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L, Lyl =(m —n)Ln + 19 (m — m) Omino0C, m,n €z,

iIs infinite-dimensional!

O This explains the relevance of conformal field theory in statistical
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V=]] Vi with dimV(, <oo forallmeZ
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together with a linear vertex operator map

V — (EndV)[z,27'], vr—Y(v,2)= Z VT

meZ

There are two special elements in V: the vacuum 2 € V{y) and the
conformal vector w € V|y). The following axioms hold for all u,v € V:

(v1) the truncation condition u,,v = 0 for all m > 0;
(v2) the vacuum property Y (), x) = 1y;
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(va) the Jacobi identity

) (xl — x2> Y (u,21)Y (v, 25) — 2516 <x2 — x1> Y (v, 29)Y (u, )
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= 1, ) (wl _ a:0> Y (Y (u,z0)v,x9) ;
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(v6) the modes L,, of the energy momentum operator

span a representation of the Virasoro algebra, and the
homogeneous subspaces V/,,) are exactly the eigenspaces of the
operator Ly with eigenvalues m;

(v6) the L_,-derivative property Ly (v,2) =Y (L_v,x).
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(M4a) the modes LY of the energy momentum operator
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Important example: For a V-module W, the structure (W', Y") defined
by W’ = 11,cr Wi, with the vertex operator

V — (EndW’')[z. _1]] ,

v— Y'(v, 1) Z me

meZ

given by the relation

<Y’(v,az)w’,w> — <w’,Y (exLl (—x_z)LO v,x_l) w>
is the contragredient module, where (-, -) is the natural pairing
between W and W'.

— (Y W', w) = (W', Y_,w) for primary fields > bz ™V
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(Logarithmic) Intertwining Operators
I - —

(01) the truncation condition (w; )Y, ;w(;y = 0 for all m with
Rem > 0, independently of a;

(102) the Jacobi identity

ri1— T
x015< ! 2)Yk<v,x1>y;;-<w@,x2>w<j>

X0

B X
=250 ( 1:1;2 ) Vi (Yi(u, mo)wiy, w2)wy) ;

(103) the L_;-derivative property LY (w;), z) = YE(L Y wg), z).

The dimensions of the spaces of all intertwining operators yf; are called
the fusion rules N}.
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An essential notion in field theories are correlation functions like
(W', Y (v1,21)Y (vg, 2) ... Y (0, )W) .
They can be used to compute physical observables.

For large n such computations are quite involved. Operator product
expansion expresses the product of two fields as the sum of single fields.
More precisely, the axioms yield

g (W'Y (v, 21)Y (va, m0)w) = (Lgol (W', Y (Y (v1, 20)09, xg)w>)

To=x1—I2

or expanded and shortened

Y(Ul, Il)Y(UQ, SIZQ) ~ Z(Il — IQ)_i_ly ((Ul)ﬂ}g, SIZQ) .

1>0
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Wi, M W Wa
Wa ) such that
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(W‘f/%) and (Wng)’ there exists a logarithmic intertwining map ) of

Wy
type (W1®p<z1_z2)Wz Wg) such that

<wﬁl,y1(w1, 21)372(1027 22)w3> = <w£py (UJ1 gp(zl—@) Wwa, 22) w3> ;

if the following conditions are satisfied for a full subcategory C of
generalized V-modules that is closed under the contragredient functor.

(1) All generalized V-modules W in obC are C;-cofinite,
l.e. dim(W/C(W)) < oo with
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(3) Every object which is a finitely generated lower-truncated generalized V-module, except that it may have

infinite-dimensional homogeneous subspaces, is an object in C.
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Many well-understood, rational vertex operator algebras satisfy the
conditions of the theorem, e.g. the minimal Virasoro models and those
associated to Kac-Moody algebras.

Also an infinite family of less-understood logarithmic conformal field
theories can be shown to satisfy the conditions: the triplet algebras

W2, (2p — 1)*%)},>2" with central charge ¢,; =1 —6(p — 1)?/p.

Using further results® on vertex operator algebras, instead of studying
C';-cofiniteness of all modules, one “only” needs to check
C,-cofiniteness of the triplet algebras V5, 1 = W(2, (2p — 1)*?)
themselves:

dim (Vap—1/Co(Vap_1)) < oo with Co(Vap_1) = span {u_sv | u,v € Va1 }

Blumenhagen et al. 1991; Kausch 1991; Gaberdiel, Neitzke 2000; Buhl 2001 Nils Carqueville
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Triplet Algebras

e L e—
dim (V/Co(V)) < oo with Co(V) = span {u_sv | u,v € V'}
—> U_,,v € Cy(V) for all m > 2 and v_,,,Cy(V') C Co(V) for all m >0

(Cy-cofiniteness is easily proven for the first triplet algebra with p = 2, as
the commutation relations

1
[Lma Ln] — (m — n)Lm—l—n 6 (m3 — m) 5m—|—n,0 9
L, Wil = 2m —n)W5
1
[Wﬁz, Wfﬂ = Oab (Q(m —n)Nppin + 2—O(m — n)(2m2 +2n* —mn — 8) Ly
1

——m(m? —1)(m? — 4)5m+n,0)

/s 12
—+ 1€ b (ﬁ (2m2 + 27’&2 — 3mn — 4) Wrcn+n + 1_5Vﬂcl+n>

Nils Carqueville
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8 19 14 16
N =Wewl. Q-6 -L3, +—L%,+—L 4L o— —L_ |0
—377 -3 ”(9 —2 T g b g b2 — g Lo
. 5
at level 4p — 2 = 6 are explicitly known,” i.e.

LN =0=W.N® forallmcZ, .

Gaberdiel, Kausch 1996; Rohsiepe 1996 Nils Carqueville



Triplet Algebras

and the singular vectors

. . 8 19 14 16
N b :W_SWE:;Q — 5ab <§ L3_2 ‘|‘ % L2_3 + ? L_4L_2 — E LG) Q

5
+ i€4pc (—2W64L2 — 1 W66> Q2
at level 4p — 2 = 6 are explicitly known,” i.e.

LN =0=W.N® forallmcZ, .

Proposition. The vertex operator algebra W(2,3*%) is Cs-cofinite and
the nonmeromorphic operator product expansion exists.

Gaberdiel, Kausch 1996; Rohsiepe 1996 Nils Carqueville
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Triplet Algebras

For V5,1 with p > 3 neither commutators nor singular vectors are
explicitly known, and computing them directly is very laborious — for
each p separately!

Problem: Prove Cs-cofiniteness with very little information — for all p at
once.

1°f step: Analyze the characters*

~1/24
Lo—cp1/24 _ 4

(2n + 1>q(2np+p—1)2/(4p)
#(q)

XVap—_1 (Q) — trVQp—lq
neZ

in detail to obtain information on singular vectors.

Flohr 1995 Nils Carqueville
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(2n + 1)q2etp=17/(4p)

[

NneZ

Nils Carqueville
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g1/

©(q)

n 12
Xvap 1 (@) = (2n + 1)gErrtp= U7/ Up)

NneZ

This should be compared with the characters which pertain to the
vacuum Verma module divided by the ideal generated by three pure
Virasoro singular vectors:
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Virasoro singular vectors:
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o (q)

XV2p—1 (Q) —
neZ

This should be compared with the characters which pertain to the
vacuum Verma module divided by the ideal generated by three pure
Virasoro singular vectors:

X2p—1(q) = q v/ (
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g1/

(2n + 1)q(2np+p—1)2/(4p)
(q)

Xv2p—1 (Q) —
neZ

This should be compared with the characters which pertain to the
vacuum Verma module divided by the ideal generated by three pure
Virasoro singular vectors:

X2p—1(q) = q v/ (

_|_

1 3771 (1 —¢°) )
pa(q)  p(a)(w2p-1(q))?

where ¢1.(q) = 0(q) TT,Z; (1 —¢") 7 @(q) = ¢7/*n(r) and ¢ = €.

q—cp,1/24 - B
XV2p_1 (q) — sp(q) (1 —q e 3q2p 1 3q2p+2 + O(qﬁp 2))
- q /2 2p—1 2p-+2 Ap—2 Ap—1
X2p—1(Q) — QO(Q) (1 — q+ 3¢ — 3q + 6q + O(q ))
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g1/

(2n + 1)q(2np+p—1)2/(4p)
(q)

Xv2p—1 (Q) —
neZ

This should be compared with the characters which pertain to the
vacuum Verma module divided by the ideal generated by three pure
Virasoro singular vectors:

X2p—1(q) = q v/ (

_|_

1 3771 (1 —¢°) )
pa(q)  p(a)(w2p-1(q))?

where ¢1.(q) = 0(q) TT,Z; (1 —¢") 7 @(q) = ¢7/*n(r) and ¢ = €.

q—cp,1/24 - B
XV2p_1 (q) — sp(q) (1 —q e 3q2p 1 3q2p+2 + O(qﬁp 2))
- q /2 2p—1 2p-+2 Ap—2 Ap—1
X2p—1(Q) — QO(Q) (1 — q+ 3¢ — 3q + 6q + O(q >)
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Triplet Algebras

For example:

¢\ (@) = 1+ g% + 4% + 5¢* + 8¢° + 10¢° + 16¢7 + 22¢° + . ..
¢ {v(q) = 14+ ¢° + 4¢3 + 5¢* 4+ 8¢° + 16¢5 +28¢" + . ..
¢ v () = 1+ ¢ + ¢ + 2¢* + 5¢° + 7¢° + 10" + 13¢° + 20¢°
+ 27¢" + 38¢* + 51¢"* +69¢" + . ..
/2400 (q) =1+ ¢% + ¢ + 2% + 5¢° + 7¢° + 107 + 13¢5 + 204°
+ 33¢" + 50¢™" + 75¢"* + 105¢™ + . ..

q

Nils Carqueville
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For example:

¢ X, (@) = T+ ¢ +4¢° + 5¢" + 8¢° + 10¢° + 16¢" +22¢° + . ..

¢ {v(q) = 14+ ¢° + 4¢3 + 5¢* 4+ 8¢° + 16¢5 +28¢" + . ..

¢ v () = 1+ ¢ + ¢ + 2¢* + 5¢° + 7¢° + 10" + 13¢° + 20¢°
+ 27¢" + 38¢* + 51¢"* +69¢" + . ..

¢ (@) = 1+ ¢ + ¢ +2¢" +5¢° + 7¢° + 10¢" + 13¢° + 20¢°
+ 33¢" + 50¢™" + 75¢"* + 105¢™ + . ..

Proposition. For all p € Z, the triplet algebra W(2, (2p — 1)*?) has six
singular vectors at level 4p — 2
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Triplet Algebras

For example:

0>y (q) = 14+ ¢ + 4¢° + 5¢* + 8¢° + 10¢° + 16¢7 + 22¢° + . ..

¢ X (@) = 14 ¢* + 4¢° + 5¢" + 8¢° + 16¢° + 28¢" + . ..

¢ v () = 1+ ¢ + ¢ + 2¢* + 5¢° + 7¢° + 10" + 13¢° + 20¢°
+ 27¢" + 38¢* + 51¢"* +69¢" + . ..

¢V Xy (@) = 14+ ¢2 + ¢ +2¢* + 5¢° + 7¢5 + 1097 + 13¢% + 20¢°
+ 33¢" + 50¢™" + 75¢"* + 105¢™ + . ..

Proposition. For all p € Z,, the triplet algebra W(2, (2p — 1)*?) has six
singular vectors at level 4p — 2 of the form

N = WEQPHWEQZDHQ + 0qp (Virasoro polynomial )
+ Eabe (Virasoro—Wﬁl ponnomiaI)Q .

Nils Carqueville
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Triplet Algebras

I ~——
Proposition. For all p € 7, the triplet algebra W(2, (2p — 1)*?) has six
singular vectors at level 4p — 2 of the form

N — WEszWEszQ + Oap (041;2_292_1 + Virasoro ponnomiaI)Q
+ Eabe (Virasoro—Wﬁl ponnomiaI)Q .

2" step. Try to find out a little more about N in order to generalize
the proof for p = 2.

Nils Carqueville



N (¢5,0"¢;) = i(—w (”) (2“%' * ’%’T+ n— 1)) - (2/% o 1)

r=0

. aTN(hq;—l—n—l-r) (¢j, an_r¢i)
—(—1)" Z ck (h(ijk);—n — 1)

{k| h(ijk) =1}
2h; +hj +n—1)\ "' (2h +n—1\ (o(ijk) — 1\
| ( n ) (h(ij/«) + n) (h(ijk) - 1>
8h(ijk)+n¢k
(0(igk) +n)(h(ijk) — 1)
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Triplet Algebras

I ~——
Proposition. For all p € 7, the triplet algebra W(2, (2p — 1)*?) has six
singular vectors at level 4p — 2 of the form

N — WEszWEszQ + Oap (041;2_292_1 + Virasoro ponnomiaI)Q
+ Eabe (Virasoro—Wﬁl ponnomiaI)Q .

2" step. Try to find out a little more about N in order to generalize
the proof for p = 2.
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Proposition. For all p € 7, the triplet algebra W(2, (2p — 1)*?) has six
singular vectors at level 4p — 2 of the form

N — WEszWEszQ + Oap (aL2_p2_1 + Virasoro ponnomiaI)Q
+ Eabe (Virasoro—Wﬁl ponnomiaI)Q .

2" step. Try to find out a little more about N in order to generalize
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Triplet Algebras

Proposition. For all p € Z_, the triplet algebra W(2, (2p — 1)*3) has six
singular vectors at level 4p — 2 of the form

N — WEQPHWEQPHQ + Oap (aL2_p2_1 + Virasoro ponnomiaI)Q
+ Eabe (Virasoro—Wﬁl ponnomiaI)Q .

2" step. Try to find out a little more about N in order to generalize
the proof for p = 2.

Lemma. o # 0.

Theorem. For all p € Z>,, the nonmeromorphic operator
product expansion exists and is associative for the vertex
operator algebra W(2, (2p — 1)*3). Furthermore, all these
vertex operator algebras are Cs-cofinite.

Nils Carqueville
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Why is this property so interesting?

O crucial for convergence and modular covariance of characters*

O crucial for Huang's proof of the Verlinde conjecture*

O finite fusion rules*
[]

finitely many inequivalent irreducible modules*
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C'5-cofiniteness

~
dim (V/Co(V)) < 0o with Co(V) = span {u_sv | u,v € V'}

Why is this property so interesting?

crucial for convergence and modular covariance of characters*

crucial for Huang's proof of the Verlinde conjecture*

finite fusion rules*

finitely many inequivalent irreducible modules*

O O o O

every weak module is a direct sum of generalized eigenspaces of Ly*

Zhu 1996; Huang 2004; Gaberdiel, Neitzke 2000; Dong, Li, Mason 1998; Miyamoto 2002 Nils Carqueville
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[0 vertex operator algebras are very big in many respects:

Vim)

> infinite-dimensional vector spaces V =], .,

infinite-dimensional associated Lie algebras

infinitely many products w,,v, m € Z
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C'5-cofiniteness
I

dim (V/Co(V)) < 0o with Co(V) = span {u_sv | u,v € V'}

[0 vertex operator algebras are very big in many respects:

Vim)

> infinite-dimensional vector spaces V =], .,

> infinite-dimensional associated Lie algebras
> infinitely many products u,,v, m € %

>

> often infinitely many (big) modules

It is desirable that all modules can be concisely organized.

Nils Carqueville
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C-cofiniteness and Rationality

A vertex operator algebra V' is called rational if
(i) there are only finitely many irreducible V-modules;
(i) any V-module is completely reducible;
(iii) all fusion rules for V-modules are finite, i.e. N < 0.
Conjecture: Cy-cofiniteness and rationality are equivalent.
This conjecture is wrong, the triplet algebras present counter-examples.

New conjecture: Cs-cofiniteness is equivalent to “rationality” in the sense

that a finite set S of (generalized) modules closes under fusion, i.e. for
Wi,Wj c S, NZ =0 IfWk g S.

Nils Carqueville
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Theorem. For all p € 75, the nonmeromorphic operator product
expansion exists and is associative for the vertex operator algebra
W(2, (2p — 1)*?). Furthermore, all these vertex operator algebras are
C'5-cofinite.
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Conclusion
[ . e

Theorem. For all p € 75, the nonmeromorphic operator product
expansion exists and is associative for the vertex operator algebra
W(2, (2p — 1)*?). Furthermore, all these vertex operator algebras are
C'5-cofinite.

Vertex operator algebras are fundamental in conformal field theory.
Operator product expansion and correlation functions
(C5-cofiniteness as an important finiteness property

upper bounds on the dimensions of the Zhu algebras

O O O O

Many logarithmic conformal field theories have very nice properties!

Nils Carqueville
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