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1. Introduction

In a much celebrated work [25], Seiberg and Witten found an exact solution to N = 2
supersymmetric four-dimensional Yang-Mills theory with gauge group SU(2). This paper
initiated a whole new, tree-sized, branch of research leading to a vast set of exactly solvable
Yang—Mills theories in various dimensions and with various degrees of supersymmetry. For
some basic or introductory works see, for example, [27, 28, 16, 1, 15, 19, 8], and references
therein. Of particular interest for these solutions is the understanding of the moduli space of
vacua, which in many cases turns out to be a hyperelliptic Riemann surface. In particular,
simply-laced Lie groups lead to spectral curves which are hyperelliptic.

The BPS spectrum of such a model is entirely determined by the periods of a special
meromorphic differential 1-form on this Riemann surface, the Seiberg-Witten differential
Asw. A general hyperelliptic Riemann surface 3 can be described in terms of two variables
w, Z in the polynomial form

w? +2A(Z)w + B(Z) =0 (1.1)



with A(Z),B(Z) € C[Z]. After a simple coordinate transformation in y = w — A(Z),
this takes on the more familiar form y?> = A(Z)? — B(Z). But we might also write the
hyperelliptic curve in terms of a rational map if we divide the defining equation 1.1 by
A(Z)? and put @ = w/A(Z) + 1 to arrive at the representation

B(2)
A(2)?

(1-w)(14+w)= (1.2)
This form is very appropriate in the frame of Seiberg—Witten models, since the Seiberg—
Witten differential can be read off directly: The rational map R(Z) = B(Z)/A(Z)? is
singular at the zeroes of B(Z) and A(Z), and is degenerate whenever its Wronskian
W(R) = W(A(2)%,B(2)) = (02A(2)*)B(Z) — A(Z2)*(0zB(Z)) vanishes. This is pre-
cisely the information encoded in Agw which for arbitrary hyperelliptic curves, given by a
rational map R(Z) = B(Z)/A(Z)?, can be expressed as

1—w Z 1 W(AZ)*,B(Z))Z2dZ

A 1
Asw =5 dlos 7o) = 55 A R 7 = o =3 7BZ)

(1.3)

Note that the denominator polynomial being a square guarantees the curve to be hyper-
elliptic. It is this local form of the Seiberg—Witten differential which serves as a metric
ds? = |Asw|? on the Riemann surface. And it is this local form which arises as the ten-
sion of self-dual strings coming from 3-branes in type II string theory compactifications on
Calabi—Yau threefolds.

The crucial point in Seiberg—Witten theory is that the physically relevant information
of the BPS mass spectrum is encoded in the periods of the above defined 1-form. In general,
the hyperelliptic curve has 2N, branch points and is thus of genus g = N.— 1. Any element
~ of the homology of the curve defines a period and hence the mass of a BPS state,

Zy = %ASW, my = |Zy]. (1.4)
gt

If Ny (massive) hypermultiplets are present, the homology basis gets extended by Ny loops
encircling each of the differential’s poles in order to pick up residue terms, if the contour ~
is deformed in such a way that it crosses a pole.

The appealing picture emerging from the analysis of the Seiberg—Witten solution of
supersymmetric low-energy effective field theories is that the geometry of an auxiliary
Riemann surface X entirely determines the physics. Given the surface and a special 1-form
on it, the properties of particles are encoded in the periods of this particular 1-form, the
Seiberg-Witten differential. Choosing a canonical homology basis {;, '} with 1 <4 < N,,
such that o; Na; = BN =0and ;N[ = 5Z-j , defines electric-like and magnetic-like
quantum numbers for particles. More precisely, every v € H;(X,7Z) can be written as a
linear combination with integer coeflicients,

Y=Y dai+gs, (1.5)
%

defining in turn dual pairs of quantum numbers (¢°,g;). Stable particles are those, for
which all these pairs consist of coprime numbers. As we see, the definition of ‘electric’ and



‘magnetic’ quantum numbers is fixed by the choice of a basis in the homology of . It
is generically independent of small variations of the location of the branch points of the
Riemann surface, i.e. the basis is generically invariant under small variations of the moduli
of the surface. However, there is typically no single canonical homology basis, which can be
used for all possible variations of the moduli. This will concern us in some detail later on.
This is an important point, since varying the moduli usually implies a deformation of the
contours, which encircle, once and for all, chosen pairs of branch points. However, since the
Seiberg—Witten differential has zeroes and poles, such deformations are not always possible
without crossing one of these.

The approach taken in this paper emphasizes the geometrical picture for the BPS
states, namely that they are described in terms of period integrals taken along homology
contours. In this picture, one immediately sees which BPS states can become massless
under what circumstances. This is especially easy to see, when the Riemann surface is
realized as a branched covering of the complex plane (or sphere). As soon as two branch
points coalesce, the BPS state corresponding to the cycle «;;, which encloses precisely the
two branch points e; and e; and none of the poles of the Seiberg-Witten differential, will
become massless, since Z,,, — 0 for v;; — 0, i.e. for |e; —e;| — 0 under a suitable variation
of the moduli. Another important advantage of our approach is that we do not need to
find Picard—Fuchs equations, which is a very hard task for gauge groups of rank greater
than two.

1.1 Outline of motivation and strategy

Up to here, we have not really deviated from the common point of view. However, we would
like to emphasize the following point in this work: Even if it is clear that the periods a-(u)
of the Seiberg—Witten differential Agw(u) are complex analytic functions of the moduli
uy of the Riemann surface ¥, it appears to us that the interpretation of a given a(u) as
describing BPS states for all of the moduli space spanned by the up may break down. The
reason is hidden in the complicated and highly non-trivial properties of the functions a~(u)
under analytic continuation. Let us start with a given a,(u) for such values of the uy that
it is perfectly well defined as a period integral along the cycle «v. Then it has an asymptotic
expansion in the ui. Now we seek its analytic continuation for other patches in the moduli
space of the ug, which can be done, for example, by studying the monodromy properties
of a,(u). Of course, analytic continuations exist for any patch in the moduli space. But
what strikes us is that many of these seem not to have an interpretation as simple period
integrals anymore.

More precisely, we claim that the set of Seiberg—Witten periods, given in terms of a
basis of functions a; = aq,(u) and a%) = ag;(u) for a suitable patch in the moduli space
spanned by the uy, does not close under monodromy or analytic continuation. This is to
be contrasted with the well-known fact that, for example, the standard Gaussian hyperge-
ometric system, spanned by two solutions of its defining second-order ordinary differential
equation, is complete under analytic continuation. This is precisely, what happens in the
simplest case of gauge group SU(2). The resulting Riemann surface is elliptic, and the
Seiberg—Witten periods can be recast in a form given in terms of ordinary hypergeometric



functions. Thus, the theory can be explored in all of moduli space, i.e. for all values of
the single complex modulus u. As we will show, higher rank gauge groups, which lead to
hyperelliptic surfaces, involve generalized hypergeometric functions of several variables. In

)

tions of type D. First of all, the defining differential equations are now partial differential

fact, we will have to deal with the particular set of functions F [()n , called Lauricella func-
equations, from which one might already guess that things get worse. Indeed, not much is
known about analytic continuations of these functions. However, one thing is clear, namely
that the set of the functions F l()n) for a given n is not sufficient in order to define analytic
continuations everywhere. The problem is that one has to add further functions to this set,
a different sort of generalized hypergeometric functions Dz(,flq) . These functions seem not to
have an integral representation which can be interpreted as a period integral.

Thus, our analysis raises the question whether analytic continuations of Seiberg—
Witten periods always possess an interpretation as central charges for BPS mass states.
Unfortunately, the complete answer to this question is complicated by the fact that the
map between the N. — 1 moduli ug, k =1,..., N.— 1, and A of the Riemann curve ¥ and
the 2N, branch points e; is multi-valued and rather opaque. A generic hyperelliptic surface
of genus g = N, — 1 has a moduli space of (complex) dimension 2g — 1 = 2N, — 3. This is
clearly not exhausted by the N. complex numbers u; and A for N. > 3. For this reason,
will we concentrate mainly on the case of gauge group SU(3), since then the dimensions
of the moduli space and the space spanned by u; = u, us = v and A match. Thus, the
coordinates u, v, A may serve locally as coordinates of the moduli space. For N, > 3, the
vacuum expectation values ug and the cut-off A will only sweep out a physically relevant
sub-variety of the full hyperelliptic moduli space. Our findings are nonetheless of a general
nature and hold true also for N. > 3. It is worth noting here that adding of Ny massive
hypermultiplets, if we allow for complex masses m,., can make up for the missing moduli.
In fact, N.—1 vacuum expectation values, Ny < N, masses and the cut-off A precisely sum
to 2N, complex numbers. It is well known that the theory with Ny = N, massive hyper-
multiplets is conformally invariant, which reflects the fact that conformal transformations
can change three of the 2N, numbers to whatever we want', leaving 2N, — 3 free variables,
which is precisely the dimension of the hyperelliptic moduli space.

As mentioned above, the case SU(3) without hypermultiplets is the simplest case we
can consider. The phenomenon we want to study is, however, generally valid. The Seiberg—
Witten differential, expressed in the branch points of the Riemann surface X, has a very
rich structure of singular sub-manifolds where special things may happen. The best known
case is that of two of the branch points flowing into each other. This causes the associated
BPS state to become massless. But as soon as the number of branch points exceeds four,
the possibility arises that more than two of them might run into each other. In fact, we
may consider 2g — 1 of the 2g + 2 branch points of a generic hyperelliptic surface to be

! Actually, what can be transferred by conformal transformations is the location of the branch points,
and three of these can be mapped to any desired values. However, the 2N, branch points are functions of
the N < 2N, numbers ux, m, and A. If N = 2N,, we can locally invert these functions to obtain locally
valid coordinates in moduli space.



free variables, fixing the remaining three to, e.g. 0, 1, and c0.2 There are very many ways
in which branch points can form several subsets where all points in a subset are close to
coinciding with each other. Let us call the free variables z;, i = 1,...,2g9 — 1. Typically,
one first calculates the Seiberg—Witten periods in a patch of moduli space where all x; are
small. This patch corresponds to the singular point (0,0, ...,0) € C?9~!. Now, the number
M of singular sub-manifolds intersecting at this point is given by the 2g — 1 possibilities
x; = 0 together with the (292_ 1) possibilites that x; = x; for ¢ # j. This makes in total
M = g(2g — 1) possibilites. We see that for gauge group SU(2), i.e. ¢ = 1, this simply
yields M = 1 possibility, so nothing spectacular is expected to happen. But already for
gauge group SU(3), i.e. g = 2, we get M = 6 sub-manifolds, which intersect at the singular

point (0,0,0). The general case is given by singular points (0,...,0,1,...,1,00,...,00) or
—_——— ——— —— ——
p q 29—1-p—q

permutations thereof. The number M of intersecting sub-manifolds now is

M=3p(p+1)+3qg+1)+3(29—1-p—aq)(29—p—q). (1.6)

Considerable difficulties arise when one attempts to obtain a complete set of solutions of
any given hypergeometric partial differential system valid in an entire neighbourhood of
such a singular point, as soon as more than 2g — 1 singular sub-manifolds intersect, i.e. as
soon as M > 2g. In fact, it appears that it is impossible to obtain a single fundamental set
of solutions valid in the entire neighbourhood of such a singular point. Instead, one can
only construct sets of solutions valid in hypercones whose common vertex is the singular
point in question.

The hypergeometric system we will encounter here is the Lauricella system F [()n). It is
worth noting the peculiar property that it is impossible to construct any one fundamental
set of solutions valid in the whole neighbourhood of any possible singular points by the
methods known and employed here, whenever the number of free variables exceeds three.
Thus, we have a chance to deal with SU(3) without hypermultiplets using only the standard
methods for analytic continuation. We will do so later, and obtain in this way solutions
valid in entire neighbourhoods of certain singular points. Already the case SU(4) is out of
reach for a complete treatment of the neighbourhood of even one singular point.

We remark here, that our approach works with a completely factorized form of the
Seiberg—Witten differential. Thus, our functions will formally depend on the branch points,
the poles (given by the masses of the hypermultiplets and the point at infinity, where the
Seiberg—Witten differential has a double pole) and the zeroes of Agw. Even though the
zeroes are also functions of the moduli and masses and are thus not independent of the
branch points and poles it is more convenient, and also more economic, to treat the zeroes
as additional variables. It does not influence our argument later on, since the Seiberg—
Witten period integrals can always be decomposed by linearity into integrals depending
solely on the branch points and the poles. It is the number of truly independent variables
which counts. For gauge group SU(2), we have just one variable, and hence it is no surprise

2Which three we choose is up to us and can be adapted to the situation at hand. Thus, in the following
discussion we can assume without loss of generality that the singular point in question is of the form
0,...,0,1,...,1,00,...,00).



that everything can be reduced to ordinary hypergeometric functions with their well-known
analytic properties. For all higher rank gauge groups, we have at least two independent
variables. The minimal case we can then run into is the Appell function Fj, a generalized
hypergeometric function of two variables. It is known that a complete set of solutions
sufficing to construct analytical continuations in whole neighbourhoods around singular
points consists out of 25 integrals, only ten of these being of type F}j, the other 15 being
Horn’s functions of type Go. The latter do not possess integral representations in terms
of contour intergals along simple (Pochhammer) loops. In fact, double circuit loops are
needed as well, where each of the two loops encircles two singular points. Thus, we arrive
at the statement announced above that the analytical continuation, althogh existent, does
not everywhere admit an interpretation in terms of periods of scalar modes yielding BPS
mass states.

1.2 Structure of the paper

In the following, we will work out this line of argument in more detail, concentrating
mainly on one particular example, namely the Argyres—Douglas Zs-point for the case of
gauge group SU(3), since this is precisely such a singular point where several singular
sub-manifolds intersect.

In order to carry out this analysis we derive general formulas for the scalar modes in
Seiberg—Witten theory which involve the above-mentioned Lauricella Fl()n). These formulas
work directly in the picture of a branched ramified covering of the complex plane and
thus do not rely on the derivation and solutions of the associated system of Picard—Fuchs
equations.

This paper is organized as follows: We begin by stating the necessary preliminaries
from ‘Seiberg-Witten theory.” Then we derive our formulas for the scalar modes with and
without hypermultiplets for gauge group SU (V). As an application we consider Argyres—
Douglas’ Zs-point. This is followed by a section “Conclusions and Outlook,” where we
discuss some possible consequences of our findings, suggesting directions of further inves-
tigation.

The paper closes with a rather long appendix on the Lauricella functions F l()") which
naturally appear in our derived formulas. The idea is to collect all necessary results on
these functions in order to make the paper more self-contained.

2. General formulas for the scalar modes

In this section we derive our formulas for the scalar modes occuring in the BPS mass
formula. As was remarked in the introduction, one of our devices is the factorization of
the Seiberg—Witten differential so that the integrals involved in our calculations can be
identified as Lauricella functions of type D.

In the first subsection we gather the relevant expression for the Seiberg—Witten dif-
ferential and so on. Then, in the second subsection, we consider the SU(N) case without
massive hypermultiplets, whereas in the third subsection we consider the case with massive
hypermultiplets.



For completeness, we mention that integration of the Seiberg—Witten form can be
achieved by other methods. First of all, the traditional way is by setting up and solving the
Picard-Fuchs system of the curve ¥ with given form Agw. Another method integrates the
Seiberg—Witten differential directly, after recasting it in modular coordinates with respect
to the charge lattice generated by its periods [18]. Conformal invariance or isomonodromic
properties of the periods can also be used to find them in explicit form[7, 12]. Finally, for
certain cases such as SU(2), functional properties of the prepotential related to a certain
kind of modular invariance can also be employed [20, 21], see also [22] for an approach
where the prepotential is computed directly, without determining the scalar modes first.
Most of these methods become increasingly more difficult or cannot be applied at all for

higher rank gauge groups.

2.1 The Seiberg—Witten differential

As is well known, the exact Seiberg—Witten solutions of SUSY Yang—Mills theories are
obtained like this: One writes down a certain hyperelliptic curve,® often called the spectral
curve of the theory, and the BPS spectrum for the particular theory is then determined by
the periods of a given meromorphic 1-form Agw on this curve.

For N = 2 supersymmetric SU(N) Yang—Mills theory without massive hypermultiplets
the curve-defining equation is (the N is the N in SU(N))

N 2 2N
y> = A(x)> — B:= <xN - ZukxNk) — AN = H(:c —e), (2.1)
k=2 i=1
and the Seiberg—Witten differential is
1 TIV-1(, —
N = e @z (2.2)

where the z, (¢ > 0) are the zeros of 24'(z)B, zp = 0 and the e’s are the zeros of y2.
Usually the e’s are called branch points.

This form of the Seiberg—Witten differential is not unique. We could add exact terms
to it which would not affect the computation of period integrals. However, the form given
here is singled out in string-theoretic derivations of Seiberg—Witten low-energy effective
field theories. There, the spectral curve ¥ appears through intersecting branes, and the
Seiberg—Witten differential is induced by the metric on 3 which arises from the tension of
self-dual strings (in a derivation from type II string theory).

With these data one proceeds as follows: Let {«;, ﬁi}lgig ~N—1 denote a canonical ho-
mology basis for our curve, i.e. one for which a; N 37 = §;7, then the scalar modes are given
by a; = fm ASW, a% = fﬁj Asw and in terms of these quantities the mass of a BPS state
with charge (q,g) is given by mqg) lq'a; + gja§)|. In a string-theoretic derivation, the
homology cylces arise as projections from three-cycles in Calabi-Yau compactifications.

3To be precise, there are cases where the curve is not hyperelliptic. This happens for gauge groups which
are not simply-laced. However, we shall not consider those cases.



Other derivations of Seiberg—Witten theory exist, e.g. from M-theory, but they agree in
the canonical choice of Agw and its periods.

The case with massive hypermultiplets brings about some changes in the spectral curve
as well as in Agw which we shall communicate in due course (see Section 2.3 below).

In deriving our results, we will be making use of the following integral identity involving

)

Lauricella F' [()n ; this function is considered more fully in the appendix as well as in [10]:

L = I'(a)T'(c — a)
a—1 c—a—1 N\—b; _ (n) .
/0 7 (1-1) i|:|1(1—tmz) dt = SECIEE Fpl(a,br, .. by e, .. my). (2.3)

Briefly, Fl()n) is a function of several (namely n) complex variables, defined by the power

series
Fl()n)(a, bi,...,bp;cixy, ... xy)
_ - - (@)my - tm, (01)my - (On)m,, mi Mn
= l Pt (24)
m1=0 S— (c)m1+...+mnm1. oMMyt
whenever |z1[,...,|z,| < 1 and by analytic continuation elsewhere. As a matter of notation,

(@), = T'(a+n)/T(a) = ala+1)---(a +n — 1) denotes the Pochhamer symbol (rising
factorial).

2.2 SU(N) without Hypermultiplets

Using the notation from the previous section, let us choose a canonical homology basis
B = {«;, 8'}; for our curve, such that for any v € B we have

ej
/Asw = 2/ Asw, (2.5)
Y €

for some branch points e;, e;.
Geometrically speaking, the existence of such a basis means that if v encircles e; and

ej, no other e lies on the straight line connecting those two points, so that the original
contour integral can be converted into twice the integral along that line.

However, for some configurations of the e’s no such basis might exist and therefore,
unless stated otherwise, we shall explicitly assume its existence, treating it as an hypothesis
for what follows.

As stated above, the quantity a; (a%) is obtained by integrating the Seiberg—Witten
differential Agw along the cycle a; (%) for which we indiscriminatingly write ~.



Thus we have

. €j
a; or alD:/)\SW:2/ Asw
v ei

_1
= / €; ej)t — Zk) H (ei — (62‘ — ej)t - 6@) 2dt
0 k=0 =1
1 1 1 2N 1
:E(ej €i) H(e —z)(ei —ej) 2(ej — i) 2 H(ez €j) 2 x
k=0 (=1
U]
Ly 1N_1 € —€; N € — €5 _%
x/t—a(l—t)—5H<1—t’ J>H<1—tz J) dt
0 E—0 € — 2 =1 €; — €y
CH£i,5
N1 2N )
= (ei —¢;)2 H(ez — 2) H( —eg) 2 X
k=0 (=1
LF,5
xF(?’N*?)(l g L] .1.{€i—€j} coal )
D ) AR ) AR | ) ) b )
2 ——— " 2 2 € — 2k ) (€ —€0) s
N parameters oN o . 7]

parameters N variables on_2variables
(2.6)

where in the last line we have made use of the integral identity 2.3.

This is the main result of this section.

By a slight change in notation in this formula we can greatly shift emphasis towards a
more ‘geometric’ viewpoint.

To this end we make the following definitions

C::ei — €4, (2.7)
ei—ej

& =——2 ye{l,... N} (2.8)
€ — 2v—1
€ — €5 . .

xyi=—= ve{l,...;i—1i+1,...,2N}. (2.9)
€ — €y

Note that z; is not defined.

Furthermore, let

be:= (—=1,...,-1), (2.10)
~————
N components

by = (l 1) (2.11)
277772

2N—2components



Then the result 2.6 reads

N 2N 1
; _ 1 _@Nn-2),1 .
a; or ap=¢C_ Hg,/le,? Fl() )(E,bg,bx;1;{51,},]/\[:1,3:1,...,xj,...,xQN), (2.12)
v=1 v=1
v#i

where ~  denotes omission. We remark that in total there are 3N — 2 ‘a’-arguments to
the Fp, z; being undefined and z; being omitted.

The promised shift in emphasis takes place if we now consider a; and a% as functions
solely of ¢ and the £’s and z’s, the domain of these ‘new’ functions being the subset of
C x CN x C?N=2 which results if we regard ¢ and the &’s and 2’s as functions of the u’s—the
vacuum expectation values—and let the latter vary freely over the whole of CN~1,

Unfortunately it turns out that the described domain is rather complicated. Never-
theless, we believe that this viewpoint sheds some additional light on the structure of the
moduli space.

The Lauricella function of type Fp has been used in the context of Seiberg—Witten
theory before [12, 13]. However, the approach take there made use of conformal invariance
of the Seiberg—Witten periods which leads to a different set of variables. The main problem
with this older approach is that the variables involve crossing ratios of the branch points
and zeroes of the Seiberg—Witten differential. This makes an analysis of singular points,
as we will perform it in simple examples below, almost impossible.

2.3 SU(N) with Hypermultiplets

As remarked in Section 2.1 the case where massive hypermultiplets are present brings
about some modifications in the Seiberg—Witten differential and the curve on which it is
defined. Namely, if we denote the gauge group by SU(N.) and if there are present Ny
hypermultiplets with masses m,., the curve-defining equation becomes

Ne 2 Ny 2N,
y? = A(x)?> — B(z) = <ﬂ:NC - Zukch_k> — A2Ne= Ny H(:U—mr) = H(CE—BZ‘), (2.13)

r=1 i=1
and the Seiberg—Witten differential then reads

N.+Ng—1
1 z:Co ! (x—zz)

o T2V N
2m [ ve—e Hj:f1(35 —m;)

ASw dz, (2.14)

where the z; (¢ > 0) now denote the zeros of 2A'(z)B(xz) — A(x)B’'(x), and again zg = 0.

Under the same conditions* on our homology basis as in the previous section we obtain

4This is not entirely true, because now we must also make sure, that no m, lies on the straight line
connecting e; and e; and we also have to enlarge the homology basis to include cycles round the poles
of the Seiberg-Witten differential as explained in the introduction. The corresponding scalar modes are
suppressed here, since their calculation reduces to the evaluation of residues.

,10,



by a calculation absolutely analogous to that of 2.6

Ne+Nj—1 2N, Ny
. 1 _1 -1
a; or ap = (e —ej)2 H (ei — z1) H(ei—eg) 2H(e,~—mr) X (2.15)
k=0 (=1 r=1
04,5
N.+2N;—2) (1 1 1
x FENetaNy )(—, T L = SUURUE RS P
2 —_— 2 2 ———
N.+N; parameters IN—9 N; parameters
parameters

{ei_ej} {ei_ej} {ei_ej} >
7 ) *
€ — 2k k €i — €t ) g € — My},

Ne+Njvariables  on.—2variables Ny variables

This is the result for the case with massive hypermultiplets.

Of course one could also clean up the notation in this formula, but since we will not

be making any use of it we shall pass this by.

3. Applications

In this section we discuss applications of the general formulas developed earlier. First, as
a warm up, we show how some well known results (namely the asymptotics for the scalar
modes a(u) and ap(u) as u — 0) for the SU(2) case can be obtained quite easily. After
that, we study the Argyres—Douglas Zs-point in the SU(3) case and address in detail the
various issues raised in the introduction.

3.1 SU(2)

Let us calculate the scalar modes when the gauge group is SU(2). Referring to the curve
2.1, here N = 2 and there is exactly one modulus u.
The 2’s (cf. the line below eq. 2.2) are
20 = O, z21=0 (3.1)

and the branch points are

e1 = Vu— A2, (3.2)
ey = —Vu+ A2, (3.3)
e3 = —\Vu— A2, (3.4)
es = Vu+ A2, (3.5)

Taking this into account, we have the situation depicted in figure 1.



Figure 1: Homology basis for SU(2)

Therefore, using 2.6 (our homology basis {«, 5} is shown in fig. 1),

€3
a(u) = / )\SW = —2/ )\SW
(e} €2

_ 6% F(4)<...’62_63 €y —€3 €2 —e3 62—63> (3.6)
(e2—e1)2(e2 — €4)? b Tea—0"ex—0"ex—e1’ex—ey
1
~—=V2u, u— 00,
V8
and
el
ap(u) Z/Asw=—2/ Asw
B e3
_ 622), F(4)< €3 — €1 €3 —€1 €3 —¢€1 63-61)
- 1 1 R ’ ) )
(63—62)5(63—64)5 p e3—0 e3—0 e3—ex e3—ey (37)
1 e3 <€1—€3>
~ == - - log , U— 00
T (eg — 63)5(63 — 64)5 €3 — €2
1

i
—V2u logu, u— oo,
V8 T
where for ap(u) we have made use of equation A.11 in the appendix.
These results are of course well known.
The rigorous minded reader might want to consider the following paragraph, where we
explain in a little more detail how we applied A.11 to obtain the asymptotic behavior of

ap(u).

Details of previous derivation. For the following it is useful to write out in full the
Fp in formula 3.7:

1 11
FY(5-1,-1.5,5;

11 €3 — €1 €3 —€1 €3 —¢€ 63—61)
2 '2727 ’

1; ) ; ) 3.8
e3—0 e3—0 " e3s—ey e3—ey ( )

Since the first two arguments are identical and equal to 2 this reduces to

Y (1 Ly, sma . (3.9)
D 25 52,27 I ’63—62,63—64 )

as is easily seen from the power series representation 2.4. Using the power series even
es—e1 o . . .
though 2=3 = 2 is legal, since the corresponding parameters are negative integers so
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that this part of the series terminates after a finite number of terms, giving something
polynomial in the argument.

Following up on the remark ‘something polynomial’ we obtain

1 1 — —
Fl()g)(_7_27_7§;1;2 % a5 61)

2 2 "e3—e3 €3 —ey
F1(72)(171,1;1; 63—61763—61>
2°2°2 €3 — €y €3 — €4
(3.10)

@l 11 e—e e3—er
_2FD _+1’_,_a1+1a )

2 2°2 €3 — €2 €3 — €4

3 2 (2) 1 11 €3 — €1 €3 — €1

2o2p (— 2, = =142 , )
+8 D 2+ 2°2 + €3 — €2 €3 — €4

Now, in the limit u — oo, [&=£l[ — oo and [Z=¢| " 1, the divergence being faster than
the convergence. Therefore we can employ the analytic continuation formula A.11. Doing
so, one easily verifies that the first asymptotic in 3.7 is correct. The expression in the
fourth line is asymptotically equal to the one before and since the relation ~ is transitive

everything is in perfect order.

3.2 Argyres—Douglas’ Zs-point

In this section we apply our main result 2.6 to the Zs-point discovered by Argyres and
Douglas (cf. [2, 3]). Also, [14, 31, 29], and references cited therein, have made contributions
to this subject. The case with hypermultiplets was considered in [11, 30].

Roughly speaking, the Argyres—Douglas point is interesting because it provides us
with an example of a theory in which the BPS spectrum contains a pair of dual particles,
i.e. particles where one is electrically and the other magnetically charged, which becomes
simultaneously massless. Furthermore, at such points in moduli space, the theory becomes
superconformal which, of course, has important consequences [23].

3.2.1 Vanishing of Scalar Modes

The Zs-point is the e-configuration in the SU(3) case determined by the choice of vev’s
u =0, v = A3 (for completeness, we mention that there exist other choices which also lead
to ‘Zs-points’). Our aim is to apply our formula 2.6 to this case.

Therefore, following Argyres and Douglas, we write

u="06u, v=A~A>+ov. (3.11)

We shall restrict ourselves to (real) déu < 0 and (real) dv > 0. We remark on these
hypotheses in Section 3.2.2 below.
Referring to the curve 2.1, the e’s (branch points) are the zeros of

(z° — dua — (A® + 51)))2 — A8, (3.12)

They are easily seen to be separated into two classes: Those which are the zeros of py(z) =
23 — Jux — v and those which are the zeros of po(z) = 23 — Suz — dv — 2A3.
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Put P = sgn(—dév/2) /|-d0u/3| and = %arsinhfif@ﬁ.

Then, under our assumptions on the §’s, the zeros of p; are (see e.g. [6])

e1 = —2Psinh g,
ez = P(sinh 8 — iv3 cosh ), (3.13)
e3 = P(sinh 3 + iv/3 cosh 3).

We shall not need explicit formulas for the zeros of py. It will suffice to know that whenever

the 0’s are small, the zeros of pa (call them ey,e5,e6) will be near the third roots of 2A3.
The resulting configuration, along with our choice of homology basis, is visualized in

Figure 2. Before writing down our expressions for the a’s and ap’s we also need to know

Figure 2: Homology basis for SU(3)

that the z’s (recall the definition just below eq. 2.2) now are

20 =0, z1=+/0u/3, 2z2=—+/du/3. (3.14)

In the study of the Zs-point one is mostly interested in a; and a}) because it are these
two dual quantities which simultaneously vanish at the Zs-point. This, of course, is related
to the fact that as the §’s tend to 0 the cycles oy and 3! contract to points because eq,ez,e3
tend to 0.

As functions of du and dv, i. e. near the Argyres—Douglas point, the scalar modes a;,
al, are given by (cf. eq. 2.6)

“3 es(ed — ou/3
a1:2/ Asw = 1 2(2; /9 T T
€2 (62 - 61)2 (62 - 64)2 (62 — 65)2 (62 — 66)2

><F(7)< €2 — €3 €3 — €3 €2 — €3 €y —€3 €2 — €3 €2 — €3 62—€3>
D crty ) ) ) ) ) ) )
e2—0 ey —\/ou/3 es+ /ou/3 €2—€1 ez —eq €2 —e€5 €2 — €
(3.15)
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and

es(ed — ou/3)

€1
1
aD:2/ Asw = 1 1 1 T X
e3 (e3 —e2)2(e3 — €4)?(e3 — €5)2 (€3 — €6)?
7 €3 —¢€1 €3 — € €3 —¢€1 €3 — €1 €3 —€1 €3 —€ €3—¢€1
XFE)<"'; ) 9y ) ) ) ) >'
e3—0 e3—\/0u/3 e3+/du/3 €3 — €2 €3 —es e3—e5 €3 —€g
(3.16)

The next thing we shall do is to examine the behavior of a; and a}, as the §’s both
tend to 0. There are several meanings one can attach to the phrase ‘tend to 0.” One
possible meaning is the usual one from the calculus of several (complex) variables, where
both variables are considered as independent of each other. Amnother possible meaning,
and this is often done in physics, is to consider both variables as dependent, say dv = —du
(recall our assumptions about the ¢’s). We will follow the latter course (cf. our general
remarks in Section 3.2.2 below). This ensures that both variables will be of the same order
of smallness during the limiting process.

We first consider a;: As du — 0, du < 0, the arguments to the Fp in eq. 3.15 behave

as follows.
€y — €3 1 .
=(3—1v3
— 1
279 ~(3—1iv3),
ea —/ou/3 2
€y — €3 1 .
— 2 L -(3-iV3 ,
e2 + /ou/3 2( )
— 1
279 L 2(1-1V3), (3.17)
€y — €1 2
€y — €3 . 07
€2 — €4
€y — €3 . 07
€2 — €5
©27%
€2 — €

Furthermore, the prefactor of the Fp in eq. 3.15 tends to 0. These limits were obtained
using MATHEMATICA. We will now prove that the value of the Fp at the limits just
written down is a complex number (i. e., that it is defined for that particular constellation
of arguments).

First observe that

FO(..,0,0,0)=FY(.), (3.18)
and
@l L Ya m La im LislivEy L
FD (2’ 1? 1’ 1’271a2(3 1\/5)’2(3 1\/5)’2(3 1\/§)a2(1 1\/§)>
ol gl La a L
= F) (5,351 53 -1V8), (1 -iv3)). (3.19)

,15,



Since —3 is a negative integer this last Fp reduces to a polynomial in %(3 —iV/3) (see
Appendix A), the coefficients being rational numbers multiplied by expressions of the form
o F (% +n, %; 1+ n; %(1 - i\/g)), where n is some nonnegative integer (2F] is the Gaussian
hypergeometric function). Since for our constellation of parameters the only singularity of
o F} on the unit circle is at 1, these ‘expressions’ reduce to (finite) complex numbers. Thus,
as promised, the Fp in eq. 3.15 converges at the limits of its arguments.

Therefore (recall that the prefactor tends to 0), aj tends to 0, as du — 0, du < 0.

We now consider ah: Referring to eq. 3.16 one finds that the arguments of the Fp in

that equation, taken in the same order as those of the Fp in eq. 3.15, tend to the same
limits as indicated in eq. 3.17. Following exactly the same arguments as for a; we find
that the Fp in the expression for al, tends to the same (finite) complex number as the one
in eq. 3.15. Also, the prefactor in eq. 3.16 tends to 0 as du — 0, du < 0.

Therefore, a}j tends to 0 as du — 0, du < 0.

This vanishing of a1 and a}) reproduces the result stated by Argyres and Douglas [2]
in the special limit (recall our restrictions on the 0’s) we have considered.

3.2.2 General Discussion

The reader might ask why in the previous section we imposed so peculiar restrictions on
ou and dv. In the present section, we wish to address precisely this question.

Partly the answer is simple: We imposed these conditions so that we were able to
consider the limit of the scalar modes at the Argyres—Douglas point in a straight-forward
manner. For instance, we know for sure that it is possible to consider the case du > 0,
du = dv, du — 0,° and the analysis of this is exactly the same as in the case we have
presented in detail (even the arguments of the Fp’s tend to the same limits). However,
there is a complication involved. Now one has to look at the discriminant of pq; if it is 0, a
degeneration of the ‘inner’ e’s (cf. Fig. 2) takes place (ea = e3, moreover, eg = —y/—du/3),
and if it is negative, the homology basis of Fig. 2 is inadequate for our formulas because
then all ‘inner’ e’s are real. One does away with the trouble of the discriminant in this
case by setting du = dv (this implies positivity of the discriminant). The moral is that it
is possible to impose different restrictions on the §’s than we have done in this paper.

In the general case of arbitrary complex du,dv with an arbitrary approach to 0 (as
in standard calculus) the complications pile up: Firstly, there is the technical problem of
keeping track of third roots of complex numbers. This is very difficult, since the expressions
involved in the usual Cardano’s formula are intrinsically discontinuous due to branch cuts;
also, multivaluedness becomes a burden. Secondly, there is the problem that one cannot
choose a homology basis once and for all. For instance, if dv > 0, du < 0 the configuration
of the ‘inner’ e’s looks like that of those in Fig. 2, only reflected through the origin. Of
course this necessitates the use of a different homology basis than the one shown in Figure
2. If the §’s can arbitrarily approach 0, then it is clear that one could start with a homology
basis like the one in Fig. 2 and end up with the need to chose a different one. Our formulas

are not suited for such a case.

5Again, a1 and a}, vanish.
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The question arises: Do al,a}j vanish at the Argyres—Douglas point regardless of ex-
actly how the d’s tend to 07 If they should happen to be continuous functions the answer
is affirmative: Yes! However, we do not deem their continuity as self-evident, since the e’s
depend on the §’s in a rather complicated fashion. On some Riemann-surface aj,a}, most

likely are continuous. But that seems to be something different.

It is tautological to say that if a1 (du, dv),a}, (du, Sv) should happen to be discontinuous
at (0,0), then there would exist some approach of the ¢’s to 0 which would not yield a
vanishing limit.

In light of the particular properties of the Lauricella functions under analytic continu-
ation, we point out the following: The periods a; and a}) are given in terms of Lauricella
functions F 1(77) of seven arguments. As can be inferred from egs. 3.15 and 3.16, the argu-
ments depend on the branch points. In our conventions, the three branch points eq, eo and
es are all located in a small neighbourhood around 0, if we approach the Argyres—Douglas
point. However, generically, they are farther away from 0 than the two other zeroes of
the Seiberg-Witten differential 21 9 = i\/m. It is an easy task to convince oneself, that
appropriate choices of du and dv can invert this situation, such that some of the ‘small’
branch points are closer to zero than the z’s. Of course, then the situation is possible
where a branch point coincides with one of the z’s before the point 0 is approached. Also,
it can be arranged that two of the three ‘small’ branch points coincide first, before the
three finally approach zero. All these situations fall in the class of singular sub-manifolds.

Let us look specifically at the fourth argument of the periods. In the notation in-
ea—es
ea—eq

for ai(du,dv) or zo = —S=< for al,(du,sv),

troduced in section 2.2 it reads 1 = prp——

respectively. Clearly, depending on how the three ‘small’ branch points approach each
other and 0, the moduli of the two arguments are related as |z1| = 1/|x2| and hence are
located around one of the following pairs of singular points: (1,1), (0,00), or (00, 0). Since
this fourth argument is associated with a parameter b,, which is not a negative integer,
the corresponding Lauricella function is not simply polynomial in this argument. Thus, in
all four cases will we need at least one analytic continuation, either of a; or of a}). Due
to the specific values of the paramters, each of these analytic continuations will involve a
logarithmic divergence of the involved Lauricella function, killed off only by the prefactor.

Next, we look at the last three arguments. Generically, all three approach 0 from three
different directions. However, in particular if A is allowed to be small and complex, the
‘large’ branch points might run into each other first, e.g. on the sub-manifold characterized
by {6u, dv, A, w : du = 3w?,dv + 2A3 = —2w3}. This is then exactly the difficult situation
that the singular point (z12,0,0,0) is a common point of various sub-manifolds z;, = x; for
k,l € {4,5,6}. Similarly, the first three arguments close in on one common singular point,
but this is not really a difficulty, since the corresponding parameters render the Lauricella
functions polynomial in their first three variables. Hence, analytic continuation in one of
the first three variables is only necessary in the true limit of the Argyres—Douglas point
itself, where these variables all tend to infinity. For this, one should note that the zeroes
of Agw are generically closer to 0, corresponding to the Argyres—Douglas point, than the
‘small’ branch points.
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Therefore, depending on the choice of the §’s, we may move on or across singular sub-
manifolds which will make it necessary to perform the appropriate analytic continuations.
In particular, if we have to analytically continue in more than one variable, say x5 and zg,
great care has to be taken that for an analytic continuation around, say, the point (1,1)
we need two different continuations, namely for the patches |z5| < |zg| and |z5| > |x¢],
respectively. These can be found along the lines set out in the appendix, but they are more
complicated than the examples provided there. The discriminant of the curve y? tells us
where branch points coincide. A special locus of that kind is {du, dv : 27(6v)? = 4(du)3},
where two of the three ‘small’ branch points become equal, say es and es. Then aq(du, dv) is
well defined around the singular point (0,0, 0,0) for its last four variables, while ak(du, v)
has to be analytically continued around (o0, 0,0,0) according to A.8. The situation gets
more involved, if we allow A to vary arbitrarily or if we include massive hypermultiplets.
Then, almost any singular sub-manifold can be reached, and the distinction between ‘small’
and ‘large’ branch points may cease to exist, leading to higher-dimensional singular sub-
manifolds.

Lastly, we would like to emphasize that eqs. 3.15 and 3.16 are, of course, valid without
any particular restrictions on the §’s other than that all relevant expression be defined.

4. Conclusions and Outlook

We have derived general formulas for the scalar modes in Seiberg—Witten theory for gauge
group SU(N) in the absence as well as in the presence of massive hypermultiplets. These
formulas involve the Lauricella function Fl()n)7 a multiple hypergeometric function. The
advantage of our approach is threefold. Firstly, our formulas can be worked out directly,
without the need to first find the correct system of Picard—Fuchs differential equations
and its solutions. Secondly, our formulas work equally well for the case with (massive)
hypermultiplets, putting them on equal footing with the ordinary case. Finally, one can
immediately extract a well-defined power series expansion for any BPS period from our
results, as long as the corresponding homology cycle is the smallest one.® Thus, in any
given patch of moduli space, the lightest BPS state for this patch can be obtained in a
straight-forward manner.

Subsequently, we have applied the formula for the case without hypermultiplets to the
Argyres—Douglas point for gauge group SU(3). Specifically, we have considered the limits
of the scalar modes corresponding to the cycles aq,3' as the vacuum expectation values
u,v tend—in a special way—+to those values which define the Argyres—Douglas point. In
accord with the result of Argyres and Douglas we have found that the limit of both these
modes is indeed zero.

As already pointed out, this raises the question of what happens when w,v arbitrarily
tend to the prescribed values. We cannot tell for sure. To begin with, we think it is
conceivable that there exists some mode of approach which yields a limit other than 0. This
possibility is intimately connected with—indeed, is equivalent to—the question whether the

5This is a sufficient condition. Of course, easily computable power series expansions exist for many more
cases.
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scalar modes are continuous functions of the vacuum expectation values. With the existence
of phase transitions in Seiberg—Witten theory in mind, we believe that it is necessary to
prove the continuity of the scalar modes rather than just assume it.

Even if the scalar modes should turn out to be continuous it is quite puzzling to
observe that in the special case we have considered the Lauricella functions involved in our
formulas tend to the same values, so that the vanishing of the scalar modes is determined
by the vanishing of the prefactors. What is puzzling about this is that it looks as if
al,a}) become linearly dependent at the Argyres—Douglas point. In light of the theory of
Lauricella functions we conjecture that the set of BPS periods alone is not exhaustive to
define the scalar modes everywhere in moduli space. Furthermore, if indeed a; and ab
become linearly dependent, then we might happen to be sitting on the curve of marginal
stability, meaning that not both of the corresponding BPS modes actually exist.

As discussed, it is a known problem in the theory of generalized hypergeometric func-
tions of several variables that analytic continuation around singular points becomes ex-
tremely difficult. The reason is the appearance of singular sub-manifolds in case more than
one of the variables approaches a singluar point, or more than two variables approach each
other. It is interesting to note the following: In case of gauge group SU(N) without the
presence of hypermultiplets, the hyperelliptic curve can be written as y? = A(z) — A%V,
The Seiberg—Witten differential then is proportional to iA’ (x)xdz. Thus, the zeroes of
the Seiberg-Witten differential are given precisely by those sub-manifolds, where y? =
A(z)? — A?N has a double zero, i.e. where we run into difficulties with ordinary analytic
continuation techniques.” The special zero = 0 naturally arises in the semi-classical
regime A — 0. The reader should keep in mind that the zero of Agw which we studied in
our treatment of the Argyres—Douglas point is actually the zero z = 0 which always (not
only in the semi-classical regime) arises for uy = A" in A(z) = 2V — Z]kVZQ upzN 7k, for
which y? = 0. Thus, this is actually such a double zero of 32

In our approach, zeroes of the Seiberg—Witten differential appear on equal footing
with the branch points of y and the poles, in case massive hypermultiplets are included.
However, when explicit computations of the BPS periods are needed, the zeroes can be
used to decompose the Lauricella functions of n arguments into linear combinations of such
with fewer arguments, since the dependency on a zero x = z; is always only polynomial.
On the other hand, it has been pointed out [18, 24, 5] that the zeroes of the Seiberg—
Witten differential have a physical meaning. Our analysis suggests that the zeroes of the
Seiberg-Witten differential are precisely related to the sub-manifolds which delimit the
hypercones in which analytic continuations can be uniformly defined. Schulze and Warner
[24] introduce geodesic integration paths which start or end in zeroes of the Seiberg—
Witten differential. In principle, we can extend our analysis by formally enlarging our
homology to include the zeroes of the Seiberg—Witten differential as further branch points
of a thus implicitly defined Riemann surface. This is usually achieved by deforming the
associated paramters of the Lauricella functions slightly away from negative integers and
taking appropriate limits afterwards. However, there is presumably an alternative point

"The situation is more complicated in the presence of massive hypermultiplets.
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of view. As we have shown, analytic continuations of the Lauricella functions of type D
cannot be obtained everywhere within the set of these functions alone. Enlarging the set
of functions confronts one with new types of generalized hypergeometric functions which
do not possess integral representations in terms of line integrals or Pochhammer double
loop integrals, where the loop encloses two and only two singular points. It is conjectured
in the literature (see e.g. [10]) that one needs at least the set of all double circuits and all
three-foil loops, which are selfintersecting loops which enclose two or three disjoint subsets
of singular points, respectively.

We have used precisely the form of the Seiberg—Witten differential which arises in
the context of string theory as a local form of a metric on the auxiliary Riemann surface
3. Although we have followed the traditional approch where BPS states are defined in
terms of periods of homology elements, we have found that the set of homology cycles
is neither sufficient, nor everywhere suitable, to describe the BPS spectrum. We do not
know how to interpret analytic continuations of the scalar modes, which do not have nice
and simple integral representations, but it strikes us as remarkable that regions with given
analytic continuations have the form of hypercones delimited by sub-manifolds, which are
parametrized by the zeroes of the Seiberg—Witten differential. The theory of Lauricella
functions seems at present not well developed enough to fully understand how geodesic in-
tegrals between zeroes of the Seiberg—Witten differential can be expressed in our approach,
i.e. in terms of Lauricella functions and in particular their analytic continuations valid on
the singular sub-manifolds. It is worth noting in this context that Lauricella functions
do have the special property that line integrals of the Seiberg—Witten differential to an
arbitrary point in the complex plane can easily be written down, namely

z n
T'(a)'(c—a) ;
/ duw (1 — ) H(1 — uw,) = % 1I;C}'ﬂl()n)(a, b, ... bp;cixy, . . Ty
0 i=1
2 () a1
= —Fp (ayb1,...,bp,1+a—ca+1l;21,...,2,,2), (4.1)

which is known also as the incomplete Lauricella function. If |z| > 1, this expression has
to be replaced by the appropriate analytic continuation.

Therefore, linking our analysis to the study of geodesic horizons would be a most
interesting direction for future research. More work is needed in order to fully understand
the analytic properties of the Lauricella system F l()n). Furthermore, we have a price to
pay for being able to compute periods of the Seiberg—Witten form explicitly: We have to
change the variables from the vev’s of the scalar field to quotients of differences of branch
points. This is a highly non-linear and multi-valued map. However, we would like to point
out that the alternative, where one works with the vev’s wug, means to find the system
of Picard—Fuchs equations and to solve it. This has been achieved in the case of gauge
group SU(3), [16, 17], but the results are given in terms of the Appell function Fy of two
arguments (which are relatively simple functions of u; and ws), which does not admit a
nice integral representation. Furthermore, the problem of finding analytic continuations
is similarly complicated. There are regions in moduli space where simple monodromy
transformations will yield the desired results, but a complete set of analytic continuations
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cannot be obtained in this way. Of course, the reason is again the existence of higher-
dimensional singular sub-manifolds, here in C? spanned by u; and uy. In addition, the
Appell function Fy and its generalization to more than two variables has an even worse

)

believe that our approach offers several advantages when we wish to investigate Seiberg—

structure under analytic continuation than the Lauricella F [()n system. Therefore, we

Witten theory in all of its moduli space.

First of all, the Lauricella system F' gl) together with the related functions Dz(fq) are
the simplest of all the generalized hypergeometric systems of several variables. It might be
tedious, but it is possible to compute analytic continuations for them such that one can
access all of moduli space, not only the semi-classical regime. Moreover, the formulas are
explicit and thus allow direct computations of the scalar modes.

Secondly, the geometrical setup behind our approach makes the appearance of singular
sub-manifolds very transparent. Since we realize the Seiberg—Witten curve as a ramified
covering of the complex plane, the branch points, zeroes and poles of the Seiberg—Witten
form have a direct meaning. However, we lose the direct relation to the vev’s of the scalar
field. It depends on what one wishes to consider as ‘fundamental.” From the point of view
of effective field theory, the vev’s are the physically given parameters, and the Riemann
surface is an auxiliary construction. From the vista of string theory, the Riemann surface
has a certain reality. The Seiberg—Witten form is then uniquely fixed in the local form we
used and which serves as a metric on .

What remains open is the question how BPS states should really be characterized.
The traditional approach, which also was our starting point, is via homology cylces of
the Riemann surface . Vanishing cycles then indicate BPS states which become mass-
less. Other approaches emphasize the role of geodesic integration paths and zeroes of the
Seiberg—Witten form. We believe that our approach is well suited to both points of view.
It even suggests that just which characterization is more appropriate depends on the re-
gion of moduli space under consideration. A more detailed analysis of this question is very
important and will be investigated in a forthcoming work.
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A. Lauricella FJ”

The purpose of this appendix is to collect various information pertaining to Lauricella F' l()n).
Some of the formulas have already made their appearance in one or the other section of
the main text. The major reference for Lauricella F gl) and other ‘multiple hypergeometric
functions’ is [10], from which we will cite freely.
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A.1 The Definition

Lauricella F' ]gn) is a function of n complex variables and n + 2 parameters, defined by the
power series

Fl()n)(a, b, ... ,bpscixy, ... xy)
Z Z m1+ A (0)m + (bn)ma, xgnl coea™ o (AL)
m1=0 m1+ +mn ml' mn'
whenever |z1|,...,|z,| < 1 and by analytic continuation elsewhere. The symbol (a), =

I'(a +n)/I'(a) is the so-called Pochhammer symbol.
The function F gl) has the integral representation

L LT b, Fa)(c—a)
/Ot L(1—¢) IH(l—th@') bzdt:TFZ())(a,bl,...,bn;c;xl,...,xn),

(A.2)
if Re(a) and Re(c — a) are positive. This is proved using the binomial theorem. See [13],
Appendix B for a detailed derivation.
A number of facts can be read off the power series representation A.1:

(n)

1. If one of the variables of Fl()n), say x;, is equal to 0, then the FD (n-1),

reduces to a I,
(n) .
FD (a,bl,...,bi,...,bn,c7x1,...,xi_l,O,le,...,xn)
= F5 D (a,by, . by b 1, T A3
— 4D (a7 Ty Uy nac7x17"'7xl—17xl+17"'7xn)7 ( . )
where ~  denotes omission.

2. If two variables have equal values, say x; = z;, a similar reduction takes place:

(n) .
FD (a,bl,...,bi,...,bj,...,bn,c,xl,...,xi,...,xj,...,ﬂsn)
(n—1) P . >
=F), (a,bl,...,bi,l,bi—{—bj,biJrl,...,bj,...,bn,c,xl,...,xi,...,xj,...,xn).

(A.4)

3. If b; is a negative integer, then the part of the series corresponding to z; terminates
after a finite number of terms (because (b;), = 0 for n > |b;]) and thus reduces to a
polynomial in z;. In this case, the modulus of x; is immaterial for the validity of A.1.

If |z;| > 1, for some i € {1,...,n}, then the power series representation A.1l is not
valid anymore. Rather, one must have recourse to an analytic continuation of F' l()n). This
is effected by writing

Fl()n)(a bi,...,bp;c;me, ... Ty

[e.9]

) H b
Z Z Z Z m1+ Fmi—1+mip1+tmy Z;ﬁz Z my H me g
Z

m;—1=0m;+1=0 My =0 m1+ Ami_14+mip1++mn HZ#lmz #£3

X 2F1(a + Z my, b c+ Z my; 1‘2‘), (A5)
#i #i
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and employing a suitable continuation formula for the Gaussian hypergeometric function
oFy1. Erdélyi et al. [9] as well as Becken and Schmelcher [4] give several such continuation
formulas. Especially the latter reference appears to be quite exhaustive. Also, see the next
section A.2.

Nevertheless, sometimes one can get along without any explicit continuation formula,
just as we have done in Section 3.2.

A.2 Analytic continuation of Lauricella functions

The Seiberg—Witten periods are analytic functions ‘everywhere’ in the moduli space, i.e.
for generic values of either the vacuum expectation values ug or the branch points ey.
However, it is clear that this is not necessarily the case in the singular regions where one or
more branch points e, become identical. In fact, a typical feature of a dual pair (a,ap) of
Seiberg—Witten periods corresponding to a dual pair of homology cycles («, (3) is that with
a vanishing cycle a — 0, only a(u) becomes small, while the dual period ap(u) diverges
logarithmically.

Precisely this is it what makes the Argyres—Douglas point so interesting: a pair of dual
periods simultaneously become small, i.e. two particles dual to each other under some sort
of electromagnetic duality, simultaneously become massless. As a consequence of this the
theory is conformally invariant in this regime.

There is another interesting fact about such points in moduli space, where intersecting
homology cycles vanish at the same time. If one uses the branch points as the natural
coordinates to parametrize the theory, it is known from the theory of generalized hyperge-
ometric functions that a complete set of analytic continuations cannot be given entirely in
terms of the same class of functions one starts out with (cf. [10]). This is to be contrasted
with the well-known result that the ordinary Gaussian hypergeometric function admits
analytic continuations everywhere in the complex plane, which again can be expressed as
linear combinations of Gaussian hypergeometric functions (cf., e.g. [4]). This can be used,
for example, to find analytic continuation formulas for the Lauricella F l()n) function, as long
as we only need to continue one of its arguments outside the unit circle of convergence. As
soon as we wish to have more than one argument outside the unit circle, things become
complicated. In case of the Lauricella F' gl) function, one is confronted with the following
problem:

Within its region of convergence, the Lauricella F' gl) series can be represented in the
form of an Euler—type integral, i.e. an integral along a simple loop, which we choose to be
one of the homology cycles. More generally, Pochhammer double loops might be admitted
as well. The point is, that only two of the singular points of the differential are enclosed by
the loop. The thus defined functions possess analytic continuations which, for generic val-
ues of the parameters, can again be given in terms of multi-variable power series (perhaps
multiplied by a common fractional power). However, such analytic continuations are only
valid outside the unit ball within cones delimited by the singular hyperplanes, given by
coinciding singular points. Thus, one needs a considerably larger set of analytic continua-
tions than in the single-variable case. Morevoer, not all of these analytic continuations can
be represented by Euler—type integrals. This raises the physically relevant question what
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the meaning of the Seiberg—Witten periods then is. As long as they can be understood as
contour integrals along homology basis elements, they represent the mass of particles with
a charge fixed by the corresponding homology element. But what would the meaning be,
if no such simple contour existed? Exton [10] mentions that at least so-called three-foil
loops are necessary to be able to represent a full set of analytic continuations in terms
of integrals. Three-foil loops are three times self-intersecting loops which enclose three
different sets of singular points.

The linearity of the integral guarantees that, in principle, we could eliminate the
internal dependence on the zeros of the Seiberg—Witten differential by decomposing the
integrand. The resulting Lauricella functions of fewer arguments depend solely on the
branch points via the quotients of differences of them, as introduced earlier. However,
generic small variations of a subset of branch points which are in a small neighborhood
around a physically interesting singular point such as the Argyres—Douglas point, have
to be treated carefully. On the one hand, we might need several analytic continuations,
because the small variation crosses a boundary of the cone of convergence, which coincides
with the situation that the initial choice of a homology basis ceases to be valid. On the
other hand, we even might run into a region where no Euler—type integral representation
exists.

In order to study the analytic continuations of the Lauricella functions of type Fp, one
needs a further class of related functions, defined by the expansions

n . /.
Dl(,,q)(a,bl,...,bn,c,c,xl,...,xn)

B T AR

; | ' '1"1 xn ,
(C)mq+1+---+mnfm17---fmpcmp+1+---+mqm1- e My)!

m1:O ngO
where 0 < p < ¢ < n. It is important to note that these functions, which appear in the
analytic continuations of the Lauricella F gl) functions, do not possess Euler—type integral
representations. The simplest known integral representation is in fact a Pochhammer
double loop integral involving a Lauricella function in its kernel, namely

(2mi)? .
T(@)T ()2 —a— a/)Dz(),q) (a+d = 1,01, bpie, s, )

’ _ x x
:/du(—u)_“ (u—1)""F} p(a',bp+1,...,bq;c’;p—“,...,—q)x
u u
(p) o Tat Tn 1 Tp
X Dy i n—qip(@ bgi1s o bny b1, bpe 6 AR e s REEEE —u)’ (A.7)

where the Pochhammer double loop encircles 0 and 1. We will now give three cases of
analytic continuations. Other cases can be obtained in a similar way. One starts with
the still simple case that only one argument is either close to 1 or co. This case can be
developed along the lines set out in [10] by rewriting the multiple series in such a way
that the innermost summations is replaced by ordinary Gaussian hypergeometric series,
for which the analytic continuation is known, see eq. A.5 above. This yields the following
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results: For the region near infinity, i.e. 1/|z,| < 1, the analytic continuation reads

Fl()n)(a,bl,...,bn;c;xl,...,xn)
L(e)(b, —a) —a (n) x1 Tpo1 1
B 7 G e O P SN S [ RTUP N MRt e Sl
F(bn)F(c—a)( Zn) Fp(a: by ! cta ta T, Tn, xn)

T'(e)T'(a — by
(

_ n 1
T(a)l _bn)(—xn) b"Dil)(a—bn,bn,bl,...,bn,l;c—bn,c—bn;x—,xl,...,xn,l).

n

(A.8)
If |1 — x,| < 1, we are in the region close to 1, and the analytic continuation now reads

Fl()n)(a,bl,...,bn;c;xl,...,xn)

I'(e)l'(c—a—by)

(n)
= D b “ e bn; bn 1, bn;
F(C — a)F(C — bn) 07n71(a, L ’ a ¢ ¢

L1y ,.’En_l,l - xn)

I'(e)l'(a+ b, —¢) ot (.
ooy e D)1 (c = busbrs- b1, ¢ — a3 —a— by + 1,c — by;

iy Tp-1,1 —xy). (A.9)

The first of the two continuations has the advantage that, in the region of large |z,|, the
first term on the right hand side is convergent even if all the other z;, ¢ # n, are close to 1.
Thus, to find the analytic continuation in the case that one argument is large and another
is close to 1, one only need to seek the analytic continuation of the second term on the
right hand side. We will give here the result for the case that |z;| is large and |x,,| is close
to 1, since other cases can easily be obtained by permutations.

Fl()n)(a, bi, ... bp;cixy, ... xy)
_ L(e)l'(by —a)
L'(b1)C(c —a)

n I'(c) (—z) ( I'(c—a—by)

~ap(n) . . R
(—1'1) G’FD (a,l—C+a7b2,...,bn71—b1+a7x—1,x—1,...x—1)

787 b g — by b by b, bp_1i¢— by — by, b, — 1.
I'(a) T(c— by — by) 172(0 1,01,0n,02,...,0np—1;C — 01 o+ c+1;
1
_71—1'”7.%'27...,[]3”_1)
T1
Tlatbn—c)

(o) (1—xn)6_“_b"D§?2)(c—b1 —by,bi,c—a,ba,...,by_1;¢—b1—by,c—a—b,+1;

1

—, 1=z, 20,... ,a:n_l)). (A.10)
T

Unfortunately, these formulas are valid only for generic values of the parameters. In
the cases relevant for the Seiberg—Witten periods, we have certain relations such as a = b;
for some ¢ which will cause singularities, if one attempts to analytically continue in the
coordinate x;. To obtain the correct answer, one has to take one further step, namely a
limiting procedure. This is the well known Frobenius process, which essentially is nothing

else than to consider the limit of b; = a + € for ¢ — 0. As an example, we present here one
particular instance, namely
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Fl()n)(a, by vy bn1,a;¢21,...,Tp)
(@) M)+m, (1 = ¢+ @)ay | 4m, 111_[1 (b:)m,
X

o0
B c  \-a c—a—|M|
—F[a,c_a] SRS Z; F[C_a+ M| (M + )] m!

i=1
mi mp—1 Mn
n— 1
X (log(_xn) +hmn) <%> (xx 1> <1__>

c,c—a a M @) DM = m,) "= () om, m mo_g T\
e i (1)~

(¢ — .
o= mp!(c a)‘M|,mn o mal

where

hmn = ¢(1 + |M| + mn) + ¢(1 + mn) - 7/)(@ + |M| + mn) - T/J(C —a-— mn)a (A'12)

and we have made use of multindex notation, so that M = (my,...,mp_1), |M| =D/ my
and summation over M means summation over each m; (i =1,...,n — 1) from 0 to oco.

This result can also be obtained ‘directly’ by using a suitable continuation formula for
the Gaussian hypergeometric function.

Since such limiting procedures make the formulas extremely cumbersome, it is easier to
work with the generic formulas, perform the necessary expansions with a computer algebra
package and to then take the limit. The Lauricella functions which we encountered in
our study of the SU(2) case (cf. sect. 3.1) can be written in the following form: For a(u),
one has Fg’)(%, -2, %, %; Lz, 5%, 5), where x = 1 — o+ with the notations used there, i.e.
e1 = Vu—A? and e = Vu+ AZ. For small z, this has a good power series expansion,

namely,

1 11 r x 3 9 3 169 1131
FO(Z 92 2.4, 2 IHy_q1_2 P2, 2 3 Y9 4 1191 5
b (3725 5ikim g g) 17T T 13" T 262144” T 1048576
(A.13)
Now, again for small x, the dual period is proportional to Fl()g)(%, -2, %, %; 1;2, 29”7_1, 2§—:§)

which calls for an analytic continuation valid near the point (0,00,1). Actually, the first
argument has modulus greater than 1, but since the Lauricella function is only polynomial

in its first argument, we do not have to perform an analytic continuation for it. We find
thus for the dual period

11 1 —1 —1

Fl()g)(_a_’_2’_;1;2x 52’2:6 )

2°2 2 T T — 2
V2 27 5 19 5 9559 , 12019 4

p < T T T T 15067 T 122837

15 135 ., 561 . 989 , 11169

1 2)(3 - oY 2 3 voJ 4 g5

+1og(2)(3 + Fr + ot + ooa” + et + e
5 41 147 . 193 575

_1 142 —2—3—4—5...). A4

og(@) (14 g+ 550" + gt + 5567 + qoee” +oo0)) (A1)

+.)
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Of course, we can also obtain ap(u) from a(u) by a suitable analytic continuation. For
this, one notes that the Lauricella functions are related to each other by (for the moment

ignoring the fact that the three variables are all functions of z =1 — z—i)

3,1 11
a(u) F}))(§7_27§7§;13x7y7z)7 (A15)
1 11 x 1

where the prefactors have been omitted. Such relations can be used, for example, to find
the curve of marginal stability, where a(u)/ap(u) is real.

References

[1] Phys. Rev. Lett. 74 (1995) 3931 [arXiv:hep-th/9411057].
[2] P. C. Argyres and M. R. Douglas, Nucl. Phys. B 448 (1995) 93 [arXiv:hep-th/9505062].

[3] P. C. Argyres, M. R. Plesser and A. D. Shapere, Phys. Rev. Lett. 75, 1699 (1995)
[arXiv:hep-th/9505100].

[4] W. Becken and P. Schmelcher, Journal of Computational and Applied Mathematics 126
(2000) 449-478.

<

A. Brandhuber and S. Stieberger, Nucl. Phys. B 488 (1997) 199 [arXiv:hep-th/9610053].

=

E. Zeidler et al., Teubner-Taschenbuch der Mathematik, Stuttgart: Teubner (1996).

=

A. Cappelli, P. Valtancoli and L. Vergnano, Nucl. Phys. B 524 (1998) 469
[arXiv:hep-th/9710248].

)

E. D’Hoker and D. H. Phong, arXiv:hep-th/9912271.

=)

A. Erdélyi et al., Higher Transcendental Functions, Vol. 1, New York: McGraw-Hill Book
Compamy (1953).

[10] H. Exton, Multiple Hypergeometric Functions And Applications, Chichester: Ellis Horwood
etc. (1976).

H. Ewen, K. Forger and S. Theisen, Nucl. Phys. B 485 (1997) 63 [arXiv:hep-th/9609062].
M. A. L Flohr, Phys. Lett. B 444, 179 (1998) [arXiv:hep-th/9808169)].
M. A. I. Flohr, arXiv:hep-th/0407003.

s =

A. Gorsky, A. I. Vainshtein and A. Yung, Nucl. Phys. B 584 (2000) 197
[arXiv:hep-th/0004087].

[15] A. Hanany and Y. Oz, Nucl. Phys. B 452 (1995) 283 [arXiv:hep-th/9505075].

[16] A. Klemm, W. Lerche, S. Yankielowicz and S. Theisen, Phys. Lett. B 344 (1995) 169
[arXiv:hep-th/9411048].

[17] A. Klemm, W. Lerche and S. Theisen, Int. J. Mod. Phys. A 11 (1996) 1929
[arXiv:hep-th/9505150].

[18] A. Klemm, W. Lerche, P. Mayr, C. Vafa and N.P. Warner, Nucl. Phys. B 477 (1996) 746
[arXiv:hep-th/9604034].

,27,



[19] W. Lerche, Nucl. Phys. Proc. Suppl. 55B, 83 (1997) [Fortsch. Phys. 45, 293 (1997)]
[arXiv:hep-th/9611190].

M. Matone, Phys. Lett. B 357 (1995) 342 [arXiv:hep-th/9506102].
W. Nahm, arXiv:hep-th/9608121.

[\
[\

N. A. Nekrasov, Adv. Theor. Math. Phys. 7 (2004) 831 [arXiv:hep-th/0206161].
A. D. Shapere and C. Vafa, arXiv:hep-th/9910182.

[\

L L ==

J. Schulze and N.P. Warner, Nucl. Phys. B 498 (1997) 101 [arXiv:hep-th/9702012].

Y T T T &9

[\
(@)

N. Seiberg and E. Witten, Nucl. Phys. B 426 (1994) 19 [Erratum-ibid. B 430 (1994) 485]
[arXiv:hep-th/9407087].

=2

N. Seiberg and E. Witten, Nucl. Phys. B 431 (1994) 484 [arXiv:hep-th/9408099];

[N}
BN

N. Seiberg and E. Witten, arXiv:hep-th/9607163.

[\
(03]

N. Seiberg, Phys. Lett. B 388 (1996) 753 [arXiv:hep-th/9608111].
B. J. Taylor, JHEP 0108 (2001) 031 [arXiv:hep-th/0107016].

w

= e L X NS

B. J. Taylor, JHEP 0212 (2002) 040 [arXiv:hep-th/0211086].

w o T T B9

—_

A. Yung, Nucl. Phys. B 626 (2002) 207 [arXiv:hep-th/0103222].

,28,



