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Abstract

The model of d symplectic fermions constructed by Abe [1] gives an example of a C;-
cofinite vertex operator algebra admitting logarithmic modules. While the case d = 1
is a rigorous formulation of the well known triplet algebra, the case d > 1 has not yet
been analyzed from the perspective of ‘W-algebras. It is shown that in the latter case
the W(2,224°~d-1 32°+d)_aloebra is realized. With respect to its zero mode algebra, it
is proven that the zero modes corresponding to the vectors of weight 3 form the 2d-
dimensional symplectic Lie algebra. Furthermore, the zero modes corresponding to the
vectors of weight 2 form an irreducible representation of this Lie algebra. The use of the
zero mode algebra for the classification of irreducible representations of the “W-algebra is
compared to the approach using Zhu’s algebra. The isomorphism between Zhu’s algebra
and the zero mode algebra as Lie algebras, which is expected from general considerations,
is confirmed by explicit calculations.
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Chapter 1

Introduction

Conformal field theories are perhaps the most important example for mathematically rig-
orously formulated yet nontrivial quantum field theories. Despite many efforts in this
direction, the mathematical description of quantum field theory remains unsatisfactory
even today. However, in two dimensions and equipped with conformal symmetry as ex-
tension of Poincaré symmetry, quantum field theory exhibits a beautiful mathematical
structure. This beauty comes along with a great predictive power which originates from
the structure of the conformal symmetry algebra. Conformal symmetry may be studied
on higher dimensional spaces, but on two dimensional Minkowski space the symmetry al-
gebra has the special feature that it is infinite dimensional. This leads to strong constraints
on important quantities. For example, much of the structure of a conformal field theory
can be deduced from a special class of fields, which are called primary fields. Comput-
ing correlation functions of primary fields can be reduced to solving ordinary differential
equations.

Algebraically, the mathematical language of conformal field theory on Riemannian
surfaces of genus zero is the theory of vertex operator algebras. While the definition of
a vertex operator algebra seems to be very technical at first, all ingredients can be di-
rectly interpreted in physical terms, so that the fog of mathematical terminology becomes
transparent with the help of physical intuition. From the physical point of view, vertex
operator algebras describe the vacuum sector of a conformal field theory. As in general
quantum field theory, one is also interested in representations of the field algebra which
are inequivalent to the vacuum sector. Mathematically, this means that one would like to
classify the representations or modules of the vertex operator algebra.

Irreducible modules are especially important since they serve as building blocks struc-
turing the theory. But it is not always possible to restrict the discussion to irreducible
modules. The study of theories where the correlation functions have logarithmic diver-
gencies showed that certain generalized modules which are reducible but indecomposable
should also be allowed. Theories admitting such modules have been termed logarithmic
and may seem pathological at first. But they actually describe such diverse phenomena as
the fractional quantum Hall effect, polymers, abelian sandpiles and disorder. For an in-
troduction to logarithmic conformal field theory the reader is referred to the lecture notes
[16], which also contain many references describing the above applications.

Physicists and mathematicians have independently developed tools for the classifica-
tion of representations of a field algebra. One of the main questions treated in the present
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2 CHAPTER 1. INTRODUCTION

work is how these two approaches are connected. In particular, this work contrasts the
different perspectives on the symplectic fermion model first formulated by Kausch in [25].
This model realizes the so called triplet algebra at ¢ = —2, which has interesting properties
with regard to its representations. While having only finitely many irreducible representa-
tions, it also admits logarithmic modules. The classification of the representations of the
triplet algebra was carried out by Kausch and Gaberdiel in [21] by showing that its zero
mode algebra is su(2).

In 2005, Abe extended the theory of a pair of symplectic fermions to a model of d pairs
in [1] as well as put it within the rigorous framework of vertex operator algebras. Abe also
classified the inequivalent modules of the symplectic fermionic vertex operator algebra
with help of Zhu’s algebra A(V). The usefulness of A(V) stems from Zhu’s theorem,
which states that there is a one-to-one correspondence of the inequivalent representations
of Zhu’s algebra to the modules of a vertex operator algebra. As Brungs and Nahm have
shown in [7], Zhu’s algebra and the zero mode algebra are isomorphic as Lie algebras
under mild conditions.

With respect to the work of Gaberdiel and Kausch on one side and Abe’s work on
the other, some questions naturally arise. Which Lie algebra takes the place of su(2) in
the case d > 17 Is there more structure in terms of Lie algebras or their representations
in the zero mode algebra in this case? Can the isomorphism between Zhu’s algebra and
the zero mode algebra that was described above be shown explicitly? These are the main
questions addressed in this work.

Very roughly, the answer to these questions is as follows: The symplectic fermionic
vertex operator algebra forms a “W-algebra generated by 2d” + d vectors of weight 2 and
2d?> — d — 1 vectors of weight 3. The zero modes corresponding to the vectors of weight 3
form the 2d-dimensional symplectic Lie algebra. The zero modes of the vectors of weight
2 furnish a representation for this symplectic Lie algebra. Furthermore, it will be shown
by explicit calculation of commutators that the zero mode algebra and Zhu’s algebra are
isomorphic as Lie algebras, answering the last of the three questions above.

This work is organized as follows. Chapter 2 begins with a motivation of the defi-
nition of vertex operator algebras, showing how conformal field theory fits into general
quantum field theory, which is taken to be characterized by the Wightman axioms. As
a prerequisite for the discussion of vertex operator algebras, a short treatment of formal
series, focusing on the concept of locality, is given. This is followed by basic definitions
from the theory of vertex operator algebras and some of its results, tailored to the needs
of Abe’s construction. This includes in particular a reconstruction theorem and the notion
of twisted modules.

Chapter 3 treats algebras associated to vertex operator algebras which serve as tools
for the classification of modules. Concepts emerging from both mathematics and physics
are discussed here, among them Zhu’s algebra, the zero mode algebra and W-algebras.
The analysis of the triplet algebra at ¢ = —2 serves as an example of the classification of
irreducible representations with the help of the zero mode algebra.

In Chapter 4, Abe’s model of d symplectic fermions is presented after a short summary
of some aspects of Kausch’s original work on symplectic fermions. While the construc-
tion is studied preserving mathematical rigor, contact is also made with more physical
notions, such as “W-algebras. In order to introduce the reader to explicit calculations in
the framework of this model, a general commutator formula is derived. This formula is



not needed in the following but provides a good example of the calculational reasoning
applied in the last section.

The main results are found in Chapter 5, where the sp(2d) Lie algebra structure of the
zero mode algebra is explored. Additionally, an explicit ismorphism between Zhu’s alge-
bra and the zero mode algebra as Lie algebras is exhibited. A brief summary concludes
the exposition.



CHAPTER 1. INTRODUCTION



Chapter 2

Vertex Operator Algebras and CFT

This chapter is an introduction to the mathematical description of conformal field theory
through vertex operator algebras. It serves both as a motivation for the mathematical
formulation and as a basis for the construction of the symplectic fermion theory and the
subsequent investigation into its structure in Chapters 4 and 5.

Conformal field theory is a special quantum field theory which has an extension of the
Poincaré group as symmetry group. The connection between both theories can be made
precise by deriving the axioms of a chiral algebra describing conformal field theory from
the Wightman axioms describing a general quantum field theory. This will be done in the
first section, but since this serves as a motivation for the axiomatic theory, the treatment
proceeds with less rigor than the rest of this work. Especially questions relating to the
functional analysis of operators on Hilbert spaces will be ignored.

In order to formulate the axioms of a vertex operator algebra, a minimal introduction
to formal series is necessary. Apart from the most basic facts, the section devoted to
formal series contains a discussion of the implications of the notion of locality. This is
followed by an introduction to vertex operator algebras, containing also the definition
of twisted modules, which are needed in the construction of modules for the symplectic
fermionic vertex operator algebra.

2.1 From QFT to CFT

The canonical axiom system of quantum field theory was formulated in the 1950s by
Garding and Wightman. This set of axioms, now commonly known as the Wightman ax-
ioms, has not been the only attempt at giving quantum field theory a rigorous foundation.
A very elegant axiomatic approach that focuses on the algebra of observables, not on the
fields, was proposed by Haag and Kastler in the 1960s. Both sets of axioms suffer from
the problem that only the most simple theories have been constructed in terms of them.
However, it is possible to derive the axioms of a vertex operator algebra, which en-
codes the structure of the vacuum sector of a chiral algebra, directly from the Wightman
axioms. It is more convenient in this case to start with the Wightman axioms since ver-
tex operators behave very much like quantum fields. Before the Wightman axioms are
discussed, a (very short) digression on the symmetry groups of ordinary quantum field
theory and conformal field theory will be given. The treatment in this section will follow
the book [24] by Kac. A general reference for a mathematical treatment of quantum field
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6 CHAPTER 2. VERTEX OPERATOR ALGEBRAS AND CFT

theory is the work [3] by Araki, which contains a nice discussion of both the Wightman
axioms and the theory of local observables. For a very broad overview of the topics quan-
tum field theory, conformal field theory and vertex operator algebras, see the book [23]
by Gannon.

The fundamental symmetry group of quantum field theory is the Poincaré group,
the group of isometries of Minkowski space time. Minkowski space time M is a d-
dimensional real vector space with the metric (-, -) given by a symmetric non-degenerate
bilinear form of signature (—, +,...,+). Writing |a — b|* for n(a, b) with a,b € M, two
subsets A and B of M are called space-like separated if for any a € A and b € B one has
la — b|* < 0. The forward cone is defined to be the set {x € M||x|> > 0, x, > 0}. The causal
order on M is given by a > b if and only if a — b lies in the forward cone.

The Poincaré group is the semi-direct product of the group of translations and the
Lorentz group. When generating the Lorentz group from its Lie algebra, one stays in
the connected component of the identity transformation, which is given by the so called
proper orthochronous Lorentz group .%, . Its semi-direct product with the group of trans-
lations is denoted Z2!. The Lorentz group is generated by ordinary spatial rotations and
Lorentz boosts. It is well known that Lorentz boosts can be written as a hyperbolic rota-
tion of the coordinates in Minkowski space by a parameter ¢ called rapidity.

Throughout the rest of this section, let x denote a vector in Minkowski space M and
u an index which runs from O to d — 1, where d is the dimension of M. In conformal
field theory, one considers a larger symmetry group containing the Poincaré group which
only preserves angles, not lengths. The two most simple conformal transformations are
the dilations

X A,

with A # 0 a real number, and the inversion
>
x>

The latter transformation is of course only defined for x such that |x*> # 0. As opposed to
the Euclidean case, the solutions to |x|> = 0 form a cone in Minkowski space. By compos-
ing an inversion with a translation and a further inversion, one obtains the transformation

xH xH "y X+ |x|Pat X+ |x|Pat

[E— H = .
x> X |x[? 1+2(x-a) + |xPlal?

where a € R* and the fact was used that

(x" + |x>a”

2
1 1
e ) = (I + 20xP(x - @) + [x*lal?) = — (1 + 2(x - @) + [xP|aP) .

R

Since the composition of conformal mappings is conformal, the so called special confor-
mal transformation

X+ |x|Pat

x[.l
T 12 ) + PlaP

is a conformal mapping. Like the inversion, it is not defined globally since the denomina-
tor may vanish. In two dimensions, which is the case we are interested in, one introduces
the light cone coordinates

= Xxp— X1, lT:X()-I-X].
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In terms of these coordinates, the translations, Lorentz transformations and dilations be-
come

[T] tt+a [T] ff+a
[L] t— et L] f— et
[D] t At [D] 7 Af,

where a € R?, @ € Ry and 1 € R nonzero. Keep in mind that there are no spatial
rotations in one time and one space dimensions, so Lorentz transformations are given by
boosts only. An important feature of the light cone coordinates lies in the decoupling of
the special conformal transformations which take the form
t+ att ot
| +af+at+aatt 1+at’
[S] a1
1 +at+at+aatt 1+ at
From the above equations for conformal transformations in light cone coordinates one
can infer the general form

2.1)

(2.2)

_(at+b ai+b
for all conformal transformations ([T], [L], [D] and [S] and their equivalents for 7), where
a,b,c,d € R. Since the transformations should be locally invertible, we get the constraint
ad — bc # 0. In the unity component of the conformal group one has ad — bc > 0.
Normalizing to ad—bc = 1 does not change the transformation so that each transformation

is described by a matrix

(Z’ Z) e SL(2, R).
These matrices form the group of unimodular 2 X 2-matrices.

To see how conformal symmetry is implemented in quantum field theory, a formal de-
scription of quantum field theory is needed. It was mentioned above that the formulation
best suited to the purpose of making contact with the axioms of vertex operator algebras is
given by the Wightman axioms. The following is the definition of a quantum field theory
on four-dimensional space time containing only scalar fields according to Wightman and
Garding (in the formulation of [3]).

Definition 2.1. A quantum field theory is the following data: A complex Hilbert space 7
containing a distinguished vector |0), called the vacuum, together with a collection of so
called fields ®,, which are operator valued distributions, mapping functions defined on
the Minkowski space to linear operators densely defined on 7. These data are required
to satisfy the following Wightman axioms

1. (quantum field) The operators ®,(f) are given for each C*-function with compact
support on the Minkowski space R*. Each ®,(f) and its Hermitian conjugate oper-
ator O©,(f)* are defined at least on a common dense linear subset © of the Hilbert
space 7 and D satisfies

O, (NDCD, D) DCD
forany a and any f € C3(M).
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2. (relativistic symmetry) On F¢ there exists a unitary representation U(q, \) of (@I
(g € R*, A € L)) satisfying

Ug,AND=12,
U(q, N@.(/HU(q, N = ©((q, M) ), (2.3)
where (¢, A)f(x) = f(A™(x - g)).

3. (locality) If the supports of f € C*(M) and h € C*(M) are space-like separated,
then for any vector y € ©

(DY = (=P Dy () fIY,
where the parity p associates to each field index a number in Z.,.
4. (vacuum state) The vacuum |0) satisfies

(a) U(q, M)I0) =10)
(b) The set of all vectors obtained by acting with an arbitrary polynomial P of the
fields on |0) is dense in F€.

(c) The spectrum of the translation group U(q, 1) on the orthogonal complement
|0)* is contained in

Vi = {pl(p, p) = m*, p* >0} (m > 0).

The usual approach for defining the Poincaré group representation on .77 is to first
determine the Poincaré Lie algebra and then choose operators on .7 by classical corre-
spondence considerations, such that these operators form a representation of the Poincaré
Lie algebra. This representation is then carefully (one has to go over to the universal
covering group) lifted to a representation of the whole group by exponentiation.

The canonical choice for the representation of P,, the generator of translations, is
—id,. By the covariance law from axiom 2, this implies for the action on fields that

ilP,, ®,] = 0,D,. (2.4)

Applying this equation to the vacuum vector and using its U(g, 1)-invariance, one obtains

Dy ()]0, (2.5)

O, (x + @)I0) = exp [i D Py
u

where @,(x) is taken to be a short form for ®,(f(x)). With respect to the conformal
symmetry, one first fixes the covariance law, which then implies the commutator. A
quantum field theory is called conformal if the unitary representation of the Poincaré
group in JZ extends to a unitary representation of the conformal group parameterized by
(g, \,b) — U(q, A, b), such that the vacuum vector |0) is still fixed and such that we have
the following covariance law for a scalar field under special conformal transformations

U, 1,0)D,(x)U(0, 1,b)™" = ¢(b, x) 2D, (xP). (2.6)
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Here, A, € R is called the conformal weight of the field @, and
(b, x) = 1 + 2xb + |x[*|b].

Using Poincaré covariance from Axiom 2, we can extend (2.6) to full conformal covari-
ance:

U(g, A, b)D()U(g, A, b)™" = (b, x) ™D, (g, A, b)x). 2.7

One can show that this implies that the special conformal generators Q,, u =0, ..., 3 act
like

i Qs Pu()] = (X8, = 21X, E = 28417,%,) Dy (), (2.8)

where E = Y _ x,,0, is the Euler operator and n, are the coefficients of the metric

(770 = 15 77/,[ = _1 fOl‘/J > 1).
From now on, the discussion will be specialized to the case d = 2. In light cone
coordinates, equation (2.7) can be written as

U @u(t, DU(y) ™" = (ct + d)y 2@t + d) 224D, (y(1, 1)),

where A, = A,. This condition is usually dropped because of the decoupling of the
special conformal transformations according to (2.1) and (2.2). One defines the following
operators in analogy to the light cone coordinates:

1 _ 1
PZE(PO—PO, PZE(P0+P1),
1 - 1
0= E(QO - 01), 0= E(QO + Q).

The action of these operators on fields can be calculated from (2.4) and (2.8) and is given
by

i[P, ®,(t,0)] = 0,D,(2, 1) (2.9a)
i[P, ®,(t,1)] = 0:D,(1, 1) (2.9b)
i[Q. Dy(t, D] = (20, + 20,t) D (. ) (2.9¢)
[0, Dyt D] = (PO; + 28,7) Dy (. 7). (2.9d)

In light cone coordinates, equation (2.5) becomes
Dt + g, 7+ §)0) = "D, (2, 7)[0). (2.10)

In the following, we are interested in analytic continuations, permitting complex values
for the light cone coordinates ¢, . Since the forward cone is given by the domain ¢ > 0,
f > 0 in light cone coordinates, the joint spectrum of P and P lies by the vacuum axiom
in this domain. Hence, the operator exp(itP + ifP) is defined on O for all values Imz > 0,
Imz > 0.

Furthermore, by spectral decomposition, exp(i(gP + gP)) is, as function of g, the
Fourier transform of the operator valued characteristic function of the domain p > 0,
p = 0. Thus, by formula (2.10) the D-valued distribution ®,|0) extends analytically to a
function in the domain

{tllm > 0} x {fllmf > 0} c C*.
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It follows, that the value @,(z, 7)|0) makes sense for Ims > 0, Im7 > 0. By translating with
equation (2.10), we see that this value is non-zero unless @, vanishes.

As was noted above, conformal transformations are not defined everywhere on the
Minkowski plane. In order to remedy this, one considers the compactification of Min-
kowski space given by )

A o 1
o Y-
This maps the domain of the above analytic continuation, Imz > 0, Imf > 0, to the domain
|z| < 1, |Z] < 1. One defines new fields in terms of these variables for |z] < 1, |Z] < 1:

Y(a,z,2) =

—D,(t,1),
(1 + 2)2e(1 + )% (-0

where ¢t = i}—jé, f= z}—;i Note that by the above definition of the coordinates z and Z,
Y(a, z,72)|0)|,=0:=0 1s a well defined vector in D, denoted by a. Furthermore, Y(a,z,2) — a
is a linear injective map since by (2.10) a is zero if and only if @, is zero. In order to

recast (2.9a)-(2.9d) in the form usually employed in conformal field theory, one defines

1
T=-@P+[P01-0)
H:%@+@

1

T*=5(P—[P,Q]—Q);

and similarly for 7, H, T*. In terms of these new operators, equations (2.9a)-(2.9d) take
the form

[T,Y(a,z,2)] =d.Y(a,z,2) (2.11a)
[H,Y(a,z,2)] = (20, + A)Y(a,z,2) (2.11b)
[T*,Y(a,7,2)] = (z°0, + 2A.2)Y(a, 7, 2); (2.11c¢)

and similarly for T, H, T*. Applying the last two equations to the vacuum vector and
setting z = 7 = 0 yields
Ha=A,a, T'a=0.

Since P and P are positive semidefinite self-adjoint operators on .7 and the same can be
proven for Q and Q, H is also a positive semidefinite self-adjoint operator. As eigenvalue
of H, the conformal weight A, consequently has to be non-negative.

The locality axiom, which is central to quantum field theory, has very interesting
implications for conformal field theory in two dimensions. Consider the locality axiom in
light cone coordinates

D, (1, DDy(1', T) = (=1)PPODu(H T )D,(t, D),

if (t —t')(f — ') < 0. For right chiral fields, which are fields with 9;®, = 0, there is no 7
dependence because of (2.9b) and (2.10). Thus, locality specializes to

D (ND(1') = (=P PO DY) D, (1),
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if + # . Consequently, the support of the commutator is confined to ¢+ = ¢ and one
assumes that it has the form

[@u(1), D(1)] = ) 360t — 1HVI(D),

j=0

for some fields P/(¢’) which are required to satisfy the Wightman axioms but not confor-
mal covariance. Hence, we may add them to the theory and write

[Y(a,2), Y(b,w)] = ) 86z = W)Y (c;, w). (2.12)

>0

By calculating the conformal weight of the fields Y(c;, w), one concludes that in order
for all occurring weights to be positive, the sum on the right hand side must be finite.
Interpreted as an equality between formal series (see Theorem 2.7), equation (2.12) can
be shown to be equivalent to

(z-w[Y(a,2), Y(b,w)] =0

for N € IN large enough. Assuming that one can expand the chiral field Y(a, z) in a series

Y(Cl, Z) = Z a(n)z_n_l?

n

the coefficients are operators on 9. Denote by V the subspace of D spanned by all
polynomials in the a(, applied to the vacuum vector |0). Clearly, V is invariant with
respect to all a(, and, by (2.11a), with respect to 7. Summarizing all of the above, we
arrive at the axioms of a right chiral algebra.

Definition 2.2. A right chiral algebra is a vector space V, the space of states, together
with a distinguished non-zero vector |0) called the vacuum, a translation operator T €
EndV and a collection of fields

Y(a,2) = Z agz !

ne”z.

for each a € V with a,,) € EndV, such that the following axioms hold:
1. (translation covariance) [T, Y(a,z)] = 0Y(z, a);
2. (vacuum) T\0) = 0 and Y(a, 2)|0)|,.-0 = a;
3. (completeness) polynomials in the a,,’s with n < 0 applied to |0) span V.
4. (locality)
(z = w)"Y(@,2Y(b,w) = (=1)" PPz = w)"Y (b, )Y (a, 2)

for some N € N depending ona,b €'V.
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2.2 Formal Calculus

An important ingredient for the theory of vertex operator algebras is formal calculus.
Since we are interested in the application to conformal field theory, we would like to have
objects which in some way behave as operator valued distributions. It may be surprising
that these objects, the vertex operators, can be defined in a purely algebraic way using
formal series. While avoiding any analytical convergence questions, this approach still
captures much of the desired behavior of quantum operators. Eventually, one is interested
in going over to complex variables, especially when describing measurable objects like
correlation functions. While this is possible in a well defined way, the algebraic formu-
lation will be all that is needed for this work. Most general works on vertex operator
algebras also discuss formal calculus. For a relatively extensive and pedagogical treat-
ment see the book [26] by Lepowsky and Li. The approach presented here is influenced
by the viewpoint taken in the book [24] by Kac.

For a vector space V, the set of formal Laurent series with coefficients in V is defined

to be
VI[xt]] = {Z VXt v, € V}.

neZ.

Using the standard notation, one also defines the following subspaces of V[[x*!']]:

V[x] = {Z VX!

nelN

v, € V,v, = 0 for n sufficiently large}

{ X" v, € V,v, = 0 for all but finitely many n}
nez.

{ v,,x” v, € V}
neN
{nel

v, € V,v, = 0 for n sufficiently small}

V() =

On the space V[[x*!]], two basic operatlons are defined. Let f € V[[x*!]] be given by
f(x) = X,z v,2". Then the formal derivative 4 <~ and the formal residue Res, are defined
as the operations

%f(X) = Z 7",

ne”z.

Res, f(x) = v_.

With respect to differentiation, the following abbreviation common to analysis will be
used:

" f(x) = —B”f(x)

In the theory of vertex operator algebras, the formal series of interest have coefficients in
the space of endomorphisms of a vector space V. In this case, the elements of End(V)[[x*!]]
are conventionally written in the form Y, v,x~'™". Such formal series are called vertex op-
erators if they have certain additional properties which will be described below.
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We will frequently need formal sums and formal products of vertex operators. While
infinite sums of operators as coefficients will be allowed, they are restricted by the follow-
ing “universal condition”: The coeflicient of every monomial of a formal sum or formal
product of vertex operators has to act as a finite sum of operators when it is applied to
any fixed, but arbitrary, vector in space. For the precise prerequisites for the existence of
sums and products as well as limits, see Chapter 2 of [26].

Of course all the preceding definitions can be generalized to the case of several com-
muting variables in a straightforward way. The following is a definition of the convention
for the evaluation of binomials in formal variables, which have to be treated with a bit of
care.

Definition 2.3. The expression (x+y)" for n € Z (in particular, n < 0) is defined to be the

formal series
ny ,._
(x+y)' =) (k)x" Y
keN
where

k k!
Note that the order matters: binomial expressions are to be expanded in nonnegative
integral powers of the second variable. In particular, while (x +y)" = (y + x)" forn > 0,
one cannot exchange the variables for n < 0.

(n)_ nn-1)---m-k+1)

Sometimes one also needs a formal exponential notation. Let S € x - End(V)[[x]], so
that S has no constant term. Then the expression

s :Z%S”

neN "’
is well defined by the universal condition and an element of End(V)[[x]]. Consequently,
e5 acts as endomorphism of V[[x]]. Since one often wants to consider all higher deriva-
tives of a formal expression at once, one would like to know how exponentials of deriva-
tives behave. It is well known that the endomorphisms

d

T, = —

pn = p(X) P

of C[x*!] act as a derivations of C[x*!']. By induction, this is also true for the exponential
of T)y. The following Taylor theorem characterizes the action of derivations of this type
on formal series.

Theorem 2.4. Let v(x) € V[[x*']]. Then
eV v(x) =v(x+y)
(and these expressions exist). Also,
Pars v(x) = v(e'x),
where the series v(e’x) is understood as an element of V[[x*'11[[v]]. Furthermore,
V() = V(7" - ) )

forne”Z andn # 0.
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Proof. See Proposition 8.3.1, p. 182 and Proposition 8.3.10, p. 186 in [19]. O

The most important formal series for the formulation of the theory of vertex operator

algebras is
5(x) = 2"

meZ.

The ¢-series is intimately linked to the so called expansions of zero, which are, infor-
mally speaking, the difference between two expansions of the same rational function in
opposite directions. In particular, the formal series 6(x) can be written as an expansion
of zero. This fact proves to be helpful in deriving certain identities involving 6(x) which
are relevant to the notion of locality of formal series. Indeed, the equivalence of (2.12) to
locality in the sense of Definition 2.6 below can be proven in this way.

Consider the field C(x) of rational functions in the indeterminate x over C. Define two
embeddings

ty 1 C(x) = C((x)
L C(x) = C(x7Y) = C((x7h)
in the following way: For f € C(x), ¢, f is the expansion of f as a formal Laurent series in

x, and ¢_f is its expansion as a formal Laurent series in x~!. Combining these two maps,
one defines the linear map ® : C(x) — C[[x*!]] by

fouf-uf

The elements of the image Im® are called the expansions of zero. Again, it is possible
to generalize this notion to several variables. But only the standard identity (2.14) below
will be needed, so that the straightforward generalization will be omitted here. Consider
the one-variable example for an expansion of zero,

O(1-0")=1-0"+Ex-D"=0x). (2.13)

It is important to keep in mind that the binomial expansion convention implies that (1 —
x)"! and —(x — 1)7! are not equal. The second equivalence in (2.13) is easily seen to be
true by writing out the series expansion. The first equivalence is proven by

L= =) =1 -0

n>0

and

(-0 = (=x"(1-x"Hh
- —Zx" =—x'A-xHT=(—x+D7N

n<0

In exactly the same way, one can prove the generalization to the case of two variables,

x£15(%) =0 (i -x)") = -x) "+ -x) (2.14)
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This expansion of zero can be used to derive a fact related to the concept of locality of
vertex operators. First, it is clear that the differentiation operator d/dx commutes with ©
because the ¢« mappings commute with d/dx. Therefore, one has the equality

1 0 8 1 X1 1 0 " 1 (—1)" 0 " 1 X1

— = ol—|=—=0||— - = — ol—].

n! (axz) 2 (xz) n! ((axz) (= x2) n! \0x; "2 X2
Recalling the fact that (x + y)" = (y + x)" only for n > 0 from the remark in the definition
of the binomial expansion, it can be concluded that

a n
(x1 = x)" (B_xz) xilé(%) =nl(x - x0)" (0 =)™ = (cx+x) ) (2.15)

vanishes for m > n. All formal series which vanish after multiplication of (x; — x,)" for
some n > 0 can be characterized in the following way.

Proposition 2.5. The null space of the operator of multiplication by (x; — x,)Y, N > 1 in
V[[xfl,xfl ]is

N-1

3 905 - VIS

=0
Furthermore, any element a(xy, x,) in the null space is uniquely represented in the form

-1
a(x;, x) = Y (x)06(x; — x2),
7=0

where the ¢/(x,) are given by ¢/(x,) = Res,, a(x;, x2)(x; — X)),

Proof. See [24], Corollary 2.2 and its proof. O

2.3 Vertex Operator Algebras

It goes without saying that the present section contains only the most basic notions from
the theory of vertex operator algebras. Though vertex operator algebras are a relatively
young field, the theory made rapid progress in the last 20 years. The axiomatic description
was first given by Borcherds in [6] and has subsequently been developed by numerous au-
thors. Among the texts which may serve as general introduction are the now classic book
[19] by Frenkel, Lepowsky and Meurman which summarizes the authors’ findings on the
connection between vertex operator algebras and the largest sporadic simple group termed
the monster, the concise axiomatic exposition [26] by Lepowsky and Li and the work [17]
by Frenkel and Ben-Zvi which studies the theory from the perspective of algebraic ge-
ometry. A reference stressing the physical viewpoint is the book by Kac, [24]. For an
introduction to the theory stressing the super formalism which is introduced below, see
the book [31] by Xu.

From section 2.1, we know that fields in a general quantum field theory are taken
to be operator valued distributions. In the theory of vertex operator algebras, fields are
modeled by formal series with endomorphisms of a vector space as coefficients. In order
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to implement super commutation rules, it will be assumed that fields are formal series with
coefficients in EndV where the vector space V has a decomposition V = V; @ V;. Such a
vector space V is called a superspace. Here, 0 and 1 denote the cosets in Z,/27Z. = Z, of 0
and 1. An element is defined to have parity p(a) € Z; if a € V.

An associative superalgebra U = Uy @ Uj is a Z,-graded associative algebra, i.e.
Uy,Upg C Upysp, @, B € Z,. The endomorphisms of a superspace V carry a natural superal-
gebra structure, given by the decomposition of EndV into the direct sum of the subspaces

(EndV), = {a € EndVlaVj C Vo).
Define a bracket on this associative superalgebra by setting
la,b] = ab — p(a,b)ba, (2.16)

where a € (EndV),, b € (EndV)s and p(a, b) = (=1)®8. Thus, the bracket of an even ele-
ment with any other element is the ordinary commutator. In this chapter, the bracket [, -]
is taken to be the general commutator defined by (2.16) while in the following chapters
the ordinary commutator will be denoted by [, -] and the bracket of two odd elements, the
anti-commutator, will be written as {-, -}.

In the following, a field will be assumed to be a formal series A(x) = 3}z A X7 with
coeflicients in the space of endomorphisms of a superspace V, satisfying the condition that
forany v € V, A;v = 0 for j large enough. Suppose V is graded, i.e.

V:@Vn.

1
nes7Z

Then one defines the weight of a homogeneous vector v € V, by wtv, = n. Further-
more, a linear operator ¢ : V — V satisfying ¢(V,,)) C V., forall n € %Z is said to be
homogeneous of weight m.

The locality axiom discussed in section 2.1 is central to quantum field theory. It can
also be chosen as the axiom carrying most of the structure of a vertex operator algebra,
though it turns out that there exist several equivalent formulations of the locality axiom.
As an alternative to locality, one can adopt the Jacobi identity which is preferred in most
of the mathematical literature. In this work, however, an effort is made to formulate the
axioms of a vertex operator algebra in a way closely related to the physical language of
chiral algebras by adopting locality as an axiom.

Definition 2.6. Two fields A(x,) and B(x;) are called mutually local if there exists an
N € Z. such that
(x1 — x2)"[A(x1), B(x2)] = 0. (2.17)

Since the bracket depends on the parity of the coefficients A; and B; of A(x;) and
B(x,), it will be assumed that all coefficients have the same parity, denoted by p(A) and
p(B), respectively. Thus, we have p(A, B) = (—1)?P®) for the parity function in equation
(2.16).

When considering products of fields, one notices that for a field A(x), the product
A(x)A(x) does in general not exist as a product of formal series because the coefficients vi-
olate the universal condition discussed above. This problem is cured by a standard proce-
dure in quantum field theory called normal ordering. Given a field A(x) = 3,z Apx ™",
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one defines

A(X)_ = ZA(n)X_n_l and A(X)+ = ZA(,,)X_”_I.

n>0 n<0

This splitting of A(x) into a positive and a negative part is the only one satisfying
(0A(x)), = 0(A(x):). (2.18)
For two fields A(x;) and B(x,), the normal ordered product : A(x;)B(x;) : is defined by
s A(x1)B(x2) := A(x1)+B(x2) + p(A, B)B(x2)A(x)-. (2.19)

Note that one is allowed to set x; = x, in (2.19). When applied to a vector, the first term
is a product of two lower-truncated formal Laurent series and the second is a product of
an unrestricted formal Laurent series and a Laurent polynomial. Thus, none of the terms
violates the universal condition on the coefficients. The following theorem relates the
normal ordered product to the expansion of a product of two mutually local fields.

Theorem 2.7. The following properties are equivalent:
1. The fields A(xy) and B(x;) are mutually local.
2. There exist fields C/(x,) € End(V)[[xf‘]], j€A{0,...,N — 1}, such that

N-1

[AG), Bo)] = ) 806(x1 = x)C/(x2).
j=0

3. There exist fields C'(x,) € End(V)[[x3']], j €1{0,...,N — 1}, such that

N-1 1 ‘
A(x)B(x;) = Z (tl,z(—) C/(x)+ 1 A(x1)B(x2) ¢, (2.20)

X — X j+1
S\ (- x)

where 1 5(f(x1, x2)) is the formal Laurent series expansion of f(xi,xy) involving
only finitely many negative powers of x;.

4. There exist fields C/(x,) € End(V)[[xf‘]], j€A{0,...,N — 1}, such that
Nelpn
[Aw» Ban] = Z( .)cgmm_,.), (2.21)
=0 \J
where m,n € Z.
Proof. See [24], Theorem 2.3, p.25. a

In the physical literature, one encounters equation (2.20) usually in the form

N o
A(.X])B()Cz) = %4— : A()C] )B()Cz) 5 (222)
= (v —x2)
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or, writing out only the singular part

S Ciw)
A(x))B ~ —_— 2.23
(x)B(x2) ;(xl_xz)m (2.23)

The two equations (2.22) and (2.23) are usually referred to as the operator product expan-
sion, abbreviated OPE. It’s a remarkable fact that by (2.21), the singular part of the OPE
determines all the brackets between the modes of two mutually local fields, making it an
important calculational tool.

With the necessary tools of formal calculus at hand, the definition of a vertex operator
algebra can now be given. However, in most of the mathematical literature, vertex opera-
tor algebras are defined as vertex algebras with additional properties. As some theorems
formulated in terms of vertex algebras will be needed in the construction described in
Chapter 4, this approach will be adopted here, too.

Definition 2.8 (vertex superalgebra). Let V = V; & Vi be a superspace . Suppose we
have a linear map v — Y(v,2) = 3,z vaz """ which associates to each v € V a field
Y(v,z) and we have a distinguished vector 1 € V in V. These data are subject to the
following properties Vv € V:

(VAI) (vacuum) The vertex operator Y(1, x) is the identity (i.e. 1,v = 6, _1v).
(VA2) (state-field correspondence) The vector Y (v, x)|.- 1 exists and equals v.
(VA3) (locality) All fields Y (v, x) are mutually local.

(VA4) (translation covariance) There exists a linear operator T : 'V — V of even
parity, such that for anyv € V

[T,Y(v,x)] = 0,Y(v, x)
andT1=0.

A vertex superalgebra is called %Z-graded ifVisa %Z—graded vector space, 1 is a vector
of weight 0 and T is a linear operator of weight 1. A vertex algebra is a vertex superal-
gebra V satisfying V' = 0. Additionally, if there is a grading given on V then V, = 0 for
ne % + 7. for a vertex algebra.

In the following, the word “super” will often be left away when assertions apply to
vertex superalgebras as well as vertex algebras. Often, a vertex superalgebra V is denoted
by the triple (V, ¥, 1) in an obvious notation.

As mentioned above, in a large part of the mathematical literature another set of ax-
ioms relying on the so called Jacobi identity is preferred. The Jacobi identity has the
disadvantage that it has no immediate interpretation in physical terms. However, it allows
for a more concise formulation of the axioms, concentrating a large amount of structure
in a single identity. In the above axioms of a vertex superalgebra, the locality axiom and
the translation covariance axiom may be replaced by the Jacobi identity

Xy — X1

X' (’“ x_o’”) Y(u, x)Y(v, x5) - (—1>P<">P<V>xal<5( ) Y(v, x2)Y (i, x1)

(2.24)

=x;'6 (x1 ;Zxo) Y(Y (1, x0)v, X2),
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where u,v € V arbitrary. Here, the parity p(v) of a vector v € V is defined by the
parity of the modes v,. Equation (2.24) has several interesting implications. One of
them is the commutator formula which, restricting the discussion to vertex algebras where
p(u) = p(v) =0, reads

X1 — Xo

[Y(u, x1), Y(v, x2)] = Resyx, 16(
X2

) Y(Y(u, xp)v, x2). (2.25)
It is derived from (2.24) by taking Resy,. Note that this describes the failure of two
vertex operators to commute. Equation (2.17) characterizing locality (also called weak
commutativity in the mathematical literature) can be obtained from (2.25) by multiplying
with the polynomial (x; — x,)* where k large enough. This may be thought of as clearing
of a formal pole.

Similarly to the derivation of the commutator formula (2.25), by equating the coeffi-
cients of xj'x;”"'x;"~! in the Jacobi identity, one obtains

(U, V] = Z (’?)(uiv)m+n—ia (226)

i>0

where m,n € Z. By the regularity condition of vertex algebras, (#;v),,4,—; vanishes for i
large enough. Thus, the sum on the right hand side of (2.26) is finite and the equation
states that the modes form a Lie algebra with the commutator as bracket.

Conformal symmetry. From a physical point of view, vertex (super)algebras are still
lacking an important ingredient of two-dimensional conformal field theory, the Virasoro
algebra. The Virasoro algebra Vir is the one dimensional central extension of the Witt
algebra, which is the conformal symmetry algebra of classical theories in two dimensions.
The rigorous description of conformal symmetry in two-dimensional quantum theories
has some subtle points which are often ignored in the physical literature. For a discussion
of these points and proofs of the following assertions, the reader is referred to the lecture
on conformal field theory by Schottenloher, [30].

Roughly, one arrives at the Virasoro algebra as follows. First, one considers the con-
formal group on the Minkowski plane R"!. As mentioned in the discussion of conformal
transformations in section 2.1, one compactifies the Minkowski plane in order for the
transformations to be defined everywhere. The compactification of the Minkowski plane
is R — S§!x§'. One can show that the conformal group of this compactification is then
given by

Conf(R"") = Diff,(8") x Diff,($8}),

where Diff,(8') is the group of all orientation preserving diffeomorphisms of the circle.
The Lie algebra of Diff, (S!) is the space of smooth vector fields of the circle, Vect(S!).
Its complexification Vect($') x C has a dense subalgebra called the Witt algebra 2. The
Witt algebra is the symmetry algebra of a classical theory with conformal symmetry.
After quantization, a symmetry is required to be a unitary representation of the sym-
metry group on the projective Hilbert space of states. One then tries to lift these repre-
sentations on the projective Hilbert space to unitary representations on the Hilbert space
itself. To achieve this, one has to go over to central extensions of the universal covering
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of the classical symmetry group. On the level of Lie algebras in the case of conformal
symmetry one has to study the central extensions of the Witt algebra. Its unique central
extension is given by the Virasoro algebra Vir = W@ CC, which is defined by the bracket
relations
2-1
[Lm’ Ln] = (I’I’l - n)Lm+n + 5n,—mn/l(m1—2)C, (227)
[Ly, C] = 0. (2.28)

The Virasoro algebra is the symmetry algebra of a quantized theory with conformal sym-
metry in the above sense. The following definition explains how this symmetry is incor-
porated into the axioms of a vertex algebra in order to obtain a vertex operator algebra
describing the vacuum sector of a conformal field theory.

Definition 2.9. A vertex operator superalgebra is a %Z—graded vertex super algebra

(\V, Y, 1) where
v=@p .

1
ne 7220

such that each V, is finite dimensional, equipped with a distinguished homogeneous
weight 2 vector w called the conformal vector, satisfying the conditions

(VOAI) (conformal symmetry) The modes L, = w,, form a Bir module, whose central
term C acts as cid for some c € C;

(VOA2) (conformal weight) The mode L acts as Lyv = nv whenever v € V,;

(VOA3) (translation generator) The operator T from the definition of a vertex super-
algebra is equal to L_;.

In the context of vertex operator superalgebras, the translation axiom is often termed
L_, derivative property. As in the case of vertex algebras, one often denotes vertex oper-
ator algebras by the quadruple (V, Y, 1, w). A vertex operator algebra V obeying

Vo=Cl and V=PV,
n=0
is said to be of CFT type.
The following proposition yields a quick way of checking the Virasoro algebra in
explicit constructions. It also implies that the Virasoro algebra is satisfied on modules
(Proposition 2.15).

Proposition 2.10. Let (V, Y, 1, w) be a vertex operator (super)algebra. Then the Virasoro
algebra relations (2.27) are equivalent to the set of equations

wow = L(-1w (2.292)
wHw = 2w (229b)
wayw =0 (2.29¢)
w@wzgl (2.29d)

wpw =0 forn >4 (2.2%)
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Proof. Recall the Lie algebra of modes, (2.26) for u,v € Vand m,n € Z.
m
(U, V] = ZO ( ; )(uiv)m+n—i-
Setting u = v = w and using equations (2.29a)-(2.29¢), one obtains

1(m+ 1Dmm-1)

[wm+l’ wn+l] - (L 1w)m+n+2 + 2(m + 1)(f‘)m+n+l + = 2 6 (Cv 1)m+n—l
= ~(m+ 1+ Dpaer + 200 + Dpeper + 7 (m* = m) Spanoc id
1 .
=m-—-n)Ly, + 2 (m3 - m) Om+noC 1d.
In the second step, the L_; derivative property as well as the vacuum property Y (1, x) = id
was used. O

Weight formula. It has been stated above that the Jacobi identity implies the locality
and the translation axiom. In the case of a vertex operator algebra (V, Y, 1, w), (2.25) yields
useful commutator formulas involving Virasoro modes and arbitrary vertex operators.
Setting # = w and applying Res,, and Res,, x; respectively, one obtains

[Loi, Y(v,x)] = Y(L_1v, x) (2.30)
and
[Lo, Y(v, x)] = xY(L_yv, x) + Y(Lgv, x). (2.31)

Assume that v is homogeneous, i.e. Lypv = wtvv. Using the L_; derivative property,
equation (2.31) then implies the weight formula for modes,

wty, = wtv —n — 1. (2.32)

Equations (2.30) and (2.31) can be generalized to

(L, Y(v,x)] = Z (m: 1)x’"“‘”Y(L,,_1v, x) (2.33)

nelN

by applying the operation Res,, x"*! to the commutator formula (2.25).

Reconstruction theorem. Verifying all the axioms in explicit constructions of vertex
operator algebras is simplified by a general reconstruction theorem that has been obtained
by Frenkel, Kac, Radul and Wang in [18] and independently by Meurman and Primc in
[28]. Itis given here in the slightly less general formulation of [17] The theorem relies on
the existence of a Poincaré-Birkhoff-Witt-like basis of the form a . “’” 1. This basis
makes it possible to extend the vertex algebra axioms from the generatlng ‘set of vectors
{a”}.es to arbitrary vectors by induction. The reconstruction theorem will be used in the
construction of the symplectic fermionic vertex operator algebra, where one is exactly in
the situation described above.
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Theorem 2.11. Let V be a Z.-y-graded vector space, 1 € V,y a non-zero vector, and T a
degree one endomorphism of V. Let S be a countable ordered set and {a®}.cs a collection
of homogeneous vectors in V. Suppose we are also given fields

a®(x) = Z ag@x_”_1

nez.
such that the following conditions hold:
(R1) Forall a, a®(x)1|,=¢ = a”.
(R2) The operator T acts according to T 1 = 0 and [T, a*(x)] = 0.a*(x) for all a.
(R3) All fields a* are mutually local.
(R4) The vector space V has a basis of vectors

a® a™ 1, (2.34)

—j1 " = m

where j1 > j, > ... > ju, > 0, and if j; = jis1, then a; > a;,1 with respect to the
given order on the set S.

Under these assumptions, the assignment

Y(a‘;l‘ a‘; 1,x) = 0V Vg% (x)...0Y Vg (x)

defines a vertex superalgebra structure on V.

For the proof of locality of arbitrary fields, the following Lemma serves as a basis for
a proof by induction.

Lemma 2.12 (Dong’s Lemma). If A(x), B(x), C(x) are three mutually local fields, then
the fields : A(x)B(x) : and C(x) are also mutually local.

Proof. See Lemma 2.3.4 in [17], p.35. O
Proof. (Reconstruction Theorem) The creation property (VA2)

ling Y(v,x)1=v (2.35)

is satisfied for Y(a®, x) by assumption. This implies that all nonnegative modes of the a*
have to annihilate the vacuum. Thus, one also has 07Y(a”,x)1 = a? ., 1. The creation
property for a general vector af‘jl e ‘l(f’j, follows by induction over r in the following way.
Assume that (2.35) holds for Y(A, x) = Y, Axyx™". It has to be shown that it then also
holds for

Y(a™A, x) = O la™(0)Y(A, x) ¢,

k—1)!
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where k > 0 and i € S. By definition (2.19) of the normally ordered product this is equal
to

1
D =1 (n = ke DAl Agyx !

(k_ 1)' meZ n<—k
1 ap . —n—m—k—
T Z Z(—n — 1) (== ko DAGal xR
" meZ n>—k

Noting that all terms in the second sum with n < 0 have vanishing coefficients and rewrit-
ing the sum so that the coefficient of every monomial in x can be read off, the normal
ordered product takes the following form:

1 (o1
> D e e Kk DA
( ) meZ \n<—k
D= 1) (mn = ket DAal | x4
n>0

The second sum annihilates the vacuum since the creation property is satisfied for the a®.
By the inductive assumption, the positive modes of A also annihilate the vacuum so that
in the limit x — O the only remaining term is

bAcn 1= bepA.

The translation axiom (VA4) holds for the a® by assumption. By differentiation, this
implies also [T, 8"a*(x)] = 8""'a*(x). It can be proven by explicit calculation that the
Leibniz rule holds for the normally ordered product, i.e.

0 : A(x)B(x) :=: (0,A(x))B(x) : + : A(x)(0,B(x)) : .

Using this fact, it can be shown that the translation axiom holds for the normal ordered
product of two fields if it holds for the fields themselves. The splitting of a field into
its positive and negative part commutes with differentiation according to equation (2.18).
This implies

[T, A(x)*] = [T, A()]".
With the help of this identity the following normal ordered products can be computed:

:[T,A(x)]B(x) :=[T,A(x)]" B(x) + B(x)[T,A(x)]”

TA(x)'B(x) — A(x)'TB(x) + B(x)TA(x)" — B(x)A(x)"T,
:A(X)[T, B(x)] :=AXx)*[T, B(x)] + [T, B(x)]A(x)~

A(x)*"TB(x) — A(x)"B(x)T + TB(x)A(x)” — B(x)TA(x)".

Adding these two equations, one obtains

0, : A(X)B(x) :=: 0,A(x)B(x) : + : A(x)0,B(x) :

T,A(x)]|B(x) : + : A(x)[T,B(x)] :

=T(A(x)"B(x) + B(x)A(x)") — (A(x)" B(x) + B(x)A(x)")T
=T :A(x)B(x) : —: A(x)B(x) : T

=[T,: A(x)B(x) :].
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By induction, the translation axiom can then be extended to all vertex operators.

Locality for arbitrary fields is similarly proven by induction, using the mutual locality
of all fields of the form d7a”(x) and Dong’s Lemma. The locality of derivatives of the
a”(x) can be seen as follows. For any two mutually local fields A(x;) and B(x;), one has
by definition

(x1 — x2)V [A(x1), B(x2)] = 0
for some N € N. Differentiating this equation with respect to x;, one obtains
(x; = )N [AG), B)] + (x1 = 1) [0, A(x1), B(xy)] = 0.

After multiplication with (x; — x,), the first term vanishes due to mutual locality of A(x;)
and B(x;). The remaining equation proves mutual locality of d,,A(x;) and B(x;). By
induction, the locality property can be extended to arbitrary derivatives and then with
Dong’s Lemma to arbitrary normally ordered products, proving (VA3) and completing
the proof. O

Subsets of vertex operator algebras which generate the whole vertex operator algebra
according to equation (2.34) are important enough to introduce the following definition.

Definition 2.13. Let (V, Y, 1) be a vertex algebra and S a subset of V consisting of homo-
geneous vectors. If V is spanned by vectors of the form

wl_nl w%nz .. .,V_nr 1

fory' € S, n € Zandr € N, then S is called a generating set of vectors of V. If the
above holds for all n; < O, then V is called strongly generated by S .

2.4 Modules for VOAs

A vertex operator algebra formalizes the properties of the vacuum sector of a conformal
field theory. But as in general quantum field theory, one would also like to study repre-
sentations of the field algebra which are inequivalent to the vacuum sector. Classifying
all inequivalent irreducible representations is an important task and yields a lot of phys-
ical information. The mathematical tools for this classification are discussed in Chapter
3. The following is the definition of an ordinary module for a vertex operator algebra V.
Generalized modules which are related to the action of automorphisms of V are discussed
below.

Definition 2.14. Ler (V, Y, 1, w) be a vertex operator superalgebra. A V-module (W, Yy)
is a superspace W with the grading

equipped with a linear map Yy : V. — EndW)[[x*']], v = YV, x) = X,cz VX ™!
such that for u,v € V.and w € W, the endomorphisms u, of W satisfy the condition
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(M1) (regularity) u,w = 0 for n sufficiently large;
(M2) (vacuum) Yy (1, x) = idy;

(M3) (Jacobi identity) For Z,-homogeneous u,v € V, the following Jacobi identity
holds:

X2 — Xq

x'6 (x‘ - ”) Yo (i, x1) Vg (v, X2) — (—1>P<">P<V>x516( ) Yo (v, %2) Yoy (i1, x1)
0

=x;'0 (x‘ ;2“) Y (Y (u, x0)v, x2);

(M4) (grading restriction) The subspaces W), are finite dimensional for all h € C,
W, = 0 for all h whose real part is sufficiently negative and the grading is given by
Ly eigenvalues according to

W, = {W S W|LOW = hW}

Inspecting the above definition, the reader might ask why the Jacobi identity was used
instead of a locality axiom. The answer is that in the case of modules, the Jacobi identity is
equivalent to weak commutativity only in conjunction with another property called weak
associativity (c.f. Proposition 4.4.1 in [26], p. 127). Thus, the definition of a module
would get unnecessarily complicated if one wants do to without the Jacobi identity.

One might also wonder why the Virasoro algebra is not mentioned in the axioms. The
following proposition gives the answer by stating that it can be derived from the other
module properties.

Proposition 2.15. Let V be a vertex operator algebra and let (W, Yy) be a module for V.
Then the following relations hold on W:

d
[L_1, Yw(v,0)] = Yw(L_1v,x) = EYW(V, x) forveV,

1
(L, L,] = (m - n)Lm+n + E(nf - m)5m+nC,

form,n €.

Proof. Both identities follow from the Jacobi identity exactly as in the case of vertex
operator algebras. See the reasoning leading to equation (2.30) for the L_; commutator
formula and the proof of Proposition 2.10 for the derivation of the Virasoro algebra. O

Categorical notions. Studying vertex operator algebras, it is natural to define mappings
between them. This leads to the definition of homomorphisms, isomorphisms and so on,
which will be given in the following paragraph. These categorical notions for vertex
operator algebras and their modules will be needed for the definition of twisted modules.
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Given vertex operator algebras Vi, V, of the same central charge ¢, a homomorphism is
defined as a grading preserving linear map f : V; — V, such that

fXY(u,2)v) =Y(f(u),2)f(v) foru,veV, (2.36)

and such that f(1) = 1 and f(w) = w. An isomorphism is a bijective homomorphism,
an endomorphism is a homomorphism with V; = V, and an automorphism is a bijective
endomorphism.

In complete analogy, one defines the respective notions for modules. Given two mod-
ules W;, W, of the vertex operator algebra V, a homomorphism is defined as a grading
preserving linear map f : Wi — W, such that

fYW,2w) = Y(v,2)f(w) forveV,weW,.

All the above notions can also be canonically defined for modules.

An important notion with respect to modules is irreducibility. Irreducible or simple
modules are modules with no nontrivial submodules. A vertex operator algebra is called
simple if it is irreducible as a module for itself. Irreducible modules have a particularly
simple grading structure which will be described in the following.

Note that equation (2.31) remains true in the case of modules so that the weight for-
mula for modes, equation (2.32), also holds for the action on modules. Thus, a homo-
geneous vector v € V maps W, to Wwi—n—1). Since the action of modes of arbitrary
homegenous vectors can only shift the degree by an integer, W decomposes into sub-
modules corresponding to congruence classes modulo Z. If we define for @ € C/Z the

space
Wi = @ W,
h+Z=«a
then
W= @ W[a].
aeC/Z.

As an irreducible module, M may have no nontrivial submodules. Consequently,
W= W[a] (237)

for some @. Because of the grading restriction (M4), there is a lowest weight 4 such that

Wia = € Wan, (2.38)

h=hg

The space W), is called the lowest weight space or top level of the module W. Since W is
irreducible, all vectors in W can be obtained by acting with modes of vectors from V on
the lowest weight module W, such that

W = span{v!, -V, wh' € V,w € Wy, n; € Zs}.
Closely related to the top level W, is the space of singular vectors (W), defined by

Q(W) =span{w|v,w =0 forall ve V, wheren > k—1}.
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Twisted modules. We will now turn to the definition of twisted modules. These are
modules associated to automorphisms of a vertex operator algebra. Vertex operator su-
peralgebras come with a natural automorphism that can be described as follows.

Let V = V@ V! be a vertex operator superalgebra and let § : V — V be defined by

Bla+b)=a->b

fora € VOand b € V'. Since for a € V¥, b € V! with k, [ € {0, 1} the vector ag,b is in V¥,
we have 6(a,b) = 6(a),0(b). Comparing the last equality with (2.36), we see that 8 is an
automorphism of V.

More generally, let o be an automorphism of V of order S. Then V is decomposed
into a direct sum of eigenspaces V* of o

v=vVleVe .oV (2.39)
2heri
S
the conformal vector have to be invariant under an automorphism, V is a vertex operator
subsuperalgebra of V. Furthermore, all VEfork =1,...,8 — 1 are V°-modules because
the homomorphism condition for o~ implies that for v € V°, Y(v, z) maps vectors from V*

to itself.

where V¥ is the eigenspace of V for o with eigenvalue exp( ) Since the vacuum and

Definition 2.16 ([27]). Let (V, Y, 1) be a vertex superalgebra with an automorphism o of
order S. A o-twisted V-module is a triple (M, d, Yy) consisting of a superspace M, a
Z5-endomorphism d of M and a linear map Yy (-, z) from V to (EndV)[[z*5]] satisfying
the following conditions:

(Tl) ForanyaecV,ue M, a,u=0 forne %Z sufficiently large;
(T2) Yu(1,2) = idy;

(T3) [d,Yy(a,z2)] = Yu(D(a),z) = d%YM(a, 7) for any a € V, where D is the translation
operator of V;

(T4) For any Z,-homogeneous a,b € V, the following 0-twisted Jacobi identity holds:

i1—22
20

%6 ) Y@, 20) Y (b, 22) — (~1yP@r®z1s (%) Yo (b, 22) Y (a, 21)
—<0

S (-2 g
=2 Y =5|[Z=—2| |Yu(Y(o’a,z0)b, 22).
— S 22

J

If V is a vertex operator superalgebra, a o-twisted V-module for V as a vertex super-
algebra is called a o-twisted weak module for V as a vertex operator superalgebra. A
o-twisted weak V-module M is said to be 5:Z-graded if M = D, _  , M,, such that

28

(T5) ayM, € Myypopr fora € V,, meZ, n€ +Z,r € £ 7.

A o-twisted module M for V as a vertex superalgebra is called a o-twisted module for V
as a vertex operator superalgebra if M = @a «c Mo such that
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(T6) Lou = au fora € C, u € M,;
(T7) For any fixed @, M., =0 forn € %Z sufficiently small;
(T8) dimM, < oo for any a € C.

For the rest of this section, V will be a vertex operator superalgebra and M will be a
o-twisted V-module. Recall that we then have the decomposition given in (2.39). In the
case a € V¥ even or odd, the o-twisted Jacobi identity specializes to

%6 (Z‘ Z‘ Zz) Yr(a, 2)Yu(b, 22) — (~1)P@r®) 7=l (%) Yr(b, 22)Yua(a, 1)
0 —<0

k
— _ s
:zgla(z‘ Z(’)(Z‘ZZ(’) Yo (Y(a, 20)b, 22).
2

Setting b = 1, the terms on the left hand side may be combined:

_k
71 —2 z1—20\[z1—20)\ °
zgla( ! O)YM(a,zo:zg‘é( - 0)( 1 °) Yu(Y(a,20) 1, 22).
22 22 22

Taking Res,z;', we obtain

Rt

zg‘5(§) Yu(a,21) = zg‘é(z—l) (Z—l) Yi(a, ).

2 2]\

Therefore, z5 Yy;(a, z) is an element of End(M)[[z*']] for anya € V¥, wherek e {1,...,S -
1}. It follows, that for any homogeneous a in V* the weight of the operator a, equals
wta —n—1 withn € % + 7. In particular, a, has weight in Z for a € V. Consequently,

forieC
M) = €D M,

ne”.

is a V? submodule of M and M°(1) = M°(u) if and only if u — A € Z. On the other hand,
considering the whole vertex operator algebra V,

M) = D M,

1
negZ

is a o-twisted V-submodule of M and M(1) = M(u) if and only if 1 — u € SiZ. It then
follows from the first decomposition, that

S—1
M) = @ MO (a + g) (2.40)
k=0

is a decomposition of M(1) into V°-modules. If M is a simple module, M(1) = M since
we would have a nontrivial submodule of M otherwise. In this case the decomposition
will be written in the form

M=MoMe oM™ (2.41)
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This section will be concluded by two theorems that make assertions about the irre-
ducibility of the elements in the decompositions (2.39) and (2.41). The first theorem has
been proven by Dong and Mason in [12]. It is given here in the formulation of [11], sec-
tion 5.1. The second theorem is due to Dong and Lin, c.f. [11]. In their orignal form, both
theorems apply only to vertex operator algebras, not superalgebras. But all the arguments
carry over to the super case so that we have the following theorems.

Theorem 2.17. Let V be a simple vertex operator superalgebra and o an automorphism
of V of finite order S. Then the V° modules V* in the decomposition

are all irreducible as V° modules. In particular, V° is a simple vertex operator superal-
gebra.

Theorem 2.18. In the setting of Theorem 2.17, let M be a simple o-twisted V-module.
Then the M*, k = 1,...,S — 1 in the decomposition

S-1
=
k=1
are nonzero and non-isomorphic simple V° modules.

2.5 A Characterization of Primary Fields

This chapter began with a derivation of the definition of a vertex algebra from a set of
physically motivated axioms. This paragraph illustrates the reverse procedure by deriving
the transformation behavior of primary fields from the vertex operator algebra structure.

Primary vectors are defined by the property L,,v = 0 for all m > 0 and Lyv = hv for some
h € N. For a primary vector v, equation (2.33) reads

d
[L,,Y(v,x)] = (x"“ —+ h(n + l)x”) Y(v, x). (2.42)
X
This can be rewritten in the form
_ —h(n+l) n+l d (n+1)
[L,,Y(v,x)] = x X — ()/1 Y(v, x)) .
dx
Multiplying with xq and x""*1, one obtains
d
[xoL,, )/1(”+1)Y(v, ¥)] = xoxn+1xn+1d_ (xh("+l)Y(v, x)) .
X

By an argument common in the theory of formal series, this expression may be exponen-
tiated. First, reinterpret the commutator by rewriting the last equation in the form

d
(Ligt, = Rz, )XY (0, %) = xox' = (V¥ (v, ). (2.43)
" " dx
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Here, Ly and Ry are taken to be the operators of left and right multiplication with the
operator X, respectively. Now, taking the n-th iterate of (2.43), multiplying by 1/n! and
summing over n yields the exponential form

exoL,,xh(nH)Y(V, x)e—xoLn — exox"+] % (Jdl(nﬂ) Y(V, X)) )
By the formal Taylor theorem, Theorem 2.4, the right hand side equals
S ((E)}

where

ex ifn=0
X1 = _ 1.
(x™" —nxp)"n ifn#0.

Thus, we arrive at the equation

h(n+1) ) h
exOLn Y(V, x)e_x()l‘" = (ﬁ) Y(V, x1) = (i) Y(Va xl)a
X ox

which is usually taken as a definition of a primary conformal field by physicists.



Chapter 3

Algebras for the Analysis of CFTs

Given a vertex operator algebra V, the most important task often is to classify its modules.
In conformal field theory this amounts to finding inequivalent representations of the field
algebra. There exist two common approaches to this classification problem. In certain
cases, one can infer the commutation relations of the zero mode algebra on the top level
of any module. If the zero mode algebra forms a well-known Lie algebra, the representa-
tions of the whole field algebra may be found by studying the representations of this Lie
algebra.

The second approach is to study the representations of a certain associative algebra
first defined by Zhu in [32]. The importance of Zhu’s algebra A(V) stems from Zhu’s
theorem, which states that there is a one to one correspondence between A(V)-modules
and V-modules. As, for example, Zhu’s algebra is finite dimensional in the case of weakly
rational vertex operator algebras, this can make the classification of modules significantly
easier.

In the following, the definition of Zhu’s algebra is given and Zhu’s theorem is stated.
The classification of vertex operator algebra modules with the help of the Lie algebra of
the zero modes is illustrated in the case of the triplet algebra at ¢ = —2. This analysis
follows the one by Kausch and Gaberdiel in [21].

3.1 Definition of Zhu’s Algebra and Zhu’s Theorem

Let V be a vertex operator algebra and u, v € V with u a homogeneous element. Define a
product

b

+ 1 witu
u* v =Res (Y(u,z)vu)
Z

which, in terms of modes, reads

(u*v), = Z U_1-mVm+n T Z VienU-1-m-

m>wtu m<wtu

Extend the product * linearly to all # € V. The space spanned by elements of the form
(Loy + Lo)u % v

with u,v € V can be shown to be a two-sided ideal for x and is called O(V). Define
Zhu’s algebra as the quotient A(V) = V/O(V). It turns out that (A(V), %) is an associative

31
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algebra with the equivalence class of the vacuum [1] being the unit and the conformal
vector [w] being the center. The important relationship between representations of A(V)
and V-modules stems from two facts. First, one can calculate that restricted to the top
level M}, of any irreducible V-module M,

o(u xv) = o(u)o(v),

where o is the linear map mapping a homogeneous vector v € V to its zero mode V).
Thus, o defines a homomorphism of algebras, o : A(V) — Z(V)|Mh0, where Z(V) C
End(V) is the algebra generated by all elements o(a), a € V. The second fact is the
identity

o(L_ju+ Lou) =0

for all u € V. From the above two equations, we can infer that o(u) = 0 on each top level
space M}, for any u € O(V). Thus we can assign to each class u in A(V) a zero mode o(u)
in a well defined way. Using this mapping, Zhu was able to show the following result.

Theorem 3.1. Let V be a vertex operator algebra and M a V-module. Then the following
holds

o The top level My, of M is a representation of the associative algebra A(V).

e Conversely, if m : A(V) — End(W) is a representation of A(V), then there exists a
V-Module M such that M;,, = W.

o The isomorphism classes of the irreducible V-modules and the isomorphism classes
of irreducible representations of A(V) are in one-to-one correspondence.

Zhu’s algebra can be endowed in a canonical way with a Lie algebra structure using
the commutator. Brungs and Nahm showed in [7] that the mapping o gives rise to a Lie
algebra isomorphism between Zhu’s algebra and the zero mode algebra.

Certain finiteness conditions for vertex operator algebras are closely related to Zhu’s
algebra. To formulate these conditions, one introduces the notion of a weak V-module,
which is a vector space satisfying all V-module axioms except for the ones related to
the grading. A weak V-module W admitting an IN-grading W = @neN W, such that
VW, C Wytven—m—1 18 called admissible.

Following Dong, Li and Mason (c.f. [10]), a vertex operator algebra is called weakly
rational if every admissible V-modules can be decomposed into a direct sum of irreducible
V-modules. A vertex operator algebra is called rational if every admissible module is a
direct sum of irreducible admissible modules. An even stronger statement is regularity,
which is satisfied if every weak V-module is a direct sum of irreducible V-modules.

To decide if any of the above conditions are met by a vertex operator algebra, the
notion of C,-cofiniteness has proven useful. A vertex operator algebra V is called C,-
cofinite if the subspace

Cy(V) = span {v_,yw|v,w € V}

is of finite codimension in V, i.e. dim(V/C,(V)) < oo. If the vertex operator algebra V

is C,-cofinite it can be proven that Zhu’s algebra A(V) is finite. As a finite algebra A(V)

then only has finitely many irreducible modules. Thus, by Zhu’s theorem, a C,-cofinite

vertex operator algebra V only has finitely many inequivalent irreducible V-modules.
The following result has been proven by Abe, Buhl and Dong in [2].
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Theorem 3.2. A vertex operator algebra V of CFT type is regular if and only if V is
C,-cofinite and rational.

There existed an important conjecture in the literature, stating that rationality in the
above sense and C,-cofiniteness are equivalent. However, the triplet algebra which will
be discussed in the next section serves as a counterexample to this conjecture.

3.2 ‘W-Algebras and the Triplet Algebra

“‘W-algebras are special vertex operator algebras, whose field algebra is an extension of
the Virasoro algebra by additional fields. In this sense, ‘W-algebras are also sometimes
termed maximally extended symmetry algebras since they form the maximal field algebra
which is compatible with the Virasoro algebra for a fixed central charge.

Definition 3.3. A W-algebra of type W (2, hy, ..., h,) is a vertex operator algebra which
has a minimal generating set in the sense of Definition 2.13 consisting of the vacuum 1,
the conformal vector w of weight two and m additional primary vectors W' of weight h;,
wherei € 1,..,m

“W-algebras have aroused considerable interest due to their connection with the clas-
sification of all rational conformal field theories. For a general introduction and some
classification results, see [15] and [5]. Throughout this section, the physical mode con-
vention as opposed to the mathematical mode convention will be used. This means that
the field corresponding to a homogeneous vector v € V), is expanded in the form

Y(v,x) = Z VX"

ne”z.

From a calculational point of view, ‘W-algebras are characterized by the commutation
relations of the modes of their generating vectors or, equivalently, by the OPE of the gen-
erating fields. In general, the commutation relations of the modes of the generating fields
of a W-algebra cannot be expressed as a Lie algebra in the modes of these fields. How-
ever, it was shown by Nahm in [29] that it is always possible to express the commutators
in terms of modes of fields which are special normal ordered products of the generating
fields.

For the description of ‘W-algebras the notion of a quasi-primary field is needed. This
is a vertex operator which satisfies (2.42) only for n = +1 and n = 0. Denote the family
of quasi-primary fields of a given “W-algebra by {¢'},c; and their conformal weights by ;.
Then the quasi-primary normal ordered product is defined by

¢J 76 , Z( 1y ( )(h(l]k) + o (ijk) + 2n — 1) (2h(i) -:n — 1)8rN(¢j, o 4)

7

Gk + n = 1\[h( jk) + oGijk) +2n — 1)
NETEY ij((J) )((]) (i jk) )
{klh(ik j)=>1} n n

o (Zh(i) +n— 1)(0(1‘ jk) — 1)‘l Hiren gk
h(ijk) +n \h(ijk) = 1] (o (ijk) + n)(h(ijk) - 1)
(3.1
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where h(ijk) = h; + hj — hy and o(ijk) = h; + hj + h; — 1. Furthermore, the structure
constants C,/ are defined such that 3/ C/d* = C'*, where C'* and d"/ are given by the
correlation functions

ijk k i j ij
C = <1’ ¢(hk)¢(_hk+hj)¢z—hj)l> and d )= < ¢(h )¢( h,) >
An especially well-studied family of ‘W-algebras are the triplet algebras
3
(wae.ep-1)

The triplet algebra at ¢ = —2 is the extension of the Virasoro theory by a triplet of fields
with & = 3, which are commonly denoted by W', where the index i takes values from the
set {+, —, 0}.

The triplet algebra has interesting properties related to the finiteness notions intro-
duced in the previous section. While it only has finitely many inequivalent irreducible
modules it also admits logarithmic modules. Additionally it serves as a counterexample
for the conjecture that C,-cofiniteness equals rationality in the sense defined in section
3.1. The result that the triplet algebra is C,-cofinite has independently been obtained by
Abe in [1] and Carqueville and Flohr in [9]. It had been known before by Gaberdiel and
Neitzke who stated the fact in [22]. In Abe’s model, the triplet algebra ‘W(2,3,3,3) is a
special case of a more general ‘W-algebra which will be discussed in Chapter 4, while the
result obtained in [9] applies to all triplet algebras {‘W 2,2p - 1)3)}

The triplet algebra W(2, 3, 3, 3) is characterized by the Commutatlon relations

1
[Lm’ Ln] :(m - n)Lm+n - gm(m2 - 1)é‘m+na (323)
[Lin, W] =Cm =)W, ., (3.2b)
1
[We, Wy =g® (Z(m = WA+ 55(m = n)(2m* +2n* = mn — 8)Lyy.y
1 2
_1_20m(m 1)(m - 4)5m+n) (32C)

12
+ fo —(2m2 +2n* = 3mn — HWe, +—V<, |,
14 5
where A and V¢ are normal ordered fields in the sense of equation (3.1), given by

A=L1*: ——&L
10(9

and
V= LW -2 W,
14
The non-vanishing components of g?> and £ are defined to be
§¥=1, ¢F=2 and [*=+1, fF==+2

The above commutation relations have been obtained by Kausch, who constructed an
explicit realization of “W(2, 3, 3, 3) that will be discussed at the beginning of Chapter 4.
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The representations of W(2, 3, 3, 3) have first been analyzed by Eholzer, Honecker
and Hiibel in [14] and by Gaberdiel and Kausch in [21]. In the latter work, the general-
ized highest weight representations of the triplet algebra at ¢ = —2 have been classified
with the help of certain null vector conditions. Using these conditions, the zero mode
algebra on the top level of any highest weight representation is derived. By classifying
the representations of the zero mode algebra one then obtains a classification of the rep-
resentations of the whole field algebra. This is essentially the physicist’s version of the
classification in terms of Zhu’s algebra. In the following, a short summary of the treatment
in [21] is given.

Because the fields corresponding to null vectors have to decouple in correlation func-
tions, it has to be required that zero modes of null vectors annihilate all states in a repre-
sentation. Applying this condition to the explicitly known null vectors N*’, we obtain

1 1 ,
WoWy — g“b§L§(8LO +1)- f;‘bg(ao - WS |y =0, (3.3)

where ¢ is any state in the top level of a representation. From this equation, one can
deduce
L3(8Ly + 1)(8Ly — 3)(Lo — )y = 0. (3.4)

We know that any irreducible representation has the structure (2.4), implying that the
eigenvalues of the Ly zero mode have to take one of the values satisfying (3.4) on the top
level of each irreducible representation. The possible eigenvalues are called the spectrum
of the theory and are given by hy = 0, —%, % and hy = 1. Writing down (3.3) with a and
b exchanged and noting that g%” is symmetric while £ is antisymmetric, one obtains the
commutator

2
[We, We1 = S(6h-1) FeWS. (3.5)

Thus the zero modes of the weight three fields, restricted to the top level of an arbitrary
representation, satisfy the commutation relations of su(2). This implies that the top level
of every representation of the triplet algebra is a su(2)-module. According to the su(2)
representation theory, irreducible representations are labeled by a non-negative half inte-
gral number j, where j(j + 1) is the eigenvalue of the Casimir operator Za(Wg)z. Let m
be the eigenvalue of W;. We get one further constraint on j and m, since WiW¢ = WW,
by (3.3). Thus, j(j + 1) = 3m? has to be satisfied, allowing only j = 0, 3. By examin-
ing the concrete realization of the different modules (c.f. Chapter 4), one finds that the
one-dimensional singlet representation corresponds to the modules with lowest weight
h =0, —% and the two-dimensional doublet representation to the case h = 1, 2. Compar-
ing this to the analysis with the help of Zhu’s algebra (c.f. Theorem 4.8), it is important
to note that the above classification obviously does not yield a one-to-one correspondence
between su(2)-modules and field algebra modules.

The mathematically rigorous classification of the irreducible representations of the
triplet algebra is a special case of Theorem 4.8. This result has been obtained by Abe
using Zhu’s algebra. In the special case of the symplectic fermion model, the relation
between the zero mode algebra and Zhu’s algebra will be investigated in Chapter 5.
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Chapter 4

Symplectic Fermions

The theory of a pair of symplectic fermions was first described by Kausch in [25]. It
furnishes an explicit realization of the triplet algebra W(2, 3, 3, 3) and serves as an exam-
ple for a conformal field theory admitting reducible but indecomposable representations.
The classification of irreducible representations of W(2, 3, 3, 3) with the help of the zero
mode algebra has been described in Chapter 3.

About ten years after the work of Kausch, Abe generalized the model to d pairs of
symplectic fermions by constructing the vertex operator superalgebra S F. Abe was able
to show that S F*, the even part of S F, provides an example of a C;-cofinite but irrational
vertex operator algebra by constructing two reducible but indecomposable S F-modules.
He also classified and constructed the four inequivalent irreducible S F*-modules. Two of
these modules are S F* itself and the odd part S F~. The other two modules are realized
as even and odd part of the #-twisted S F'-module, where 6 is the canonical involution of
S F associated to its Z, grading.

In this chapter, the construction of S F and of the 6-twisted S F-module S F(6) will
be given following Abe. These constructions will serve as a basis for Chapter 5, where
their properties are investigated. An attempt to make this presentation as self-contained
as possible is made, proving the vertex operator and module properties except for the
extensive calculations related to identities needed in the twisted module construction. For
details concerning these calculations, the reader is referred to the classic book on vertex
operator algebras by Frenkel, Lepowsky and Meurman, [19].

Since the construction of S F is first presented with a focus on the mathematical struc-
ture, the explicit calculations related to the Virasoro algebra are deferred to 4.2.2. This
section also contains some assertions which go beyond the work of Abe, among them
the characterization of S F* as ‘W (2, Q2P =d-1 32d2+d))—algebra. After the construction of
S F(6), this chapter is concluded by a derivation of a general commutator formula for
modes of the generating vectors of S F'*.

4.1 Kausch’s Symplectic Fermions

Kausch’s construction of a pair of symplectic fermions described in [25] starts from the
mode algebra

{'7[’::1’ wﬁ} = mJaﬁdmﬂﬁ (41)

37
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where the indices a, 5 are equal to + or — and the nonvanishing components of J are de-
fined to be J*~ = —J~* = 1. In more mathematical terms, this defines a Lie superalgebra
with even part Cid and odd part ®,.zCy,, @ Cy,. The mode algebra (4.1) defines an in-
finite dimensional Clifford algebra Csr. A field representation of Cyr is a representation
on a vector space V such that y* = 3, ., y*x™! is a field with odd parity.

There exists a field representation of Cgr on the Fock space, which, for the moment,
will be taken to be the linear space spanned by the formal expressions

W, e, 10), (4.2)

where ny,...,n, € Z, (the whole construction will be made more precise in the discus-
sion of Abe’s vertex operator algebra S F'). This can be interpreted as creation of the states
of the theory from the vacuum |0) by the creation operators i*, . The operators ¢, act on
(4.2) as an exterior product by ¢ for n < 0 and as the contraction by ¢, for n > 0.

The representation space can be split into a fermionic (r odd in (4.2)) and a bosonic (r
even) part. Kausch shows that the bosonic part is generated by the stress energy tensor

1
T() = SJop Y W Q) :
and three primary weight 3 fields
W*(2) = Y™ (" (2) -
1 _ _
Wi = 5 (- 0" @Y (@) : +: Y~ (@YD) )
W (2) =: 0y (Y (2).
Consequently, the pair of symplectic fermions realizes the triplet algebra at ¢ = -2.
Kausch has computed the operator product expansion of the generating fields to be
-1 2T oT (w)
z=-wy (@-wP z-w’
3IWe(w) N oW (w)

(z—w?  z—-w’

W ()W (w) ~ g"ﬁ( - 3 Tw) 3 9T(w)

T@Tw) ~

T()W*(w) ~

Z-wre (@Z-w* 2@-w)
3 0*T (w) ~ T?(w) . 163T(w) ~ 48T2(w))
2(z=w)?>  (z—-w)3? 6 z—-w Z—w
( WY (w) l@Wy(w) i WY (w) N i (TWY)(W))
(z—=w)3 2@-w? 25 z-w 25 z-w )’

— 5ff¥ﬁ

Y

where gt~ =g+ =2,¢% = -1 and fy“ﬂ are the structure constants of s1(2), normalized to
fo~ = 2. These relations are equivalent to the commutators (3.2a)-(3.2¢) by Theorem 2.7.

4.2 Abe’s Generalized Symplectic Fermion Model

4.2.1 Construction of SF*

The construction of S F is a generalization of the standard construction of vertex opera-
tor algebras through Heisenberg Lie algebras as it is described in, e.g. [26], Section 6.3.
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Abe’s construction has partly been inspired by a similar treatment of the vertex operator
algebra M(1)" by Dong and Nagatomo, [13]. Roughly, Abe’s generalization, which im-
plements super commutation rules, can be described as follows. The construction starts
from a d-dimensional vector space by to which one associates an affine Lie superalgebra,
given by the nontrivial central extension of h ® C[¢*'] by the one dimensional center CK.
The Fock space S F is the space generated from the highest weight vector 1 with the prop-
erty h ® C[#]1 = 0 and K1 = 1. This space naturally carries the structure of a vertex
superalgebra with vacuum vector 1.

The modes of the vector Y% ,(¢' ® t')(f' ® ') 1, where {e/, f'} <i<q is the canonical
basis of b, satisfy the Virasoro algebra. Thus, S F can be made into a vertex operator
superalgebra. It can be decomposed into an even and an odd part such that the vertex
operators corresponding to the vectors of the even and odd part satisfy the locality axiom
with a bosonic and a fermionic commutator, respectively. The even part S F* is the vertex
operator algebra which generalizes the ‘W (2, 3, 3, 3) triplet algebra at ¢ = -2.

As indicated above, the construction of S F* starts from a finite dimensional vector
space f) with a skew-symmetric nondegenerate bilinear form (-, -). The dimension of f) has
to be even and we can pick a basis {¢/, f | 1 <i < d} such that

<ei’ f]> = _<fj’ ei> = _5ij

for 1 < i, j <d, where d = diml)/2 and all other pairings vanish.

One proceeds to construct the Heisenberg superalgebra L(H) = h®CJt, ' 1dCK, such
that CK is the even part and b ® C[z,77'] is the odd part. This is done by equipping L(b)
with the bracket relations

Wty @ty = my, ¥ )oK (4.3)
and

[K, L(H)] =0,

where Y, ' € b, m,n € Z, making it into a Lie superalgebra. It should be noted that here
and in the following, ¢; is taken as an abbreviation for ¢;.

The vertex operator superalgebra S F' is obtained by taking the universal enveloping
algebra U(L(D)) and dividing out certain ideals. More precisely, let A be the quotient
algebra of U(L(D)) by the two sided ideal generated by K — 1. Furthermore, denoting by
Y(m) the operator of left multiplication by ¥ ® " on A for Y € h and m € Z, we call Ay
the ideal generated by y/(m) 1 with y € h), m € Zs. Finally, S F, the space which will be
given the vertex operator algebra structure, is obtained from A by dividing out As.

The Z,-grading of L(b) induces a Z,-grading on A. The even and odd parts are
called A° and A', respectively. Thus, S F decomposes as SF = SF° @ SF', where
SF = A (Ao N A) fori € Z,.

We have yet to equip S F with the structure of a vertex operator superalgebra. This
is done by first defining the modes of a vector and then defining a vertex operator corre-
sponding to this vector as a formal series with the modes as coefficients. It will be shown
that this definition is identical to the one given in the reconstruction Theorem 2.11 and
that all the assumptions of the theorem are satisfied by S F. Having established in this way
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that S F is a vertex superalgebra, the Bir-module structure and grading properties will be
verified in a second step, making S F into a vertex operator superalgebra.
The linear map from S F — End(S F), a — a, is given by

. T (N = | U
Ay = é (nl_l)"'(nr_l)-lﬂ(ll)"'lﬂ(lr)- (4.4)
Z;=1 = Z]:;=1 nj+n+l

fora = y¢'(-ny) -y (-n,) 1 withy/ € b and n; € Z.,, where the normal ordered product
: - 1 is the operation on A defined inductively by : ¢/(n) := ¥(n) and

W) s P () (n) 1 if ny <0,
D P (m) -y (m) 1yt () if g 20,

with r € Z.o, n,n; € Z and y,y' € ). We obtain the vertex operator as the linear map
Y(,x): SF — Hom(SF, S F((x))) by setting

Yia,x) = ) apx"". (4.6)

ne”z.

L)y (n)] = { (4.5)

The vector space h may be identified as a subspace of S F by the injective map ¢ +—
Y(=1) 1 + Ay and we write ¥, for (Y(=1) 1), fory € hand m € Z.

Theorem 4.1. The above construction endows the space S F with a vertex superalgebra
structure, where the vertex operator mapping is given by

Y@@' ...a5"1,x) = 0V Va" (x)... 8" Va™(x) : 4.7)

Proof. We have to verify the assumptions of the reconstruction theorem. Define the vac-
uum in S F as the vector 1 = 1 + A, and complement the definition of Y by setting
Y(1, x) = id. The canonical basis, ordered according to the list (e',...,e% f!,..., f¥)isa
finite ordered set of homogeneous vectors of S F. The corresponding fields are given by
Y(V', x), where v = e, f.

(R1) Since y(;1 =0fory € handi € Zs,, we have Y(¢, x) 1], = .

(R2) It will be shown in section 4.2.2 that the mode (3%, eé_l) f1)_, satisfies the properties
of the weight one operator 7.

(R3) Lety, ¢y’ €b. Then we have

WO W )k = > mig, ¢ omen "' 25"

meZ.

= D m )" g

meZ
_ ’ i -1 2
=, ¥ >ax2x1 6()61)
It follows by (2.15) that
(x1 = ) {Y(x1, ¥ (x2)} = 0,

proving (super)locality.
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(R4) It follows from the Poincaré-Birkhoff-Witt theorem and the fact that ¢, 1 = 0 for
W € hand n € Zs, that S F is isomorphic as a vector space to A(h ® r'C[7']).
This proves (R4).

O

It has yet to be shown that the definition of the vertex operator mapping Y (-, x) in the
theorem is compatible with the definition of Y (-, x) in the case of vectors of higher weight
than 1 in S F. This means, that (4.6) together with (4.4) should give the same definition
of a vertex operator as (4.7) for r > 1. This is easy to prove since

1 .
" Y (. x) =TT Z(—l i) (=1 =i = 1) (=1 =iy = (ny = D) yx "™

ileZ

:Z _il _1 w x—il—nl
n _1 (i1) :

€Z

Plugging this into the definition (4.7) and collecting powers of x, we see that the coeffi-
cient of x™"! is given by the mode (4.4), proving the equivalence of the two definitions.

In the following, S F' will be made into a vertex operator superalgebra. In terms of the
canonical basis of I, the conformal vector is defined by

d
w= e f (4.8)
j=1

Theorem 4.2. The A-module SF becomes a simple vertex operator superalgebra of cen-
tral charge —2d with vacuum vector 1 and Virasoro vector w. Furthermore SF is of
CFT type, i.e. the weight 0 space of SF is given by SFy = C1 and the grading by
SF= _ SFn

Proof. The Virasoro algebra relations will be proven below in section 4.2.2. It will fur-
thermore be shown in section 4.3 that for ¥, /', .. .y" € b

[Ln’ w(m)] = m'vl’(m+n)’ (49)

where m,n € Z. It follows that the action of Ly on an arbitrary vector of the form
w(l_n]) ey, I withny,...n, € Zs is given by

1 1
Loy Wiy V=0 + -+ n Ly ) 1

One obtains this result by commuting L, with the wé_m), picking up a factor n; but not
altering the modes until Ly hits the vacuum and annihilates it. Thus S Fy = C1 and the
grading S F = @:10 S F, is given by L, eigenvalues. Because of the reconstruction the-
orem, Theorem 2.11, it only has to be proven that the L_;-derivative property is satisfied
on the fields Y (i, x), where ¢ € . But by (4.9), we know that [L_;, Y] = —miy,-1) and
since

YW, x) = Z(—m - 1)w(m)x_m_2 = Z(—m)lﬁ(m—l)x_m_l,

we have [L_{, Y(¥, x)] = 0, Y(¢, x) for ¢ € b.
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It was shown in the proof of Theorem 4.1 that S F is isomorphic as a vector space to
A @ 'C[+']). Thus, elements of the form

w(l—m) o "ﬁf—n» L, (4.10)

where ¥',...,y/ € band ny,...,n. € Z., span SF. Assume that there is a nontrivial
subspace M of S F which is a submodule of S F. Then there is a vector v in M with
minimal weight (not necessarily unique) whose weight is not zero since the vacuum is the
only vector with that property. Since v is of the form (4.10), there is a vector ¢ € S F such
that v with n > 0 is not zero. But this operation lowers the weight which contradicts
the assumption that the weight of v is minimal. Consequently, S F has to be irreducible as
its own module. O

Recall from Section 2.4 that, as a vertex operator superalgebra, S F' is endowed with an
automorphism 6 of order 2. Let S F* be the 1-eigenspace and S F~ the (—1)-eigenspace.
Then SF = SF* @® S F~ and we have the grading

[ee)

SFr=(p and SF; SF =(HsF,. 4.11)

n=0 n=1

Proposition 4.3. The space S F* is a simple vertex operator algebra and the S F*-module
S F~ is irreducible.

Proof. Since S F is a simple vertex operator superalgebra and 6 is an automorphism of
order 2 of S F, we are in the situation of Theorem 2.17 and the assertion follows. O

In [1], Abe proceeds to find a set of generators of the vertex operator algebra S F*. He
proves that the set

span {a(l_n]) ceal, 1ld € SF; @ SF3,m; € Z}
is indeed the whole space S F*. In order to perform explicit calculations, the generators
e =e el fi= T = e f
1

ij i i T Y7 A, i i i Lo j i
E"Y = > (e(_z)ej + ef_z)e) JAREE > (f(_z)f’ +f(]_2)f) H"Y := > (e(_z)f’ +f(’_2)e)
4.12)
for 1 < i, j < d are defined. In terms of these generators, S F, and S F3 are given as

SF! = é ci P (ce e cr)

ij=1 1<i<j<d

d
SFi=cu @ (CEY @ CFY)o L SF;.
i,j=1 1<i<j<d
The space L_;S F; is needed to account for the antisymmetric combinations of weight 3,
since L1y _1y¢ = Y2 ¢ — ¢—2y. This formula can be verified in a straightforward manner
by using the L_;-derivative property and calculating (_1)¢1))—2) 1. The above can be
summarized as follows.

Proposition 4.4. Ler (¢, f*),;., be a canonical basis. Then S F* is strongly generated by
the vectors e, h'/, £/, E, H" and F* with 1 < i, j < d.
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4.2.2 Virasoro Algebra Relations in SF

The goal of this section will be to establish the Virasoro algebra relations, which are not
explicitly proven in Abe’s construction of S F. Proceeding in two steps, first the action
of the Virasoro modes on arbitrary generators of S F* will be computed and then the
Virasoro algebra will be established using Proposition 2.10. This has the advantage that
the equations derived in the first step can also be used to show that all the generators of
S F* are primary.

Looking at the list of generators of S F'*, we can conclude that the most general mode
expansion we will need is

—i; = 1\[-i, -1
(acwben 1)y = Z ( ho 1 )( 0 )iam)b@)i

i1,h€Z
i1+i2:n—h
—i;—1 —i;—1
= Z( he1 )am)b(n—h—i]) - Z( ho 1 )bm—h—il)a(n),
i1<0 i1>0

where h = 1, 2. For the Virasoro modes we obtain witha = ¢/, b = f/and h = 1

d
L, = Z (Z efz’)ﬁ—z’) - Z f(j—oe{i))' (4.13)
j=1

i<0 i>0

Before verifying the relations given in proposition 2.10, the action of L, on vectors of the
form x{_,y/_ 1 with x and y being either e or f will be derived. With these relations, one
can quickly confirm the Virasoro algebra relations.

The calculations are straightforward with the strategy being to commute the different
modes until a nonnegative mode hits the vacuum and annihilates it. Keep in mind that the
definition of the anti-commutator specializes to

i - s i
{€lmy> [} = —mY0msn  and e, e} = {fi, foy} = 0

This implies in particular that two negative or two positive modes or two modes of the
same “species” e or f can be exchanged, leading only to a change in sign. Beginning with
eé_r) f(’_ o 1, we have

d d
i J — I gl i J _ 1 I i J
Lyepfiiyl= Z Z e fun-neinfiog1 Z Z Joweweinliyl

I=1 k<0 =1 k>0

d
- Z w ((” ~ k)5 Gty — eé—r)ﬁln—k)) [yl

=1 k<0

d

{ i 1j ol

¥ D Flen (K0Y8ies = fLjelp) 1

=1 k>0
d d

[ i oli [ i 1j
=3 > =Rl fL 0 i 1= D" kf el 0841

=1 k<0 =1 k>0

i J J i
_re(n_r)f(_s) 1- sf(n_s)e(_r) 1,
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where n — r < 0 and s > 0 have been assumed in the last step. Otherwise, the first and
o

second term would be zero, respectively. The action of L, on e!__ e’ 1is given by
(=n"(=9)

d
I gl i Jj l I J
Z i finn€-n€nl = Z Z St €i-n€i-y 1

k<0 =1 k>0

J

i _
Lne(_,)e(_s) =

R

! li i gl j
ew ((n —k)8" Gpi—r — €, f(n_k)) ef_S) 1

=1 k<

(=]

((n - k)eék)e{_s)dlién_k_, 1- eék)eé_r) ((n — k)69 8, s — O) 1)

~
Il

1 k<

(=]

el J o) i
=re(,_pne _y 1 S€_€(-r) 1

The second sum in the first line vanishes because eﬁk) can be commuted through. In the
last step, it was assumed that n —r < 0 and n — s < 0. The action of L, on the missing two

vectors can be calculated in exactly the same way so that we can summarize

Lneé_r)ef_s) 1= reén_r)e{_s) 1- se{n_”eé_r) 1, (4.14a)
L"Jc(i—r>fc<j;s) I=r JC(’},_r)JC(];s) 1- sf({z—s)ﬁi—w L, (4.14b)
L”eé—r)f(]—s) 1= reén—r)f(]—s) I-s ({H)eé—r) L, (4.14c¢)
Lofinely 1= finely 1= sefy oy fin 1. (4.14d)

The first and second term on the right hand of each of these equations vanish unless the
conditions

n—r<0, n—s<0, 4.15)

r=>0, s >0, (4.16)
n—-r<o, s> 0, “4.17)
n—s<0, r>0 (4.18)

are satisfied for the first and second term, respectively.

With the help of (4.14c¢) for i = jand r = s = 1 the equations (2.29a)-(2.29¢) from
Proposition 2.10 can easily be verified. Note that the first of these equations follows
directly from the definition L, = w,,;. With respect to the other equations, we have

d d
wiw = Low = Z enfin 1= flnen = 22 enfinl=2w,
i=1 i=1
d

d
ww=Lw=- Zf(’o)eé_l) 1= Z e nfo1=0,
i=1 i=1
d

d
w3 = sz = - Z]‘(il)eé_l) 1=- Z(‘Siidl_] 1=-d 1,
i=1

i=1
d

w,w =L, jw=- Zf(’n_z)eé_l) 1=0 forn>4.
i=1

It follows from Proposition 2.10 that the modes L, satisfy the Virasoro algebra relations.
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Proposition 4.5. The spaces of primary vectors P of weight 2 and 3 in S F* are given by

PSF) = P (Ce o Cf @ Chi @ Chi' @ C(h - b)),

1<i<j<d
d
PSF) =P H e P (CEYoCFY).
ij=1 1<i<j<d

It follows that S F* can be written as the direct sum

SFI®SF: =CwaP(SF)® L SF; & P(SF?). (4.19)

2_ g 2
22d d 1,32d

Therefore, the vertex operator algebra S F* forms a W(2, *!)_algebra.

Proof. We have to establish that the generators of P(S F;) and $(S F3) are indeed pri-
mary. Recall that a primary vector v is defined by the condition L;v = L,v = 0. Keeping
in mind the conditions (4.15)-(4.18) and assuming i # j, one has

Llei’j = Lzei’j =0,
Lif* = fo fln 1= fo fin 1
Lof* = fon Ly 1= i/ 1

Li (h = 1) = = fipely 1 = 0,
Ly (k' - h“) f(l)e< 1+ fiel, 1= 6"+ =0,
LK f(O) - 1)1 0,

Lyh" = f(l) nl=-06i,j=0.
In the case of the generators of weight 3 one has with i and j arbitrary

LEY = 262—1)6{—1) 1+ 26{—1)62—1) L= 26?—1)6{—1) 1- 2eé‘1)e{‘1) 1=9,
LEY =0,

LiFY =2f" 1>f< p1- f(o)f< 2)1+2f( nfin 1= f(O)f< 2>1 -

P = 2f Ly 1= S Sy 1+ 20 [ 1= fifin 1 =

LiHY = 2e(_, fL 1+ 2f] 1)‘32 y 1= foeia1=0,

LHY = 2f{ e 1= fie(51 = 0.

Since A"/ with i, j = 1...d arbitrary can be written as linear combination of w, h*!, h**
and A" — BA* with [ < k, it follows from Corollary 4.4 that S F* can be written as a direct
sum as in (4.19). Thus, the only nonprimary generating vector of S F* is w, proving the
assertion that S F* forms a ‘W-algebra. Counting the generators, one gets d>—1 generators
from A"/ without w and, assuming i < j, 2¢(d—1) from ¢'/ and f*/, adding up to 2d*—~d -1
primaries of weight 2. For weight 3, one has d” from H*/ and, assuming i < j, 2(d +1)
from E*/ and F*/, adding up to 2d> + d. O
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4.2.3 Construction of S F*-Modules and Classification

We already know that S F* and S F~ are irreducible S F*-modules. In the following, two
f-twisted modules S F(6)* will be constructed. With the help of Zhu’s algebra, Abe has
been able to show that {S F*,S F(6)*} gives a complete list of inequivalent irreducible
modules.
The two 6-twisted modules are constructed in close analogy to S F. Starting point is
the Lie superalgebra
I°m) :=perCl*' o CK

with bracket relations
[t ®1"]s = mOyinoY, ¥ )K and [K,L'(h)] =0 (4.20)

for Y,y € hand m,n € % + Z such that CK is the even part and h ® t%C[ti‘] is the odd
part. As in the case of S F, one considers the associative Algebra A’ which is the quotient
algebra of the universal enveloping algebra U(L’(h)) by the ideal generated by K — 1. The
algebra A’ inherits the Z, grading from L°(h) such that A’ = A & A?. With A’ defined

to be the left ideal of A? generated by the vectors ¢ ® " for ¢ € h and m € % + 7., we set
SF@) =A/A,.

Again, the vector on which the Fock space will be built is defined by setting 14 =
1 + A%,. We denote by y(m) the operator of left multiplication by ¢ ® " on S F(6) for
Yy ebhandm € % +Z. Since the involution 6 preserves A’ , the Z,-grading of A’ induces
a decomposition S F(0) = SF(0)* & SF(0)~, where S F(6)* are the (+1)-eigenspaces of
S F(6) for 0.

To endow S F(6) with an S F-module structure, we have to find a way to define an
action of the vertex operator Y (v, x) with v = a,[/(l_nl) - -:,l/f_nr) 1 on S F(0). This is done in
two steps. First, we introduce

W, x) = ) wlix!
i€3+7Z
for any ¢ € b and define
W, x) =" "Ww!', x)--- 0" "W, x) : 4.21)

forv = a,[/(l_nl) = -:,l/f_nr) 1 with ¢ € h and n; € Z.,. Thus we obtain a linear map W(, x)

from S F to Hom(S F(0), S F (0))((x%)). Taking v as above, the vertex operator associated
to v 1s defined with the help of a certain operator A(x) as

Y(v, x) = W(e*®v, x).

The operator A(x) is introduced in Chapter 9.2 of [19]. In the present context, it is defined

as
d
Ax) =2 Z Z Com€yfimX s

m,n>0 i=1

where the coefficients c,,, € C are determined by the formal expansion

(1+27 +(1 +y)?
> .

Z CnX"Y' = —log

m,n>0
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Additionally one sets Y(1, x) = id. Writing ¢ for (W) D)) fory e hand m € 3 + Z,
one can obtain the following identities by direct calculation (c.f. [19]):

Yy, x) = WY, x) (4.22)
W, ). . _
VW) = W60 + o id . (4.23)
Setting ¢ = ¢’ and ¢ = f' we have for the Virasoro vector
Y(w,x) = Z WV x M = W(w, x) — C—iid)c_2
) - n ) 8 .
Using the definition (4.21), this implies
d d J
LY =wli=20 ) dofun= Do D funfl ~ gidduo. (4.24)
= IGI;EZ = IEI%ZEZ

In the following, the W superscript will not be used since the context is clear. We are now
in a position to prove the following statement.

Theorem 4.6. The space S F(60) carries the structure of a 0-twisted S F module.

Proof. All axioms follow easily from the definitions except for the translation axiom, the
Jacobi identity and the L,-grading related axioms. For the Jacobi identity, the reader is
referred to Theorem 9.5.3 in [19] and its proof therein.

With the help of identity (4.24), one concludes that [L,,, Y] = —nYusn) form € Z
and n € % + Z. as in the untwisted case since the term proportional to the identity does
not contribute to the commutator. This implies the translation axiom (c.f. Section 4.2.1).
Moreover, it follows as in the untwisted case that

d
L()lg = —glg

and
d
Lolﬁ(l_nl) T w(r_nr)lg - (_g * Z ni) w(l—nl) U wf—nr)le (4.25)

for any ¢/ € h and n; € 1 + Zo. We know that SF(0) = A(Hh ® r2C[+"']) by the same
arguments as in the construction of S F'. Thus, elements of the form (4.25) form a basis of
S F(6) as a vector space. Consequently the grading of S F(6) is given by

(4.26)

i
2

SFO) = (D SF©) a,s.
i=0
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Let Q(S F(6)) be the space of singular vectors of S F(6). Since S F () has a Poincaré-
Birkhoft-Witt basis of the form (4.25) and the action of positive modes is given by the
contraction according to (4.20), 1, spans (S F(6)). But that means that there can be no
vector w which is linearly independent from 14 such that one can generate a submodule
by acting on w with modes ¢_,), where n € —% + 7o and ¥ € h. Consequently, S F(6)
has to be irreducible.

Recall the decomposition (2.41) of an irreducible twisted module. Since 6 is an au-
tomorphism of S F of order 2, we have the decomposition S F(0) = SF(6)" & SF(0)".
According to the discussion in Section 2.4, S F(6)* are S F"-modules and by (2.40), they
have the grading

SFO) =D SFO) 4, and SFOF = PDSFO) ., 4.27)

i=0 i=0
Proposition 4.7. The S F*-modules S F(0)* are irreducible as S F*-modules.

Proof. Since S F(0) is an irreducible #-twisted S F module, the assertion follows from
Theorem 2.18. m|

So far, the construction of SF and of S F(0) has yielded four S F*-modules: S F*
and S F(6)*. The classification of all irreducible modules is given by the following result
obtained by Abe.

Theorem 4.8. For the vertex operator algebra S F+, any irreducible A(S F*)-module is
isomorphic to one in the list {Q(S F*), Q(S F(0)*)}.

Proof. The proof will only be outlined here since it requires extensive calculations. For a
detailed proof see the proofs of Theorems 4.8 and 4.15 in [1]. The casesd = 1 and d > 1
are treated separately. Using Zhu’s theorem, the problem is reduced to a classification of
irreducible A(S F*)-modules. In the case d = 1, Abe has shown that A(S F*) decomposes
into a direct sum of four ideals on which [w] acts as scalar multiple of the identity. These
ideals are either commutative or homorphic images of simple algebras. Therefore there
exist at most four irreducible A(S F*)-modules. But since the existence of at least four
irreducible modules has been proven by the above construction, there are exactly four
irreducible A(S F*)-modules.

The case d > 1 is more intricate. First, one has to prove that any irreducible A(S F*)-
module W is a direct sum of eigenspaces for the action of all [4*] fori = 1,...,d. By ex-
plicit calculations in A(S F*), Abe derived the following equation constraining the eigen-
values:

(W1 (7] = 1) % (8[A"] + 1) * (8[A"] - 3) = 0.
This equation is the exact analogue of equation (3.4) in the case d > 1. It follows that the
eigenvalues A4, ..., A, take values in the set {0, —é, 1, %}.

Abe then shows that the following implication holds: if there exists a nonzero simul-
taneous eigenspace for all [4"] such that A; is equal to one of the elements of {1, %, 0, —é},
then W is isomorphic to the respective element of the list

{QSF),QSF@O)), QS F), USF(O))}.
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The spectrum of S F* can be read off from the gradings (4.11) and (4.27). It is given
by
d —d+4

h=0,1,—-,
8 8

(4.28)

4.3 Explicit Calculations in SF*

In this section a general commutator formula for modes of vectors which have the form
a(-n)b(n,) will be derived. Since all generators are of this form, all relevant commutators
in S F* may be calculated with this formula. This result will not be needed in the calcu-
lations of Chapter 5 since it suffices to study certain special cases of modes applied to a
fixed S F*-module. However, it would in principle be possible to calculate all commuta-
tors of the W(2,224’~4-1 324+d) gloebra, so that the result may be of interest. Besides,
the commutator formula allows for an explicit calculation of the Virasoro algebra relations
and formula (4.9).
In the case considered here, the mode definition (4.4) specializes to

—iy = 1\(~iy — 1
W ¥y Dy = Z ( ! )( N )‘ Wi Wiy

— ny — 1 ny — 1
i1,

i1 +ip=—n|—ny+n+1

Observing that one summation breaks down and using the definition (4.5) of normal or-
dering, we obtain

(—v - 1) (—(—m —m—-v+n+1)— 1)¢(v)¢(n_m_,,2_v+1) (4.292)

y<0 n—1 n, —1
—V—l —(—n _n_V+n+1—1
_ Z ( )( (=n 2 " ) )¢(n—n]—n2—v+1)¢(v) (4.29b)
=0 \T1 T 1 np
and
—pH—=1\(=(=mi —my—p+m+1)-1
(p(—ml)a'(—m) 1)(m) = ZO (ml — 1) ( m, — 1 P00 (n—my—mp—u+1)
u<
(4.29¢)
- =1\ [=(=m—my—p+m+1)-1
; (ml - 1)( my — 1 G-(m—m]—mz_ﬂ_,.])p(#)_
(4.29d)

The calculation of the commutator of the above two modes is straightforward but we will
need some notation to keep the presentation clear. In the following, (4.29a)-(4.29d) will
be referred to as A — D, where the right hand side is meant in the case of (4.29a) and
(4.29¢). With this convention, the commutator becomes

|Wnibin Dy 0CmTmn V| = [4,C1 = [4,D1 - [B,C1 + [B,D].  (430)
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The following notation also helps to keep the formulas compact:
Iu/ :m—ml—mZ—lJ'i‘l
V, =n-—-—n —}’l2—V+1
C (—v— 1)(—(—n1 -m—-v+n+1)- 1)(—#— 1)(—(—m1 -my—pu+m+1)—1
1= )

n—1 ny —1 m —1 my — 1

Consider the commutator [A, C] as an example. Using the above notation, it is given by

[A,C] = Z C1o)PonPwo )y — Z C10w0 @) Py (4.31)
v<0 v<0
u<0 u<0

The strategy for the computation of the commutator is to bring the second term in the
order of the first term. This is done with the help of the anticommutation rule

{‘ﬁ(m)’ '»Z’En)} = m{y, ¥ Yonim.o-

Thus, in the process of rearranging, applying the anticommutator will yield a term of four
modes which has the desired order and terms involving only two modes because the other
two have been contracted. Since an even number of transpositions is needed to arrange
the second term of (4.31) in the order of the first term, its sign will not be altered. Thus,
the terms involving four modes will cancel each other, leaving only terms involving two
modes. For the following calculation, keep in mind that §, should always be read as ¢, .

P u b =pu) (1 (0 W0 ey = W) b
=10, Sy Py = (O Ve = WeP)) T b
=0, Y)0w vP Py — KOs YOy T (D)
FUPw (KT Do = )
=T, YO PPy — MO YO an Ty vy + T, DY i WPy
= 05 DI0er W) O () + Y PP ()

Performing the same calculations for all the other commutators, we obtain the following
terms for the commutators [A, C], [A, D], [B, C] and [B, D], respectively.

E = puy0 b = {0 Y0 PPy — MO YOy Ty By + AT, $YO v WP
— up, ¢>5u+v’w(v)o-(,u’) + Y PP w )
(4.32a)
F = 0uwpulomdo) = — KT, U0 vPuPory + B0 Y0 T )Py — AT, BYO 40P )
+ 105 D)0 W) T () + Wi PP )T ()
(4.32b)
G = PO w)Por Wy =T )0 vP Py = MO W)uiv DTy + AT, $)Oyr v P )
= 05 PI0pv T W) + Yo PP T )
(4.32¢)
H = 0u)puPoWe) = = KT, Y0P + 10 )0uryPo Ty = AT, §I0 v P )

+ 10, PY0 it T Wy + Wi PP T ()
(4.32d)
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Except for the coefficients which have to be calculated by evaluating the Kronecker deltas,
the computation of the commutators is already finished. In the following, E’, F’, G', H’
will be taken to denote the respective terms E, F, G, H after subtraction of )¢ 0u)0 (w)-
Note that for [A, C] and [A, D], we have the summation regionsu < 0,v < Qandu < 0,v >
0, respectively. Furthermore, comparing (4.32a) and (4.32b), we see that E’ = —F" so that
the sums corresponding to [A, C] and [A, D] in (4.30) add such that the sum over v gets
unrestricted. The same is true for the commutators [B, C] and [B, D]. This implies that
the whole commutator takes the form

K = [@cndenm Dy 0cmoTcmy Dy | = A, C1 = [A, D] = [B, C] + [B, D]
==Y CE+) C§. (4.33)
H "

v<0 v>0

Hence, the Kronecker deltas can be evaluated without taking into account additional con-
ditions coming from restricted summation indices. Evaluating these Kronecker deltas,
one obtains the conditions

Opsy > U ==V (4.34a)
Opey > =m—my—my+v+1 (4.34b)
Ousy @ U =-n+n; +n+v-1 (4.34¢)
Opsy D H=Mm+n—m —my—n; —Ny—v+2. (4.34d)

Additional notation is needed to denote the coefficients with the above conditions applied,

Cy; = uCy;  where (4.34a) is satisfied,
Ci» = 'Cy  where (4.34b) is satisfied,
Ci3 = uC;  where (4.34c) is satisfied,
Ci4 = p'Cy  where (4.34d) is satisfied.

It is straightforward to compute the coefficients under the respective conditions, yielding

C11=—V_V_1 —-m+m+m—v-2\(v-1 —n+n1+n2+v—2’ (4.352)
n1—1 mz—l m1—1 n2—1
C12=—V_V_1 -m+m+m—v-2\v-1 —n+n1+n2+v—2’ (4.35b)
n1—1 m1—1 mz—l n2—1
—v—1W\(n—n;—n,—v\[— -2
Cs=(-n+m+m+v—D| T~ m-m7Y)r MRy (4.35¢)
l’ll—] ml—l }’l2—1

-m+m +m—n+n+n+v-3
I’I12—1 ’

v-l\(n-n—m-v\[-n+n +n+v-2
C14=(—n+n1+n2+v—1)(v )(n i V)(” ny+ny+v

) (4.35d)
ny — 1

WL2—1 n2—1
><(—m+m1+m2—n+n]+n2+v—3)

ml—l
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We can now put the pieces together by plugging (4.32a) and (4.32c¢) into (4.33).

K =- Z G [ﬂ’(o', U0 +vP Py — HEOs Y014y O () Py

v<O0,u
U D)0 1 WPy — MO, ¢>5;1+w¢(v)0'(,/)]
+ Z C [,U'(G' )0 v PPy — MO YOy DT ()

v>0,u
+,U,<O-, ¢>5p’+v’p(y)w(v) — up, ¢>5p+v’0-(u’)w(v)]
= - Z [C12<0, WPeden — Ciido, V)T o) +C1alT, eI P — Cislp, ¢>¢(v)0w>]

v<0

+ Z [C12<0', NS Pw — Ci1io, YT wy + Cralo, o) — Ci3{p, ¢>0'(;/)¢(v)] :

v=0

(4.36)

In the second step the commutator has been rewritten using the conventions (4.35a)-
(4.35d). Equation (4.36) is the general commutator formula advertised in the beginning
of this section.

In the following, the commutator will be used to calculate directly the Virasoro algebra
relations in S F'*, which have already been established using Proposition 2.10. According
to the definition (4.8) of the conformal vector of SF*, letyy = p = €', ¢ = o = f' and
n; = ny = my = mp = 1. The general commutator formula then specializes to (a minus
sign is introduced to obtain the usual ordering)

d
—[Ln-1, L1 ] = Z (Z ((—” Tv+ 1)eév)f;i11+n—v—2) - Veém+v—1)f(in—v—l))

i=1 \v<0

+ Z (Vf(ln—v—l)ezmﬂl—l) - (—I’l v+ 1)‘10(17'14’"—1’—2)62")))

v=0
d
_ i i i gl
- Z (Z(_n tv+ 1)e(v)ﬁm+n—v—2) - Z (V —m+ 1)e(v)f(m+n—v—2)
i=1 \y<0 v<—1+m
+ Z (V —m+ 1)f(lm+n—v—2)eém+v—l) - Z(_n +v+ 1)f(lm+n—v—2)el(v)) .
v>m—1 v>0

In the last step, the indices of two sums have been shifted so that the mode combinations
can later be interpreted as modes of the conformal vector. In the following, the two cases
m < 1 and m > 1 have to be treated separately. In these respective cases, the sums need

to be split according to
2= 2t
v<0 v<m—1  m—-1<v<0 (437)

2= 2 2

v=0 v>m—1  m—1<v<0
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in the case m < 1 and according to
(4.38)

in the case m > 1. The inequalities form < 1 and m > 1,

m—-1<v<0

0<v<m-—-1,

will be denoted by I, and I,, respectively. The notation

+Z ) m_lZS;KO form <1
B - Z form>1

I,
0<v<m-1

serves to unify the following manipulations of the commutator for the two cases. Using
the sum splitting (4.37) and (4.38) the commutator —[L,_{, L,,_;] can be written as

d
Z (m —n)e(, foniny-2 * Z(_” + v+ Det) fonn—v-2)
i=1 \v<m-—1 L,
+ Z (l’l - m)f(lm+n—v—2)el(v) + Z(_n tv+ 1)‘]“([’"‘*'”—"—2)61(") ’
v>m—1 I,

By adding and subtracting certain sums, the argument of the outer sum over i can be
rewritten as

Z (m— ")eév)f(lmm—v—z) + Z(m - n)eZ(V)f(lm+n—v—2)

v<m—1 L,
i i i i

+ Z (n - m)f(m+n—v—2)e(1/) + Z(n - m)f(m+n—v—2)e(v)
v>m—1 11,1

+ Z(m = e, finin-v-2) Z(_” + v+ e fininv)
L. L,

+ Z(n = 1) fonin—v-2)€() £ Z(_” +V+ D) fonn-v-2€0)-
L. L,

Collecting terms with the same ordering of the modes, we obtain

Z(m - n)ezv)f;lm+n—v—2) + Z(n - m)f;lm+n—v—2)ezv)

v<0 v=>0
i i i i
+ Z(—m +v+ Degy fonsnv-) £ Z(—m + V4 Dfnin—v-2€0)-
L., L.

With the help of the Virasoro modes (4.13), we can identify the sum over i of the first two

sums as (m—n)L,,,,—». The second two sums are just the anticommutator {efv), ;l +n_v_2} =
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VOm+n-20- Thus, the full commutator becomes

d
_[Ln—l’ Lm—l] = (m - n)Lm+n—2 + Z Z(_m +Vv+ 1)Vé‘m+n—2,0
i=1 I,

-2d
= (m—n)Lyp + E ((m - 1)3 —m+ 1) 6m+n—2,0-

This is of course equivalent to the usual notation for the Virasoro algebra with the central
charge ¢ = -2d,
c
[Lm’ Ln] = (m - n)Lm+n + E (m3 - m) 6m+n,0-

For the proof of Theorem 4.1, formula (4.9) for the commutator of the Virasoro modes
with the modes of a primary vector ;) 1 with ¢ € b is needed. In the rest of this section,
formula (4.9) will be derived. The reasoning is very similar to the one in the derivation of
the general commutator formula. Consider the commutator

bj — S B S B
[l | = D sy = W = D W iy (4.39)
kez kezZ.
Writing out the normal ordering, the second term becomes
N A i ] J ]
Z Yo * € Sinry = Z Vom et Sinn Z Yom finio€iny-
keZ. k<0 k=0

Using the same reordering strategy as in the derivation of the general commutator formula,
the right hand side can be rewritten as

D (mw, €6mai Sy = MG FOmen-i€lyy + €l fir ion)

< j i i J i j (4.40)
= > (s F)Smenrelyy = M, Ny + Fiyelim) -
k=0

In the commutator (4.39), the terms with three modes cancel each other, so that only terms
with one mode remain. Evaluating the Kronecker deltas in (4.40), we obtain conditions
on m and n. For the terms in the first row these are m > 0 and m + n < 0, while for the

terms in the second row these are m < 0 and m+n > 0. Thus, for each of the modes eén m)

and f(fq +m) €xactly one term does not vanish so that we arrive at

(1 | = =, ey + L

Since the expansion of ¢ in basis elements of the symplectic vector space }) can be written
as

d
= (W.ehf - w. ),
i=1

we finally obtain

1

d
|7 W | = (s W] = =1
=1



Chapter 5

Lie Algebra Structure of d Symplectic
Fermions

The investigation into the structure of the zero mode algebra of S F* presented in this
chapter starts from the question if there is a generalization to the Lie algebra su(2) which
is found in the case d = 1. As mentioned in section 3.2, Gaberdiel and Kausch have used
certain explicitly known null vectors to establish the zero mode Lie algebra.

Without these known null vectors, using the general commutator formula derived in
section 4.3 may be thought to be an alternative. This approach has the disadvantage that
generally the result of the commutator of two zero modes is not in a form that can easily
be interpreted in terms of zero modes of a generating vector. This interpretation gets
much easier if the zero mode algebra is restricted to a certain module. For this reason, the
above problem is circumvented here by computing the Lie algebra of zero modes on the
top level of the S F*-module S F~. It will be explained below how this restriction to one
module is lifted afterwards.

Even by confining the analysis to the top level of S F~, the resulting zero mode Lie
algebra is still relatively large and complicated, so that no immediate interpretation is
possible. A first hint comes from the heuristics of simple counting arguments. It was
shown in section 4.2.2, that there are 2d” + d generating vectors of weight 3. Incidentally,
the dimension of both s1u(2d) and sp(2d) equals this number of generators. Though the
d = 1 case points to the special unitary Lie algebra, the construction of S F with the
help of a symplectic vector space makes the symplectic Lie algebra more likely; and this
is indeed the structure that is found. Furthermore it will be shown that the zero modes
corresponding to the vectors of weight 2 form an irreducible representation of sp(2d).

So far, the whole analysis into the structure of the zero mode algebra applies only to
the top level of S F~. Thus, the question is how to extend the assertions about the structure
on all § F*-modules. The answer will be given with the help of Zhu’s algebra. We know
from Zhu’s theorem that the top level of every S F-module is a representation of Zhu’s
algebra. All that is needed then is a relation of the zero mode algebra to Zhu’s algebra.
It will be shown that this relation is given by an isomorphism of both algebras. More
precisely, the zero mode Lie algebra restricted to the top level of S F~ is isomorphic to
Zhu’s algebra with the canonical Lie algebra structure induced by the commutator.

55



56 CHAPTER 5. LIE ALGEBRA STRUCTURE OF D SYMPLECTIC FERMIONS

5.1 Commutation Relations of the Zero Mode Algebra

The first step in the approach outlined above is to compute the action of the zero modes
of the generators on the top level of S F~. The top level of the S F*-module S F~ has the
special property that it is given by b = {¢;) 1|y € S F*}. The dimension of ) is taken to
be fixed and equal to 2d for the rest of this chapter. The generators of S F* of weight 2
and 3 have the form a_ )by 1 and a_» b1y 1 with a,b € SF*, respectively. Therefore,
it is prudent to calculate the action of zero modes of such general vectors. We have the
mode expansion

(@2)bn 1)y, = Z(—i = Dawbi) ~ Z(—i = Dbepag.

i<0 i>0

Applying this zero mode on a vector /) 1 € S F| and using {{,), a,l/En)} = mY, ¥ Yomin
we obtain

(@cabn) Pen 1= (=i = Dag(=06-i-1¢b,y) 1

i<0
- Z(—i — Dbyidi-1(a, ) 1
i>0
=0+ 2b_1fa, )1
= 2((1, lﬂ)b

The calculation for a_jyb_;, 1 is very similar. Starting from the mode expansion
(@nbeny 1)) = Z aibi-i = Z b,
i<0 i20
one obtains

(ac-nben Dy ey 1= Z ap(=)0-i-1(b, ) 1 - Z biidimi(a, )1

i<0 i>0

:<b’ W)a - <a’ W)b

Using the definitions (4.12) for the generators of S F*, we obtain the following list for the
action of the zero modes on the top level of S F'~ (the parantheses around mode indices
will be omitted for the modes of the generators of S F*):

(E" )y =(e', e’ + (e’ pye' (5.1a)
(F" o =(f u f + (fL ) f! (5.1b)
(H" )y =(e' ) 7+ (f, p)e’ (5.1c)
(" =(e/, pye' — (e, )e’ (5.1d)
D =L f = () f (5.1e)
(W =(f,p)e' = (e, ) f. (5.1f)

To establish that these endomorphisms of ) are linearly independent, the explicit matrix
form is helpful. It will not be needed for the subsequent discussion, though. The descrip-
tion of the matrix entries will be given in the canonical basis !, . . ., e, f1, ..., fPof hand
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with respect to the block diagonal form
A B
C D)
where A, B, C, D are assumed to be d X d-matrices. With this convention the entries are

given according to the following table, as one can easily confirm by calculating the action
of the various zero modes on basis elements.

| Au By Cu Dy
E" 0 _5ik5jl - 61'15]'1( 0 0
Fii 0 0 6ik6jl + 5il6jk 0
Hi’j 5ik5jl 0 0 _5i15jk
ei’j 0 5i15jk - 5ik5jl 0 0
fi’j 0 0 _5i15jk + 5ik5jl 0
hi’j 5ik5jl 0 0 5il6jk

From this table it is immediately obvious that all zero modes are linearly independent
endomorphisms and that the matrices span the entire space of 2d X 2d matrices. Thus the
zero modes span the entire space of endomorphisms of S F7.

In order to analyze the Lie algebra structure of this matrix algebra, one has to calculate
the commutators between all the zero modes. Starting with the commutator [E;’] L F ]2"1], one

has to calculate the products

ESFYy =E5 (P f' + (FL o)
=(e', Y el + (el YL el + (el fOFE wye' + (el FAf, wye!
= — 51(f*, yyel — 8% (fL uye! — 8T(FF, wye' — 87, yye!

and

Fy'ES'w =FY' (¢ wyel + (e/.y)ye')
=, WS N fH+ e eV + e (L e+ (el f ey
=5"¢e', ) f1+ 0%l ) 1+ 8¢ )y + 8 el

The commutator is of course given as the difference of the above products:

(EYFS! = FYEY )y = = 89 (1L 0e! + (o f') = 8 ((F e + (e o )
_ sl ((fk, wye' + (¢, wfk) — St ((f", Yhel + (e, lﬁ)fk)
:(—5ij§’l _ 6](,'[_[5,[ _ 5le£k _ 5liHé',k) w

ik
I e

1 11], which is calculated as above by

As another example, consider the commutator [/
first considering the products

ey =h\ ((e yyet = ek e

=, )7, eye' — (e ) f, e')e’
:(5jk<€l, lﬁ)ei _ (5jl<€k, lﬁ)ei
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and

'y e ((FLwye — (e )
= <ei’ ‘ﬁ)(el’ fj>ek + <ei7 '7[’><ek7 fj>el
=5'(¢', w)ek — 6%, w)el.
Thus, we have the commutator
[y, €Ty =67 (e wye! + (e ye') = 67 (e wpe + (& u)e)
= (6"ES - 6"EY )y

The commutator [H;’j , hlf’l ] shall serve as final example. Proceed as above by calculating

HY Iy =HE (e — (& o) f)
=(fL X fl, e = (e uxe, 11
=6"(f", yye' — 6", ) f!
and
W HY y =1 (e £+ (FL e
= — (e X, I+ (FLuX S ehyet
="', ) f1 + 8 f7, e,
leading to the commutator
(Y, 1Y =5" (e = ) + 6 (o = (. 0)e)
= (7R}’ - "'y )

Calculating all the missing commutators, one obtains the following list of all non-vani-
shing commutators

[hil’j’ e’IJ — 5jkE;,l _ 5le;,k (5.2a)
] = oY = 520
7] = o0 g 5:20)
et/ 1] = =67’y + 6" Hy' + 7 H — 6" Hy* (5.2d)

[ : ,l] = /B + 69 Bl (5.32)
|17y Fy| = 6" F) - 6'F}! (5.3b)
[Hi,j,lec,l] — 5ij;’l _ 6”H£’k (5.3¢)
|EY FY'| = —o*Hy' - 6™ H' - 6" Hy' - 6"y (5.3d)
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[ H. ] 5ﬂ<etl " 511 (5.4a)
[h,j Ekl] 5k zl+5jl tk (5.4b)
[H,j ] S5k 11+5zl kJ (5.4¢)
[h” sz] sk jl+5ll Jk (5.4d)
[H Bk 1] _ 5,khz,1 _ 5’lh'1” (5.4e)
[ EY 1] _ }khtl sk h{,l + 5jlhi,k + 5ilh{,k (5.4f)
[61 Fh 1] L L Y T L (5.4g)

For the discussion of the above commutators, it is useful to introduce some notation.

Definition 5.1. Let Z, and Z; be the following subspaces of EndS F7,

Z= P (ce ot o Chy o Ch' @ C(h' - 1)) @ Cw

1<i<j<d
d
— LJ LJ i.J
z=(PHH'e B (CE o CFY).
i,j=1 I<i<j<d

Denote by Z] the space Z, without the span of the conformal vector.

Note that the reason for choosing a special basis for Z, that distinguishes the conformal
vector w will become clear in Section 5.3. Some conclusions can be drawn simply by
looking at the commutator list. First of all, it can be concluded from (5.3a)-(5.3d) that
the zero modes of the vectors of weight 3 form a Lie algebra with the commutator as Lie
bracket. Rephrased in the notation introduced above, this means that (Zs, [+, -]) is a Lie
algebra which has yet to be determined.

Since the commutators of the zero modes of the vectors of weight 2, (5.2a)-(5.2d),
do not close among the weight 2 vectors, they cannot form a Lie algebra. This may be
surprising since there seems to be no reason why the zero mode algebra of the vectors of
weight 2 should be fundamentally different from that of the vectors of weight 3. Since
the Lie algebra of all zero modes is isomorphic to the Lie algebra of all 2d X 2d matrices,
the problem could be cured by going over to another basis. But we are interested in an
interpretation in terms of the generating fields of the W -algebra, so this is not an option.

However, it is still possible to find interesting structure in the space Z,. Observe that
the last nine commutators (5.4a)-(5.4g) indicate that the space Z, is a representation space
for the representation p : Z; — End(Z,), defined by p(X’ )x’l"l = [XY/, x’l"l], forX=E,F,H
and x = e, f, h. This means that the zero modes corresponding to the vectors of weight 3
are represented on the zero modes corresponding to the vectors of weight 2 by the adjoint
action. The question of irreducibility of this representation will be examined after the Lie
algebra of the space Z; has been determined.

As one would expect, the commutators corresponding to weight 3 reproduce the com-
mutator found by Gaberdiel and Kausch in the case d = 1. In this case, equations (5.3a)-
(5.3d) become

[HZ’EZ] = 2E2, [Hz, Fz] = —2F2 and [EQ,FQ] = —4H2.
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These equations can be combined in the notation of Section 3.2 into
|we | = 2w, (5.5)

where W+ = F, W~ = E and W° = H. Equation (5.5) is equal to (3.5) with 2 = 1. This
was to be expected since & = 1 is the weight of the top level S F~ on which the zero mode
algebra has been calculated.

5.2 The Symplectic Lie Algebra Structure

It has been mentioned in the introduction to this chapter that the dimension of the space
of generating vectors of S F* of weight 3 equals dim su(2d) = dimsp(2d) = 2d* + d.
Thus, from dimensional considerations alone, both so(2d) and sp(2d) are candidates for
the Lie algebra (Z3, [, -]). It was also argued above that the symplectic Lie algebra seems
more natural in this context. To determine if it is indeed realized, one could rewrite the
commutators in some standard basis and compare them with the expressions given in the
literature (see e.g. [4], section V). However, there is a much better way of establishing the
sp(2d) structure directly from its definition.!

The symplectic group Sp(n) is defined to be the group of automorphisms of an n-
dimensional vector space V preserving a nondegenerate, skew-symmetric bilinear form
Q. Given a one parameter subgroup A, of Sp(n) with Ay = id and %A,bzo = X this means
that

O(Au, Aw) = Ou, v)

for all u, v € V. Taking derivatives, this translates to
OXu,v) + Q(u, Xv) =0 (5.6)

for the elements X of the symplectic Lie algebra sp(n). If (5.6) can be verified, the zero
modes of the vectors of weight 3 have to form a subalgebra of the symplectic Lie algebra.
But since the dimension of sp(2d) equals the number of these zero modes and all zero
modes are linearly independent, this subalgebra has indeed to be the full algebra.

The verification of (5.6) is straightforward and uses only (u, v) = —(v, u):

(E;’ju, V) =, ude’ + (e’ uye', v)
=(e', u)Xe’,v) + (', u)e', v)
(u, ESvy =(u, (€', vye’ + (e, v)e')

== <ei, u><ej’ V> - <ej’ u><ei’ V>,

(F5u,vy =(fuyf7 + (fLu f,v)
=L uy vy + (P (L v)
(u, 57y =Qu, (£ 7+ (P10 f)
= — (L w7 v) = (FL u)(FL ),

'T am grateful to Nils Carqueville for proposing this approach.
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(Hyu,vy =&, uyf7 + (7, upe', vy
=(e',u)(f',v) + (f, u)e,v)

(u, Hy'vy =(u, (&', v) 1 + (1, v)e')
= — (e, u)(f',v) = (f, u)e, v).

Thus, we have Q(X"*/u,v) + Q(u, X*/v) =0for X = E,F,H and i, j = 1,...,d. The result
of this section can be summarized as follows.

Theorem 5.2. The Lie algebra of the zero modes corresponding to the vectors of weight
three, (Zs,[-,]), is isomorphic to the symplectic Lie algebra sp(2d).

5.3 How do the Weight 2 Zero Modes Fit In?

As was noted in the discussion following the list of commutators, the zero modes of the
vectors of weight 2 form a representation for the Lie algebra Z; which has now been es-
tablished to be sp(2d). This immediately brings up the question if this representation is
irreducible. To answer this question, some facts (cf. [20], chapter 17 and [8], chapter
VL5) from the representation theory of sp will be needed. The defining representation
of sp(2d) on a 2d-dimensional vector space V is of course irreducible. All other irre-
ducible representations p* are subspaces of the k-th exterior power A*V. The irreducible
representations arising in this way have dimension

. [2n 2n
o' = ()2
for k > 2. This result can be obtained with help of the Weyl character formula, see [8],
chapter VL.5. As we know, dim(P(S F})) = 2d* —d — 1 which equals dimp* = 2d* —d - 1.
This means that the space of the zero modes of weight 2, without the span of the conformal
vector, is a candidate for an irreducible representation. Of course the fact that this space
has the right dimension is not yet a proof for the irreducibility of the representations.
The representation could still have trivial subrepresentations or it could decompose into a
direct sum of irreducible representations.

The latter case can be excluded from dimensional considerations alone. First of all,
one observes that dimp* > dimp? for k = 3,...,n (note that dimp* = 0 for k > n).
Consequently, the only irreducible representation a representation of dimension d*> —d — 1
can decompose into is the defining representation of dimension 2d. But this is impossible
since

2d2—d—1_2d—1 1
2d 2 2
which cannot be an integer. Thus, one only has to exclude the possibility of trivial sub-
representations. This will be done by showing that the representation acts nontrivially
on at least d(d — 1) elements. Since d(d — 1) > 2d for d > 3, the representation cannot
decompose into the defining representation and a trivial representation for d > 3 and has
to be irreducible in this case.

Consider the d(d — 1) elements P = {eﬂ’j , li’j }i<j. If it can be shown that there exists

no linear combination of these elements on which the representation acts trivially, then
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the condition above is met and it is shown that the representation is irreducible for d > 3.
This will be achieved by first acting with a certain element of sp(2d) and then projecting
out a single basis vector? of the representation space by acting with a second element of
sp(2d).

In the rest of this section, the mode index will be left away. All elements x*/ with
x = e, f, h should be read as x . Then an arbitrary linear combination of the d(d — 1) zero
modes ¢/ and f*/ can be wntten as

— IJ i
P = Za,-je J +Zbl’jf j.
i<j i<j

Acting on p with F** we can ignore the f*/. Since [F*,e"/] = 26 hi* — 26 h/* one
obtains

F&E, Z aijei’j] =2 Z aijdjkhi’k -2 Z a,»jéikhj’k

i<j i<j i<j

) Z 5k Z]“ ah™* -2 Zd: Z]: a; 6" hi*

j=1 i=1 j=1 =1

=) Z ah* =2 Z Z a; 0 h* =2 Z Z a; ;6% it

j=1 i=1 j=k i=1
=2 Z Clikhl’k -2 Z Clkjhj’k,
i=1 Jj=k

where the second sum was split from the second to the third line. Acting now with H,
where [ # k and assuming without loss of generality / > k, we obtain

k d
[ Hl,l, Fk,k, Z a;ie ” 9 Z i Bk sil i pid 5kl _9 Z ar; pbksit — ar; it 5kl) .
i=1 Jj=k

i<j
Most of the above terms are zero. The second terms of both sums are zero since k # [.
The first term of the first sum vanishes because the summation index i never reaches /.
Thus the result is
[ i

yielding the desired projection on a single basis vector of the representation space. If one
acts first with E*¥, one obtains by a similar calculation

EM, Zb,f’f] - ZZb,khk —ZZbk He,

i<j

K.k iill _ Lk
F ,Za,-je f” = 2ah™",

i<j

Note that these vectors are endomorphisms themselves, i.e. zero modes of vectors of weight 2.
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since [EX*, fi7] = —26%K5 + 26K h%. We can project out with H" in the same way as

above,
|:Hl,l’

Therefore, given any linear combination of vectors from P, we now know that for both
E*F and F** to act trivially on it, a;; and by; have to be zero. Since k and [ can be chosen
arbitrarily, it can be concluded that the representation acts trivially only on the trivial
linear combination with a; = by; = Oforall k,/ = 1,...d. This yields the desired assertion
that there are at least d(d — 1) vectors on which the representation acts nontrivially.

This leaves us with the cases d = 2 and d = 3, where d(d — 1) elements are not enough
for proving that there is no irreducible 2d-dimensional subrepresentation. For these two
cases, the basis {e"/, f*/, h"/, h*, k"' — h/};_; U w is chosen. In the case d = 2, it has to be
shown that the representation acts nontrivially on 22, h>! and h'"! — h>?, since we already
know that the representation acts nontrivially on the ¢/ and f*/. This is shown by the
following list of commutators,

Ek’k, Z bijfi’j” — _2bk1hk’l,

i<j

[EZ,Z’hl,Z] — _261,2
[El,l,hz,l] — 261,2
[EI,Z hl,l _ h2,2] — —261’2.

In the case d = 3, the first commutator from the above three suffices to prove that we have
7 > 6 = 2d vectors on which the representation acts nontrivially.

Theorem 5.3. The zero modes of the vectors of weight 3, which form the sp(2d) Lie
algebra, are irreducibly represented on the space of the zero modes of the vectors of
weight 2 without the conformal vector. The representation p : Zz — Z) is given by

p(X ! = X7, 1),

where X = E,F,H, x = e, f,hand i, jk,l € {1,...,d}. Note that the statement of the
theorem is trivial for d = 1 since then the representation space is the null space.

5.4 AnIsomorphism Between A(SF*) and the Zero Mode
Algebra

The results obtained on the zero mode algebra so far are restricted to the S F*-module
S F~. In order to extend the Lie algebra structure which has been found above to all other
irreducible modules, the following assertion will be proven in this section: For d > 1,
Zhu’s algebra A(S F'") is isomorphic as Lie algebra to the zero mode algebra EndS F; .
The proof will be given in two steps. First, it will be shown that the commutators of
the zero mode algebra for the weight 2 fields, (5.2a)-(5.2d), are reproduced in the Zhu
algebra. Then it will be proven that the fact that [e*/], [f*/] and [A*/] already generate
Zhu’s algebra carries over to the zero mode algebra. With the commutators for the weight
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2 fields being the same in the two algebras and the commutators of the weight 3 fields
fixed by those of the weight 2 fields, the isomorphism follows.

Before establishing the commutators in Zhu’s algebra, some notation has to be intro-
duced. Setting

0., 9) = —[lﬁ( m+)®1,

where the bracket denotes equivalence classes in Zhu’s algebra, the fields can be expressed
in the following way:

=0y e) W)= f) (€] = Ou(f', f)
E] = O5(€', €/) + O5(e, ') = 205(e', /) + O5(€', ¢’)
H”] = 0s(¢', f7) + O3(f7, ) = 205(¢', /) + Ox(e', )

FHY = 03(f', f7) + ©3(f7, f) = 20s(f", f7) + O (f", f).

Calculations in Zhu’s algebra require identities for simplifying products and permuting
factors. The following Lemma consists of assertions which are proven in section 4.2 of

[1].

Lemma 5.4. For any Y, ¢ € Yy and m > 2, arguments of ® can be exchanged according to
the equation

[
[
[
[

m-2

-2
On(g, ) = (1" )’ (’" l. )@)m_,-(w, ?). (57)

i=0
Fory,¢,&,m € hand m > 2 the following ®-product identity holds:

O, ¢) x O, (&,1) = —[lﬂ( DP1DEEmrn]

+ <¢’ §> ((m + 1)®m+2(¢” '7) + 2m®m+l(¢” '7) + (I’I’l - 1)®m(¢” '7))
=W, &) ((m + 1)8y2(d, 1) + 2mBy1 (. 1) + (m — 1)0,,(h, 1))

1 -1
+<¢,n>((m2+ )®m+z(§,w)+2(’:)®m+1(§,w)+(’"2 )®m<f,w))

1 -1
—<w,n>((’"2+ )®m+2(§,¢)+2(’;’)®m+1(§,¢)+(m2 )®m<§,¢>).
(5.8)

The commutator [4*/, h*'] is the easiest to calculate. Using (5.8), one obtains

[[A7], [FM] = ©a(€', f7) * Oa(er, 1) — @a(e, 1) * Ox(e', f7)
= el £ el fln 1]+ 6(Oa(e', 1) + 405(', ) + 304(e’, 1))
+ 672055, f7) + 305(e, £7))
= [efp flneln £l 11— 67 Q2Os(e, f1) + 304(e', f1)
= 6"(@a(e", 1) + 405(e", ) + 304(e", 7))
= 6M(@,(€, 1) +205(€', f1)) — 6" (©a(e", f7) + 205(e", 7))
— 5jk[Hi,l] _5il[Hj,k]’
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where the definition of [H"/] has been used in the last step. Note also that the two terms
with four modes cancel each other since permutations of the modes only lead to sign
changes. Calculating the other commutators requires two identities which follow from
equation (5.7) for exchanging ®-arguments. First, the following equations are obtained
from (5.7) by setting m = 2, 3, 4:

O4(a,b) = —O4(b,a) — 205(b, a) — Oy(b, a)

Os(a,b) = O3(b,a) + O(b, a)
O(a, b) = -0(b, a),

Using these three equations, a straightforward calculation shows that the identities
2(05(a, b) + ©3(b, a)) + 3(B4(a, D) + O4(b, a))
= — 01(a,b) — 20s(a, b),

O,(a, b) + Oy(b, a) + 4(0s(a, b) + O3(b, a)) + 3(O4(a, b) + O4(b, a))
=0,(a, b) + 20s(a, b)

(5.9)

(5.10)

hold for a, b € h. With the help of these two identities the rest of the commutators can be
computed. Starting with [[A*/], [¢*/]], we obtain

[[A™7], [€4]] =@a(€', 1) * Os(e, ) — Oa(e", &) x @s(e', )
:[eé—1>ﬂ{1>ef—1>ef—1>1] - Vf—l)d—l)d—l)ﬁl)”
=5 ((@5(€', ') + @y(¢, €'))
+871(2(05(¢, &) + B3(er, €) + 3(B4 (e, &) + By (e, €))
:5jk[Ei,l] _ 5jl[Ei,k],
where (5.9) has been used in the last step. Using (5.10), we can calculate

(LA, L) = = 6"QO5(f*, £7) + @x(f~, )
+ 6% (@17, £ + Oalf', ) + 4@s(f, 1) + Os(f, )
+304(f7, f1) + O£, 1)
—§* [ FH] — 8.
This leaves us only with the commutator
(L1, LA =leloyyel_y fln fEn ] = LEnflnelnel 1]
=5% (s(e', 1) +20s(e', 1) = 8" (0a(f*, &) +205(f*, &)
— 57 (205(€, 1) + 205(f4, ) + 3 (O4(e!, 1) + Ou( Y, ¢)))
+ 6" (@a(e!, ) + O )+ 4(03(¢!, £) + Os(f'. )
£3(O4(e, 1)+ Ou(f', )
=6"[HM] + 6/ [H™] — 6*[H"] - 6"[H].

Obviously the commutators in Zhu’s algebra for the fields of weight two are exactly the
same as (5.2a)-(5.2d). Thus, the first step of the proof is completed. In the second step,
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calculating the commutators for the fields of weight 3 will be avoided by exploiting the
fact that [e™/], [f*/] and [Ah"/] generate Zhu’s algebra for d > 1. It now has to be shown
that this applies to the zero mode algebra as well. From [1], we have the identities

[E™] = (1] = [WM]) % [€™] (5.11a)
[H™] = (] = [RY]) * [A™] (5.11b)
[F™] = ([h"] = WMD) % [f*] (5.11¢)
[EM] = —2[h"] % [€"] (5.114d)
[F"] = 2[h/] % [f™] (5.11e)
[H*] =[] % [f*] =[] * [*]. (5.111)

Simply inserting action of the zero modes (5.1a-5.1f) on the right hand side of the equa-
tions in (5.11) yields

(K = By =(e!, pye' — 8'e', e’ — 8'9(e’, el + (e, yrye’
:(ej, zp)ei + (ei, gb)ej
=E;'y,

(B = WDR =(f1, gye’ = 89, gy 1= ST el + (e, ) f
=H,'y.

(B = ) frig =(F1 ) f = S = SUCFL w7+ wy f
=F'y.

2hTey == 267¢), el + 267!, el
=2(e', )’
=E%,

21 £ =267 L f = 265 f
=2, )f!
=F},

&N = WY =L e + (e = (fL e + (el f!
=(e!, ) [+ (e’
=H}’.
Thus, the respective elements corresponding to the fields of weight two generate the zero
mode algebra in exactly the same way as Zhu’s algebra. With the commutators for the

fields of weight 2 fixed and equal in both algebras, the commutators for the fields of
weight 3 also have to be the same. Consequently, the two Lie algebras are isomorphic.
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This isomorphism extends the results on the zero mode algebra on S Fj in the following
way to all modules.

Theorem 5.5. For all d > 1, the top level space My, of an arbitrary S F* module M
is a representation of the symplectic Lie algebra sp(2d). Furthermore, the statement of
Theorem 5.3 extends to the zero mode algebra on arbitrary S F*-modules.

Proof. For d > 1, the zero mode algebra on S F; contains the symplectic Lie algebra
sp(2d) as the Lie subalgebra which is spanned by the zero modes of the vectors of weight
3. As was shown above, Zhu’s algebra is isomorphic in this case as a Lie algebra to the
zero mode algebra on S F;. By Theorem 3.1, the top level M, of every S F"-module
M is a representation of Zhu’s algebra A(S F*) and the assertion follows. For d = 1 the
assertion follows from the fact (c.f. [1], Remark 4.5) that any module for A(S F*) is a
module for sl(2), which is isomorphic to sp(2). The second statement of the theorem
follows directly from the isomorphism. O
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Chapter 6

Conclusion

The aim of this work has been to investigate the generalized symplectic fermion model
constructed by Abe. This model, which is actually a family of theories parameterized by
a natural number d, has a rich structure. For d = 1 it reproduces the well known triplet
algebra at ¢ = -2, while the case d > 1 has not yet been studied from a physical point of
view. In an attempt to explore the relation of the d > 1 case to the d = 1 case, the first step
consisted in establishing the “W-algebra structure of S F*. This algebra is considerably
more complicated than in the d = 1 case; in particular, one needs certain weight 2 fields
to generate the whole algebra which are not present in the d = 1 case.

The zero mode algebra has been chosen as the most effective tool for exploring the
structure of this “‘W-algebra. This has technical as well as conceptual reasons. The tech-
nical reason is that it is easier to work with the zero mode algebra than to calculate the
commutators of all modes of the generating fields. On the conceptual level, it has been
the aim to make contact with the analysis of the triplet algebra in terms of zero modes by
Kausch and Gaberdiel.

By exploiting the special structure of the top level of the fermionic part of S F, it could
be shown that the zero modes of the weight 3 vectors behave very similar to the d = 1
case. The symplectic Lie algebra formed by them is a generalization of the Lie algebra
found in the d = 1 case. For the zero modes corresponding to vectors of weight 2, there
is no information which can be extrapolated from the d = 1 to the d > 1 case since these
vectors do not arise in the d = 1 case. One might guess that they form a Lie algebra of
their own, but it was shown that this is not the case since their commutators do not close.
However, it has been proven that they still have an interesting structure because they form
an irreducible representation of the zero mode Lie algebra corresponding to the weight 3
vectors.

One of the questions posed in the introduction pertains to the relation of the physi-
cal and the mathematical approach to the problem of classifying the modules of a given
field algebra. A Mathematician might think that this question is not important since the
relevance of Zhu’s algebra is given by Zhu’s theorem while there is no such theorem for
the zero mode algebra. However, physicists have used the zero mode algebra successfully
to investigate the representation structure of, e.g. the triplet algebra. Also, it has been
proven by Brungs and Nahm that the zero mode algebra and Zhu’s algebra are isomor-
phic as Lie algebras. This isomorphism has been explicitly exhibited in the present work.
While such an explicit isomorphism is useful in itself, it also serves to extend the results
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of the previous paragraph from one representation of the “W-algebra to all irreducible
representations.

However, it should be noted that this does not make the zero mode Lie algebra and the
Zhu algebra approach equivalent. As one can see in the analysis by Gaberdiel and Kausch,
the classification with the zero mode Lie algebra gives no one-to-one correspondence
between Lie algebra modules and field algebra modules. One can therefore make the
general statement that by going over from Zhu’s algebra to its Lie algebra, one loses
information: the Lie algebra is not able to discern modules as finely as Zhu’s algebra
itself.
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