
Lecture Theoretical Physics III – fall term 2002/2003 – Michael Flohr

Exercises XII

January 20th

E12.1 Mott scattering

Consider an electron, confined to a volume V , in an external field Aµ(x). As a basis
for the free solutions of the Dirac equation with momentum p and spin s we choose
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with (v(p, s) is u(p, s), the first two components interchanged with the last two)
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, p± = px± i py.

We consider the external field Aµ(x) only in lowest order perturbation theory (Born
approximation). Then the transition matrix element between ψi and ψf is

Sfi = −
ie

h̄c

∫

d4xψf (x)γ
µAµ(x)ψi(x).

(1) Show that the matrix element is in principle determined by the Fourier transform
of the four potential, taken at the four momentum transfer:

Sfi = −
ie

V

mc

h̄

1
√

EiEf
(ufγ

µui)(2π)
2(FAµ)

(

pi − pf
h̄

)

.

(2) In particular, consider a Coulomb potential A0(x) = −Ze
r
, ~A = 0. Using the

momentum transfer ~q = ~pi − ~pf , show that

Sfi = i 4π
Ze2

V

mc2
√

EiEf
(ufγ

0ui)
h̄2

|~q |2 2πδ(Ef − Ei).

(3) Why does N =
V d3pf

(2πh̄)3 give the number of states in the momentum interval d3pf?

Thus, the transition probability per particle is given by N |Sfi|2.
(4) Compute the number R of transitions to the momentum interval d3pf per time:

R =
4Z2α2(h̄c)2

V

m2c4

EiEf
|ufγ0ui|2

1

|~q |4 d
3pfδ(Ef − Ei).

(5) Why is vi = |~pi|c
2

E
the velocity of incoming particles and j = vi

V
their current

density? Compute the differential cross section

dσ

dΩ
=

4Z2α2m2(h̄c)2

|~q |4 |ufγ0ui|2.

(6) In most experiments one will not know the spin polarizations. Thus we have to
sum the outgoing states and to average the incoming ones:
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=

4Z2α2m2(h̄c)2

|~q |4
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2
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Show that this averaging can be written as a trace:

dσ

dΩ
=

4Z2α2m2(h̄c)2

2|~q |4 Tr

(

γ0
γµp

µ
i +mc

2mc
γ0
γµp

µ
f +mc
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)

.

(7) Why does the trace of a product of an odd number of γµ vanish? Show the
identity Tr(aµγ

µbνγ
ν) = 4〈a, b〉 and generalize it. Deduce

dσ

dΩ
=
Z2α2h̄2

2|~q |4c2 (8EiEf − 4〈pi, pf 〉c2 + 4m2c4).

(8) Show that 〈pi, pf 〉 = E2

c2
− p2 cosϑ and |~q |2 = 4p2 sin2 ϑ

2 , where Ei = Ef = E,
|~pi| = |~pf | = p and ϑ is the scattering angle. Deduce Mott’s cross section (β = v

c
):
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2
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)

=
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)

Rutherford
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1− β2 sin2 ϑ
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)

.

Homework XII

Return: January 27th

H12.1 Pair creation

We would like to consider a process similar to E12.1, namely the creation of an
electron–positron pair by an external field.
(1) Show that the matrix element is in principle determined by the Fourier transform

of the four-potential, taken at the total four-momentum P = p+ p′:

Sfi = −
ie

V

mc

h̄

1√
EE′

v(p′, s′)γµu(p, s)(2π)2(FAµ)

(

P

h̄

)

.

The electron has four momentum p, spin s and spinor u, the positron p′, s′, v.
(2) Perform the sum over the particle spins in |Sfi|2 and show using K = P

h̄
:

|Sfi|2 =
(2π)4e2m2c2

h̄2V 2EE′
(FAµ)(K)(FAν)(−K)Tr

(
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.

(3) Compute the trace using the rules from E12.1.7 and show

|Sfi|2 =
(2π)4e2

h̄2V 2EE′
(FAµ)(K)(FAν)(−K)(−m2c2gµν+pµp′ν+pνp′µ−gµν〈p, p′〉).

(4) Why is N = V 2d3p d3p′

(2πh̄)6 the number of states in the momentum interval d3pd3p′?

(5) Compute the Fourier transform for A0 = 0, ~A = (a cosωt)~ez, a ∈ R.
(6) Calculate the number of produced pairs as N |Sfi|2:
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.

(7) Argue why the number R of pairs per volume and time unit is

R =
e2

24πh̄2c3
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√
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.

(8) How does the angular distribution of the particle momenta look like?
(9) In which cases can pair production take place at all?

(30 points)


