,35E-07
240 0,94 0,00617957 1318 1,42E-07
250 0,94 0,00555658 1035 1,63E-07
260 0,94 0,00822186 1436 1,55E-07
270 0,94 0,00724411 1428 1,37E-07
280 0,94 0,00776458 1449 1,45E-07
290 0,94 0,01038885 1797 1,56E-07
300 0,94 0,00875807 1364 1,74E-07
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C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,94 0,00101113 410 8,50E-08
110 0,94 0,00156522 693 7,79E-08
120 0,94 0,00664854 568 4,04E-07
130 0,94 0,00176716 650 8,24E-08
140 0,94 0,00258446 977 8,02E-08
150 0,94 0,00280976 994 8,57E-08
160 0,94 0,00311232 877 1,08E-07
170 0,94 0,00340724 1022 1,01E-07
180 0,94 0,00297308 755 1,19E-07
190 0,94 0,00331497 756 1,33E-07
200 0,94 0,00426388 1103 1,17E-07
210 0,94 0,00625682 1742 1,09E-07
220 0,94 0,00450945 1011 1,35E-07
230 0,94 0,0061636 1449 1,29E-07
240 0,94 0,00670815 1634 1,24E-07
250 0,94 0,00596738 1153 1,57E-07
260 0,94 0,00728965 1566 1,26E-07
270 0,94 0,00885367 1816 1,32E-07
280 0,94 0,00714111 1201 1,61E-07
290 0,94 0,00790286 1278 1,67E-07
300 0,94 0,01626921 3453 1,27E-07
100 0,94 0,00094843 477 6,86E-08
110 0,94 0,00267053 1289 7,14E-08
120 0,94 0,00149608 597 8,64E-08
130 0,94 0,00268674 1242 6,56E-08
140 0,94 0,00230384 772 9,04E-08
150 0,94 0,00274014 849 9,78E-08
160 0,94 0,00308013 994 9,39E-08
170 0,94 0,00353909 1109 9,67TE-08
180 0,94 0,00379801 1154 9,97E-08
190 0,94 0,0044198 1047 1,28E-07
200 0,94 0,00365996 887 1,25E-07
210 0,94 0,00496221 1276 1,18E-07
220 0,94 0,00583434 1200 1,47E-07
230 0,94 0,00620484 1534 1,23E-07
240 0,94 0,00636363 1455 1,33E-07
250 0,94 0,00675917 1529 1,34E-07
260 0,94 0,00753212 1510 1,35E-07
270 0,94 0,00681591 1170 1,57E-07
280 0,94 0,01442885 2825 1,38E-07
290 0,94 0,01104379 2078 1,44E-07
300 0,94 0,01101637 1896 1,57E-07
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C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,94 0,00124598 991 7,27TE-08
110 0,94 0,00148535 571 8,97E-08
120 0,94 0,00144506 677 7,36E-08
130 0,94 0,00188303 754 7,57TE-08
140 0,94 0,00243759 901 8,20E-08
150 0,94 0,00210619 693 9,21E-08
160 0,94 0,00235987 735 9,73E-08
170 0,94 0,0029397 873 1,02E-07
180 0,94 0,00299859 819 1,11E-07
190 0,94 0,00531507 1606 1,00E-07
200 0,94 0,00412893 1013 1,24E-07
210 0,94 0,00549364 1272 1,31E-07
220 0,94 0,00438118 994 1,34E-07
230 0,94 0,00491285 959 1,55E-07
240 0,94 0,00557375 1250 1,35E-07
250 0,94 0,00589371 1071 1,67E-07
260 0,94 0,01430249 3197 1,21E-07
270 0,94 0,01491189 2325 1,73E-07
280 0,94 0,0126152 1666 2,05E-07
290 0,94 0,0109849 1504 1,97E-07
300 0,94 0,011132 1379 2,18E-07
100 0,94 0,00100517 469 7,39E-08
110 0,94 0,00126529 461 9,46E-08
120 0,94 0,00190878 815 8,08 E-08
130 0,94 0,00164461 617 8,08E-08
140 0,94 0,00272655 985 8,39E-08
150 0,94 0,00264335 951 8,42E-08
160 0,94 0,00291276 904 9,76E-08
170 0,94 0,00430441 1376 9,48E-08
180 0,94 0,00469351 1770 8,04E-08
190 0,94 0,00383377 936 1,24E-07
200 0,94 0,00474524 1318 1,09E-07
210 0,94 0,00527811 1348 1,19E-07
220 0,94 0,00579667 1412 1,24E-07
230 0,94 0,00480056 949 1,53E-07
240 0,94 0,00678468 1539 1,34E-07
250 0,94 0,00748038 1575 1,44E-07
260 0,94 0,00646305 1380 1,27E-07
270 0,94 0,00888515 1093 2,20E-07
280 0,94 0,00916433 1261 1,96E-07
290 0,94 0,0101862 1245 2,21E-07
300 0,94 0,01190376 1565 2,06E-07
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C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,96 0,00116777 552 7,29E-08
110 0,96 0,00115323 435 9,14E-08
120 0,96 0,00157046 612 8,85E-08
130 0,96 0,00205016 710 8,75E-08
140 0,96 0,00220108 785 8,00E-08
150 0,96 0,00249386 814 9,28E-08
160 0,96 0,00248122 531 1,42E-07
170 0,96 0,00265026 695 1,16E-07
180 0,96 0,00305343 738 1,25E-07
190 0,96 0,00469923 1224 1,16E-07
200 0,96 0,00481534 1158 1,26E-07
210 0,96 0,00537825 1137 1,43E-07
220 0,96 0,00449109 846 1,61E-07
230 0,96 0,00800228 2031 1,19E-07
240 0,96 0,0085268 1832 1,41E-07
250 0,96 0,00768995 1453 1,60E-07
260 0,96 0,00615907 1035 1,61E-07
270 0,96 0,00782895 1588 1,33E-07
280 0,96 0,00742698 1051 1,91E-07
290 0,96 0,00809312 1301 1,68E-07
300 0,96 0,01104903 1892 1,58E-07
100 0,96 0,00126362 504 8,65E-08
110 0,96 0,00152946 598 8,82E-08
120 0,96 0,00150633 593 8,76E-08
130 0,96 0,00205183 764 8,14E-08
140 0,96 0,00249791 808 9,37E-08
150 0,96 0,0023632 801 8,94E-08
160 0,96 0,00289726 854 1,03E-07
170 0,96 0,00329423 1033 9,66E-08
180 0,96 0,00352836 983 1,09E-07
190 0,96 0,00423908 1056 1,22E-07
200 0,96 0,00387692 891 1,32E-07
210 0,96 0,0046773 1054 1,34E-07
220 0,96 0,00621629 1536 1,23E-07
230 0,96 0,00506997 1004 1,53E-07
240 0,96 0,0052979 992 1,62E-07
250 0,96 0,00763392 1457 1,59E-07
260 0,96 0,0062108 948 1,77E-07
270 0,96 0,0072391 1262 1,55E-07
280 0,96 0,00752783 1172 1,74E-07
290 0,96 0,00775886 1112 1,89E-07
300 0,96 0,00831294 1084 2,07E-07
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C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,96 0,00106215 493 7,43E-08
110 0,96 0,00147963 603 8,46E-08
120 0,96 0,00169492 669 8,74E-08
130 0,96 0,00159931 505 9,60E-08
140 0,96 0,00244403 774 9,57E-08
150 0,96 0,00179791 624 8,73E-08
160 0,96 0,0023551 615 1,16E-07
170 0,96 0,00350738 1001 1,06E-07
180 0,96 0,00394535 1074 1,11E-07
190 0,96 0,00529099 1603 1,00E-07
200 0,96 0,00456333 1157 1,20E-07
210 0,96 0,00571847 1329 1,30E-07
220 0,96 0,00533342 1194 1,35E-07
230 0,96 0,00614214 | 1312 1,42E-07
240 0,96 0,00918818 2233 1,25E-07
250 0,96 0,00569415 975 1,77E-07
260 0,96 0,01322436 3183 1,12E-07
270 0,96 0,00738406 1364 1,46E-07
280 0,96 0,00731373 1022 1,93E-07
290 0,96 0,00578904 1039 1,51E-07
300 0,96 0,00916195 | 1523 1,63E-07
100 0,96 0,00122881 641 6,61E-08
110 0,96 0,00148416 | 603 8,49E-08
120 0,96 0,00158405 603 9,06E-08
130 0,96 0,0020237 718 8,54E-08
140 0,96 0,00192475 729 8,00E-08
150 0,96 0,00215292 677 9,64E-08
160 0,96 0,00238943 612 1,18E-07
170 0,96 0,00357914 938 1,16E-07
180 0,96 0,00500345 1321 1,15E-07
190 0,96 0,00392008 974 1,22E-07
200 0,96 0,00369501 965 1,16E-07
210 0,96 0,006953 1594 1,32E-07
220 0,96 0,00483918 1063 1,38E-07
230 0,96 0,00867414 2199 1,20E-07
240 0,96 0,00572419 1257 1,38E-07
250 0,96 0,01124883 2830 1,20E-07
260 0,96 0,00943327 2167 1,18E-07
270 0,96 0,01287556 2061 1,69E-07
280 0,96 0,01451516 2160 1,82E-07
290 0,96 0,01719165 2340 1,99E-07
300 0,96 0,01072121 1099 2,64E-07
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C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,96 0,00110173 461 8,24E-08
110 0,96 0,00168085 626 9,26E-08
120 0,96 0,00174856 T 7,76E-08
130 0,96 0,00164437 520 9,58E-08
140 0,96 0,00187278 521 1,09E-07
150 0,96 0,00215507 631 1,03E-07
160 0,96 0,00336504 1129 9,03E-08
170 0,96 0,0034852 1033 1,02E-07
180 0,96 0,00318122 908 1,06E-07
190 0,96 0,005512 1303 1,28E-07
200 0,96 0,00506449 1272 1,21E-07
210 0,96 0,00462055 1079 1,30E-07
220 0,96 0,00445628 913 1,48E-07
230 0,96 0,00583172 1370 1,29E-07
240 0,96 0,00447202 981 1,38E-07
250 0,96 0,0056479 948 1,81E-07
260 0,96 0,00673699 1325 1,37E-07
270 0,96 0,01981091 3970 1,35E-07
280 0,96 0,009552 1254 2,06E-07
290 0,96 0,01025796 1206 2,30E-07
300 0,96 0,01294589 1818 1,92E-07
100 0,98 0,00097084 384 8,72E-08
110 0,98 0,00131798 543 8,37E-08
120 0,98 0,00146508 543 9,30E-08
130 0,98 0,00205851 700 8,91E-08
140 0,98 0,00242734 750 9,81E-08
150 0,98 0,00279069 807 1,05E-07
160 0,98 0,00247121 612 1,22E-07
170 0,98 0,00269699 685 1,19E-07
180 0,98 0,00204209 | 633 1,41E-07
190 0,98 0,00423884 1024 1,25E-07
200 0,98 0,0042901 1029 1,26E-07
210 0,98 0,00502634 1199 1,27E-07
220 0,98 0,00471544 916 1,56E-07
230 0,98 0,00696611 1668 1,27E-07
240 0,98 0,0068562 1340 1,55E-07
250 0,98 0,00705051 1430 1,49E-07
260 0,98 0,00844073 1580 1,44E-07
270 0,98 0,0068779 1090 1,71E-07
280 0,98 0,0090394 1582 1,54E-07
290 0,98 0,0102458 1491 1,86E-07
300 0,98 0,00962281 1491 1,74E-07
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C. Results of the Hybrid Benchmarking Algorithm

Nodes (|X]) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,98 0,00112295 469 8,26E-08
110 0,98 0,00146604 D75 8,79E-08
120 0,98 0,00222611 942 8,15E-08
130 0,98 0,00160575 447 1,09E-07
140 0,98 0,00226617 726 9,46E-08
150 0,98 0,00226569 665 1,03E-07
160 0,98 0,00309587 975 9,62E-08
170 0,98 0,00462127 1321 1,06E-07
180 0,98 0,00299692 673 1,35E-07
190 0,98 0,00429845 1011 1,29E-07
200 0,98 0,00454473 1111 1,24E-07
210 0,98 0,00508213 1219 1,26E-07
220 0,98 0,00568986 1220 1,41E-07
230 0,98 0,00539398 1080 1,01E-07
240 0,98 0,00536752 915 1,78E-07
250 0,98 0,00575089 898 1,94E-07
260 0,98 0,00764418 1476 1,40E-07
270 0,98 0,00919223 1578 1,67E-07
280 0,98 0,00728607 943 2,09E-07
290 0,98 0,00774264 1093 1,91E-07
300 0,98 0,01072192 177 1,63E-07
100 0,98 0,00091767 396 7,99E-08
110 0,98 0,00147915 629 8,11E-08
120 0,98 0,00136852 398 1,19E-07
130 0,98 0,00180483 656 8,34E-08
140 0,98 0,00183296 520 1,07E-07
150 0,98 0,00338244 1145 8,95E-08
160 0,98 0,00250983 672 1,13E-07
170 0,98 0,00333595 966 1,05E-07
180 0,98 0,00374007 1018 1,11E-07
190 0,98 0,00439358 1004 1,33E-07
200 0,98 0,00460982 1061 1,32E-07
210 0,98 0,00419283 839 1,01E-07
220 0,98 0,00445247 790 1,71E-07
230 0,98 0,00757623 1889 1,22E-07
240 0,98 0,00538397 893 1,83E-07
250 0,98 0,00659966 1379 1,45E-07
260 0,98 0,00724363 1452 1,35E-07
270 0,98 0,00689673 1078 1,73E-07
280 0,98 0,00951791 1604 1,60E-07
290 0,98 0,01072907 1806 1,61E-07
300 0,98 0,01603007 3199 1,35E-07
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C.2. Dense Graphs

Nodes (|X|) | Edge Prob. (p) | BFS Time [s] | QBFS Iter. | Thresh. gate time [s]
100 0,98 0,00096583 376 8,86 E-08
110 0,98 0,00119472 405 1,02E-07
120 0,98 0,00147533 525 9,69E-08
130 0,98 0,00211501 704 9,10E-08
140 0,98 0,0018363 473 1,18E-07
150 0,98 0,00244522 730 1,02E-07
160 0,98 0,00325632 889 1,11E-07
170 0,98 0,00278401 645 1,31E-07
180 0,98 0,00396204 1031 1,16E-07
190 0,98 0,00456667 1058 1,31E-07
200 0,98 0,00443745 1112 1,21E-07
210 0,98 0,00495386 1104 1,36E-07
220 0,98 0,00458956 766 1,82E-07
230 0,98 0,00490808 857 1,74E-07
240 0,98 0,00514841 795 1,96E-07
250 0,98 0,00613523 1201 1,55E-07
260 0,98 0,00808907 1513 1,44E-07
270 0,98 0,01125288 1507 2,02E-07
280 0,98 0,01185012 1677 1,91E-07
290 0,98 0,01242948 1641 2,05E-07
300 0,98 0,01332808 1780 2,02E-07
100 0,98 0,0010612 397 9,22E-08
110 0,98 0,00128031 515 8,57E-08
120 0,98 0,00193429 738 9,04E-08
130 0,98 0,00156975 505 9,42E-08
140 0,98 0,00249982 809 9,36E-08
150 0,98 0,00266886 860 9,40E-08
160 0,98 0,00255799 738 1,05E-07
170 0,98 0,00297284 789 1,14E-07
180 0,98 0,00297666 586 1,54E-07
190 0,98 0,004107 1011 1,23E-07
200 0,98 0,00474477 1100 1,31E-07
210 0,98 0,00795269 2255 1,07E-07
220 0,98 0,0058229 1334 1,32E-07
230 0,98 0,00638914 1118 1,73E-07
240 0,98 0,00524926 891 1,79E-07
250 0,98 0,00905514 2084 1,32E-07
260 0,98 0,00811458 1398 1,567E-07
270 0,98 0,01064587 1511 1,90E-07
280 0,98 0,00965595 1138 2,29E-07
290 0,98 0,01331425 1666 2,16E-07
300 0,98 0,00823092 1119 1,99E-07
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